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Abstract. For a certain scaling of the initialization of stochastic gradient
descent (SGD), wide neural networks (NN) have been shown to be well approx-
imated by reproducing kernel Hilbert space (RKHS) methods. Recent empirical
work showed that, for some classification tasks, RKHS methods can replace NNs
without a large loss in performance. On the other hand, two-layers NNs are known
to encode richer smoothness classes than RKHS and we know of special examples
for which SGD-trained NN provably outperform RKHS. This is true even in the
wide network limit, for a different scaling of the initialization. How can we recon-
cile the above claims? For which tasks do NNs outperform RKHS? If covariates
are nearly isotropic, RKHS methods suffer from the curse of dimensionality, while
NNs can overcome it by learning the best low-dimensional representation. Here
we show that this curse of dimensionality becomes milder if the covariates display
the same low-dimensional structure as the target function, and we precisely char-
acterize this tradeoff. Building on these results, we present the spiked covariates
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model that can capture in a unified framework both behaviors observed in earlier
work. We hypothesize that such a latent low-dimensional structure is present in
image classification. We test numerically this hypothesis by showing that specific
perturbations of the training distribution degrade the performances of RKHS
methods much more significantly than NNs.

Keywords: deep learning, machine learning, learning theory
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1. Introduction

In supervised learning we are given data {(v;, ;) i<, ~ia P € 2(R x RY), with z; € R? a
covariate vector and y; € R the corresponding label, and would like to learn a function
f:RY = R to predict future labels. In many applications, state-of-the-art systems use
multi-layer neural networks (NN). The simplest such model is provided by two-layers
fully-connected networks:

]—"NN-_{fNNm,bW Zbo w;, x)) b € R,w; € R, Vie[N]}.

(1)

FI\ is a non-linearly parametrized class of functions: while nonlinearity poses a
challenge to theoreticians, it is often claimed to be crucial in order to learn rich repre-
sentation of the data. Recent efforts to understand NN have put the spotlight on two
linearizations of Fiy, the random features [1] and the neural tangent [2] classes

Frp(W) 1= {fRF zia: W Zal (w;, ) :a; € R, VZE[N]}, (2)

N
FEr (W)= {fNT (z: S, W) :Z si, 2)o' ((w;, ) : s € RY, ‘v’ie[N]}.
i=1

(3)

F(W) and FY (W) are linear classes of functions, depending on the real-
ization of the input-layer weights W = (w;);<y (which are chosen randomly).
The relation between NN and these two linear classes is given by the first-
order Taylor expansion: fyx(x;b+eca, W+eS) — fan(zi b, W) = efrp(x;a; W) +
efnr( S(b); W) + O(£?), where S(b) = (b;s;)icx. A number of recent papers show
that, if weights and stochastic gradient descent (SGD) updates are suitably scaled,
and the network is sufficiently wide (N sufficiently large), then SGD converges to a
function fyy that is approximately in Fiu( W) 4+ FY( W), with W determined by the
SGD initialization [2-7]. This was termed the ‘lazy regime’ in [8].

Does this linear theory convincingly explain the successes of NN?7 Can the perfor-
mances of NN be achieved by the simpler NT or RF models? Is there any fundamental
difference between the two classes RF and NT? If the weights (w;);<y are i.i.d. draws
from a distribution v on R?, the spaces Fip(W), F3(W) can be thought as finite-
dimensional approximations of a certain reproducing kernel Hilbert space (RKHS):

https://doi.org/10.1088/1742-5468 /ac3a81 4
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H(h):=cl <{f(:1:) = Zc,;h(:z:, z)ic, e R x € RYN € N}) , (4)

where cl(-) denotes closure. From this point of view, RF and NT differ in that
they correspond to slightly different choices of the kernel: hgrp(x, xs):=
[o({w,z1))o({w, z2))v(dw) versus hyr(, z) = (21, @) [ o' (w'z)o' (w'x)v(dw).
Multi-layer fully-connected NNs in the lazy regime can be viewed as randomized approx-
imations to RKHS as well, with some changes in the kernel h. This motivates analogous
questions for H(h): can the performances of NN be achieved by RKHS methods?

Recent work addressed the separation between NN and RKHS from several points
of view, without providing a unified answer. Some empirical studies on various datasets
showed that networks can be replaced by suitable kernels with limited drop in perfor-
mances [9-16]. At least two studies reported a larger gap for convolutional networks
and the corresponding kernels [17, 18]. On the other hand, theoretical analysis provided
a number of separation examples, i.e. target functions f, that can be represented and
possibly efficiently learnt using NN, but not in the corresponding RKHS [19-24]. For
instance, if the target is a single neuron f,(x) = o({(w., x)), then training a neural net-
work with one hidden neuron learns the target efficiently from approximately dlogd
samples [25], while the corresponding RKHS has test error bounded away from zero
for every sample size polynomial in d [19, 21]. Further even in the infinite width limit,
it is known that two-layers NN can actually capture a richer class of functions than
the associated RKHS, provided SGD training is scaled differently from the lazy regime
[26-30)].

Can we reconcile empirical and theoretical results?

1.1. Overview

In this paper we introduce a stylized scenario—which we will refer to as the spiked
covariates model—that can explain the above seemingly divergent observations in a uni-
fied framework. The spiked covariates model is based on two building blocks: (1) target
functions depending on low-dimensional projections; (2) approximately low-dimensional
covariates.

(a) Target functions depending on low-dimensional projections. We investigate the
hypothesis that NNs are more efficient at learning target functions that depend on
low-dimensional projections of the data (the signal covariates). Formally, we con-
sider target functions f, : R? — R of the form f, () = ¢(U" ), where U € R*% ig a
semi-orthogonal matrix, dy < d, and ¢ : R% — R is a suitably smooth function. This
model captures an important property of certain applications. For instance, the
labels in an image classification problem do not depend equally on the whole Fourier
spectrum of the image, but predominantly on the low-frequency components.

As for the example of a single neuron f.(x) = o({w., x)), we expect RKHS to suffer
from a curse of dimensionality in learning functions of low-dimensional projections.
Indeed, this is well understood in low dimension or for isotropic covariates [20, 21].

https://doi.org/10.1088/1742-5468 /ac3a81 5
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(b) Approximately low-dimensional covariates. RKHS behave well on certain image
classification tasks [10, 12, 17], and this seems to contradict the previous point.
However, the example of image classification naturally brings up another impor-
tant property of real data that helps to clarify this puzzle. Not only we expect
the target function f.(x) to depend predominantly on the low-frequency compo-
nents of image x, but the image x itself to have most of its spectrum concen-
trated on low-frequency components (linear denoising algorithms exploit this very
observation).

More specifically, we consider the case in which € = Uz, + U*z,, where U € R,
U € R™@=D) and [U|U"'] € R is an orthogonal matrix. Moreover, we assume z; ~
Unif(S®~1(r1\/dy)), 22 ~ Unif(S™%1(ryy/d — dy)), and r? > r3. We find that, if r/ry
(which we will denote later as the covariates signal-to-noise ratio) is sufficiently large,
then the curse of dimensionality becomes milder for RKHS methods. We characterize
precisely how the performance of these methods depend on the covariate signal-to-noise
ratio r1/ry, the signal dimension dy, and the ambient dimension d.

Notice that the spiked covariate model is highly stylized. For instance, while we
expect real images to have a latent low-dimensional structure, this is best modeled in a
nonlinear fashion (e.g. sparsity in wavelet domain [31]). Nevertheless the spiked covariate
model captures the two basic mechanisms, and provides useful qualitative predictions.
As an illustration, consider adding noise to the high-frequency components of images in a
classification task. This will make the distribution of & more isotropic, and—according
to our theory—deteriorate the performances of RKHS methods. On the other hand,
NN should be less sensitive to this perturbation. (Notice that noise is added both to
train and test samples.) In figure 1 we carry out such an experiment using FMNIST
data (d =784, n =60000, 10 classes). We compare two-layers NN with the RF and
NT models. We choose the architectures of NN, NT, RF as to match the number of
parameters: namely we used N = 4096 for NN and NT and N = 321126 for RF. We
also fit the corresponding RKHS models (corresponding to N = oo) using kernel ridge
regression (KRR), and two simple polynomial models: f,(x) = Ei:o(Bkv x°F), for £ €
{1,2}. In the unperturbed dataset, all of these approaches have comparable accuracies
(except the linear fit). As noise is added, RF, NT, and RKHS methods deteriorate
rapidly. While the accuracy of NN decreases as well, it significantly outperforms other
methods.

1.2. Notations and outline

Throughout the paper, we use bold lowercase letters {z, y, 2, ...} to denote vectors and
bold uppercase letters {A, B, C, ...} to denote matrices. We denote by S 1(r) = {z €
R?: ||z||, = r} the set of d-dimensional vectors with radius 7 and Unif(S?"*(r)) be the
uniform probability distribution on S*!(r). Further, we let N(u,7?) be the Gaussian
distribution with mean p and variance 72.

Let Ogy(-) (respectively o4(-), Qa(-), wa(-)) denote the standard big-O (respec-
tively little-o, big-omega, little-omega) notation, where the subscript d emphasizes
the asymptotic variable. We denote by oyp(-) the little-o in probability notation:

hi(d) = oap(ha(d)), if hi(d)/hs(d) converges to 0 in probability.

https://doi.org/10.1088/1742-5468 /ac3a81 6
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Figure 1. Test accuracy on Fashion MNIST (FMNIST) images perturbed by adding
noise to the high-frequency Fourier components of the images (see examples on the
right). (Left) Comparison of the accuracy of various methods as a function of the
added noise. (Center) Eigenvalues of the empirical covariance of the images. As the
noise increases, the images distribution becomes more isotropic.

In section 2, we introduce the spiked covariates model and characterize the perfor-
mance of KRR, RF, NT, and NN models. Section 3 presents numerical experiments
with real and synthetic data. Section 4 discusses our results in the context of earlier
work.

2. Rigorous results for kernel methods and NT, RF NN expansions

2.1. The spiked covariates model

Let dy = |d"| for some n € (0,1). Let U € R>% and U" € R**(@~%) he such that [U|U "]
is an orthogonal matrix. We denote the subspace spanned by the columns of U by
VY C R? which we will refer to as the signal subspace, and the subspace spanned by the
columns of U* by V' C R? which we will refer to as the noise subspace. In the case
n € (0,1), the signal dimension dy = dim(V) is much smaller than the ambient dimension
d. Our model for the covariate vector x; is

€T, = UZ()J' + ULZLZ', (Z()}Z'7 Zl,i) ~ Unif(SdOil(T\/dio)) (024 Unif(Sdidoil(\/ d — d()))

We call z(; the signal covariates, z;; the noise covariates, and r the covariates signal-
to-noise ratio (or covariates SNR). We will take r > 1, so that the variance of the signal
covariates z(; is larger than that of the noise covariates z;;. In high dimension, this
model is—for many purposes—similar to an anisotropic Gaussian model z; ~ N(0, (r* —

1) Uuu" + I). As shown below, the effect of anisotropy on RKHS methods is significant

https://doi.org/10.1088/1742-5468 /ac3a81 7
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only if the covariate SNR r is polynomially large in d. We shall therefore set r = d"/?
for a constant k > 0.

We are given i.i.d. pairs (y;, T;)1<i<n, Where y; = f.(x;) +¢;, and & ~ N(0,7?) is
independent of x;. The function f, only depends on the projection of x; onto the
signal subspace V (i.e. on the signal covariates zo;): f.(@) = o(U x;), with ¢ €
LQ(SdO’l(r d())).

For the RF and NT models, we will assume that input layer weights to be i.i.d.
w; ~ Unif(S”1(1)). For our purposes, this is essentially the same as w;; ~ N(0,1/d)
independently, but slightly more convenient technically.

We will consider a more general model in appendix C, in which the distribution of
x,; takes a more general product-of-uniforms form, and we assume a general f, € L.

2.2. A sharp characterization of RKHS methods

Given h:[—1,1] - R, consider the rotationally invariant kernel K (@1, xs) =
h({x1, x3)/d). This class includes the kernels that are obtained by taking the wide limit
of the RF and NT models (here expectation is with respect to (G, Gs) ~ N(0,1,))

hRF(t) 1:E{O'(G1)O'(tG1 -+ vV 1-— tQGz)}, hNT(t) 1:ﬂE{O’/(G1)O’,(tG1 + Vv 1-— t2G2)}

(These formulae correspond to w; ~ N(0,1;), but similar formulae hold for w; ~
Unif(S%1(v/d)).) This correspondence holds beyond two-layers networks: under i.i.d.
Gaussian initialization, the N'T kernel for an arbitrary number of fully-connected layers
is rotationally invariant (see the proof of proposition 2 of [2]), and hence is covered by
the present analysis. R

Any RKHS method with kernel h outputs a model of the form f(z;a)=
> icn@ih({®, z;) /d), with RKHS norm given by 175 a)||2 = > i jent(@is @) /d)aja;. We
consider KRR on the dataset {(y;, ;) }i<, with regularization parameter A, namely:

acRVN

a()\) := arg min { ( ya > + )\H}”( ;a)||i} = (H+ M, 'y

where H = (Hjj)jef), with H;j = h((z;, ;) /d). We denote the prediction error of KRR
by

Ricrr(fs ) = E, [(f*(w) YT (H+ AL,,)—Ih(z))Q} ,

where h(z) = (h({z, z;)/d), ..., h((z, x,)/d))T.

Recall that we assume the target function f,(x;) = ¢(U' z;). We denote P, : L? — L?
to be the projection operator onto the space of degree k orthogonal polynomials, and
P.r =1 — P<;. Our next theorem shows that the impact of the low-dimensional latent
structure on the generalization error of KRR is characterized by a certain ‘effective
dimension’, deg.

Theorem 1. Let he C*([—1,1]). Let ¢ € Zsy be a fized integer. We assume that
hP(0) > 0 for all k < ¢, and assume that there exists a k > £ such that K™ (0) > 0. (Recall
that h is positive semidefinite whence h'P(0) = 0 for all k.)

https://doi.org/10.1088/1742-5468 /ac3a81 8
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Define the effective dimension dg = max{dy, d/r*} = d™>U=x0  If wy(d's log
(deg)) < n < d'° for some 6 > 0, then for any reqularization parameter X = Oy(1),
the prediction error of KRR with kernel h is

| Rirr(f5 A) = IPsefillzz| < oap() - (If:ll72 +77). (5)

Remarkably, the effective dimension dug = d™>U0~%7 depends both on the signal
dimension dim(V) = d” and on the covariate SNR 7= d*/>. Sample size n = d';; is nec-
essary to learn a degree ¢ polynomial. If we fix n € (0,1) and take x = 04, we get
de &~ d: this corresponds to almost isotropic ;. We thus recover theorem 4 in [21]. If
instead kK > 1 — 7, then most variance of x; falls in the signal subspace )V, and we get
deg = d" = dim(V): the test error is effectively the same as if we had oracle knowledge
of the signal subspace V and performed KRR on signal covariates 2y; = U'x;. Theorem
1 describes the transition between these two regimes.

2.3. RF and NT models

How do the results of the previous section generalize to finite-width approximations
of the RKHS? In particular, how do the RF and NT models behave at finite N7 In
order to simplify the picture, we focus here on the approximation error. Equivalently,
we assume the sample size to be n = oo and consider the minimum population risk for
M € {RF,NT}

. 2

Rux(ri W)= int B{ [0~ @)} 0
fEF{(W)

The next two theorems characterize the asymptotics of the approximation error for RF

and N'T models. We give generalizations of these statements to other settings and under

weaker assumptions in appendix C.

Theorem 2 (Approximation error for RF). Assume o € C*(R), with kth derivative
o™ (2)? < cop e1+”/2 for some cor >0, c1p <1, and all z € R and all k. Define its kth
Hermite coefficient p.(0) :=Eqno[o(G)Her(G)]. Let £ € Zzg be a fized integer, and
assume (o) # 0 for all k< L. Define dg = d™>U=50 [f d'F° < N < d'g'7° for some
0 > 0 independent of N, d, then

| Brry (fos W) = [IPosfulliz] < 0ap(1) - IPscfellizll £oll (7)

Theorem 3 (Approximation error for NT). Assume o € C*(R), with kth derivative
o®(z)? < cop ek /2 for some cor >0, <1, and all x € R and all k. Let ¢ € Z=y,
and assume (o) #0 for all k< ¢+ 1. Further assume that, for all L € Z,, there
exist ki, ky with L < ki < ky, such that py, (o) # 0, pr,(0') # 0, and py, (2%0") ), (o) #
p, (220") [, (0)). Define dog = d™>0=5m, If d0 < N < d'5'° for some § > 0 indepen-
dent of N, d, then

|Bxon (fo W) = [IPoi fullie| < 0ap(1) - Psesrfullpzll foll 2 (8)

Here, the definitions of effective dimension d.¢ is the same as in theorem 1. While
for the test error of KRR as in theorem 1, the effective dimension controls the sample

https://doi.org/10.1088/1742-5468 /ac3a81 9
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complexity nin learning a degree ¢ polynomial, in the present case it controls the number
of neurons N that is necessary to approximate a degree £ polynomial. In the case of RF,
the latter happens as soon as N > d’;, while for NT it happens as soon as N >> dﬁgl.
If we take n € (0,1) and k = 0+, the above theorems, again, recover theorems 1 and 2
of [21].

Notice that N'T has higher approximation power than RF in terms of the number
of neurons. This is expected, since NT models contain Nd instead of N parameters. On
the other hand, NT has less power in terms of number of parameters: to fit a degree
¢+ 1 polynomial, the parameter complexity for NT is Nd = d'sd while the parameter
complexity for RF is N = dﬁgl < dlgd. While the NT model has p = Nd parameters,
only pN' = Nd.g of them appear to matter. We will refer to ply = Nd.q as the effective
number of parameters of NT models.

Finally, it is natural to ask what are the behaviors of RF and NT models at finite
sample size. Denote by Ry n.,(f.: W) the corresponding test error (assuming for instance
ridge regression, with the optimal regularization \). Of course the minimum population
risk provides a lower bound: Ry n,(fii W) = Ry n(f.; W). Moreover, we conjecture that
the risk is minimized at infinite N, Ry nn(fii W) 2 R, (fi5 har). Altogether this implies the
lower bound Ry, (fi; W) Z max(Ryn(fi; W), R.(f5 har)). We also conjecture that this
lower bound is tight, up to terms vanishing as N, n, d — oo.

Namely (focusing on NT models), if Ndyg < n, and d'l < Ndog < d'i' then the
approximation error dominates and Ru . (fsi W) = ||Pss, fill2 + 0ap (1) f<||3. If on
the other hand Ndug > n, and d2% <n < d%4™ then the generalization error dominates

and Ry .y (f W) = [Pog fullf2 + 0ap(D)Ifll7:

2.4. Neural network models

Consider the approximation error for NNs

R(7)= it E{ [1.(0) - o] '} )

jeR

Since e ![o((w; + ca;, @) — o ((w;, )] = (a;, By’ ((w;, ), we have UwFif (W) C
Cl(./T'KIVN), and RNN,N(f*) g lnfw RNT}N/Q(]‘;, W) By ChOOSiIlg WZ (wi)i§N7 with ﬁ)i = U’l_)i
(see section 2.1 for definition of U), we obtain that FY.(W) contains all functions
of the form f(U'x), where f is in the class of functions F{p (V) on R%. Hence if
fo(x) = (U x), Rann(f) is at most the error of approximating ¢(z) on the small sphere
z ~ Unif(S®~!) within the class F{;(V). As a consequence, by theorem 3, if d;™ < N <

dé“"s for some § > 0, then Ry n(fs) < RNTJV/Q(f*,W) < (14 04p(1)) - [|Psrr1fall3-

Theorem 4 (Approximation error for NN).  Assume that o € C*(R) satisfies the
same assumptions as in theorem 3. Further assume that sup,g|o”(x)| < oo. If d5* <
N < dSt'° for some 6 > 0 independent of N, d, then the approzimation error of NN
models (3) is

Rann(f+) < (14 04(1)) - IPspifull 72 (10)

Moreover, the quantity Rxn n(f.) is independent of k > 0.
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Figure 2. Finite-width two-layers NN and their linearizations RF and NT. Mod-
els are trained on 2% training observations drawn i.i.d. from the distribution of
section 2.1. Continuous lines: NT; dashed lines: RF; dot-dashed: NN. Various
curves (colors) refer to values of the exponent x (larger x corresponds to stronger
low-dimensional component). (Right) Curves for RF and NT as a function of the
rescaled quantity log(p™t)/log(des).

As a consequence of theorems 3 and 4, there is a separation between NN and (uni-
formly sampled) NT models when dog # dy, i.e. Kk <1—1n. As Kk increases, the gap
between NN and N'T becomes smaller and smaller until kK =1 — 7.

3. Further numerical experiments

We carried out extensive numerical experiments on synthetic data to check our predic-
tions for RF, NT, RKHS methods at finite sample size n, dimension d, and width N.
We simulated two-layers fully-connected NN in the same context in order to compare
their behavior to the behavior of the previous models. Finally, we carried out numerical
experiments on FMNIST and CIFAR-10 data to test whether our qualitative predictions
apply to image datasets. Throughout we use ReLLU activations.

In figure 2 we investigate the approximation error of RF, NT, and NN models. We
generate data (y;, @;);>1 according to the model of section 2.1, in d = 1024 dimensions,
with a latent space dimension dy = 16, hence n = 2/5. The per-coordinate variance in
the latent space is 1 = d°, with x € {0.0,...,0.9}. Labels are obtained by y; = f.(x;) =
o( UTazy;) where ¢ :R% — R is a degree-4 polynomial, without a linear component. Since
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Figure 3. (Left) Comparison of the test error of NN (dot-dashed) and NTK KRR
(solid) on the distribution of the section 2.1. Various curves (colors) refer to values
of the exponent x. (Right) KRR test error as a function of the number of observa-
tions adjusted by the effective dimension. Horizontal lines correspond to the best
polynomial approximation.

we are interested in the minimum population risk, we use a large sample size n = 22°: we
expect the approximation error to dominate in this regime. (See appendix A for further
details.)

We plOt the normalized risk RRF,N(ﬁmW)/ROa RNT,N(ﬁyw)/RO, RNN,N(ﬁ)/R(h
Ry :=||f:||32, for various widths N. These are compared with the error of the best poly-
nomial approximation of degrees ¢ =1 to 3 (which correspond to ||P-,f.[|%./]|f.]3.)-
As expected, as the number of parameters increases, the approximation error of each
function class decreases. NN provides much better approximations than any of the lin-
ear classes, and RF is superior to NT given the same number of parameters. This is
captured by theorems 2 and 3: to fit a degree ¢+ 1 polynomial, the parameter com-
plexity for NT is Nd = d’zd while for RF it is N = d'}' < d’zd. We denote the effective
number of parameters for NT by ply = Nd.g and the effective number of parameter for
RF by p®' = N. The right plot reports the same data, but we rescale the z-axis to be
log(pM)/log(d.q). As predicted by the asymptotic theory of theorems 2 and 3, various
curves for NT and RF tend to collapse on this scale. Finally, the approximation error
of RF and NT depends strongly on «: larger s leads to smaller effective dimension and
hence smaller approximation error. In contrast, the error of NN, besides being smaller
in absolute terms, is much less sensitive to k.

In figure 3 we compare the test error of NN (with N = 4096) and KRR for the NT ker-
nel (corresponding to the N — oo limit in the lazy regime), for the same data distribution
as in the previous figure. We observe that the test error of KRR is substantially larger
than the one of NN, and deteriorates rapidly as x gets smaller (the effective dimension
gets larger). In the right frame we plot the test error as a function of log(n)/log(deg): we
observe that the curves obtained for different x approximately collapse, confirming that
deg is indeed the right dimension parameter controlling the sample complexity. Notice
that also the error of NN deteriorates as x gets smaller, although not so rapidly: this
behavior deserves further investigation. Notice also that the KRR error crosses the level
of best degree-¢ polynomial approximation roughly at log(n)/log(des) ~ ¢.
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Figure 4. Comparison between multilayer NNs and the corresponding NT' mod-
els under perturbations in frequency domain. (Left) Fully connected networks on
FMNIST data. (Right) Comparison of CNN and convolutional neural tangent ker-
nel (CNTK) KRR classification accuracy on CIFAR-10. We progressively replace
the lowest frequencies of each image with Gaussian noise with matching covariance
structure. Right: accuracy for FMNIST.

The basic qualitative insight of our work can be summarized as follows. Kernel meth-
ods are effective when a low-dimensional structure in the target function is aligned with
a low-dimensional structure in the covariates. In image data, both the target function
and the covariates are dominated by the low-frequency subspace. In figure 1 we tested
this hypothesis by removing the low-dimensional structure of the covariate vectors: we
simply added noise to the high-frequency part of the image. In figure 4 we try the
opposite, by removing the component of the target function that is localized on low-
frequency modes. We decompose each images into a low-frequency and a high-frequency
part. We leave the high-frequency part unchanged, and replace the low-frequency part
by Gaussian noise with the first two moments matching the empirical moments of the
data.

In the left frame, we consider FMNIST data and compare fully-connected NNs with
two or three layers (and N = 4096 nodes at each hidden layer) with the corresponding
NT KRR model (infinite width). In the right frame, we use CIFAR-10 data and compare
a Myrtle-5 network (a lightweight convolutional architecture [16, 32]) with the corre-
sponding NT KRR. We observe the same behavior as in figure 1. While for the original
data NT is comparable to NN, as the proportion of perturbed Fourier modes increases,
the performance of NT deteriorates much more rapidly than the one of NN.

4. Discussion

The limitations of linear methods—such as KRR—in high dimension are well under-
stood in the context of nonparametric function estimation. For instance, a basic result
in this area establishes that estimating a Sobolev function f, in d dimensions with mean
square error € requires roughly e 2~%“ samples, with o the smoothness parameter [33].
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This behavior is achieved by kernel smoothing and by KRR: however these methods are
not expected to be adaptive when f,(x) only depends on a low-dimensional projection of
x, i.e. f.(x) = (U x) for an unknown U € R%*? d, < d. On the contrary, fully-trained
NN can overcome this problem [20].

However, these classical statistical results have some limitations. First, they focus
on the low-dimensional regime: d is fixed, while the sample size n diverges. This is
probably unrealistic for many machine learning applications, in which d is at least of
the order of a few hundreds. Second, classical lower bounds are typically established for
the minimax risk, and hence they do not necessarily apply to specific functions.

To bridge these gaps, we developed a sharp characterization of the test error in
the high-dimensional regime in which both d and n diverge, while being polynomially
related. This characterization holds for any target function f,, and expresses the limiting
test error in terms of the polynomial decomposition. We also present analogous results
for finite-width RF and N'T models.

Our analysis is analogous and generalizes the recent results of [21]. However, while
[21] assumed the covariates x; to be uniformly distributed over the sphere S¢'(v/d),
we introduced and analyzed a more general model in which the covariates mostly lie in
the signal subspace with dimension dy < d, and the target function is also dependent
on that subspace. In fact our results follow as special cases of a more general model
discussed in appendix C.

Depending on the relation between signal dimension dy, ambient dimension d, and the
covariate signal-to-noise ratio r, the model presents a continuum of different behaviors.
At one extreme, the covariates are fully d-dimensional, and RKHS methods are highly
suboptimal compared to NN. At the other, covariates are close to dy-dimensional and
RKHS methods are instead more competitive with NN.

Finally, the Fourier decomposition of images is a simple proxy for the decomposition
of the covariate vector x into its low-dimensional dominant component (low frequency)
and high-dimensional component (high frequency) [34].
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Appendix A. Details of numerical experiments

A.1. General training details

All models studied in the paper are trained with squared loss and /¢, regulariza-
tion. For multi-class datasets such as FMNIST, one-hot encoded labels are used for
training. All models discussed in the paper use ReLU non-linearity. Fully-connected
models are initialized according to mean-field parameterization [26, 35, 36]. All NN
are optimized with SGD with 0.9 momentum. The learning-rate evolves according to
the cosine rule

Iry = Iy max ((1 + cos (t;)) 115> (11)

where Iry = 107® and T = 750 is the total number of training epochs. To ensure the
stability of the optimization for wide models, we use 15 linear warm-up epochs in the
beginning.

When N> 1, training RF and NT with SGD is unstable (unless extremely small
learning-rates are used). This makes the optimization prohibitively slow for large
datasets. To avoid this issue, instead of SGD, we use conjugate gradient method
(CG) for optimizing RF and NT. Since these two models are strongly convex®,
the optimizer is unique. Hence, using CG will not introduce any artifacts in the
results.

In order to use CG, we first implement a function to perform Hessian-vector prod-
ucts in TensorFlow [37]. The function handle is then passed to scipy.sparse.cg for
CG. Our Hessian-vector product code uses tensor manipulation utilities implemented
by [38].

Unfortunately, scipy.sparse.cg does not support one-hot encoded labels. To avoid
running CG for each class separately, when the labels are one-hot encoded, we use
Adam optimizer [39] instead. When using Adam, the learning-rate still evolves as (11)
with Iry = 107°. The batch-size is fixed at 10* to encourage fast convergence to the
minimum.

For NN, RF and NT, the training is primary done in TensorFlow (v1.12) [37]. For
KRR, we generate the kernel matrix first and directly fit the model in regular python.
The kernels associated with two-layer models are calculated analytically. For deeper
models, the kernels are computed using neural-tangents library in JAX [40, 41].

A.2. Synthetic data experiments

The synthetic data follows the distribution outlined in the main text. In particular,

o= (w,z), vyi=¢(w), wecR zecR"™™, (12)

% Note that all models are trained with £, regularization.
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Table A.1. Hyper-parameter details for synthetic data experiments.

Experiment Model {5 regularization grid
Approximation error (figure 2) NN {10}, | o; uniformly spaced in [—8, —4]
NT {10%}1%, | a; uniformly spaced in [—4, 2]
RF {10%}1%, | o; uniformly spaced in [—5, 2]
Generalization error (figure 3) NN {10}, | «; uniformly spaced in [—8, —2]
NT KRR {10%}1%, | a; uniformly spaced in [0, 6]

where u; and z; are drawn ii.d. from the hyper-spheres with radii 7/d, and v/d
respectively. We choose

r=d"?,  dy=d", (13)

where d is fixed to be 1024 and n = % We change « in the interval {0, ...,0.9}. For each
value of kK we generate 2?° training and 10* test observations®.
The function ¢ is the sum of three orthogonal components {p;}?_, with ||| = 1.

To be more specific,

do—i Jti

i 7) 1.i.d.
pi(@) o< Y o[z, o= exp(1). (14)
Jj=1 k=j

This choice of ¢, guarantees that each ¢, is in the span of degree i+ 1 spherical
harmonics.

In the experiments presented in figure 2, for NN and NT, the number of hidden units
N takes 30 geometrically spaced values in the interval [5,10*. NN models are trained
using SGD with momentum 0.9 (the learning-rate evolution is described above). We
use batch-size of 512 for the warm-up epochs and batch-size of 1024 for the rest of the
training. For RF, N takes 24 geometrically spaced values in the interval [100, 711 680)].
The limit N = 711680 corresponds to the largest model size we are computationally
able to train at this scale. All models are trained with ¢, regularization. The ¢, regu-
larization grids used for these experiments are presented in table A.1. In all our experi-
ments, we choose the ¢, regularization parameter that yields the best test performance’.
In total, we train approximately 10000 different models just for this subset of
experiments.

In figure 3 of the main text, we compared the generalization performance of NTK
KRR with NN. We use the same training and test data as above to perform this analysis.
The number of training data points, n, takes 24 different values ranging from 50 to 10°.
The number of test data points is always fixed at 10*.

6 Strictly speaking, the model outlined in the main text requires z; to be generated from the hyper-sphere of radius /d — dy. In
order to work with round numbers, in our experiments we use v/d instead of v/d — dy. The numerical difference between these two
choices is negligible.

"Due to the large size of the test set, choosing these hyper-parameter based on the test set performance has a negligible over-fitting
effect. In addition, in studying the approximation error overfitting is not relevant.
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Figure A.1. (Left) The pictorial representation of the filter matrix F used for the
FMNIST experiments. The matrix entries with value zero are represented by color
blue while the entries with value one are represented by red. Coordinates on top
left-hand side correspond to lower frequency components while coordinates closer
to bottom right-hand side represent the high-frequency directions. (Right) The
absolute value of the frequency components of FMNIST images averaged over the
training data. The projection of the dataset into the low-frequency region chosen
by the filter retains over 95% of the variation in the data.

A.3. High-frequency noise experiment on FMNIST

In effort to make the distribution of the covariates more isotropic, in this experiment,
we add high-frequency noise to both the training and test data.

Let & € R¥* be an image. We first remove the global average of the image and then
add high-frequency Gaussian noise to x in the following manner:

(a) We convert x to frequency domain via discrete cosine transform (DCT II-
orthogonal to be precise). We denote the representation of the image in the
frequency domain & € RF*F,

(b) We choose a filter F € {0,1}**". F determines on which frequencies the noise
should be added. The noise matrix Z is defined as Z ® F where Z € R** has
ii.d. N(0, 1) entries.

(c) We define Z,.y = 2 + 7(||Z/| /|| Z||) Z. The constant 7 controls the noise magnitude.

(d) We perform inverse discrete cosine transform (DCT III-orthogonal) on s to
convert the image to pixel domain. We denote the noisy image in the pixel domain
as xnoisy~

(e) Finally, we normalize the @, so that it has norm V.
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The Effect of High-Frequency Noise on the Eigenvalues of the Data
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Figure A.2. The eigenvalues of the empirical covariance matrix of the FMNIST
training data. As the noise intensity increases, the distribution of the eigenvalues
becomes more isotropic. Note that due to the conservative choice of the filter F,
noise is not added to all of the low-variance directions. These left-out directions
corresponds to the small eigenvalues appearing in the left-hand side of the plot.

In the frequency domain, a grayscale image is represented by a matrix z € R¥**,
Qualitatively speaking, elements (Z);; with small values of ¢ and j correspond to the
low-frequency component of the image and elements with large indices correspond to
high-frequency components. The matrix F' is chosen such that no noise is added to low
frequencies. Specifically, we choose

1 if (k—4)2+ (k-7 < (k—1)*
F;j - (15)
0 otherwise.

This choice of F' mirrors the average frequency domain representation of FMNIST
images (see figure A.1 for a comparison). Figures A.2 and A.4 respectively show the
eigenvalues of the empirical covariance of the dataset for various noise levels. As dis-
cussed in the main text, the distribution of the covariates becomes more isotropic as
more and more high-frequency noise is added to the images.

Figure A.3 shows the normalized squared loss and the classification accuracy of
the models as more and more high-frequency noise is added to the data. The nor-
malization factor Ry = 0.9 corresponds to the risk achievable by the (trivial) predictor

[@j(w)hgjglo =0.1.

A.3.1. Ezperiment hyper-parameters. For NT and NN, the number of hidden units
N = 4096. For RF, we fix N = 321 126. These hyper-parameter choices ensure that the
models have approximately the same number of trainable parameters. NN is trained
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Figure A.3. The normalized test squared error (left) and the test accuracy (right)
of the models trained and evaluated on FMNIST data with high-frequency noise.

Table A.2. Details of regularization parameters used for high-frequency noise

experiments.
Dataset Model {5 regularization grid
FMNIST NN {10} 20 1, «; uniformly spaced in [—6, —2]
NT {10%}2 - %,, a; uniformly spaced in [—5, 3]
RF {10%}2 - %,, a; uniformly spaced in [—5, 3]
NT KRR {10%}? = 0., a; uniformly spaced in [—1, 5]
RF KRR {10%}? s 0., a; uniformly spaced in [—1, 5]
CIFAR-2 NN {10} 20 1, «; uniformly spaced in [—6, —2]
NT {10%}2 i 0., a; uniformly spaced in [—4,4]
RF {10 }20 = «a; uniformly spaced in [—2, 10]
NT KRR {10%}? i 0., a; uniformly spaced in [—2,4]
RF KRR {10%}2, | a; uniformly spaced in [—2, 4]

with SGD with 0.9 momentum and learning-rate described by (11). The batch-size for
the warm-up epochs is 500. After the warm-up stage is over, we use batch-size of 1000
to train the network. Since CG is not available in this setting, NT and RF are optimized
using Adam for T' = 750 epochs with batch-size of 10*. The ¢, regularization grids used
for training these models are listed in table A.2.

A.4. High-frequency noise experiment on CIFAR-2

We perform a similar experiment on a subset of CIFAR-10. We choose two classes
(airplane and cat) from the ten classes of CIFAR-10. This choice provides us with 10*
training and 2000 test data points. Given that the number of training observations is
not very large, we reduce the covariate dimension by converting the images to grayscale.
This transformation reduces the covariate dimension to d = 1024.
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High-Frequency Noise on FMNIST Images High-Frequency Noise on CIFAR Images
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Figure A.4. (Left) FMNIST images with various high-frequency noise levels.
(Right) CIFAR-2 images with various levels of high-frequency Gaussian noise. The
images are converted to grayscale to make the covariate dimension manageable.

Figure A.5 demonstrates the evolution of the model performances as the noise
intensity increases. In the noiseless regime (7 = 0), all models have comparable per-
formances. However, as the noise level increases, the performance gap between NN and
RKHS methods widens. For reference, the accuracy gap between NN and NT KRR
is only 0.6% at 7 =0. However, at 7 = 3, this gap increases to 4.5%. The normal-

ization factor Ry = 0.25 corresponds to the risk achievable by the trivial estimator
y(x) = 0.5.

A.4.1. Ezperiment hyper-parameters. For NT and NN, the number of hidden units
N = 4096. For RF, we fix N = 4.2 x 10%. These hyper-parameter choices ensure that
the models have approximately the same number of trainable parameters. NN is trained
with SGD with 0.9 momentum and learning-rate described by (11). The batch-size is
fixed at 250. NT is optimized via CG with 750 maximum iterations. The ¢, regularization
grids used for training these models are listed in table A.2.

A.5. Low-frequency noise experiments on FMNIST

To examine the ability of NN and RKHS methods in learning the information in low-
variance components of the covariates, we replace the low-frequency components of the
image with Gaussian noise. To be specific, we follow the following steps to generate the
noisy datasets:
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Figure A.5. Normalized test squared error (left) and test classification accuracy

(right) of the models on noisy CIFAR-2. As the noisy intensity increases, the per-

formance gap between NN and RKHS methods widens. For reference, the accuracy

gap between NN and NT KRR is only 0.6% at 7 = 0. However, at 7 = 3, this gap

increases to 4.5%. For finite-width models, N is chosen such that the number of

trainable parameters is approximately equal across the models. For NN and NT,
N = 4096 and for RF, N = 4.2 x 10°. We use the noise filter described in (15).

(a) We normalize all images to have mean zero and norm /d.

(b) Let Dypain denote the set of training images in the DCT-frequency domain. We
compute the mean p and the covariance 3 of the elements of Dyy.
(c) We fix a threshold o € N where 1 < a < k.

(d) Let  be an image in the dataset (test or train). We denote the representation
of & in the frequency domain with x. For each image, we draw a noise matrix

z~N(u,X). We have

B (z)i,j le,] é (6%
[mnoisy]i_j =9 . .
T otherwise.

(e) We perform IDCT on &,y to get the noisy image sy -

The fraction of the frequencies replaced by noise is o?/k*. Figure A.8 shows several
examples of noisy images for different thresholds a.

A.5.1. Ezperiment hyper-parameters. For NN trained for this experiment, we fix the
number of hidden units per-layer to N = 4096. This corresponds to approximately 3.2 x
10% trainable parameters for two-layer networks and 2 x 107 trainable parameters for
three-layer networks. Both models are trained using SGD with momentum with learning
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Table A.3. Details of regularization parameters used for low-frequency noise

experiments.

Dataset Model ¢y regularization grid
FMNIST NN depth 2 {102} =1 «; uniformly spaced in [—6, —2]
NN depth 3 {10%}10 1 «; uniformly spaced in [-7, —5]
NTK KRR depth 2 {102} = «; uniformly spaced in [—1, 5]
NTK KRR depth 3 {102} = «; uniformly spaced in [—4, 3]
Linear model {10%}30 e «; uniformly spaced in [—1, 5]
CIFAR-10 Myrtle-5 {10%}10 1 «; uniformly spaced in [-5, —2]
KRR (Myrtle-5 NTK)  {10%}?,, a; uniformly spaced in [—6, 1]

1.01 — Linear

—— NN-Depth 2
=== NN-Depth 3
—— NTK-Depth 2
=== NTK-Depth 3

o
©

o
©

~~~~~ 0.8
N

o
~

o
o

Classification Accuracy (Test Set)

g 0.6
0.5 o
—”

041 __ Linear 04—/ T

— NN-Depth2 N \~ g -
0.37_LC NN-Depth3 XN N || ST

—— NT-Depth 2 T

0.2 -

0.2y __. NT-Depth 3

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8

Fraction of Randomized Frequencies Fraction of Randomized Frequencies

Figure A.6. Normalized test squared error (left) and test classification accuracy
(right) of the models on FMNIST with low-frequency Gaussian noise.

rate described by (11) (with lry = 1073). For the warm-up epochs, we use batch-size of
500. We increase the batch-size to 1000 after the warm-up stage. The regularization
grids used for training our models are presented in table A.3 (figure A.6).

A.6. Low-frequency noise experiments on CIFAR-10

To test whether our insights are valid for convolutional models, we repeat the same
experiment for CNNs trained on CIFAR-10. The noisy data is generated as follows:

(a) Let Diin denote the set of training images in the DCT-frequency domain. Note
that CIFAR-10 images have three channels. To convert the images to frequency
domain, we apply two-dimensional discrete cosine transform (DCT-II orthogonal)
to each channel separately. We compute the mean p and the covariance X of the
elements of D .

(b) We fix a threshold o € N where 1 < a < 32.
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Figure A.7. Performance of Myrtle-5 and KRR with CNTK on noisy CIFAR-10.
CNTK is generated from the Myrtle-5 architecture using neural-tangents JAX
library. When no noise is present in the data, the CNN achieves 87.7% and the
CNTK achieves 77.6% classification accuracy. After randomizing only 1.5% of
the frequencies (corresponding to o =4) CNTK classification performance falls
to 58.2% while the CNN retains 84.7% accuracy.

(c) Let x € R332%3 be an image in the dataset (test or train). We denote the repre-
sentation of x in the DCT-frequency domain with & € R3**3%%3, For each image, we
draw a noise matrix z ~ N (u, X). We have

N (2)ijk ifi,j < a
[mnoisy]i?j’k - 5 )
Tk otherwise.

(d) We perform IDCT on &y to get the noisy image @iy -

(e) We normalize the noisy data to have zero per-channel mean and unit per-channel
standard deviation. The normalization statistics are computed using only the
training data.

We use Myrtle-5 architecture for our analysis. The Myrtle family is a collection
of simple light-weight high-performance purely convolutional models. The simplicity of
these models coupled with their good performance makes them a natural candidate for
our analysis. The network only uses convolutions and average pooling. In particular, we
do not use any batch-normalization [42] layers in this network (see [16] for details). We
fix the number of channels in all convolutional layers to be N = 512. This corresponds
to approximately 7 x 10° parameters. Similar to the fully-connected networks, our con-
volutional models are also optimized via SGD with 0.9 momentum (learning rate evolves
as (11) with Irp = 0.1 and T = 70). We fix the batch-size to 128. To keep the experi-
mental setting as simple as possible, we do not use any data augmentation for training
the network. The results of the numerical experiments are reported in figure A.7.
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Figure A.8. The effect of low-frequency noise for various cut-off thresholds, a.. The
left panel corresponds to the noisy FMNIST images and the right panel corresponds
to CIFAR-10 images. In order to plot CIFAR-10 images, we rescale them to the
interval [0, 1].

Appendix B. Technical background on function spaces on the sphere

B.1. Functional spaces over the sphere

For d > 1, we let S™!(r) = {x € R?:||z|y = r} denote the sphere with radius 7 in R
We will mostly work with the sphere of radius v/d, S*'(v/d) and will denote by s, , the
uniform probability measure on S%!(1/d). All functions in the following are assumed to
be elements of L*(S*!(v/d), j14_1), with scalar product and norm denoted as (-,-);» and
I Ml

o= [ @t o) (16)

For ¢ € Z, let VM be the space of homogeneous harmonic polynomials of degree
¢ on R? (i.e. homogeneous polynomials ¢(x) satisfying Aq(z) = 0), and denote by Vj,
the linear space of functions obtained by restricting the polynomials in Vdj to Sd_l(\/a).
With these definitions, we have the following orthogonal decomposition

LS (V) i) = Q) V. (17)
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The dimension of each subspace is given by

2 -2 _
dim(Vy) = B(d, 0) = 22 F4=2 (Hd 3) |

14 ‘-1 (18)

For each ¢ € Z-, the spherical harmonics {n(j)}]_gjeg B(d,) form an orthonormal basis of
Vdji

(Vi Vi) 12 = 63560

sj

Note that our convention is different from the more standard one, that defines the

spherical harmonics as functions on S?71(1). It is immediate to pass from one convention

to the other by a simple scaling. We will drop the superscript d and write Y} ; = Yé(;l)

whenever clear from the context.
We denote by Pj, the orthogonal projections to V in L*(S*'(v/d), jt4—1). This can
be written in terms of spherical harmonics as

B(d.k)

P.f(z) = Z <f7 Ykl)Lzykl(w)- (19)

=1

We also define P¢, = ZizoPk, P.o=1-Py=3%,",,Py, and P., =P, Py, =
P>£—1-

B.2. Gegenbauer polynomials

The /th Gegenbauer polynomial Q&d) is a polynomial of degree ¢. Consistently with our
convention for spherical harmonics, we view Qéd) as a function Qéd) :[—d,d] — R. The set
{di)}@o forms an orthogonal basis on L*([—d,d], i} |), where i} | is the distribution
of Vd(x, e)) when & ~ p, ,, satisfying the normalization condition:

! (d) (d) ~1 Wg—2 d (d) (@ t2 (d—3)/2
/le t)Q; " (t)di,_, = /le (t)Q;"(t) (1 — c12> di

B dwg_y
1
= ——=0; 20
B(d, l{f) LE ( )
where we denoted w,;_; = Fg(wd_d//;) the surface area of the sphere S?!(1). In particular,

these polynomials are normalized so that di)(d) =1.

Gegenbauer polynomials are directly related to spherical harmonics as follows. Fix
v € S*(v/d) and consider the subspace of V, formed by all functions that are invariant
under rotations in R? that keep v unchanged. It is not hard to see that this subspace
has dimension one, and coincides with the span of the function di)((v, ).

We will use the following properties of Gegenbauer polynomials.

https://doi.org/10.1088/1742-5468 /ac3a81 25


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?

(a) For x, y € S™'(+/d)
1

(@ (@0, QL (G D) = g 0@ (9 (21)
(b) For x, y € S (\/d)
d 1 W d d
Q@) = g gy 2 W @) (22)
(c¢) Recurrence formula
k+d—2

—Q,ﬁ (t) = QY (t). (23)

(d) Rodrigues formula

o= cvmeg i (-n) () (-e) e

Note in particular that property (b) implies that—up to a constant—ngd)(@, Y)) is
a representation of the projector onto the subspace of degree-k spherical harmonics

2k+d 2Qk 1() 2k +d—2

Puf)@) =BG [ Qo) a1 () (25)

B.3. Hermite polynomials

The Hermite polynomials {He } ;> form an orthogonal basis of L*(R, ), where v(dz) =
e 2 dy /+/27 is the standard Gaussian measure, and He;, has degree k. We will follow
the classical normalization (here and below, expectation is with respect to G ~ N(0, 1)):

E {He,(G)Hey(G)} = k1o, (26)

As a consequence, for any function g € L*(R,~), we have the decomposition

(0.¢]

Notice that for functions ¢ that are k-weakly differentiable with ¢*) the kth weak
derivative, we have

11:(9) = Ec[g™(G)]. (28)

The Hermite polynomials can be obtained as high-dimensional limits of the Gegen-
bauer polynomials introduced in the previous section. Indeed, the Gegenbauer polynomi-
als are constructed by Gram—Schmidt orthogonalization of the monomials {2*};~¢ with
respect to the measure ji} |, while Hermite polynomial are obtained by Gram-—Schmidt

pi(9) = E{g(G)Her(G)} - (27)
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orthogonalization with respect to ~y. Since i} ; = 7 (here = denotes weak convergence),
it is immediate to show that, for any fixed integer k,

dlig Coeff{Ql(gd)(\/ax)B(d, k)2 = Coeff{ (kl1)1/2 Hey(x )} (29)

Here and below, for P a polynomial, Coeff{ P(x)} is the vector of the coefficients of P.

B.4. Tensor product of spherical harmonics

We will consider in this paper the product space

PS = ﬁ a1 (\/ch> , (30)

and the uniform measure on PS¢, denoted pig = g, 1 ® ... ® [hdg—1 = ®QE[QW%_1, where

we recall 14,1 = Unif(S%!(,/d,)). We consider the functional space of L*(PS?, p,)
with scalar product and norm denoted as (-, )72 and || - || z2:

(fr9)2 = Psdf(j)g(i)lﬁd(dj)'

For £ = (0y,...,4g) € Zgo, let VE=Vyn®...® de’gQ be the span of tensor products
of @ homogeneous harmonic polynomials, respectively of degree ¢, on R% in variable
Z,. Denote by V,? the linear space of functions obtained by restricting the polynomials

in f/g to PS?. With these definitions, we have the following orthogonal decomposition

L*(PS?, ua) = EP V- (31)

Q
26220

The dimension of each subspace is given by
Q

B(d,£) = dim(V*) = [ [ B(d,. £,),
q=1

where we recall

B(d,g):w(fﬂi_?’)

l (-1

We recall that for each ¢ € Zo, the spherical harmonics {Y, (d)}jE[B(d[)] form an

orthonormal basis of V on S*'(v/d). Similarly, for each £ € Z>O, the tensor prod-
uct of spherical harmomcs {YL}se(ae) form an orthonormal basis of V%, where
s=(s1,...,s0) € [B(d,£)] signify s, € [ (dy, £,)] for g =1,...,Q and
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Q
)/le = Y(dl) ® )/E(O'a) ®...0 Y'é(dQ) _ ® )/E(dq)

ly,51 2,52 Q5 0S¢ "
q=1

We have the following orthonormalization property

Q
- H 56!17%581175:{ = 5[.[,58,8/'

q=1

Q
d vd (dg) - (dy)
<Yv£,s’ YVZ’,S/>L2 = H <qusz 71/'%82

q=1

) oy

We denote by Py, the orthogonal projections on V¢ in L*(PS?, 1 ). This can be written
in terms of spherical harmonics as

Pef(@)= > (Y4 eYd(®). (32)

se[B(d.k)]

We will denote for any Q C Zgo, Po the orthogonal projection on @kGQde, given by

Po=) P

keQ

Similarly, the projection on Q¢ the complementary of the set Q in Zgo, is given by

Po =) Py

k¢Q

B.5. Tensor product of Gegenbauer polynomials

We recall that fi}; ; denotes the distribution of v/d(z, ;) when 2 ~ Unif(S?!(v/d)). We
consider similarly the projection of PS? on one coordinate per sphere. We define

Q Q
de = [_dqa dq]a /1}1 = /’lclllfl ®...0 /’lcllel = ® /1111,,—17 (33)
q=1 q=1

and consider L?(ps?, fi}y).

Recall that the Gegenbauer polynomials {Q,(Cd)}@o form an orthogonal basis of
Lz([_da d]a /1(1#1)'
Define for each k € Zgo, the tensor product of Gegenbauer polynomials

Q
d d d
= e 00l =R (34)
q=1
We will use the following properties of the tensor product of Gegenbauer polynomials:
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Lemma 1 (Properties of products of Gegenbauer). Consider the tensor product of
Gegenbauer polynomials {Q,‘i}kezgo defined in equation (34). Then

(a) The set {Q,‘f}kezq forms an orthogonal basis on L*(ps?, fi}), satisfying the normal-
ization condition: for any k, K € Z>0,

1
<QI(§’Q;§/>L2 (ps) - B(d k)é

(b) Forz=(2V,...,29) and y= (yV,...,y? )EPSd and k, K € 7%,

(35)

(@ (L@ M) @ (T Nre0) ) s = g Do @ (LT ).
(36)
(c) Forz= (ZY,...,79) and g= (gV,...,9?) € PS%, and k Zgo,
() — 1 _ _
" seB(dk)
Notice that lemma 1(c) implies that Q¢ is (up to a constant) a representation of the

projector onto the subspace V,2

Pefl@) = B(d k) | QL= T")ela) f(@)raldp).

Proof of lemma 1. Part (a) comes from the normalization property (20) of Gegenbauer
polynomials,

(@ Qlccl’>L2(PSd) - <Q’[i ({@(eq, '>}QE[Q]> Qi ({@(eq, '>}q€[Q]>>L2(Psd)
Q
H <de ( a(€; >> ’ngQ) (@(eq, >> >L2(Sd41(\/@))

q=

—_

Q
HB dq,k

g=1

1
R
B(d, k) **

where the {e,},c(g are unit vectors in R% respectively.
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Part (b) comes from equation (21),

(Q (L&, Veia) - Qi (T aela) ) o sy

TL(QL (@), () )

Q
=1
Q

=

IIquk‘Mka (@, 9))

=1

=)

-~ (}L @ (.5 L))

while part (¢) is a direct consequence of equation (22). O

B.6. Notations

Throughout the proofs, O4(+) (resp. 04(:)) denotes the standard big-O (resp. little-o)
notation, where the subscript d emphasizes the asymptotic variable. We denote Oyp(-)
(resp. 0q4p(+)) the big-O (resp. little-o) in probability notation: hi(d) = Ogp(hs(d)) if for
any € > 0, there exists C. > 0 and d. € Z-, such that

P(|hy(d)/ho(d)| > C.) <&, Y d=>d.,

and respectively: hi(d) = ogp(ha(d)), if hi(d)/ha(d) converges to 0 in probability.

We will occasionally hide logarithmic factors using the O4(-) notation (resp. 6,4(-)):
hi(d) = Oq(ho(d)) if there exists a constant C' such that h,(d) < C(logd)Chy(d). Sim-
ilarly, we will denote Oyp(-) (resp. 6,p(-)) when considering the big-O in probability

notation up to a logarithmic factor.
Furthermore, f = wy(g) will denote f(d)/g(d) — oo

Appendix C. General framework and main theorems

In this section, define a more general model than the model considered in the main
text. In the general model, we will assume the covariate vectors will follow a product
of uniform distributions on the sphere, and assume a target function in L? space. We
establish more general versions of theorems 1-3 on the two-spheres cases in the main
text as theorems 5—7. We will prove theorems 5-7 in the following sections. At the end
of this section, we will show that theorems 57 will imply theorems 1-3 in the main
text.
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C.1. Setup on the product of spheres

Assume that the data x lies on the product of () spheres,

cc:(( EHSd_qu

q€[Q]

where d, =d™ and r,=d"Wt 2 TLet d=(d,...,d,) = (d",...,d") and k=
(K1,...,kqQ), where n, >0 and r, > 0 for ¢ =1,...,Q. We will denote this space

PS? = J]s%( (38)

¢€lQ]
Furthermore, assume that the data is generated following the uniform distribution on
PS?, i.e.

o' Unif(PSY) = ®Un1f (S™(ry)) = pf. (39)
q€[Q)

We have zxze€RP and |z||s=R where D=d"+.---+d® and R=
(dm+m 4. 4 dretre)t/2,

We will make the following assumption that will simplify the proofs. Denote
£ = max{n, + Ky}, (40)
¢€[Q]

then ¢ is attained on only one of the sphere, whose coordinate will be denoted ¢, i.e.
§ = Ny + Ky and n, + k, < & for ¢ # q,.

Let 0:R — R be an activation function and (w;);en] ~iia Unif(SP~1) the weights. We
introduce the random feature function class

Fre(W) = {fRFﬂUa Zal (w;, 2)VD/R) :a; € R, VZE[N]}

and the neural tangent function class
A N
Fnr(W) = {fRF(zc; a) = Z (a;, 2)o'((w;, 2)VD/R):a; e R”, Vie [N]} :
i=1

We will denote 8; = v/ Dw;. Notice that the normalization in the definition of the func-
tion class insures that the scalar product (x,6;)/R is of order 1. This corresponds to
normalizing the data.

We consider the approximation of f by functions in function classes Frr(®) and

Fnr(O).

C.2. Reparametrization

Recall (6;);cn ~ Unif(SP~1(v/D)) independently. We decompose 6, = (0&1), 09

7
into () sections corresponding to the d, coordinates associated to the gth sphere. Let us
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consider the following reparametrization of (8;)cv 13\51 Unif(SP~1(v/D)):

where

=/d,0/10 )y, 7 =69/ \/d,, forq=1,...,Q.

Hence
0, — (Ti(n oY, @ gZ(Q)) _

It is easy to check that the variables (81, ..., 0@) are independent and independent
of (Ti(l), Ce TZ-(Q)), and verify

_ D_
0, ~ Unif(S""'(v/d,)), 7"~ dJl/Q\/Beta (C; 5 dq), forg=1,...,Q.

We will denote 6; = (52(1), . ,§§Q)) and T; = (Ti(l), e Ti(Q)). With these notations, we
have

0. HSd 1 = PS¢,
q€(Q)

where PS? is the ‘normalized space of product of spheres’, and

“d ®Umf (S™(\/d,)) = pa-
q€l@]

Similarly, we will denote the rescaled data & e PS¢,

z=(z,. ~ Q) Unif(S*'(\/d,)),

q€[Q)

obtained by taking Z9 = \/733’1 r, = d"/2g\9 for each q € Q).

The proof will proceed as follows: first, noticing that 79 concentrates around 1 for
every ¢q = 1,...,Q, we will restrict ourselves without loss of generality to the following
high probability event

Pune={OIr €[l -, 1+¢], Vie[N], Vqe[Q]} cs” (VD)
where € > 0 will be chosen sufficiently small. Then, we rewrite the activation function
o((--)/R):S"" (VD) x PS> R,
as a function, for a random 7 (but close to (1,...,1))

o4 PS?x PSR,
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given for 8 = (0, T) by

— @y, (09, ZD)
Odr ({<9@, ‘E(Q)>/\/d7q}q€[¢2]> =0 Z R = < \/d,
€[] 1

We can therefore apply the algebra of tensor product of spherical harmonics and use
the machinery developed in [21].

C.3. Notations

Recall the definitions d = (dy,...,d,), k= (ki,...,kg), d, = d", r,=d"* /2 D =
dn 4 -+ d% and R = (d"" 4 .- + d0te)2 Let us denote £ = maxeig{n, + K4}
and g, = argminge(g{n, + Kq}-

Recall that (6;),cpv ~ Unif(SP~1(v/D)) independently. Let © = (6,...,0y). We
denote Eg to be the expectation operator with respect to 6 ~ Unif(S”~'(v/D)) and
Fe the expectation operator with respect to @ = (8, ..., 80y) ~ Unif(SP~'(v/D))®".

We will denote E5 the expectation operator with respect to @ = O, ..., 0@Q) ~ pg,
Eg the expectation operator with respect to ® = (6,,...,0y), and E, the expectation
operator with respect to 7 (we recall 7 = (71, ..., 7(@)) or (71,...,7y) (Where the T;
are independent) depending on the context. In particular, notice that Eg = E,E; and
Ee = E;Eg.

We will denote Eg_ the expectation operator with respect to © = (6y,...,0y)
restricted to Pyn. and E, the expectation operator with respect to 7 restricted to
[1 —¢,1+¢]? Notice that Eg. = E, Eg.

Let E, to be the expectation operator with respect to & ~ u¢, and E5 the expectation
operator with respect to T ~ pig4.

C.4. Generalization error of kernel ridge regression

We consider the KRR solution a;, namely

a=(H+ \L,) 'y,
where the kernel matrix H = (H;;);jc)y is assumed to be given by

Hi; = ha((zi, ;) | R*) = Bg_ipse) [0 (0, 2)/R)a (6, )/ R)],
and y= (y1,...,yn)" = f+ €, with

f=(fa(@), ..., fa(z:)),

e=(e1,...,)".

The prediction function at location x gives

~

fulz) =y (H+ ML,) 'h(x),
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with
h(z) = [ha((z, &)/ R?), .. .. ha((z, z,) / R*)]".
The test error of empirical KRR is defined as

Rirn(fa, X, \) = E, [(fd(zc) YT (H+ AL,,)—Ih(a:))z} .

We define the set Qgrr(Y) C Zgo as follows (recall that § = maxycq)(n, + £q)):

Z - Hq } ) (41)

@KRR( {k € Z>o

and the function m:R>, — Ry, which at ~ associates

me) = min 3 Rk,
k¢ Oxrr(7) Q]

Notice that by definition m(y) > .

We consider sequences of problems indexed by the integer d, and we view the problem
parameters (in particular, the dimensions d,, the radii r,, the kernel hy, and so on) as
functions of d.

Assumption 1. Let {h;}s>1 be a sequence of functions h,:[—1,1] =R such that
Hy(xy, zs) = hg({(x1, 2)/d) is a positive semidefinite kernel.

(a) For v > 0 (which is specified in the theorem), we denote L = max,(q[v/n,].
We assume that h, is L-weakly differentiable. We assume that for 0 < k < L, the
kth weak derivative verifies almost surely hy) (u) < C for some constants C' > 0

independent of d. Furthermore, we assume there exists k > L such that hflk)(()) >
¢ > 0 with ¢ independent of d.

(b) For v > 0 (which is specified in the theorem), we define

K= max |k
ke Qkrr(7)

We assume that o verifies for k < K, hflk)(()) > ¢, with ¢ > 0 independent of d.

Theorem 5 (Risk of the KRR model). Let {f; € L*(PSY, %) }4>1 be a sequence of

functions. Assume wy(d" log d) < n < Ogy(d™ V) for some~ > 0 and § > 0. Let {hg}qs1

be a sequence of functions that satisfies assumption 1 at level . Let X = (x;)ic

with (2;)icp,) ~ Unif(PSY) independently, and y; = fi(x,) + €; and &; ~;y N(0, 72) for some
72> 0. Then for any € > 0, and for any A = O4(1), with high probability we have

| Ricrr(fas X, A) = [IPoe fall7| < e[l fall72 +77)- (42)
See appendix D for the proof of this theorem.
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C.5. Approximation error of the random features model

We consider the minimum population error for the random features model

Rue(fs W)= _inf E[(f.(z) ~ f(=))?].

feFrr(W)

Let us define the sets:

Q
Orr(7) = {k S Zgo Z (€ — ryky < 'Y} ; (43)

Q
@RF(V) = {k < Zgo Z (€ — Kg)ky < 7} . (44)

Assumption 2. Let o be an activation function.
(a) There exists constants ¢y, c;, with ¢y > 0 and ¢; < 1 such that the activation
function o verifies o(u)? < ¢yexp(ciu®/2) almost surely for u € R.

(b) For v > 0 (which is specified in the theorem), we denote L = maxy(q[v/n,]. We
assume that o is L-weakly differentiable. Define

K = min

K.
ke Qrr(v)°

We assume that for K < k < L, the kth weak derivative verifies almost surely
o™ (u)? < ¢y exp(cu?/2) for some constants ¢y > 0 and ¢; < 1.

Furthermore we will assume that o is not a degree-|7 /7, ] polynomial where
we recall that g, corresponds to the unique argminge(g{7n, + q}-

(c¢) For v > 0 (which is specified in the theorem), we define

K = max |k
ke Qrr(7)

We assume that o verifies for k < K, () # 0. Furthermore we assume that for
k < K, the kth weak derivative verifies almost surely o) (u)? < ¢y exp(ciu?/2) for
some constants ¢y > 0 and ¢; < 1.

Assumption 2(a) implies that o € L3(R,~) where y(dz) =e */2dz/v2r is the
standard Gaussian measure. We recall the Hermite decomposition of o,

o(x) = Z () Hey (), pir(0) = Egono,n[o(G)He,(G))]. (45)

Theorem 6 (Risk of the RF model). Let {f;c L*(PS%, 1u5)}as1 be a sequence of
functions. Let W = (w;)iein] with (w;)ien) ~ Unif(SP~!) independently. We have the
following results.
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(a) Assume N < 04(d7) for a fixed v > 0. Let o satisfy assumptions 2(a) and (b) at
level . Then, for any € > 0, the following holds with high probability:

|Rep(fa, W) — Rep(Pofa, W) — [|Pacfall7:| < ell falli2lIPoe fall iz, (46)
where Q = Qrp(7) is defined in equation (43).

(b) Assume N = wy(d") for some positive constant v > 0, and o satisfy assumptions
2(a) and (c) at level 7. Then for any e > 0, the following holds with high probability:

0 < Rer(Pofa, W) < el|Pofdll7, (47)

where Q = Orp(7) is defined in equation (44).

See appendix E for the proof of the lower bound (46), and appendix F for the proof
of the upper bound (47).

Remark 1. This theorems shows that for each v ¢ (§ — k1)Zso + - - - + (£ — KQ)Zso, we
can decompose our functional space as

L*(PS, ) = F(B, &,7) ® F(B. &, 7),

where

FB, w1 = P Vi,

ke Orr(v)
Fc</6’ ’67 ’y) - @ V-(ki:’
k¢ Qrr ()

such that for N = d7, RF model fits the subspace of low degree polynomials F (3, , )
and cannot fit F¢(3, Kk, "), i.e.

RRF(fda W) ~ ||PQRF(’Y)Cfd||%2'

Remark 2. In other words, we can fit a polynomial of degree k € Zgo, if and only if

d(fff{l)k‘l Co d(ffKQ)kQ = d]fleﬂ NN dlgfeff - 0d<N)'

—~

Each subspace has therefore an effective dimension d, .= d* " = d((f*ﬁ")/ "=

D& ra)/maxcione - This can be understood intuitively as follows,

o((0.2)/R) =0 | Y (6, 29)/R
q€[Q]
The term ¢ (recall that ¢, = argmax,(n,+r,) and &=mn, +r,) verifies
(019 x4 /R = O,4(1) and has the same effective dimension dyeer = d™ has in

the uniform case restricted to the sphere S ~!(v/d™) (the scaling of the sphere do not
matter because of the global normalization factor R™'). However, for N, + kg <& we
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have (0'7, £9) /R = O,4(d"~9/?) and we will need d¢~*~"» more neurons to capture
the dependency on the gth sphere coordinates. The effective dimension is therefore
given by dy g = d,, - d* " = -,

C.6. Approximation error of the neural tangent model

We consider the minimum population error for the random features model

Bxr(fa, W) = inf B [(fo(2) = f(@))*].

feFxT(W

For k € Z>o: we denote by S(k) C [Q] the subset of indices ¢ € [Q)] such that k, > 0.
We define the sets

Q
Onr(7) = {ke 23 (€ =Kk, <y + (5— min n)} (48)

q=1

Q
Oxr(v) = {k € Z2 > (€ =Ky <7+ (5 — min qu)} (49)

g=1

Assumption 3. Let 0:R — R be an activation function.

(a) The activation function o is weakly differentiable with weak derivative o’. There
exists constants cg, ¢;, with ¢y > 0 and ¢; < 1 such that the activation function o
verifies o’(u)? < ¢y exp(ciu?/2) almost surely for u € R.

(b) For v > 0 (which is specified in the theorem), we denote L = max,c(g[v/n,]. We
assume that o’ is L-weakly differentiable. Define
K = min |k
keQnr(v)°
We assume that for K — 1 < k£ < L, the kth weak derivative verifies almost surely
o) (1)? < ¢y exp(ciu?/2) for some constants ¢y > 0 and ¢; < 1.

Furthermore, we assume that o’ verifies a non-degeneracy condition. Recall that
pr(h) = Eqono,) [h(G)Hey(G)] denote the kth coefficient of the Hermite expansion
of h € Ly(R, ) (with v the standard Gaussian measure). Then there exists ki, ko >
2L + T[max,e(g &/n,] such that py, (o), pr,(0’) # 0 and

o (20") , g (a®o’)

lukj (0-/) /’Lkz( ) .
(c) For v > 0 (which is specified in the theorem), we define

K = max |k|.
k<Ont(v)

(50)

We assume that o verifies for k <K +1, p(0') = (o) # 0. Furthermore
we assume that for k < K + 1, the kth weak derivative verifies almost surely
oD (u)? < ¢yexp(cu?/2) for some constants ¢y > 0 and ¢; < 1.
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Assumption 3(a) implies that o’ € L*(R,~) where ~(dz) = e */2dz/v/27 is the
standard Gaussian measure. We recall the Hermite decomposition of ¢’

(0) = 3 2D @), (o) = Bounonlo'(G)Hen(G)], (51)

In assumption 3(b), it is useful to notice that the Hermite coefficients of z%c’(z)
can be computed from the ones of o’(z) using the relation u,(2%0”) = p;.0(0’) + [1 +
2k (") + k(k — 1)y _s(0”).

Theorem 7 (Risk of the NT model). Let {f; € L*(PS% 1%)}as1 be a sequence of
functions. Let W= (w;);ein] with (w;)iepv) ~ Unif(SP~!) independently. We have the
following results.

(a) Assume N < 04(d7) for a fixed v > 0. Let o satisfy assumptions 3(a) and (b) at
level . Then, for any € > 0, the following holds with high probability:

|Rxt(fa W) — Bxt(Pofa, W) — [P fall72| < ell fall 2 IPoe fall 2, (52)

where Q = Onr(y) is defined in equation (48).

(b) Assume N = wy(d") for some positive constant v > 0, and o satisfy assumptions
3(a) and (c) at level . Then for any e > 0, the following holds with high probability:

0 < Ryr(Pofa, W) < g||Pofall?:, (53)

where Q = Onr(7) is defined in equation (49).

See appendix G for the proof of lower bound, and appendix H for the proof of upper
bound.

Remark 3. This theorems shows that each for each v > 0 such that Oyt (7)° N Oxr(7y) =
(), we can decompose our functional space as

LX(PSE ut) = F(B, k,7) @ F(B, k,7),

where

FB,ry)= P Vi,

kcOnt(7)

,FC</8’KJ7’)/): @ VZv

kg OnT (7)

such that for N = d7, NT model fits the subspace of low degree polynomials F (3, k, )
and cannot fit F¢(3, k,v) at all, i.e.

RNT(f!b W) ~ ||PQNT(‘/)"fd||%2‘
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Remark 4. In other words, we can fit a polynomial of degree k € Zgo, if and only if
—K —K, . k,‘ :Ii
dCrbe e = @it d i = 04(d°N),

where 8 = § — mingegx) Kq-

C.7. Connecting to the theorems in the main text

Let us connect the above general results to the two-spheres setting described in the
main text. We consider two spheres with 1, = n, k; = k for the first sphere, and 1, = 1,
ko = 0 for the second sphere. We have £ = max(n + &, 1).

Let wq(d?logd) < n < Og(d*) with § >0 constant sufficiently small, then by
theorem 5 the function subspace learned by KRR is given by the polynomials of degree
k1 in the first sphere coordinates and k-, in the second sphere with

max(n, 1 — k)k; + max(n + K, 1)ks < 7.

We consider functions that only depend on the first sphere, i.e. k; =0 and denote
dogg = d™>11=%) Then the subspace of approximation is given by the & polynomials in
the first sphere such that d*; < d7. Furthermore, one can check that the assumptions
listed in theorem 1 in the main text verifies assumption 1.

Similarly, for wq(d?) < N < Og(d"*) with § > 0 constant sufficiently small, theorem
6 implies that the RF models can only approximate k polynomials in the first sphere such
that d*; < d7. Furthermore, assumptions listed in theorem 2 in the main text verifies
assumption 2.

In the case of NT, we only consider k = (k1,0) and S(k) = {1}. We get mingecgx) kg =
k. The subspace approximated is given by the k£ polynomials in the first sphere such
that d*; < d"deg. Furthermore, assumptions listed in theorem 3 in the main text verifies
assumption 3.

Appendix D. Proof of theorem 5

The proof follows closely the proof of theorem 4 in [21].

D.1. Preliminaries

Let us rewrite the kernel functions {h,}s>1 as functions on the product of normalized
spheres: for = {z9},co and y = {y9} g € PSE:

ha({y. @) /R*) = ha | ) (ry/B*\/d,) - G, 29)/\/d,

7€[Q)]

= hq ({@(’1), 53(q>>/\/@hd@}) : (54)
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Consider the expansion of hg in terms of tensor product of Gegenbauer polynomials.
We have

ha({y, )/ R?) = Z Mi(ha) B(d, K)Qi ({(F7, )} jepq))

keZS,
where
Ai(hag) = Eg [hd(acl,..., )Qk(fx1;~..,\/%TgQ))],
where the expectation is taken over z = (2, ..., 2Y) ~ uq.

Lemma 2. Let {hy}q>1 be a sequence of kernel functions that satisfies assumption 1.
Assume wq(d?) < n < oy(d™) for some v > 0. Consider Q = Qupr(7) as defined in
equation (41). Then there exists constants ¢, C > 0 such that for d large enough,

max A\(hg) < Cd™™
k£Q

>cd™.
Igélél)\ w(ha) = cd

Proof of lemma 2. Notice that by lemma 18,
d k (qu))Q "’ \k\
Mha)=| ] el | Rk Bz || [ (1~ s > oz ||,
¢€[Q)] ¢€[Q)] I g€[Q)

where o, = d;l/grg/Rz = (1 + 04(1))d™/***=¢ By assumption 1(a), we have

M(hg)B(d, k) < C H a6k
q€[Q]

Furthermore, by assumption 1(b) and dominated convergence,

kli
(")’ B (1K)
Es || J](1- 0 > oz || = hi®0) = c>0,

q€l@Q] q€l@Q]

for k > K. The lemma then follows from the same proof as in lemmas 9 and 10, where
we adapt the proofs of lemmas 19 and 20 to hg4. U

D.2. Proof of theorem 5

Step 1. Rewrite the y, £, H, M matrices.
The test error of empirical KRR gives

Ricun(fa, X 3) = B, [ (fu(s) — 97 (H+ ML) h(=)’]
= Eu[fa(x)?] — 2y (H+ ML) 'E+ ¢ (H+ \I,) ' M(H + \I,,)™*

https://doi.org/10.1088/1742-5468 /ac3a81 40


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?
where F = (El, ceey En)T and M = (Mij)ije[n]7 with
Mij = Eolhg((@;, ) /d) ha((;, )/ d)].
Let B =), oB(d, k). Define for any k € Z>O,
Dy = A (ha)Ip(ar),
Y, = (kals(flz))z’e[n},se[B(d,k)] € ]R"XB(d’k);
A = (/\Iccl,s(fd))le[B(d,k)] € RPHH,
DQ = dlag ((Ag(hd)IB(lLk))ng) - ]RBXB

Yo = (Yr)keo € RWB;

Ag = ((Az)kegy €R”.

Let the spherical harmonics decomposition of f; be

= D My,

keZQ s€[B(d,k)]

and the Gegenbauer decomposition of hg be

hd(fg”,.. ) 3 Aha)B dek(\f:cl,...,\/@fg@).

Q
keZ>o

We write the decompositions of vectors f, E, H, and M. We have
f=Yoxo+ > YiX
ke Qe

E= YoDoXo+ Y YiDiAy,
keQe¢

H=YoDoY,+ Y Y.D,Y],
keQc

M= Y,DyY,+ > Y.DiY;.
ke Qe

From lemma 4, we can rewrite
H=YoDo Y, + rp(L, + Ay),
M= YoD, Y}, + k,A,,

where r;, = 0,4(1), Kk, = Od<dim(7))7 ||Ah||0p = Od,ﬂ"(l) and HAUHOD = Od,P(l)-
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Step 2. Decompose the risk
The rest of the proof follows closely from theorem 4 in [21]. We decompose the risk
as follows

Rirr(fa, X, A) = || fall72 — 210 + Ty + Ty — 27T + 2T,
where

T, =f(H+\,) 'E,

Ty =f(H+ L) 'M(H+ \L,)"'f,

Ty =" (H+AL) "M(H+ \L,) e,

T, =€ (H+\,)'E,

Ty =" (H+ L) "M(H+ \I,)"'f

n)7
n)7

Further, we denote fg, fo., Eo, and Eg,
fo = Yoo, Eqg = YoDoAo,

fo=> Yixi, Eo =) YiDp:
keQc keQc

Step 3. Term T
Note we have

Ty =Ty + Toe + Tns,
where

Ty = fo(H+ L) M(H+ L)' fo,

Ty = 2f5(H+ ML) 'M(H+ A\L,)"'fo,

Tos = fo (H+ AL,) " M(H + \L,) ' fo.
By lemma 6, we have

In(H + L)' M(H+ ML)~ — Yo Yg/nlo, = 0up(1), (55)
hence

Ty = Ao Yo (H+ ML) "M(H + \L,) ' Yoo

= A Yo Yo Yy Yodo/n® + [ Yorell/n] - our(1).

By lemma 3, we have (with ||Alls = 04p(1))

A YL Yo YL Yodo/n? = AL(I + A) Ao = [ Aol3(1 + ogp(1)).
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Moreover, we have
I YoAoll3/n = Aoz + A)Ao = [Aal3(1 + 0ap(1)).
As a result, we have
Ty = [ Xall2(1 + 042(1)) = [Pofall> (1 + 0ar(1)). (56)

By equation (55) again, we have

Ty = <Z)\£YZ> (H+ AL,) 'M(H+ )L,) (Z Yk

keQc keQe

/77, . Od_’]p(l).

ke Qe keQc

Z Y\

keQc

[\

By lemma 5, we have

<Z>\; Y;) Yo Y, (Z kak)] /n* = > A{E[(Y,YoY,Y,)]/n’ A,

ke Q¢ ke Q¢ uveQ°
B
ke Qe
Moreover
> Yk /n = Il = [P fall2-
ke Qe keQc
This gives
To3 = 0ap(1) - |Poe full72- (57)

Using Cauchy Schwarz inequality for Ty, we get

Ty < 2(ToTo3)"? = 0ap(1) - P fallr2|Poe fall 2 (58)

As a result, combining equations (56)—(58), we have

To = |[Pofallz: + 0ap(1) - | fullz:- (59)
Step 4. Term T',. Note we have

T, =Ty + Ty + Ths,
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where
Ty = fTQ(H—i— ML) Eo,
Ty = fo.(H+ \L,) ' Eo,
Tis = f (H+ \,) 'Eq.
By lemma 7, we have
| Yo(H+ ML) YoDo — Ip|lop = 0ar(1),
so that
Ti = A YG(H + ML) YoDoXg = [ Aall3(1 + 04p(1)) = [[Pofal3(1 + 0ap(1)).  (60)

Using Cauchy Schwarz inequality for 7’15, and by the expression of M = YQDQQ YTQ +
kA, with ||A,llop = Ogp(1l) and k, = O4(d” m(A ) we get with high probability

Ths| = | ) ALYR(H+ ML) YoDoAg

ke Qe
<D ALYL(H+ ML) YoDo|| [ Aol
keQc 2
_ 1/2
= (ZA{Y{) (H+ L) ' YoD4 Y5 (H + )L, (Z)\TYT>] Aol
L \keQ¢ ke Qe

- 1/2
< <ZA£Y;> (H+ L) "M(H + \1,)~ (Z)\TYT>] Aol

L \keQ° keQc
= Tp{*IXall2 = 0ap(1) - [Pofall 2P fall2- (61)

For term T3, we have
Tl = |F (H+ ML) Bo| < £l (H+ AL) ™| Ecr ]l

Note we have E[||f||3] = n||fal|%., and ||(H+ AL,) " *|op < 2/(ks + A) with high probabil-
ity, and

E[l| Eo-ll2

| = n N IPufll < 0 g ] 1P £l

keQc

As a result, we have

1/2
il < Olt) - [P fulo | e M|/ 4%

= 0ap(1) - ([P fallr2| fall 22, (62)
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where the last equality used the fact that n < O4(d™" ™) and lemma 2. Combining
equations (60)—(62), we get

Ty = |Pofallz: + 0ap(1) - || fall72- (63)
Step 5. Terms T'3,T, and T'5. By lemma 6 again, we have
E.[T5]/7% = tr((H+ AL,) "M(H + \I,) ") = tr( Yg Yg/nz) + 04p(1).
By lemma 3, we have
tr( Yo Yh/n?) = tr( Y, Yo)/n® = nB/n’+ o4p(1) = o4p(1).
This gives
Ty = o4p(1) - 7°. (64)
Let us consider Ty term:
E.[T?]/7% = E.[e"(H+ \1,) 'EE"(H + \L,) 'e] /7>
= E'(H+ )\L,)’E.

For any integer L, denote £ = [0, L]? N Zgo, and Y, = (Yi)ker and Dy = (Dg)ges- Then
notice that by lemmas 3, 6 and the definition of M, we get

| D YR (H+ ML) Y Dellop = (H+ L) Y D2 Y (H+ AL) o
< |[(HA+ ML) ' M(H + AI”)‘1||OP.
< || Yo Yy/nllop/n+ 024(1) - /0
= o4p(1).

Therefore,
E'(H+)1,) °E = lim EL.(H+ \L,) ’E;
= lim AL[D;YL(H+M,)2Y,; D)\,
< I(H + ML) M(H + ML)~ lop - lim [ Xef3
< 0ap(1) - || fall72
which gives

Ty = 04p(1) - 7|l fall 22 = 042(1) - (7% + || full72)- (65)
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We decompose T's using f= fo + fo,
Ts5 = Ty + Tk,
where
Ty = €' (H+ ML) 'M(H+ A\L,) ' fo,
Tso = € (H+ \L,) "M(H+ \L,) " 'f,.
First notice that
| MY2(H 4 ML) M), = [|(H 4 ML)~ M(H + AL) o = 04(1).
Then by lemma 6, we get
E [T3])/7% = Ec[e" (H+ AL,) "M(H + \L,) ' fofo(H+ AL,) ' M(H + \L,) ‘€] /7>
= fol(H+ L)' M(H + L) '*fg
< |IMYP(H + ML) 2 MY2||op || MY (H + ML) ol
= o4p(1) - Ty
= 04p(1) - [IPofallz-
Similarly, we get
E[T5)/7* = oap(1) - Tos = 04p(1) - [|Pae full7:-
By Markov’s inequality, we deduce that
Ty = 045(1) - T(|Pofall 2 + [Poe fall 12) = 0ap(1) - (72 + [ fall 72)- (66)

Step 6. Finish the proof.
Combining equations (59) and (63)—(66), we have

RKRR(fd? X; A) — ||fd||2L2 - 2T1 —|— T2 —|— T3 _ 2T4 + 2T5
= |Pofall22 4 0ap(1) - (|| fall2: + 72),

which concludes the proof.

D.3. Auxiliary results

Lemma 3. Let {Yk(fs}kEZQ

z

harmonics on PSY. Let (%),e( ~iia Unif(PS?). Denote

Jse[B(dH)] be the collection of temsor product of spherical

Yi = (VA(®))icp) seipian € R™P4P.
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Assume that n = wq(d?log d) and consider

ank < m(y

q€[Q)

R = kEZ

Denote A =", »B(d, k) and

Yr = (Yi)rer € R4,
Then we have

YL Yr/n =14+ A,

with A € R4 and E[|Allo] = oa(1).
Proof of lemma 3. Let ¥ = Y} Yr/n € R4 We can rewrite ¥ as

Zh 3

where h; = (Yk‘fs (T)) ker,scB(d k)] € R4. We use matrix Bernstein inequality. Denote X; =
hih; — 14 € R4, Then we have E[X;] = 0, and

1Xillop < IRill3+1=0" > V(@

keR se[B(d,k)]
= B(d k)Q} <{< T, f)>}qe[Q}> +tl=A+1
keR
where we use formula (22) and the normalization Qg(dy,...,dg) = 1. Denote V =

13" E[X?]||op- Then we have
V = nl|E[(hh] —1a))llop = nl|Elhh] hihf — 2] + L [lo,
=n|/(A = 1)Lllop = n(A - 1),

where we used hh; = ||h||2 = A and E[hi(Z)h! (%)] = (E[kas(w,)YH (Z) ks = La.
As a result, we have for any ¢ > 0,

P(|® — Lyllop = t) < A exp{—n2t/[2n(A — 1) + 2(A + 1)nt/3]}
< exp{—(n/A)2/[10(1 + )] + log A}, (67)

Notice that there exists C' > 0 such that A < Cmaxger]] qE[Q]d”qkq < Cd" (by definition
of m(y) and R) and therefore n > wy(Alog A). Integrating the tail bound (67) proves
the lemma. O
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Lemma 4. Let o be an activation function satisfying assumption 1. Let wq(d” log d) <

n < Od(dm(’y)_‘;) for some v >0 and 6 > 0. Then there exists sequences kj, and kK, such
that

keZS,
M= YWDY]= YoD Y]+ kA, (69)
keZS,

where ki, = O4(1), kim = 0g(d"™ ), || Asllop = 0ap(1) and || Aoy = Oup(1).
Proof of lemma 4. Define

R=<cke Zgo ankq <m(y) p,
q€l@)

S=SkeZ|> mk,=m()p,
¢€[Q]

such that RUS = Zgo. The proof comes from bounding the eigenvalues of the matrix
Y. YZ for k€ R and k € S separately. From corollary 1, we have

supl| Y Y}/ B(d. K) ~ Ll = 04(1).
S

Hence, we can write

Z Y.D.Y;, = (I, + Apq), (70)
keS

with k), = Y s i(ha)B(d, k) = Oy(1). From assumption 1(b) and a proof similar
to lemma 20, there exists k = (0,...,k,...,0) (for k> L at position g.) such that
liminf, .., A¢(hq)B(d, k) > 0. Hence, x;, = ©4(1).

From lemma 3 we have for k€ R N O°,

YZ Yi/n =Ipar + A,

with |[Alep = 04p(1). We deduce that || Y3 Y} |op = Oup(n). Hence,
1 YD Y lop = Oap(nAf(ha)) = 04p(1),

where we used lemma 2. We deduce that

Z YD,Y], = kA, (71)
keRNQ*
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with [|As|lop = 04p(1) where we used ;' = O,4(1). Combining equations (70) and (71)
yields equation (68).
Similarly, we get

Y VDY = Y N(ha) n YiYi/n+ ) [MNi(ha)’B(d, k) Y, Yy/B(d, k).
ke Q¢ keERNQC keS

Using lemma 2 We have A¢(hg)’n < Cd=2"n = Oyp(d=™) and A¢(he)*B(d, k) <
CA{(hg) < C'd™™1). Hence equation (69) is verified with

> Aha)n+ ) AM(ha)’B(d. k).

keRNQ° keS

g

Lemma 5. Let {Yks}keZQo se(B(ax) Ve the collection of product of spherical harmonics
on L*(PSY, 14). Let (Z;)iciy ~iia Unif(PS?). Denote

Yi = (VA(®))icp) seip(an € RP4P.
Then for u,v,t € Zgo and u # v, we have
E[YlY,Y,Y,] = 0.
For u, t e Zgo, we have

Proof. We have

EY,V;Y]Yo]= )Y > (ENL@E) (V@)Yim(@) Yol @) peiniaueeipiao)

i,j€[n]me[B(d,t)]
) pe[B(d,u)].qs[B(dv)]

= Z (]E vy

+ Z Z (E[Y (@) Y4 () Y () Yol o)) pe B(d,w) g [ Bl o)
ijeln] me[B(d,b)]

= B(d, t)z(]E[Yd (%)Y (T)]) peB(d.u)).qc [ B(dw)

1€[n]

+ Z z Ou,t0p,mOt,00qm) pe[B(d.w)],qe[B(dv)]

i#j€n] me[B(d,t)]

= (B(d, t)?”L(Su,v(Sp’q + n(n — 1)5u,t5t,v5p,q)p€[B(d,u)Lqe[B(dm)]~ (72)

m,)( > Y;fim(w»Y;fim(mi)) v (@)

me[B(d.t)]
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This proves the lemma. U

Lemma 6. Let o be an activation function satisfying assumption 1. Assume
wa(d?log d) < n < Oy(d™°) for some v > 0 and § > 0. We have

In(H+ L) "M(H+ L)™' — Yo Y,/n|lop = 0ap(l).

Proof of lemma 6. Denote
Yy = (VL (F)) el selpan) € RPOH. (73)
Denote B =}, ,B(d, k), and
Yo = (Yi)reo € R™P,
and
Do = diag((Af(ha)Lpaw)reo) € R7*F.
From lemma 4, we have
n(H+ ML) 'M(H+ )I,)"!
=n(YoDo Y}, + (ki + NI, + knAy) " (YoDL Y, + 5, A,)
x (YoDo Y + (ki + NI, + rpAy) !
=T+ 1T,
where || Ayllop = 0ap(1), [|[Aullop = Oup(l) and &, = Od(d_m(”’/)), and
Ty = ki (YoDo Y + (kn + ML, 4+ 5nAy) AL (YoDo Yo + (k) + NI, + k,A,) 7Y,
Ty =n(YoDo Yy + (ki + ML, + k3, A1) 7 YoDL Y (YoDo Y, + (ki + NI, + ki, A,) 7L

Then, we can use the same proof as in lemma 13 in [21] to bound ||7,, (recall n =

Od(dm(v)*é))
[T llop < 26/ (Fn + )‘)QHAmHop = oap(1),
and |15 — Yo YTQ /n||lop = 04p(1), where we only need to check that

Amin(Do/[(kn + A)/n]) = I,ggg[mﬁ(hd)]/(ﬁh +A) = wa(1),
which directly follows from lemma 2. O
Lemma 7. Let o be an activation function satisfying assumption 1. Assume
wa(dlog d) < n < Oy(d™°) for some v > 0 and § > 0. We have

| Yo(H+ ML) YoDgo — Ip|lop = 04p(1).

https://doi.org/10.1088/1742-5468 /ac3a81 50


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?

Proof of lemma 7. This lemma can be deduced directly from lemma 14 in [21], by
noticing that

Amin Do/[(kn + A)/n] = Iggg[n%:’f(hd)]/(ﬁh +A) = wa(l),

from lemma 2. O

Appendix E. Proof of theorem 6(a): lower bound for the RF model

E.1. Preliminaries

In the theorems, we show our results in high probability with respect to ®. Hence, in
the proof we will restrict the sample space to the high probability event P. = P, y . for
¢ > 0 small enough, where

TP el—e1+4¢, Vie[N],Vqe [Q]} C <SD—1(\/E)>®N.
(74)

Pan: = {

We will denote E,. the expectation over T restricted to 7% € [1 — ¢, 1 4 €] for all ¢ € [Q],
and Eg_ the expectation over ® restricted to the event P..

Lemma 8. Assume N = o(d") for some v > 0. We have for any fized ¢ > 0,
P(P¢) = oa(1).

Proof of lemma 8. The tail inequality in lemma 16 and the assumption N = o(d?)
imply that there exists some constants C, ¢ > 0 such that

P(Pin.) < ZNP(’T(Q) —1]>¢) < ZC’ exp(vy log(d) — ed™e) = 04(1).
q€(Q] q€[Q]
O

We consider the activation function o:R —R. Let 6 ~SP"'(v/D) and z=
{29} o) € PSE. We introduce the function oq, : ps? — R such that

o((0.@)/R)=0c [ > 79 (r,/R)- D) /\/d,

q€[Q]

= 04, ({0, 7)/V/d }oe)) - (75)

Consider the expansion of 04, in terms of tensor product of Gegenbauer polynomials.
We have

o((6.2)/R) = )  Ailoar)B(d k)Qi ({0, 2)},ci0) . (76)

Q
keZ>o
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where
)= Ea o (81, A9 0 (VD )]

where the expectation is taken over &= (2, ..., Z9) ~ puq.

Lemma 9. Let o be an activation function that satisfies assumptions 2(a) and (b).
Consider N < 04(d") and Q = Qrr(Y) as defined in theorem 6(a). Then there exists
g0 > 0 and dy and a constant C> 0 such that for d > dy and T € [l — g, 1 + 60]Q,

max \(0q4,)? < Cd™.
k¢ Q

Proof of lemma 9. Notice that by assumption 2(b) we can apply lemma 19 to any
k € Q° such that |k| = k1 + - - - + kg < L. In particular, there exists C' > 0, g > 0 and
djy such that for any k€ Q° with |k| < L, d > dj, and T € [1 — &), 1+ £}]%,

[ d <k | B(d, k)Af(o4r)* < C < oc.
q€(Q)]

Furthermore, using that B(d, k) = ©(d'd}? .. .de), there exists C' > 0 such that for
ke Q with |k| < L,

O'd7— < H d+ra— qd(;kq —C H dFa=Ekq <C'd, (77)
q< Q] qE[Q}

where we used in the last inequality k ¢ Ogp(7y) implies (§ — K1)k + - - - + (§ — kg)kg =
~ by definition.

Furthermore, from assumption 2 and lemma 17(b), there exists ¢ > 0, dj and C <
oo, such that

_ 2
sup sup Ez |:0'd,7' ({(w(‘I), 'T(q)>}q€[Q]> } <C.

d>df Te[l—ef,1+£(]?

From the Gegenbauer decomposition (76), this implies that for any k € Zgo, d < dj and
el—g),1+¢))9,

B(d, k)\{(o4,)* < C.

In particular, for |[k| = ki + -+ ko > L = max,cg[v/n,], we have

AMoar)? < <C|Jamh < a ™"t <ca.

H0ar) BdR c'1] c'I1 C (78)
q€(Q] €[]

Combining equations (77) and (78) yields the result. O
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E.2. Proof of theorem 6(a): outline

Let Q= Qpp(y) as defined in theorem 6(a) and ® =+/DW such that 6, =
\/E’U)i ~iid Unlf(SD_l(\/ﬁ))

Define the random vectors V= (Vi,...,Vy)T, Vo= (Vig,...,Vngo)", Vo =
(‘/LQ{W c ey V]\QQ{*)T, Wlth

Vio = Eg[[Pofil(z)o ({0, 2)/ R)], (79)
Vig: = Eg[[Po- fal(x)o ((6;, 2)/ R)], (80)
Vi = B[ fu(z)o((0;, @)/ R)] = Vig + Vi (81)
Define the random matrix U = (Uy;); jein, with
Uij = Ezlo((z, 0:)/ R)o((x,0;)/ R)]. (82)

In what follows, we write Rpp(f4) = Rre(fs, W) = Rie(fs, ©/v/D) for the random fea-
tures risk, omitting the dependence on the weights W= ©/+/D. By the definition and
a simple calculation, we have

Rep(fa) = min {Eolfa(x)*] — 2(a, V) + (a, Ua) }

= E[fa(2)’] - VUV,
Rrr(Pofs) = (%%g {E+[Pofa()’] — 2(a, V() + (a, Ua) }
= E,[Pofa(x)’] — VU ' Vo.
By orthogonality, we have
Eolfa(®)] = Eal[Pofd(2)*] + Eal[Po- fa] ()],
which gives
| Rer(fa) — Rer(Pafa) — Eof[Po fa] ()]
=|VoU ' Vo - VU 'V
= |VoU 'Vo — (Vo + Vo) TU (Vo + Vo)
=2VIU ' Vo — VLU ' Vg
2T Vo lo[|lTU 2V + 1T o]l Vel
2T 2 llopll Verllall fall 22 + 10 flopll Ve 134 (83)
where the last inequality used the fact that
0< Rue(fa) = | full: = VIU'V,

so that
U 2V3= VU V< || fal7
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The theorem follows from the following two claims

2/ [P fallz: = 0ap(1), (84)
|| Uil”Op = Od,IP’(l)- (85)

Ve

This is achieved by the propositions 1 and 2 stated below.

Proposition 1 (Expected norm of V). Let o be an activation function satisfying
assumptions 2(a) and (b) for a fivred v > 0. Denote Q = Qgrp(7y). Let € > 0 and define
gQ“,E by

Eoie = Eo [(Porofa, o((0,)/R)) T,

where we recall that Bg. = E,_Eg the expectation with respect to T restricted to [1 —e,1 +
e]? and @ ~ Unif(PS?).

Then there exists a constant C'> 0 and €y > 0 (depending only on the constants of
assumptions 2(a) and (b)) such that for d sufficiently large,

Egeey < CA - [P fall72-

Proposition 2 (Lower bound on the kernel matrix). Assume N = 04(d") for a fized
integer v > 0. Let (6;)icin ~ Unif(SP~1(V/D)) independently, and o be an activation
function satisfying assumption 2(a). Let U € RN be the kernel matriz defined by
equation (82). Then there exists a constant € > 0 that depends on the activation function
o, such that

/\min( U) 2 g,
with high probability as d — oo.

The proofs of these two propositions are provided in the next sections.
Proposition 1 shows that there exists ¢y > 0 such that

Ee. [l Voo ll3] = NEgery < CNd7||Poe ful[7-

Hence, by Markov’s inequality, we get for any ¢ > 0,

22 € [[Pocfallr2) <P({[| Ve
< - NEQ";EU .

e||Pge fallz:

< C/Nd_’y + Od(l),

P(l| Vo

2 2 - ||Pofalle} N P:,) + P(PL)

+ 04(1)

where we used lemma 8. By assumption, we have N = 04(d”), hence equation (84) is
verified. Furthermore equation (85) follows simply from proposition 2. This proves the
theorem.
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E.3. Proof of proposition 1
We will denote:

fa(®) = fa(o),

such that fis a function on the normalized product of spheres PS4 (Note that we defined
Pifi(x) = Prfs(T) the unambiguous polynomial approximation of f; with polynomial of
degree k.) We have

q€(Q]

= . [Po Tl @)our, (1@, 0)/ vV )iear) ]

We recall the expansion of o4, in terms of tensor product of Gegenbauer polynomials

((6,z)/R) = Z M(oar)B(d, k)Qs ({< :73((1)>}q€[<2])7

keZS,
M(ogr) = Eg [Jd, (xg . ) Q4 <\/7x1 ey \/@EgQ))} :

For any k € Zgo, the spherical harmonics expansion of Pf, gives

Pefu(® Z Mes ()Y (@)

B(d,k)|

Using equation (37) to get the following property

E?; [Q]Cgl/ ({<§(Q)a§(Q)>}QE[Q]) kas<§)] = B(;k/) Z Yd,s’ (g)Ei Yt’i,s’ (Q)kas<§)]

we get

By [[PFil(@)oar ({07, 39)/v/d}eia))]
— Y A(0ur)B(d,K) Z /\ (fo)Ez [Vid,(2) Q1 ({(0, )} jci1)]

k>0

> )‘I(is(?d))‘g(Ud,T)Yk(,is(g)'

se[B(d,k)]
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Let €9 > 0 be a constant as specified in lemma 9. We consider
90 70 ’
£ou = B, [E[PoTl@)oar (109,)/VE)ca)] |
= > By, [Es [Pl @)oar ({0.39)/ Vi b)) |

kK cQc

By [PuFd@)oar ((09.97)/ Vi )eia )]
_ Z E,, [Mi(oar) N (ar)]

kK cQc

< SN ML (DB @)YE,(0)]

se[B(d,k)|s'c[B(d,K)]

= E. Moar)] D A
se[B(d.k)]

keQc
< d )
\{I,fé%)fE Ai(oar) } Z Z >‘ks fa)?
keQ¢seB
~ s o] [P0 Tall (87)
keQc

From lemma 9, there exists a constant C'> 0 such that for d sufficiently large, we
have for any k € Q°,

ETgo [)\g(ad,r)z] g sup )\I(j(o-dﬂ')z < cd. (88)

TE[l—e0,14€0]?
Combining equation (87) and (88) yields
gQCfO < C(di/7 N HPQ{‘?dHLL

E.4. Proof of proposition 2

Step 1. Construction of the activation functions &, &

Without loss of generality, we will assume that g = 1. From assumption 2(b), o is
not a degree |vy/n,|-polynomial. This is equivalent to having m > |v/n,] + 1 such that
i,(0) # 0. Let us denote

= inf{k = [v/m] + 1|pn(o) # 0}.

Recall the expansion of 04, in terms of product of Gegenbauer polynomials

Tar ({09, 2)/\d}seq) = Y- Mi(oar) B(d QL ({83} eiq)

keZS,
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where
Moar) =Ez [O'd; (T(ll), o ,f@) Q4 (, /dlf(ll)7 o /d_Qng)ﬂ ‘
Denoting m = (m,0,...,0) € Zgo and using the Gegenbauer coefficients of o4,, we

define an actlvatlon function 04, which is a degree m polynomial in Z and do not
depend on 29 for ¢ > 2.

Tar ({6('f>@(q>>/¢d’q}qq@)=Ai<od,T>B<d,m>@d( 0,30} /\/d,}gela))
=\ (04,)B(dy, m)Q'M \/71'

and an activation function

Gar <{§(q>7§(q)>/\/@}q€[m> = > Moas)B(d, k)Qk( /xth@)

k#m€Z>U

Step 2. The kernel functions u,, 1, and ugy.
Let ug, 2ty and uy be defined by

g™ ({87, 0)/v/d boera))
= E,[0((61, 2)/ R)o ({6, 3) /)]
= " N(our) A 0ar,) Bld QL ({101, 65)/V/d, o)) (89)

keZS,
and
a7 ™ ({01, 0)/\/dy )
= E,[6((01,2)/ R)5((6:, 7) / R)]
= 3 N(owr)M0ar) B K)QE (1O, 89)/ VA @) (90)
kAmezS,
and
iy ™ ({01, 0)/Vd}sea)) = Eolo(01,3) /R)5((0:,3) /R)]
= MlGar )N loar,) Bldy, m)Q (817, 87). (91)
We immediately have u}"™ = 4" + uj;""*. Note that all three correspond to positive

semi-definite kernels.
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Step 3. Analyzing the kernel matrix.
Let U, U, U € RV*N with

Uy =y ™ ({078 }ew))
U :”/({ "8/ Ve
U =y ({07.8)/Vd }ei))

Since fj_'z U— U > 0, we immediately have U > U. In the following, we will lower
bound U. B
By the decomposition of U in terms of Gegenbauer polynomials (91), we have

U= B(dy,m)diag (A% (045,)) - W,, - diag (A% (045,)) ,

where W,, € RN with W, ;; = Q) (6" 9( "}). From proposition 6 (recalling that by

definition of m > v/n,, i.e. v < mn,, we have N < dnm=9 = dm=% for some § > 0), w
have

|| mn - INHop - Od,IP(l)'

Hence we get

| U — B(dy, m)diag (Af, (odT)Q)HOp—maX{B di,m)AE(04+)"} - oap(L).
(92)

From assumption 2(a) and lemma 20 applied to coefficient m, as well as the assumption
that p,,(0) # 0, there exists ¢y > 0 and C, ¢ > 0 such that for d large enough,

sup  B(dy,m)A\%(04r) < C < o0,
TE[l—€0,14¢¢]

inf B(dy,m)A\%(04.)* = ¢ > 0.

TE[l—ep,1450]?

(93)

We restrict ourselves to the event P., defined in equation (74), which happens with high
probability (lemma 8). Hence from equations (92) and (93), we deduce that with high
probability

— c
U = B(di, m)diag (Ay,(0ar)?) + 0ap(1) = §IN.

We conclude that with high probability

U+ U>-T*

U Iy

l\DIQ
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Appendix F. Proof of theorem 6(b): upper bound for RF model

F.1. Preliminaries

Lemma 10. Let o be an activation function that satisfies assumptions 2(a) and (b). Let
|w'@|y =1 be unit vectors of R%, for q=1,...,Q. Fiz vy > 0 and denote Q = Qg (7).
Then there exists eg > 0 and dy and constants C,c > 0 such that for d > dy and T €
[1 — &0, 1 + E()]Q,

_ 2
Es [0ar ({0, 3)},e0))'] < C < o0, (94)
I]:nél )\ko(adT)2 >cd 7 > 0. (95)

Proof of lemma 10. The first inequality comes simply from assumption 2(a) and
lemma 17(b). For the second inequality, notice that by assumption 2(c) we can apply
lemma 19 to any k € Q. Hence (using that ju,(c)? > 0 and we can choose § sufficiently
small), we deduce that there exists ¢ > 0, €9 > 0 and d such that for any d > dy, T €
[1—¢e0,1+¢9]? and k€ Q,

[Td¢ % | B(d kAK(0ar)? = e > 0.
€[Q]

Furthermore, using that B(d, k) = ©(d}'d}? .. .de), there exists ¢’ > 0 such that for any
ke Q,

A UdT > Hd""Jr”" "dk" =c Hd”" Mo > ed™,
q€[Q) q€[Q)

where we used in the last inequality k € Qgp(7) implies (€ — k1)k1 4 - - - + (£ — Kg)kq <
~ by definition. O

F.2. Properties of the limiting kernel

Similarly to the proof of theorem 1(b) in [21], we construct a limiting kernel which is
used as a proxy to upper bound the RF risk.
We recall the definition of PS?% = HQE[Q]Sd‘l’l(w/dq) and g, = Unif(PS%). Let us

denote £ = L*(PS% 1i4). Fix 7 € R%, and recall the definition for a given 6 = (6, 7)

of 4 ({(0,)/\/dy}) € L.

Odr ({<§ >}q€[Q ZT (ry/R) 9,1,93 >

q€[Q]
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Define the operator T, : L — L, such that for any g € L,

T.9(8) = Bz [0ar ({0, 39)/v/d}ci0)) 9(7)]

It is easy to check that the adjoint operator T} : £ — L verifies T* = T with variables T
and 0 exchanged.
We define the operator K, . : L = L as K, . = T, T.,. For g € L, we can write

KTlﬂ'?.g(El) = E62 [KT17T2 (517 52)9(52)]7

where

K: -, (51552) =Kz [Ud,n <{<§§q)7§(Q)>/\/%}q€[Q]> Od,r, ( 92q ’_ /\/7}616 Q])]

We recall the decomposition of o4, in terms of tensor product of Gegenbauer
polynomials

Odr ({EgQ)}qe[QO Z )‘ (car)B(d, k)Qk <{x1 }qe[Q>

keZS,
N(04r) = Es |oar ({71 hewr) Q2 ({Vaa" hoewr) |-

Recall that {Y;%} kezl, sc[B(ds) forms an orthonormal basis of £. From equation (86), we
have for any k > 0 and s € [B(d, k)]

T Y (0) = D Mi(0ar)B(d, K)Eg [Qff ({0, 7) }iep) Yiia(®)]

Kezl,

= )‘k(gdyT)Ykl,is(a )

where we used

— . Op i _
The same equation holds for T%. Therefore, we directly deduce that
K, +Y(0) = (T, T;)Y(0) = Ai(0ar) Ak (04r) Y5 (6).

We deduce that {Y,%} kez2, se(B(d,9) is an orthonormal basis that diagonalizes the operator
KT T
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Let gy > 0 be defined as in lemma 10. We will consider 7,7 € [1 — &g, 1 + 50]Q and
restrict ourselves to the subspace VQd. From the choice of ¢, and for d large enough,
the eigenvalues A\f(04-)Af(0qr) # 0 for any k€ Q. Hence, the operator K, ,/|yq is
invertible.

F.3. Proof of theorem 6(b)

Without loss of generality, let us assume that { f;} are polynomials contained in VQd, ie.

fa=Pofa

Consider
f(x:0,a) = Zaa (0;,x)/R).
Define o,(0) = K;}T']I“de(g) and choose af = N7'a, (0;), where we denoted 6; =
(§EQ))QG[Q] with 81 = 0\ /71 ¢ S%~1(,/d,) and 7 =169,/ \/d, independent of 0\,

Let ¢y > 0 be defined as in lemma 10 and consider the expectation over P., of the
RF risk (in particular, a* = (aj,...,a}) are well defined):

Be. [Fur(/::©)] = Fe, | nf E(fi(2) - J(a:0,0))]
<Ee, |E:|(Jul@) - J(z:©.a'(©)))"]].

We can expand the squared loss at a* as

E,[(fa(2) — f(2:©,a"))") = | fal7: - QZ Eolaio((6; )/ R) fa(z)]

+ 3" Euaialo((6:, 2)/R)o((0;,2)/R)].  (96)

The second term of the expansion (96) around a* verifies

> E:lajo((6;, w>/R)fd(w)]]

—E,., [Eg [0r(@)Ez [rur ({09,77)/ v/} pe)) Ta@)] |
=B, (K T fo, Trfa) 2]
= £l (97)

where we used that for each 7 € [1 — gy, 1 + £y]9, we have T: K, LT, |Vd = I|Vd

T T, T
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Let us consider the third term in the expansion (96) around a*: the non diagonal
term verifies

S E. [aja;o((6,. 3)/R)o((6;, )/ )]

i#]
= (L=N")Ep 22 6.5, |0 (61)re(62)
X EE |:O-d,7'1 <{<§SQ)7§(Q)>/\/EQ}QG[Q]> Odr? ( q {1 /\/:}QE[Q )i|i|

= (1 — N71> ET§0>TEO>§17§2 K.,.l 7l 1fd(91) Tl 72(915 02)K7—2 TZTT2?d<§2)]

= (1-N")Ep -2 [<K;171TTJ(I, KT17T2K;21T2TTJ(1>L2} .

50

For k€ Q and s € [B(d, k)] and 7', 7% € [1 — gy, 1 + £]9, we have (for d large enough)

TR Ky K TVl = (TK T ) - (TR LT - Vi = Y

Hence for any 7', 7% € [1 — &g, 1 + &%, TL K| K TZK;},TZTTQ|V5 = I|y4. Hence

7.1 Tl

ZE a;a;o((0;,x)/R)o (<0j=w>/R)]

i#j

= (1= N7 [Ifallze- (98)

The diagonal term verifies

Ee., | Y E.[(a})’0((6:,2)/R)’]

1€[N]

< N71 |: max KT,T (55 5) ' ETSU [HK;LTT?(I“%Z]

6.7€[1—ep,1+59]¢

We have by definition of K -

sup K,.(0,0) = sup  |loarll3: < C,
TE[1—¢g0,14¢0]9 T€[l—ep,14¢0)?

for d large enough (using lemma 10). Furthermore

IK;-Tr fall3e = Z a( Z A (fa)?

keQ Ai(0dr e[B (dk)]

1
< [ M)} Pl
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From lemma 10, we get

B, 1K 2 Tr fallzz] < Cd” - [PofallL-

Hence,

0. Z]E o((6,,4)/R)?] gc%upgfd\li. (99)

Combining equations (97)—(99), we get
Ee. [Rrr(fa, ©)]
. . 2
<Eo, |E. |(fu(o) - Hzi®, @ (@) |
= | fallze = 20l fall72 + (L = N7HI fall: + NT'E,_ 5 [(2r(8))*K.+(8,0)]
4
CNHPQfd“%z-
By Markov’s inequality, we get for any € > 0 and d large enough,

P(Rrr(f,©) > € - | fall72) < P{Rer(fa, ©) > € - | falli2} N Psy) + P(PL)

C @ P
< /_ & .
N + (7)80)

The assumption N = wy(d”) and lemma 8 conclude the proof.

Appendix G. Proof of theorem 7(a): lower bound for NT model

G.1. Preliminaries

We consider the activation function o:R — R with weak derivative o’.

0l ps? — R defined as follows

Consider

o'((6,2)/R)=0"| Y 9 (r,/R)- D) /\/d,

7€[Q)]

= 0y, (109, 39)/ /A }yei0)) - (100)
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Consider the expansion of oy in terms of product of Gegenbauer polynomials. We have

(6, 2)/R) = 3 Ni(04,)B(d, K)Qk ({0, 2" }yera) (101)
keZS,
where
o) = B |0, (2, 29) Qi (V... Vg
where the expectation is taken over &= (2, ..., Z9) ~ puq.

Lemma 11. Let o be an activation function that satisfies assumptions 3(a) and (b).
Define for k € Z9 S0 and T € ]R>0,

AY =02 ta M (00 B(dy ko) + Sa M (00,)2B(d, kys)],  (102)

with kg = (ki, .. k,+1,... ko) and k- = (ky, ..., k,—1,...,kg), and

k k+d—2

with the convention t;_1 = 0. Then there exists constants g > 0 and C > 0 such that
for d large enough, we have for any T € [1 — &g, 1 + &0]% and k € Onr(7)",

As_({)lc _ Cdé 4=~ (Emingesg) if k, >0,
B(d7 k) A Cdnq+2l€q—fd—ﬁ/—(f—mmqes(k)”q) Zf ]{;q =0

where we recall S(k) C [@Q)] is the subset of indices corresponding to the non zero integers
k, > 0.

Proof of lemma 11. Let us fix an integer M such that Q C [M]%. We will denote Q =
Ot () for simplicity. Following the same proof as in lemma 9, there exists ¢y > 0, dy and
C > 0 such that for any d > dy and T € [1 — &y, 1 + )¢, we have for any k € Q° N [M]?,

Ag<0-/d/7-)2 < C’divi(fiminqﬁg(k)ﬁq)’
/\lccqu (O-ii,r)Q < Cdf—h’q_’Y—(f—minqgs(k)ﬁq),
)\ZIFF (O’l 7-)2 < C’dﬁqffi’yf(ffminqes(k)ﬁq)7

d,

while for k ¢ [M]%, we get

—(M~-1)
max{ A0 )5 AL (04 )AL (o <cd R
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Injecting this bound in the formula (102) of AS_‘{),C, we get for d > dy, 7 € [1 — g9, 1 + &0)%
and any ke QN [M]%: if k, > 0,

Bj(él:fkk) < O dtra o= (Emingesyna) — O g g =1 (Emingesna)
while for k£, =0
AS—Q)k < O Mt e = ot —E—y—(E=mingesry) — (O it 2 —E == (E—mingesip o)
B(d, k) ~ ’

where we used that for k, € [M], there exists a constant ¢ > 0 such that s, < cd ™™
and t4, 5, < c. Similarly, we get for k ¢ [M]%
A
B(d, k:)

" JFatne— (]L[—l)mian[Q]nq,

where we used that sq i, tq,x < 1 for any k € Z-,. Taking M sufficiently large yields the
result. O

G.2. Proof of theorem 7(a): outline

The structure of the proof for the NT model is the same as for the RF case, however
some parts of the proof requires more work.

We define the random vector V= (Vi,..., Vy)T € RV where, for each j < N, V; €
RP, and analogously Vg = (Vig,..., Vyo)T € RY? Voo = (VLQF L Vyo)T € RND
as follows

Vio = Eo[[Pofd ()0’ ((6;, z)/ R)al,
Vig = Eo[[Po fal(x)0'((6:, )/ R)a],
Vi = Eqffa(2)0'((6:, )/ R)a] = Vig + Vi

We define the random matrix U = (Uj;); jeiv) € RPN where for each i, < N, Uj; €
RP*P is given by

Ujj = Eolo'((z,0:)/R)o’((x, 6;)/ R)zz"]. (103)
Proceeding as for the RF model, we obtain
|Rxt(fa) — Rnr(Pafa) — IPoe fall 72|
=|VoU 'Vo—- VU 'V
= |VoU 'V — (Vo + Vo) U (Vo + Vo)
=2VIU ' Vo — VLU ' Vg
<20 U Vool fall 2 + VO U ' Vo
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We claim that we have

(U2 Vol = Vo U Vo = oap ([P ful2). (104)

To show this result, we will need the following two propositions.

Proposition 3 (Expected norm of V). Let o be a weakly differentiable activation
function with weak derivative o' and Q C Zgo. Let € > 0 and define S(Qq(.,)ﬁ b

EY) . = Ep, [(E[[Po fa(2)0' (8, 2)/ R)&?), E,[[Po. fal (x)0'((8, ) /R)2))] ,

where the expectation is taken with respect to & = (V... @) ~ wh. Then,
€Sz, < |max B(d, k) 'E., [AT]] - [Poful -

Proposition 4 (Lower bound on the kernel matrix). Let N = 04(d") for some ~v > 0,
and (6;)iepv ~ Unif(SP~1(V/D)) independently. Let o be an activation that satisfies
assumptions 3(a) and (b). Let U € RNP*ND pe the kernel matriz with i,5 block Uy; €
RP*P defined by equation (103). Then there exists two matrices D and A such that

U= D+ A,

with D = diag(Dy;) block diagonal. Furthermore, D and A wverifies the following proper-
ties:

(a’) “A“op = Od_y[P(d*maXlié[Q]’{Q).
(b) For each i€ [N], we can decompose the matrix D;; into block matriz form

(DY), e € RPVPN with, DI e RN 4N sych that
e For any q € [Q)], there exists constants c,,Cy > 0 such that we have with high
probability
7"2
0 <=Lt =cd™ < HllIl Amin (D2) < max Ay (DY)
d i€[N] i€[N]
2
< C'qd—q = C,d" < o0, (105)
q
as d — oo.
e For any q # ¢ € [Q], we have
rn[e}v}}( O max (DI ) = 04p(TyTy/\/dydy) (106)
1€

The proofs of these two propositions are provided in the next sections.
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From proposition 4, we can upper bound equation (104) as follows
Vo U'Vo 2 Vo (D+A) ' Vo = VD' Vo — VoD 'A(D+ A) ' V.. (107)

Let us fix ¢y > 0 as prescribed in lemma 11. We decompose the vector Vo =
(VY )i where

V), = Euf[Po fu)(2)0' ({8, 7) / R)2/?).
We denote V<’1C = (V<1‘IQC, ey V<A‘§)Q) € R%Y . From proposition 3, we have

d
—E@ vy

)< max Nd ™ B(d, k) 'Er, [A7}] | - [Posfula.

Hence, using the upper bounds on A(TQ)k in lemma 11, we get for k€ Q¢ with k, > 0:
Nd " B(d, k) 'E,. [A ] CNd Fad 7 MMesmha = g,(1),

where we used that N = 04(d”) and s, > mingegr) kg (we have k; > 0 and therefore
q € S(k) by definition). Similarly for k € Q° with k, = 0:

Nd " B(d, k) "'E,_ [AY] < CNdw g Emimesms) = o,(1),

where we used that by definition of { we have 7, + r, < § and mingesn) £, < §. We
deduce that

,rq ]Eeeo [H V<Qq"

q

2 = 0a(1) - [P fallZ,

and therefore by Markov’s inequality that

dy | v/
SV

q

2 = 04p(1) - [IPor fall 7. (108)

Notice that the properties (105) and (106) imply that there exists ¢ > 0 such
that with high probability Ay, (D) > minenAmim(Di) = ¢. In particular, we deduce
that [[(D 4+ A) Y, < ¢ '/2 with high probability. Combining these bounds and
equation (108) and recalling that ||A||y, = 0qp(d "% ) show that

|'VL.D'A(D+ A) ' Vg

<D lop [P+ A) Mlop D 1 Allopl| VI3
q€[Q]

= 04p(1) - [PafallZ-- (109)
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We are now left to show VoD ' Vo = 04p(1). For each i € [N], denote By = D,
and notice that we can apply lemma 24 to B;; and get

d / d,d,
| B = Oue (%) s B oy = e (L0,

i€[N] a 1€[N] TeTq

Therefore,

Vi D! Vo = Z Z q {, Tqu ngg

i€[N]q,q'€[Q]

J p 1/2
> Oup(1)- (r—gHVQ@ ) (T" | VY 2) : (110)
7.4'€lQ) a ¢

Using equation (108) in equation (110), we get
VT(:Dil VQc = 0d7[p>(1) : ||PQ°fd||%2 (111)

Combining equations (109) and (111) yields equation (104). This proves the theorem.

G.3. Proof of proposition 3

Proof of proposition 3. Let us consider £y > 0 as prescribed in lemma 11. We have
for q € [Q)]

ES)., = Eo. [(Eal[Por fd) ()0 (8, @)/ R)2V), By [[Por £l (y)o' (8, 3) /R)Y™))]
=B, [Eay [Po7d(@)[Pofl(3) HY (2,9)]]
where we denoted H7(-Q) the kernel given by
HY (@,75) = By |y, ({09, 2)/Vd}sew)) o (109, 59) ) Vdgboerar) | (29, 41).

Then we have

HOY@g) = Y A0 ({@,5)} ) (112)

keZS,
where A(TQ),c is given in lemma 12. Hence we get

S(Qqc)ﬁo =E,, [Ezy[Po- fo(Z)Po fa(y)H. )<-'B Bl
=3 B B, [QF (@ 7)) [Po Ti(@) o l(9)].

Q
keZ>0
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We have
Ezy [QF ({7, 99) }ie) [Po-fdl (®)[Por fal (9)]
Z Z Z AL FON  (F)Eag [Q {(@, ¥} o) Yli@)}/z’c,lsf(i‘_/)]

LlcQr sc[B(d,l)] s€[B

/\k,s(fd)
= Ogegr Z Bld k)’
s€[B(d.k)] !

where we used in the third line

Ezy |QF (@, 7")}ei0) Yit(@) V{4 (7))

= By | Bs [QF (1, 5) }oei)) V()] Y (3)]

_ dek)E V@)Y @)

_ 5k,l5k,l’ 55,8/
B(d,k)

We conclude that

g(Qqc),Eo = Z E.. Z 5keQ°

keZS, €[B(d
]E A(Q)
- Z ZL ,::)k] | Prfall7>
keQe ’

< [maxB(d KE,, [Ai%]] Pofall2
kEQP 0 9

0

Lemma 12. Let o be a weakly differentiable activation function with weak derivative
o'. For a fized T € Rgm define the kernels for q € [Q)],

2
T{ ! ) — / n — — —
HY(®.9) = By o ({07.2)/v/T}se0) o ((09,57)/Vd}ieia)) | 27, 57).
q

Then, we have the following decomposition in terms of product of Gegenbauer polyno-
maials

H7(_Q) (Z,9) = Z AS_Q)ng ({(E(Q)a y(Q)>}q€[Q]) )

keZi,
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where
Ag—q)k - TZ ' [tdq,kq—l)\](j% (U&»T)QB((L kq—) + qu’k(]+1qu+ (O-:l,‘r)zB(CL kf]-l—)]?
with kg = (ki, .. k,+ 1,0 ko) and k- = (ky, ..., k,—1,...,kg), and

k . k+d—2
S(':ia (.':77
T ok +d—2 kT ok +d—2

with the convention ty_y = 0.

Proof of lemma 12. Recall the decomposition of ¢’ in terms of tensor product of
Gegenbauer polynomials,

((0,z)/R) = Z /\d UdT (d, k)Qk ({< ai(q)>}q€[Q}) J

keZS,
Aoly,) =Eq [th (xl . ) QY <\/7x1 e MEgQ))} :

Injecting this decomposition into the definition of H7(-Q) yields

2
r _
H(z,9) = *dq Eg [O-/d,-r ( 0. 7)/y q}qe[Q> Ta.r <{<9(Q)7?(Q)>/v dq}qe[Q}ﬂ (@, 97)
q

d Z Mi(0a-) i (04,)B(d, k)B(d, K)

kk’ezgo
x By [Q) ({(0, 2) }yerq)) Qi ({07, 9)}yer)] (@7, 7).

Recalling equation (36), we have

r = d ({79 7D
B [QF ({89, 39} ho) @ (87,5 eia)] = b EUE T lbice)

Hence,

T,y) = ZAd o) B(d, H)QE ({(E), ) b yerg)) (39, 77)
kez‘ﬁo
=123 M(0h,)*B(d, k) [Q (@ T/(Q)>)(53(Q),:T/(Q)>/dq]
keZS,
X HQ}?{/((E(Q’),?(Q’)».
q#4q
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By the recurrence relationship for Gegenbauer polynomials (23), we have
[JPNT d d
£ @ (0 = 30,0, Q (0 + ta,0, Qi ),

where (we use the convention ¢4, 1 = 0)

k, ky + dy — 2

L B R . Ry
b T Skt dy—2 T 9k d, — 2

Hence we get,

V@7) =) Y A(ou,) Bld. k) QL (@7, 7))@, 7)/d,)

Q
keZ>o

<T@t (@5

q'#q
/ —(q) = dg) 1 /1=(q) —
=237 N0 )P B(A R (30,0, Q0 (@, F9)) + 1,0, Q11 (3, 59))

Q
keZ>o

< Tt (@5

q'#q

Z A q 7y( )>}QE[Q]) )

keZ>U
where we get by matching the coefficients,
Ag—q)k - TZ ' [tdq,kq—l)\](j% (U&»T)QB((L kq—) + qu’k(]+1qu+ (O-:l,‘r)zB(CL kf]-l—)]?
with k. = (k1,...,k,+1,...,kg) and k,— = (k1,...,k,—1,...,kg). O

G.4. Proof of proposition 4

G.4.1. Preliminaries.

Lemma 13. Let 1:R? — R be a function such that ¥({{e,, ) }seiq) € L*(PS% pa). We

will consider for integers ¢ = (i1,...,ig) € Z>0, the associated function w(l given by:

e (fﬁ”, . ,fﬁ"”) - (fﬁ”)l . (fg@)% (fgl), - ,fﬁ@) .
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Assume that v ({(e;, ) }seiq) € L*(PS?, p1a). Let {)\,‘f(w)}kezgo be the coefficients of the

expansion of 1 in terms of the product of Gegenbauer polynomials

¢(fgl>,.. ) RYAC dek(\F:cl,...,\/@fg@),

keZ>o
) =B v (2", 59) Qf (Vaal,..., vz ).
Then we can write

v (@, 3Y) = S A BARQE(Var,. . ia?)

Q
keZs,

where the coefficients /\;:z(l/J) are giwen recursively: denoting iy = (i1, ..., 5+ 1,...,149),

if k, =0,
dyigs K
AT (W) = VAR (),
and for k, > 0,
/\d7 g+ — /d( q q / %
e (@) 12kq+dq— ’“w )+ "k, +d, — 2 +d —2 M- (¥);

where we recall the notations kg = (ki,....k,+1,...,kg) and k. = (ki,..., k, —
L ko).

Proof of lemma 13. We recall the following two formulas for k£ > 1 (see appendix B.2):

E (d) (d) k+d—2 (d)
2k+d—2 (k+d—3
B(d, k)= —— .

Furthermore, we have Q(()d)(x) =1, Q”(x) = z/d and therefore therefore xQ(()d)(x) =

ngd) (x). Similarly to the proof of lemma 6 in [21], we insert these expressions in the

expansion of the function . Matching the coefficients of the expansion yields the result.
d

Let w:SP~'(v/D) x SP~1(v/D) — RP*P be a matrix-valued function defined by
u(8,,0,) = E,[0'((6:, ) /R)0' ({62, z) / R) ']

We can write this function as a @) by @ block matrix function u = (u(qq’))mxe[Q], where
(4q): SP=1(v/D) x SP~1(v/D) — R%*% are given by

“1)(61,0:) = Eu[o'((61, @)/ R)o’ (02, @) / R)2") (/7).

https://doi.org/10.1088/1742-5468 /ac3a81 72


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?

We have the following lemma which is a generalization of lemma 7 in [21] that shows
essentially the same decomposition of the matrix (61, 6-) as by integration by part if
we had = ~ N(0,1).

Lemma 14. For g€ [(Q)], there exists functions uﬁf’” ug”),ué LU qq :SP-1(v/D) x
SP1(v/D) = R such that
w61, 02) = " (61, 6)Ly, + s’ (61, 6:)[61(65")T + 6" (61)T]
+ ] (01, 0:)01" (61") + i} (61, 0)6 (6,7)".
For q,q € [Q), there exists functions ugl),ugqg),uél LU q, :SP~1(v/D) x SP"Y(v/D) = R
such that

(01, 0:) = usl{ (01, 0:)0” (03T + s’y (01, 0:)63" (61"))T

/

+ugﬁ])(01792)01 C )) +U32 '(6,,6,)86Y (ngl))T.

Proof of lemma 14. Denote v = (81", 8\)/d,. Let us rotate cach sphere ¢ € [Q]
such that

= (r"/d,0...,0).

(113)
= (TQ(Q) V dq’}/(q)v TQ(Q)\/% 1—- (’7((]))2’ 0,..., 0> :

Step 1: u(?9),
Let us start with (%), For clarity, we will denote (in the rotated basis (113))

o = <917 $>/R = ZTl(q)\/CTQ/R ) f(lq)’

€€[Q]
~ (O a/ii= Z[ TR+ 7\ = Gy R 5|
¢€(Q]

Then it is easy to show that we can rewrite

'U.(QQ)(Hl, 92) = E, b’(al)a’(ag)w(Q)(w(’I))T

_ ’u’gq.(Q),ll 0
0 Edfo'(ar)o’(ar)(as”) Ly,
with
o Ealo’(on)o’ (a2) (2}")] Ew[a%al>o—'<a2>x§%<”1]
1:2,1:2 — )
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Case (a): 9@ # 05‘”
Given any functions u{", u{% u(3 H ,u32 :SP-1(v/D) x SP~*(v/D) — R, we define
w161, 02) = " (01, 6:)L, + us' (61, 6:)[6(05") + 67 (61)T]
+ u (61,60, (61)7 + i} (61, 0,)8" (6,")T.

In the rotated basis (113), we have

~ (qq)
91 0
~(qq)(9 0): Up.oq:90
u 1,Y2 )
0 quQ) (91, 92)qu_2

where (we dropped the dependency on (6, 0,) for clarity)

ul = u\ 1 20 d A Va4 (72 dul 4 (1) 2dy (VD) ),
wld = 7070, /1 — (v@)2ud 4 (709)2d,y D)1 — (7@)20),

! = u® + (77 dy (1~ (49))uss .
We see that %% and @99 will be equal if and only if we have the following equalities:

Tr(uw(64, 6,)) = Tr(w9(6,,0,))

= ™ + 20" 7 dy D + (1) 2d Y + (7)7)2d

(01, u") (0, 0,)05 >>=<e§ff " (6, e>e )
=77 dv ™ 4 (A2 (1 + (419)?)ul
+ ()P d2y D)+ O (7)) 2y Dl

(01, w0 (8,,0,)0\") = (8", 4" (6;,6,)0,")

DY2d ™ + 2(r(?)3 10 @2y Dy

(i) d2uf? + (r{7)2(ry! >dz<w>2u§33%

W, @10 (9,,0,)05)

)duqu +2¢1 (rq)

(q

= (|

N

(05", u1(0,,0,)05") = (6
= (1}

+ (™))" 2 (7 >2u§,“+< >4d2u32.
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Hence %99 = (49 if and only if

ugqq) Tr(u' (6, 0,))
’U,(Qqq) — d71<Ml(q{I))7l % <0(1q)7 u(qq)(917 92)05‘1)> (114)
ugl | 0", u"(6,,6,)6,") |
s’y (65", (61, 62)6;")

where

1 27.1((1)7_( )’Y(Q) (Tl(Q))Q (7_2((1))2
oo — |7 (75”)2(75”)% 1+() @R dn" i (r5") dyy @

(7_1((1))2 2(7_1( ) ((J)d ’Y(Q) (7_1((1>)4dq (7'1((1))2(72((1))261(1(7((1))2
(7"’ 270 (40P GRRCORACEDE (r3")*d,

is invertible almost surely (for 7'1( )T 7é 0 and @ #£ 1).

Case (b): HSQ) = Bgl).
Similarly, for some fixed o and 3, we define

&(QQ)(Ol, 6,) = aly, + Begq)(ggq))T_

Then (%) (6,,0,) and 4% (0,,0,) are equal if and only if

o] i Tr(u'" (61, 6,))
[5] = dql(]Wﬁ )7 x [(95(1),111(”)(91;91)95@)

where

Step 2: ul") for g # ¢'.
Similarly to the two previous steps, we define for any functions
't ufy) ) ugly) 8P (VD) x SPH(VD) = R,

~<qq’><¢sn,@2>:W(en,tfab)ev(q)(fuv(”) + iy (61,6,)85" (6T
19)(9,,0,)0\" (01T + 4 (6,,6,)6% (8Y))T.

. ~ /
We can rewrite 49) as
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219 — ugff/)Tl(Q)T(q/)v( q) 4 ugqg)Tz( )7'1((”7( 9 4 ugq;nﬁ@ﬁ( 7 4 ugqg)T§Q)T2( )7( Iy (@),

2
Y N T \/
'Z"g{iQ/) = “g?gl)Tz(Q)TfQI) V1= (v9)2+ u3qg 7'2 7'2 \/

) ol 91— L=

Case (a): 6'7 +# 6\
We have equality @4) = 4(77) if and only if

ut (01, (0,,0,)6,")
(99') ) (@) . (qq) (4)
u(Qq?],) _ (dqdq/)fl<M(qq ))71 % <9%q)7 u(qq() (913 02)9%ql)> ’
u3.,1, <02 , U / (915 02)91/ >
ug’y) (05", ") (6,,6,)05")

where M) is given by

(Tl(q)>271(q)72(ff)7(q’) 71(9)72(9) (71(9))27((1) (Tl((I))Q/(Tl(q/))Q 7'1((1)72@)71((1)72(({)’Y(Q)V(q/)
(7_1(9))/2(7_2(/(1 ))2 ( ) ( ) ( ) )’7( )7< q) (7_1((1))27_1((1)7_/2((1 ),Y(q) 7_1((1)7_2((1) (7/_2(9))/2,)/((1)
7!y 7y 050 <Téq>>2,<n y? R G R N SO R e
Tl(q)Tz(fJ) (7_2((1))27((1) (7_2(‘1)>27_1((1)7_2(f1),y(q) Tl(Q)TQ(Q)Tl(Q)TQ(Q)’Y(Q)’Y(Q) (7_2( ))2(72(9))2
which is 1nvert1b1e almost surely (for 7'1( 79 £ 0 and 4@ #£ 1).
Case (b): 91 = 92 9,
It is straightforward to check that
“)(6,,0,) = 50" (61"))",
where
B = (dydy) (") 2 (017, ) (6,,00)01")
O

G.4.2. Proof of proposition 4. Step 1. Construction of the activation function
o

Recall the definition of o4, in equation (100) and its expansion in terms of tensor
product of Gegenbauer polynomials:

((0,z)/R) = Z M GdT (d, k)Qf ({< 53@”(16[@]) ;

keZ>U

Nl =B o, (3,7 @) Qi (Vaal, ., igr )]
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We recall the definition of g = argmax,c(g/{n, + ¢} Let Iy > [} > 2L + 5 be two indices
that satisfy the conditions of assumption 3(b) and we define I; = (0,...,0,1;,0,...,0) (I
at position ¢;) and Iy = (0,...,0,15,0,...,0) (I3 at position g,). Using the Gegenbauer
coefficients of o/, we define a new activation function ¢’ by

o'((6,2)/R)= ) Nlow,)B(dRQ; ({8, 27)}cq) (115)
keZS\{l b}

3 (- M) Bldy, 1)Q, " (@) 7)), (116)

t=1,2

for some 4y, 02 that we will fix later (with |6, < 1).
Step 2. The functions u, « and .
Let u and @ be the matrix-valued functions associated respectively to ¢’ and &’

u(01,0,) = E [o'((8,, ) /R)o’((0,, )/ R) xx'], (117)
(01, 0,) = E,[6'((0,, )/ R)5'((6,, ) / R) xx']. (118)

; ; ab ,ab ,ab o ab , ab ~ab o pmab o mab o pab o o ab
From lemma 14, there exists functions Ui’y Uy, Upy, U3, Usy and uf Uy, Uy, Us), Us

(for a,b € [Q]), which decompose u and i along 6, and 6, vectors. We define & = u — .
Then we have the same decomposition for @}’ = ug’; — 4, for a,b € [Q],k =1,2,3,j =

1,2.
Step 3. Construction of the kernel matrices.

Let U, U, U € RVP*NP with i, jth block (for 4, j € [N]) given by
U = u(0,,0;), (119)
U, = u(0,,0,), (120)
U, =u(0;,0;) = u(6;,0;) — u0,,0,). (121)

Note that we have U= U+ U. By equations (118) and (120), it is easy to see that
U = 0. Then we have U = U. In the following, we would like to lower bound matrix U.
We decompose U as

U= D+ A,
where D € RPV*PN ig a block-diagonal matrix, with
D = diag( Uy, ..., Uyy), (122)

and A € RPV*PN g formed by blocks A;; € RP*P for 4, j € [n], defined by

0, =7,

In the rest of the proof, we will prove that ||A||,, = 04p(d™ ™=@ ) and the block matrix
D verifies the properties (105) and (106).
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Step 4. Prove that ||A||,, = ogp(d "),

We will prove in fact that ||A|% = ogp(d 2"*=@"), For the rest of the proof, we fix
g0 € (0,1) and we restrict ourselves without loss of generality to the set P.,.

Let us start with u? for ¢ € [Q]. Denoting ’yf;-]) = (§£ , 0 )/d < 1, we get, from
equation (114), ‘ ’

’LL% ;(0179]) Ul(ei,ej) —ftl(e],e])
Uy (0:,0;)| _ | u2(0;,0;) — (6, 6))
ag’f;”(ei, 0;) uz1(0;,6;) — 1}3,1(91', 0;)
117 (6:,6)) us2(0;,0;) — i32(6;,6;)
Tr(a'"(0,,0,))
9((1) ﬁ(qq)(g 0 )9((1)>
:dfl MQQ) —1 < 1 > 1,Y2)U9 124
TS (g0 o 0, ,)007) | (124
(057, u") (81, 0,)65")
where M?Q) is given by
(q) %) (q) (q) 2(7—)1((1)7—2((1)757(!) (q) ( )(‘Tl((z)))2 (q) (q) (7(—2()(1))2 (q)
qu 7'(2(1) 'Yz']g (7'1q )2(7_2(q))2d%<)1 + (’Y]Jq )2) (7'1q )3(7')2(1 dq%';'] (7')1q (T%q))gquiji :
(Tl(q))Q 2((7'{1 )(37)_2(1 drﬁ((j) » (Tl(q))4dq (qu )2(72(q)>2dq(%;‘1 )2
(Tzq )2 7'1q (Tzq )qu%:;] (qu )2(7'2(1 )qu(V(Q))Q (Tzq )4dq
(125)

Using the notations of lemma 13, we get
Tr(U") = Eu[o'((6;, w>/R)0’(<9j, z)/R)|| 2|3
=12 > N0 )N ) B, K)QE (10,00) )0 )

keZ>U
(6.7, U0} = Eulo’({6:,3) [R)(0", 27)'((6;, 2}/ R) (6", 2!
= 777 Zx” e A (0 ) B QR ({01, 0)} e )

U9y = ]Ew[a’((Hi, =) /R) (6", 2?)°5'((6,, )/ R)]
D YA @ N ) B HQE ((0,8))ci)

(0", U””@% = Em[a’«ei, @)/ R)o (0 a:>/R><e(f”, )’
)23 A N (0 ) B(d K)QE (18,0 i)

keZ>U
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where we denoted 1, = (0,...,0,1,0,...,0) (namely the ¢’th coordinate vector in R%)
and 2, = (0,...,0,2,0,...,0) = 21,.

We get similar expressions for U;; with Af(0y,) replaced by Af(d7;.). Because we
defined ¢’ and ¢’ by only modifying the l;th and Iyth coefficients, we get

To(U) = To(UL — ULY)

=202 = WA AL ) B Q] ({47 Y

t=1,2

(126)

Recalling that )\Z’lq only depend on )\,‘i_lq and )\,‘fﬂq, and )\Z’zq on )\,‘j_zq, Ad and )\,‘j+2q,
(lemma 13), we get

(0, UL0") =rirr” YT 82 = SN (0 )N (o)

q J
t={1,2},ke{l,+1,}
x B(d, k)Q¢ ({dq7£g)}qe[Q]> ,

07, U0y = r2(rl)? 3T 62— 0 (0l ) M0

te{1,2}, ke{l, [, +2,}

(0, U9y = y2(711)? > 0(2 — 515))‘1(:(0-2177'{))\;6172(1(O-/dv"'j)
te{1,2}, ke{l,h+2,}

% B(d k)Q ({d}eeia) (127)

where we used the convention Af(c);,) = 0 if one of the coordinates verifies k, < 0.
From lemmas 13, 19 and 20, we get for t = 1,2 and q # g:

. / :U’lt<a-/)2
(d,7i T;‘)lg(r-ll-oo 1,1) )\Z(Ud"T")/\Ld‘(U/Cl’T.i)B(d’ lf) - ;! ’
. di, i, pu,(0')?
(d,7i T')lir(r-lﬁ-oo 1,1) )\lﬁ_l'l (o-:lv"'i))\lﬁ‘i'lq <U&*TJ)B(d7 lt + 1q) - Al ’
B o r (128)
. dz2, /’th(o-/)z
(d,n,ﬂ')lg(r}roo,l,l) Ab’ <U:1’Ti))\g(o-:i’T‘7)B<d7 lt) - I, ’

im A (0 A, (07, ) B(d, b+ 2,) = 0,

(d,1i,7mj)—(4+00,1,1)
while for ¢ = ¢ and v € {—1,1},
1,
>\lt+'lflq£ (o) [B(d, T +uly) (1 + u)!]H?

lim
(d,1i,7mj)—(4+00,1,1)

(129)
= Hl+u+1 (OJ) + (lt + u)/'l/lt+Yt—1(0-/)7
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and for v € {—2,0,2},
. d2, I 1/2
(d,Ti,Tj)ILIam,l,l) )\lﬁ—l—vslqg (O-d,n) [B(da lt + Ulqg)(lf/ + U)'] /
= Hiro2(0") + (2l 4 20 + Dpy0(07) + (e +0) (I + 0 = Dpg0-2(0”).
(130)
From lemma 26, we recall that the coefficients of the kth Gegenbauer polynomial
@y = Sk (@) s oricr
@ (x) = Doy 2" satisfy
pi) = Ould H2772). (131)

Furthermore, lemma 27 shows that max,;|(6" ,_q )| = Oup(;y/d, log d,). We deduce
that

max|Q (61", 0"))| = Oup(d,""). (132)

Plugging the estimates (128) and (132) into equations (126) and (127), we obtain that

, ‘(92(}1), Dng)egq)> , |69, plwgy, ‘( U(qqe ) }

max{‘Tr qq) U
= Ogp(d*d—m"/?), (133)

From equation (125), using the fact that maxi¢j|7i(f)| = Oyp(+/(log d,)/d,) and Cramer’s
rule for matrix inversion, it is easy to see that

max max | (M) ™),| = Oup(1). (134)

i#j 1,kel4]

We deduce from (124), (133) and (134) that for a € [3],b € [2],
(

max{li, (0", 6,")]} = Oup(dd """). (135)

As a result, combining equation (135) with equation (121) in the expression of @\% given
in lemma 14, we get

max|| U
_ rg}gXlluqu I, + ug”) [95q>(9§q>) + HE.Q)(BEQ))T] + a§?3)9§Q)(BEQ))T + ﬂé?g)O(Q)(OEQ))TH%
< Ow(dﬁfdfnqh)_

A similar computation shows that

Hvl;?}X“ Df;m/) ||%7 < Odyp(dﬁfd—nqh)'
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By the expression of A given by (123), we conclude that

N
A2, <[IAlE = Z Z | U<qq 12 = Ogp(N2d% ),

0,4’ €[Qi,j=1,i#]

By assumption, N = 04(d”). Hence, since by assumption 1,/ > 2y + 7§, we deduce that
[Allop = 0ap(d™*) = ogp(d™" i),

Step 5. Checking the properties of matrix D.

By lemma 14, we can express U;; as a block matrix with

U = a1, + 8900, T =06,

2

with coefficients given by

al? Faye o (@)y2
[ﬁ(q)] = [d,(d, — 1)(Ti(Q))4]*1 [dq( : ) (717) ]

B9 = (d,dy) (7)) T (0, 0,)01").

< U{:qq

Tr( Um)) ]
Q> ’

(136)

Let us first focus on the ¢ = g, sphere. Using equations (126) and (127) with the
expressions (129) and (130), we get the following convergence in probability (using that

{7',,;((1)}7;6[]\/] concentrates on 1),

sup rq’EzTr( Dﬁfqu)) — Fl(é)‘ 2o,
i€[N]

) (137)

sup |r qu U<q5q5 Fz(d)‘ — 0,

i€[N]

where we denoted & = (d1,09) (where d1,0, first appears in the definition of & in
equation (115), and till now d1, d, are still not determined) and, similarly to the proof
of proposition 5 in [21] and letting p;, = p;(0’), we have

= > 62— 5f (138)

te{1,2}

while, for Iy £ 11 + 2

Ro)= 3 {2 [t = e = (0= G+ (= Do)

+ (2 + (I + Dpu)® = (e + (1= 6,) (L + 1)/%)2} } ;

(I, + 1)!
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while, for I, =11 + 2

Fy(6) = [, + (= V) —2)* = (L= 60) g, + (I — D)y, —2)?)

(- 1)
gy L+ (o Dpan)* = (U= B + (1= 00) (- 1)
T 1) [0 + (Lo + 1) pa,)* — (piyro + (1 — 82) (I + D)gu,)?] -

We have from equation (136),

Auin ( U(qq) )

= min {a(‘I), al + B(Q)dq<7_i(4))2}

. 1 T ]‘ q T 71199 1 T q
= min § ———Te(T}") - 0507, U0, ——— 0", U 6") .
4 dy(dy — 1)(1;%) dy(7;")
Hence, using equation (137), we get
d _
sup S A (U") — min{Fy(8), F2(8)}] = 0. (139)
€[N qe

Following the same reasoning as in proposition 5 in [21], we can verify that under
assumption 3(b), we have VF(0), VF(0) # 0 and det(VF(0), VF(0)) # 0. We can
therefore find d = (9,1, 02) such that F';(d) > 0, F'3(d) > 0. Furthermore,

d _
sup %/\max(U,,(;fﬁqf)) — max{F(8), Fy(6)}| — 0. (140)
i€[N] | Tge

Similarly, we get for q # g, from equations (126) and (127) with the expressions
(128) (recalling that {Ti(Q)}iE[N] concentrates on 1),

r2Te(O9) — Fy(6)] =0,

sup
i€[N]
_ = P
sup |r, 2(0\”, U"6\") — Fi(5)| — 0, (141)
i€[N]
sup | (ryr,) (01, U"017)| 5 0.
i€[N]
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We deduce that for ¢ # ¢, and q # ¢/,

d _
SUp | LA (T11) — F1(8)] 0,
ie[N] 1T

dy (qq) P
sup |5 Amax (Ui ) — F1(6)| — 0,
i€[N] 1 Tq

d d / 1/2 — /!

sup ‘( 1 Q) O-max<U£;]q)) E_>05
i€[N] | TqTq

which finishes to prove properties (105) and (106).

Appendix H. Proof of theorem 7(b): upper bound for NT model

H.1. Preliminaries

Lemma 15. Let o be an activation function that satisfies assumptions 3(a) and (c)
for some level v > 0. Let Q@ = Oxt(7) as defined in equation (49). Define for integer
ke Zgo and 7,7 € Rgo,

AL =12 [tdmkq_l)\,‘fr (04 )AL (o) B(d. K,-)

(r,
+ quykq+1)\gq+ (O-/d,T))\gq+ (o-:i,T/)B<d7 quF) ? (142)
with k. = (k... k,+1,... ko) andk, = (ky, ... k,—1,..., ko), and
k . k+d—2
Sdk = 57 7 o dk = 57, 7 o
T ok +d—2 Lk 9k +d—2

with the convention ty_y = 0.
Then there exists constants €9 > 0 and C > 0 such that for d large enough, we have
for any 7,7 € [1 — gy, 1 + ]9,

B(d, k)
max -,
keQ A(q

T,7').k

< Cd' "

Proof of lemma 15. From assumptions 3(a) and (c¢) and lemma 19, there exists ¢ > 0
and gy > 0 such that for any 7,7 € [1 — &g, 1 + &)? and k € Q,

N )N () = e [ datom9.
q€[Q]

Hence for k, >0, we get Aoy )A\H(0),.) > cd ", and for k, =0, we get
M0l )MN 0l ) = ed 7+, Carefully injecting these bounds in equation (142) yields
the lemma. O
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H.2. Proof of theorem 7(b): outline

In this proof, we will consider () sub-classes of functions corresponding to the NT model
restricted to the gth sphere:

Faro (W) = {f(w) = (@, @)0'((w;, @) /R):a; € RY,i € [N]}-

i=1

We define similarly the risk associated to this sub-model

Ry (fo, W)= inf  E[(fo(z) — f(z))’].

/N1l

and approximation subspace

O (y) = ke Zgo ky >0 and qu(f —Kg) <7+ (€ Ky)
q€l@]

U kEZgo ks =0 and qu(g_“q) <Y = (§—Kg— 1)
q€[Q)]

(143)

Theorem 8. Let {f; € Lz(Psg,ug)}d>1 be a sequence of functions. Let W = (w;)icn]
with (w;);ev) ~ Unif(SP™) independently. Assume N = wq(d?) for some positive con-
stant v > 0, and o satisfy assumptions 3(a) and (c) at level v. Then for any € > 0, the
following holds with high probability:

0 < Ryro(Pafa, W) <e|Pofallze, (144)
where Q = Oy (v) is defined in equation (143).

Remark 5. From the proof of theorem 7(a), we have a matching lower bound for Fy 1« .
We recall

Q
Z (§—rg)ky < v+ <f - qrerg&) Hq)} .

q=1

Oxr(7) = {k’ < Zgo

Notice that

() = U@NT“) (7)-
q€q

Denote g, = argmingeg) k¢, such that k€ Oy for any k€ Onr(y). Furthermore,
notice that by definition for any f € L*(PS%, %) and ¢ € [Q],

RNT(f, W) < RNT(G)(fa W)
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Let us deduce theorem 7(b) from theorem 8. Denote Q = Oxr(7). We divide the N
neurons in |Q| sections of size N’ = N/|Q|, i.e. W= (Wj)reo where W, € RV *? For
any € > 0, we get from theorem 8 that with high probability

Rxt(Pofs, W) <> Rypun (Pef, Wi) <> _ellPefalli = ellPofal7:-

keQ kecQ

H.3. Proof of theorem 8

H.3.1. Properties of the limiting kernel. Similarly to the proof of theorem 6(b), we
construct a limiting kernel which is used as a proxy to upper bound the NT@ risk.
We recall the definition of PS® =[], . oS (y/d,). We introduce £ = L*(PS?® —

R, pg) and Ly = L*(PS? — R%, ;14). For a given 8 € SP~1(v/D) and associated vector
T E ]Rgo, recall the definition of oy, . € L:

or ({09, 2)/\d}seiq)) =0 | D7 (/) - (09, 79)/\/d, |

q€[Q)

For any 7 € Rgo, define the operator T, : L — L, , such that for any g € L,

Trg(®) = e [#0, ({09 29)/ Vi )rca)) 9()] -

The adjoint operator T} : L, — L verifies for any h € Lg,,

T'q

S @B |7 ({092 V/Ehaca)) bO))
q
We define the operator K. .: L4 — L4, as K, . = T, T},. For h € L,,, we can write

K;+h(6,) = Eg,[K; (61, 0:)h(0:)],

T h(Z) =

where

KT17T2 (517 52)
2

T{ — / ) —(q n —
= IEq [w@(m( NTo!, <{<0(1q>’ Z0)) / /_dq}qe[@> o, <{<9§q)7 m(”)/\/%}qq@]ﬂ _
q
Define H; . : L = L as H; » = T:T,. For g € £, we can write
HT,T/9<E].) - ]EEQ [HT,T/ (ED @)g<@)]
where

H‘r,‘r/ (E:l ’ @2)
2

T n n q —(q —(q
= Ba 04, (109,27 iea) o (10,27 Yieia)) | (@ 7).
q
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We recall the decomposition of oj . in terms of tensor product of Gegenbauer
polynomials:

our @7 Y) = 3 M) Bl WQE (Vi .., Viga?).
keZS,
() = Ba |0, @, 2?0k (VA Vgn®) |
Following the same computations as in lemma 12, we get
H, - Z A ka ( <wg(I)a§§q)>}q€[Q]> )
keZS,

where

A = [td b AL (0 )M (%) B(d k)
+ qu»kq+1)\gq+ (O-ilﬂ'))\gﬁ (O-il,T’)B(CL k(1+):| ) (145)

with k. = (ki,...,k,+1,...,kg) and k. = (k1,...,k,—1,...,kg), and convention
tdq,fl :03
k, ky+d,—2

a = 5. 9 ta = 5L 19 o
ok = Oy + dy — 2 T Dy + dy — 2

Recall that for k€ Zgo and s € [B(d, k)], Y2
basis of £ and that

ks = ®QE[Q}Y forms an orthogonal

Ez, [Qf ({(®1, %) }oer) Ylgs(@)] = B(;’k)yki(ﬁl)fsk,s-

We deduce that
]H[,. T’Yks :131 Z A q -'Ez Qk’ ({<§17§2>}q€[62}) Yk(,is(@)]
Kers,
(9) ,
rrkyd ().

" B(d k) **
. We have:

Consider {TrYk(,is}keZgo,se[B(d k)]

(Q)

T, YL ToYd ) = (Vi H, Y]
< k,s> K,s > < ks> > B(d k)

5kk 58 s
()

A / 1"
KT,T’TT//Yk(,ls = TTHT/7T”Ykl,lS — B(chl'r I:)kTTkas

Hence {TT//Y,éi)} forms an orthogonal basis that diagonalizes K./ ,» (notice that ’]I‘TYk‘fs
is parallel to ']I‘T/Yk‘fs for any 7,7 € Rgo). Let us consider the subspace T, (V), the
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image of V§ by the operator T,. From assumptions 3(a) and (b) and lemma 19, there
exists g9 € (0,1) and dy such that for any 7,7’ € [1 — 50, 1+ &% and d > dy, we have
AE ? x> 0 for any k€ Q, and therefore the inverse K ~T, W) (restricted to T,(V§))
is well defined. B
H.3.2. Proof of theorem 8. Let us assume that {f;} is contained in P, o Vi e fi=
Pofa.

Consider

Mz

an@az

'"((6;,2)/R).

=1

Define a-(0) = K LT, f4(0) and choose af = N~'a,(0;), where we denoted 6; =

(0\),ci0) with 819 = 89 /7\? e §%-1(,/d,) independent of 7.
Fix gy > 0 as prescribed in lemma 15 and consider the expectation over P., of the
NT@ risk (in particular, a* = (@, ..., ay) € RV% are well defined):

Eo. [Rugo (/1 ©)] = Eo. { inf E{(fu() - f(z:®, a>>ﬂ

cRNdq

< Ee,, [Ew [(fd<$) — f(z:©, a,*(@)))2” '

We can expand the squared loss at a as

E.[(fa(2) - f(2))"] = HdeL2_2Z]E a;, V)0’ ((0:, )/ R) fu()]

i=1

+ ZEmK%w( "){a;, )0’ ((8;, )/ R)o' ({8, 7)) R)]-
| (146)
The second term of the expansion (146) around a* verifies
Ee, ZE [(ai, 27)0’({6;, )/ R) ful )]]
~E., |Bg |ar (@) s a0, ({(09,39)/V/d,}yeiq)) Tu(@)] ||
= ]ETEO [(K;,lrr]rrfda TT?d>L2]
= || fall32, (147)

where we used that for each 7 € [1 — gy, 1 + £]9, we have T:K_ LT, = I]Vd

T T, T
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Let us consider the third term in the expansion (146) around a*: the non diagonal
term verifies

o |2 Eol(a;, @) (@}, #9)0’((6:, 2)/R)o'({6;, 2)/ R)]

i#j
— (L= N)Eyy 2 .0, [0n B0 Es [0, ({81, 3)/ v/} i)
% o ({0, 37)/V/d Y i) @ (@) | @2(8)|

= (1 - N_I)Erl 72 .01,0, [KT1 P lfd(el) Tl 1-2(917 02)K 2 72 TZfd(e?)]

07" €0’

= (1 — N_I)E,-ém-,-go |:<K7_.1177.1T7'17d7 Krl,-r?K,_-zl?TzTr??dﬁ?} .
For k€ Q and s € [B(d, k)] and 71,72 € [1 — &y, 1 + ]9, we have

*
T 1K7.1 TIKT TzK.,.z T2

TT2Y];18 = < :1K;11_7.1T > (T*2KT2 TZT ) 'Yk(,is = kas

Hence for any 7', 7% € [1 — &g, 1 + &9, TL. K| [ Kp K T, = I|Véi. Hence

Tl Tl

o |2 Eol(ar, 29) (@}, )0 (6, 2)/R)o' (6, @) /R)] | = (1= N7 full o (148)

i#]

The diagonal term verifies

0., ZE )20'((0;, %)/ R)o’((0;, @) / R)]
- N*ET% 7] (0)K,(0,8)a.(6)]

<N1[ max [Kr.r(6,0)]op | - Er,, (K3 To Fall 7]

0,7<[1—¢9,14¢0)9

We have, from lemma 14,

K;-(6,0) = o "1, + 5797 (6'")*
where
(a (9))4 (9))2 @) H\g' (7D —=(@)y2
a Ly [dy (P —(r >] E.[(z9, 29)o,, (7", ... 7))
— [d.(d 1) (7@ -1 [P dr\*t1 1
] R R Ol AR | B i
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Hence from lemma 17 and for ¢y small enough, there exists C' > 0 such that for d large
enough

2
sup Ky (8,8)]|op < C1 = Cd.

TE€[1—¢g0,14¢0]9 dq

Furthermore

_ - B<da k) r
I ST Talli =Y Do AL’

keQ A(T,T),k s€[B(d,k)]
B(d, k) )
S IlgleaQX AE) ] .“PQdeL?'

From lemma 15, we get

]ETEQ[HK;,];'TT?(IH%Z] < Cd’yff{q ’ HPQfd“%Z

Hence,

ou | Bl £ (821 R) (1,51 ) < OTPafillis (149

Combining equations (147)—(149), we get

Fo., [E. [(fu(2) - (z:©, a'(©)))]]
= fallze = 2 fallze + (1 = N fall 7o + N7'E,_5 [ (0) K. (6,0)c(0)]
d’
S IPofill
By Markov’s inequality, we get for any € > 0 and d large enough,

P(Rypw (fas ©) > € - (| fall72) < P({Rypo (fa, ©) > - || falli2} N Psy) + P(PE)
<0%+Mﬁ}

The assumption that N = wy(d?) and lemma 8 conclude the proof.

Appendix |. Proof of theorem 4 in the main text
Step 1. Show that RNN,QN(]C*) < ianeRNxd RNT,N(f*7 W).

Define the neural tangent model with N neurons by JA”NT’N(a:; ss W) =
].i s;, xyo'({(w;, x)) and the NN with N neurons by JA‘NN‘N x; W, b) = ]i bio({w;, x)).
Ez 1 ) =1
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For any W RV*? sc RV, and € > 0, we define

gN(fE; Wa S, 8) = 8_1 (}NN,N(:B; W+ €S, 1) - .}'NN,N(:I:; W7 1)) )
E(w; W, s,e) = gn(x: W, s,8) — farn (i s; W).

Then by Taylor expansion, there exists (w;);cqn) such that

N
Z s, ©)’0" ({(w;, z))| .

By the boundedness assumption of sup,.g|0”(z)|, we have

(s W, s,¢)

w\m

. W 2
ELI%EH‘C:( ! ) S, 5)||L2 — 07
and hence

liml| f. — g (- W, s e)ll7 = |Lf- = Frrn (-5 85 W)l

e—0+

Note that §y can be regarded as a function in F2¥ and fxry € Fi( W), this implies
that

Rynon (f) < inf RNTN(f*; w). (150)

WeR

Step 2. Give upper bound of inf gy Ryt (fi, W). We take W = (w,);<y

with w; = Uw;, where v; ~ Unif(S®~!(r~1)), and denote V = (v;);<y. Then we have

Gar(V) = {f(w) = f(U’ Z 5, 2)0'((0:, 2)), 3 € R, <N} C Far(W).

It is easy to see that, when f,(x) = o(U' ), we have

A

inf  E[(f.(2) - f(2))’] = inf_ E[(p(2) — f(2))7],

e (V) FeFi (V)

where FY1(V) is the class of neural tangent model on R®

N
Far(V { :Z Si, 2)o’ ((v;, 2 >):S¢€Rd°,i<N}.
=1

Moreover, by theorem 3 in the main text, when dﬁ” <N K d€+1_5 for some & >0
independent of N, d, we have

nt El(e(z) = J()] = (1 00p(1) - IPsagls = (14 04p(1) - [P LI
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As a consequence, we have

inf Rnen(fo W) < inf E[(fu(2) - f(2)’] < inf E[(f.(2) - f(2))’]

WeRN<d FeF (W) Tegn(V)
= inf_ E[(p(2) = f(2))"] = (1 + 04p(1)) - [Psrr full 72
feF (V)

Combining with equation (150) gives that, when dj" < N < dj™~°, we have

Ranv(fe) < (1+04(1)) - [[Pogir full72-

Step 3. Show that Rxn,n(f,) is independent of k.

We let 7 =d"? and 7 = d'/?> for some & # &. Suppose we have &= Uz + U2,
and &= Uz + U'z, where 2z ~ Unif(S®'(#V/dy)), 21 ~ Unif(S®~!(#v/dy)), and 2z, ~
Unif(S* %=1 (\/d = dy)). Moreover, we let f,(z) = o(U' z/7) and f.(&) = (U &/#) for
some function ¢:R% — R. o

Then, for any W= (w;);<xy CR? and b= (b;);cy C R, there exists (01,)i<y C R®
and (0g;)i<y € R% such that w; = Uoy,; + ULfJgJ-. We define 0y; =7 -0y,/r, W, =
Uv,; + U vy, W= (w;)i<n, and b= b. Then we have

Es[(f.(&) — fann (23 W, 8))°] = Eal(f.(&) — fawv (25 W, ))°).

On the other hand, for any W= (w;)i<y € R? and b= (b,)lgN C R, we can find W=
(w;)icy € RYand b = (b;);i<y C R such that the above equation holds. This proves that
Rxnv(fy) is independent of k.

Appendix J. Convergence of the Gegenbauer coefficients

In this section, we prove a string of lemmas that are used to show convergence of the
Gegenbauer coefficients.

J.1. Technical lemmas

First recall that for ¢ € [Q] we denote 79 = ||0'?]||,/+/d, where 89 are the d, coordi-

nates of @ ~ Unif(SP~!(v/D)) associated to the gth sphere of PS%. We show that 7@ is
(1/d,)-sub-Gaussian.

Lemma 16. There exists constants ¢, C > 0 such that for any & > 0,

P(|7@ — 1] > ) < C exp(—cd,e?).

Proof of lemma 16. Let G ~ N(0,Ip). We consider the random vector U
G/| Gll2 € R”. We have U ~ Unif(S”~'(1)). We denote Ny, = G} +--- + G} and Np

NeJ
—

https://doi.org/10.1088/1742-5468 /ac3a81


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?

G? + - - -+ G?%. The random variable 7@ has the same distribution as

/Na,/d,
+a) = ||9(Q)||2/ P 4,/ dg

" /No/D’
Hence,
-1 1= ([ ) -

P(‘w/qu/dq— 1‘ > 5/2) +P(‘\/m— 1‘ > 5/(2+25)) ,

where we used the fact that

|a—1|<% and |b—1|< —1‘@

2+2 ‘b

Let us first consider N, with e € (0,2]. The G7 are sub-exponential random variables
with

E [e)‘(G%_l)] <N, VA < 1/4.
From standard sub-exponential concentration inequality, we get
P (|Ny,/dy — 1| > €) < 2 exp (—d,e min(1,€)/8). (152)

Hence, for ¢ € (0, 2], we have

P(|\/Nafdy = 1| > e/2) <P (INofdy = 1] > £/2) <2 exp (~d,e?/32),
while for ¢ > 2,
(‘,/Nd /d, — 1‘ >€/2) P (N, /dy > (£/2+1)2) <P (Ny /d, — 1 > £2/4)
< exp (—dq€2/32) )
In the case of Np, applying (152) with £/(2 + 2¢) < 1 shows that
P (‘\/m - 1\ > /(2 + 25)) <P(Np/D — 1| > /(2 +2¢))
<2exp (—De?/(32(1 +¢)?)).
Combining the above bounds into (151) yields for € > 0,

P(|r@ — 1| > ¢) exp (—d,e*/32) + 2 exp (—De”/(32(1 + ¢)?))

<2
<4 exp (—¢” min (d;, D/(1+¢)%) /32).
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Notice that |7@ — 1| < y/D/d, — 1 and we only need to consider € € [0,/D/d, — 1]
We conclude that for any € > 0, we have

P(|7@ — 1] > ) < 4 exp (—d,£?/32) .

O

We consider an activation function ¢:R — R. Fix @ € SP~'(v/D) and recall that
z= (2, ... 2d?)cPS? We recall that x ~ Unif(PS%) = % while Z ~ Unif(PS?) =
f1a. Therefore, for a given 8, {(09, &)/, /d,},ci0) ~ i}y as defined in equation (33).

Therefore we reformulate o((8,-)/ R) as a function o4, from ps? to R:

o((6,2)/R) =0 | > 79 (r,/R)- D) /\/d,

q€[Q]
= 04, ({0, 7)/V/d }oe)) - (153)

We will denote in the rest of this section o, = T(‘I)rq/R for g =1,...,Q. Notice in par-
ticular that a, oc d*%~¢ where we recall that £ = max,cg{n, + £,}. Without loss of
generality, we will assume that the (unique) maximum is attained on the first sphere,
ie. £ =mn + k1 and § > 1, + K, for g > 2.

Lemma 17. Assume o is an activation function with o(u)* < coexp(ciu®/2) almost
surely, for some constants ¢y > 1 and ¢; < 1. We consider the function o4, :ps?— R

associated to o, as defined in equation (75).
Then

(a) EGNN () 1)[ (G)2] < Q.
(b) Let w'9 be unit vectors in R% for q=1,...,Q. There exists ¢y = go(c1) and dy =
do(c1) such that, for ® = (V... @) ~ pt,

2
sup sup [Eg [ad, ({(w'?, )} cia1) } < 0. (154)

d>dyre[l—ep,1+€0]?

(¢) Let w'? be unit vectors in R% forq=1,...,Q. Fiz integers k= (ki,...,kg) € Zgo
Then for any 6 > 0, there exists constants €y = €y(c1,9) and dy = dy(c1,0), and a
coupling of G ~ N(0,1) and &= (zV, ..., 9 ~ p% such that for any d > dy and
T € [1 — &0, 1 +€()]Q

2

— kq —
Ezc ] (= @@, 29)/d)" | oar ({0, T)}eq)) — 0(G) <.
q€[Q)

(155)
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Proof of lemma 17. Part (a) is straightforward.
For part (b), recall that the probability distribution of (w@,Z?) when = ~

Unif(S%~'(,/d,)) is given by

dg—3
_ J;Z 2
I'(d, —1)
Ca, = ’ : (157)
T 202 JAT((d, — 1)/2)?

~1/2

A simple calculation shows that C',, — (27) as n — 00, and hence sup, C,, < C < oo.

Therefore for 7 € [1 —¢,1 + €]9, we have
_ 2
By [oar ({0, 79 }ci0) ]

dg—3

9 =@y2) 2

:/ adJ(Egl),...,f(lQ)) 11 qu<1_<l;)> dz\?
PG ==

2

_ d,— 3, _
aqx(f) /2 H (exp (— q2d (a:(lq))z) deQ))
] ]

q€lQ

< [ / coexp | ¢
RY q€(@

= ¢, CY / exp (—% Mz, /2) H df(f)
RQ

q€[Q)
where we denoted & = (Egl), e ,EgQ)) and M € R?*% with
dq - 3 2 9 f /
M, = — Gy, M,y = —cioy0y, for ¢ # ¢ € Q).
q

Recalling the definition of o, = 7@r,/R, with r, = d+/? and R = d**(1 + 04(1)).
Hence for any e > 0, uniformly on 7 € [1 —¢,1+¢]9, we have o, — 0 for ¢ > 2 and
lim supy 0| — 1| < . Hence if we choose gy < ¢;' — 1, there exists ¢ > 0 such that for
d sufficiently large M = cI and for any T € [1 — &y, 1 + 0] ¢

—( 2 _ B B
Ba [oar ({003 )co) ] < @ [ oxp (~elmllf2) | [[ant! | < oo
R
¢€[Q]

Finally, for part (c), without loss of generality we will take w'®@ = eSQ) so that
(w? F) = ESQ). From part (b), there exists ¢ > 0 and dj such that

_ 2k, _ 2
sup sup [EzEzq H (1 - <w(q)’ w(q)>2/dq> Udﬂ'({<w(Q)7 w(Q)>}q€[Q})

d>dy re[l—e,14€] q€(Q]

<sup sup  Eg [O'd,‘r({<'w((07w(1)>}q€[Q]) } < 0.
d>dy Te[l—e,1+€]
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Consider G ~ N(0,I) and an arbitrary coupling between Z and G. For any M > 0 we
can choose o), bounded continuous so that for any d and 7 € [1 —¢,1 + €]9,

Eac | | TL(1 - @02/d,) " o [ oz

q€[Q] q€[Q]
2
- T -¢6%d)" o | 3 ag,
q€[Q] 7€[Q)]
< Eze H (1 = ) Zaqxl
q€[Q] q€[Q)

2

~TI (- G¥d)" o | D auG, +%. (158)

q€[Q] q€[Q]

It is therefore sufficient to prove the claim for o;. Letting £, ~ N(0,I;, ;) independently
for each ¢ € [Q] and independent of G, we construct the coupling via

o Gg/d, =0 _ 5(1\/7“1 q € [Q], (159)

ZEl - Y ml

GG+ 11€,113 i G2+ 1€,

MM

where we set Z@ = (E(lq),ﬁ(_q%) for each ¢ € [Q]. We thus have (:1:1 ) 7Y 1) — G almost
surely, hence the limit superior of equation (158) is by weak convergence bounded by
1/M for any arbitrary M. Furthermore, noticing that o, — 0 uniformly on 7 € [1 —
g,1+ ¢]9 for ¢ > 2, we have by bounded convergence

2

lim sup Ezg H( /dq Zaq g o (a1 Gy) =0.

d—=00rc[1—¢,1+4€]@

€[] q€(Q]
(160)
We further have lim; 1)) ,(s1) @1 = 1. Hence, by bounded convergence,
lim  Eg, |(0(nGh) —o(Gl))Q] —0. (161)
(d,7(M))—(00,1)

Combining equation (158) with the coupling (159) and equations (160) and (161) yields
the result. g

Consider the expansion of o4 - in terms of tensor product of Gegenbauer polynomials.
We have

o((6,2)/R) = 3" N(oar) B(d HQY ({8, 39)},0)

Q
keZ>o
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where
M(ogr) = Eg [Jd, (xg ,. > Q4 <\/7_ . \/@E(IQ)H ,

with the expectation taken over Z = (ZV, ..., ZY) ~ pg = Unif(PS?%). We will need the
following lemma, which is direct consequence of Rodrigues formula, to get the scaling
of the Gegenbauer coefficients of o4 ;.

Lemma 18. Let k= (ki,...,kg) € Zgo and denote |k| =k +---+ kg. Assume that

the activation function o is |k|-times weakly differentiable and denote o'¥) its |k|-weak
derivative. Let a, = 797,/R for g=1,..., Q. Then

7032 Ky
Mogr) = Haq d k) Ez H (1 - w) o (1K) Za xl :
] q

€[] €l@ q€[Q]
(162)
where & ~ Unif(PS%) and
AT ((d, — 1)/2
Rk = 11 32 (+((1d —)1/)/)2)'
€[Q) 1 1
Furthermore,
lim B(d, k)R(d, k)* = —, (163)
d—o0 k!
where k! = k1. . kgl
Proof of lemma 18. We have
/\g(o-d.ﬁ') :Ei |:O-d,7' (Egl)a"'a ) (\/ :Bl ’ ot \/ xl >i|
=Kz, g0 |Ezo |0 Z O‘qxl - O‘le (Vd 371
q€[Q—1]
d, _
< 1T @ (vVdz")] (164)

where we used the definition (34) of tensor product of Gegenbauer polynomials.

Consider the integration with respect to Z?. Denote for ease of notations u =

(1) (@-1)

T’ 4+ ag1x° . We use the Rodrigues formula for the Gegenbauer polynomials

https://doi.org/10.1088/1742-5468 /ac3a81 96


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?

(see equation (24)):

0" (\Jdoz
Ez(Q)NUnif(sdQ*(\/@))[ (u+an1 > . ( xl )}
=22 [ o (agy/gt + u) QU (dot (1 — )9t
-1.1]

I((dg—1)/2)  wiy—2
L(kq + (dg —1)/2)  wapn

kq
X / o (aQ\/thqLu) (%) (1 — ?)katlde=3)/2q4
[_171]

— kQQ dekQ/2 I'((dg —1)/2) Wdp—2
9 Tk + (dg —1)/2) wip

x /[ 11](1—152)’@'@0(%@ (ons/th—f—u) (1 — t2)de=32qy

AT ((dg — 1)/2)
QkQF(kQ + (dQ — 1)/2) (Q) ~Unif(s'@~ (\/%))

x {(1 (VY /dQ> gtk (ang‘” + u)] . (165)

Iterating equation (165) over ¢ € [Q] and equation (164) yield the desired formula (162).
Furthermore, for each ¢ € [Q)],

= (-1/2)"

’fQ

ky—2
k! B(dy, ky) = (2k, +dy —2)[] G +dy — 1),
7=0

ky—1

Md,-0/2) o
28T (ky + (dy = 1)/2) ~ 4 2 +d, =1

Combining these two equations yields

%T«d—lwmQ
22T (k, + (dy — 1)/2)2

_ 2ky+dy — J+d,
: S 166
T 2%, +d, -3 H23+d—1 7112j+dq—1 ’ (166)

kq!B(dCP kq)

which converges to 1 when d, — oco. We deduce that

1
dligB(d k)R(d, k)* = 7k
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J.2. Proof of convergence in probability of the Gegenbauer coefficients

Lemma 19. Let k= (ki,...,kg) € Zgo and denote |k| =k +---+ kg. Assume that
the activation function o is |k|-times weakly differentiable and denote o) its |k|-weak
derivative. Assume furthermore that there exist constants ¢y > 0 and ¢ < 1 such that
oD (u)? < cyexp(ciu?/2) almost surely.

Then for any § > 0, there exists gy € (0,1) and dy such that for any d > dy and
T € [1 — €&o, 1 +€0]Q,

2
[T | Bl WAl(oar)? - 2475 < 5.
q€[Q] ‘

Proof of lemma 19. From lemma 18, we have

H d'e vt B(d, k))‘g(gdﬂ')z

q€[Q]

_ H agkqd(f—nq_”fl)k’l . [B<d7 k)R<d7 k)2]

q€l@]
2
(TQQ))Q oK)
x Bz | []1- S oz || (167)
1€[Q] q€[Q]
Recall o, = 797,/ R with r, = d*")/? and R = d*/*(1 4 04(1)). Hence, we have

lim abad @b = 1. 168

(d,7)—(00,1) H ( )

q€[Q]
Furthermore, from lemma 18, we have

lim B(d, k)R(d, k)> =

doroc Zh (169)

We can apply lemma 17 to the activation function o*V. In particular part (c) of the

lemma implies that there exists €y € (0, 1) such that for d sufficiently large, we have for
any T € [1 — &g, 1+ £¢]%,

Es || ]I (1-@) ,, B[S a7 | | - Ealo™(G)]| < 6/2.

q€[Q] 1 q€[Q]
(170)

From equation (28), we have Eq[o")(G)] = p (o). Combining equations (168) and
(170) into equation (167) yields the result. O
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Lemma 20. Let k be a non negative integer and denote k = (k,0,...,0) € Zgo; where we
recall that without loss of generality we choose q =1 as the unique argmax e {n, + kq}-
Assume that the activation function o verifies o(u)? < cyexp(ciu?/2) almost surely for
some constants cg > 0 and ¢; < 1.

Then for any § > 0, there exists g = e¢(c1,0) and dy = dy(c1,0) such that for any
d>dy and T € [1 — &9, 1 + &9)9,

2

B(dy, k)Ad(o4y)? — 1:L0)

k! <0

Proof of lemma 20. 20. Recall the correspondence (29) between Gegenbauer and

Hermite polynomials. Note for any monomial m;(z) = z*, we can apply lemma 17(c) to

my (E(qu))a and find a coupling such that for any n > 0, there exists ¢y > 0 and

Jim s Ea [(mk @ )our @, ... 7Y) - mk<G>o<G>)Q] <.
(171)
We have
[B(dy, k)K!) A (0 4r) = Baloar @Y, .., Z0)QW (V") [B(dy, k)k!]?].

Using the asymptotic correspondence between Gegenbauer polynomials and Hermite
polynomials (29)

lim Coeff{Q\" (V/dz) B(d, k)"/?} = Coeff { (k'l)m Hek(:c)} ,

and equation (171), we get for any 6 > 0, there exists g > 0 such that for d sufficiently
large, we have for any 7 € [1 — &g, 1 + &0)%,

‘Eﬁ [Jd_,(f(ll), LB (Va7 [B(d,, k)k!]l/Q] — Eelo(G)Hey(Q)]| < 6,

which concludes the proof. O

Appendix K. Bound on the operator norm of Gegenbauer polynomials

Proposition 5 (Bound on the Gram matrix). Letk € Zgo and denotey = 1o Nekq-
Let n < dV/eVe ¢ for any A;— co. Let (%)ic with T = ({§3§Q)}q€[@]) ~ Unif(PS%)
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independently, and Q,(C:l") be the k,’th Gegenbauer polynomial with domain [—d,, d,].
Consider the random matric W = (W;;);je € R™", with

Wi = Qi{(@",2") }eiq) = HQk 7", 3")).
q€(Q]
Then we have

dEE;OE[” W—1[lop] =0

Corollary 1 (Uniform bound on the Gram matrix). Letn < d /22 for some v >
0 and any Ag — oo. Let (%;);cn) with T, = ({EZ(-Q)}QE[Q]) ~ Unif(PS?) independently. Con-
sider for any k€ Z20, the random matric Wi, = ((Wk)ij)ijem € R as defined in
proposition 5. Denote:

Q=1keZ%|> nky <y
€[]

Then we have

sup E[|| Wi, — L,||op] = 04 (1).
ke Qe

Proof of corollary 1.  For each ¢ € [Q], we consider A = WY — 1, where W\" =
(W)iy)ijep with

(dy) _
(W) = Q" (@ 7).
Then, defining v, = v/7,, we have

E| sup [WY -LJ%| <E| > W - L3
k22043 k>27,+3
do) { j=(q) — _
—nn-1) Y EQ" (@, 5)) =nn—-1) Y B(d,k)"
k>2y,43 E>2v,+3

For d sufficiently large, there exists C' > 0 such that for any p > m = [2v, + 3]:
p—1 1

2k +d,—2)  (k+1)
2k +d,) (k+dq—2)<H1+(d—3)/<k+1)

k=m

<H e dq 2+m k+l g
p

k=m

https://doi.org/10.1088/1742-5468 /ac3a81 100


https://doi.org/10.1088/1742-5468/ac3a81

When do neural networks outperform kernel methods?

Hence, there exists constant C”, such that for large d, we have

> B(dg k) <C"-B(dy,m)".

k>2v,+3

Recalling that B(d,, m) = ©,4(d"™) = wy(d*'), and n = 04(d"), we deduce

E

k>2v,+3

sup || WY L,,uzp] — 0ul1). (172)

Let us now consider A = W, — I,,. We will denote AW = VVg) — I,,. Then it is easy
to check (recall the diagonal elements of I/ng") are equal to one) that for any ¢ € [Q)]

(@ W) ) ®A@
q'#q ¢

where A ® B denotes the Hadamard product, or entrywise product, (A ® B); jcin =
(Ai;Bij)ijen)- We recall the following inequality on the operator norm of Hadamard
product of two matrices, with A positive definite:

146 Bl < (mx 4, ) 1Bl

Hence, in particular

| Al < | Tmax{(W))i] | Ao
q'#q

Consider Z = (0,27 +3[x --- x [0,279+ 3N Zgo. Then, from equation (172), we get
directly

sup|| Wi, — L, ||op = 0ap(1). (173)
keIc

Furthermore, Z N Q is finite and from proposition 5, we directly get

sup || Wi — L,||lop = 0ap(1). (174)
keInQ
Combining bounds (173) and (174) yields the result. O

K.1. Proof of proposition 5

The proof follows closely the proof of the uniform case presented in [21]. For
completeness, we copy here the relevant lemmas.
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Step 1. Bounding operator norm by moments.

Denote A = W —1,,. We define for each g € [Q], VV< (Qk (( z; ), (-Q)>))Z-j€[n} and

]
A = I/ng") —1I,. Then it is easy to check (recall the dlagonal elements of Vng") are
equal to one)

A=AYe...0A@

where A ® B denotes the Hadamard product, or entrywise product, (A ® B); jcin =
(Ai;Bij)ijem- For any sequence of integers p = p(d), we have

E[| Allop) < E[Tr(A™)VEP) < E[Tr(AY)]VE. (175)
To prove the proposition, it suffices to show that for any sequence A; — oo, we have

lim E[Tr(A2p)]1/(2p) —0. (176)
d,n—00,n=04(d" e*Ad\/W)

In the following, we calculate E[Tr(A*)]. We have

E[Tr(A™)] = > E[AgpAuy .. Ayl

1142

’i:(il ..... iQP)E[TL]zp

- Z H ]E 1112 1215 o Aggp)ll:L

i=(i1,ip) €[n]*¢€[Q)]

where we used that 9 and 9 are independent for ¢ # ¢'.
We will denote for any 4 = (iy, ..., i) € [n]¥, define for each ¢ € [Q)]

1112 1l

1 k=

M9 =

(2

{E[A(q? A9 k> 2,

Similarly, we define M; associated to A,

M,; = HM’I

q€(Q)

To calculate these quantities, we will apply repeatedly the following identity, which
is an immediate consequence of equation (21). For any iy, i, i3 distinct, we have

1
B, [AVAD ] = — =~ AW
012 [ 1112 1,21,3] B(dq, kq) 1113

Throughout the proof, we will denote by C,C", C" constants that may depend on k but
not on p, d,n. The value of these constants is allowed to change from line to line.

Step 2. The induced graph and equivalence of index sequences.

For any index sequence % = (i1, s, ...,42,) € [n]*, we defined an undirected multi-
graph G; = (V;, E;) associated to index sequence i. The vertex set V; is the set of
distinct elements in iy, .. ., 45,. The edge set E; is formed as follows: for any j € [2p| we
add an edge between ¢; and 7, (with convention 2p + 1 = 1). Notice that this could be
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a self-edge, or a repeated edge: G; = (V;, F;) will be—in general—a multigraph. We
denote v(2) = |V;] to be the number of vertices of G;, and e(2) = |F;| to be the number
of edges (counting multiplicities). In particular, e(i) = k for ¢ € [n]*. We define

T.(p) ={i¢€ [n]gp : G;does not have self edge}.

For any two index sequences %1, 25, we say they are equivalent ¢, < 2o, if the two
graphs GG;, and G, are isomorphic, i.e. there exists an edge-preserving bijection of their
vertices (ignoring vertex labels). We denote the equivalent class of 4 to be

C(i) ={g:3=1}.
We define the quotient set Q(p) by
Q(p) = {Cli):i e ]},

The following lemma was proved in proposition 3 in [21].

Lemma 21. The following properties holds for all sufficiently large n and d:

(a) For any equivalent index sequences & = (i1, ... %) <X J = (J, ..., Jqy), we have
M = M
2 7

(b) For any index sequence i € [n]?’ \ T.(p), we have M; = 0.
(¢) For any index sequence i € T,(p), the degree of any vertex in G; must be even.
(d) The number of equivalent classes |Q(p)| < (2p)*.

(e) Recall that v(i) = |V;| denotes the number of distinct elements in ©. Then, for any
1 € [n]*, the number of elements in the corresponding equivalence class satisfies
|C(Z)| < U(i)'z)(z) . nv(z) < ppn'u(z).

In view of property (a) in the last lemma, given an equivalence class C = C(%), we
will write My = M, for the corresponding value.

Step 3. The skeletonization process.

For multi-graph G, we say that one of its vertices is redundant, if it has degree 2.
For any index sequence i € T,(p) C [n]* (i.e. such that G; does not have self-edges), we
denote by 7(%) € N, to be the redundancy of ¢, and by sk(z) to be the skeleton of <,
both defined by the following skeletonization process. Let 4y = 4 € [n]?. For any integer
s > 0, if G;, has no redundant vertices then stop and set sk(z) = ¢5. Otherwise, select
a redundant vertex i,(¢) arbitrarily (the ¢th element of ). If 2,(/ —1) # i ,((+ 1),
then remove i,(¢) from the graph (and from the sequence), together with its adja-
cent edges, and connect #4(¢ — 1) and 24(¢ 4 1) with an edge, and denote i1 to be
the resulting index sequence, i.e. 7,1 = (25(1),...,9,({ —1),3,({ + 2),...,35(end)). If
is({ —1) =14, +1), then remove i,(¢) from the graph (and from the sequence),
together with its adjacent edges, and denote %,,1 to be the resulting index sequence, i.e.
11 = (15(1),...,2,(0—1),2,(L+1),25({+2),...,25(end)). (Here £+ 1, and ¢ — 1 have
to be interpreted modulo |%4|, the length of ¢;.) The redundancy of ¢, denoted by r(),
is the number of vertices removed during the skeletonization process.
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It is easy to see that the outcome of this process is independent of the order in which
we select vertices.

Lemma 22. For the above skeletonization process, the following properties hold

(a) If i =<3 € [n]P, then sk(i)=<sk(j). That 1is, the skeletons of equivalent
mdex sequences are equivalent.

(b) For any i = (i1,...,i) € [n], and q € [Q], we have
o M
Y B(dg, k)
(¢c) For any i € T,(p) C [n]*, its skeleton is either formed by a single element, or an
index sequence whose graph has the property that every vertex has degree greater
or equal to 4.

Given an index sequence i € T,(p) C [n]*, we say % is of type 1, if sk(z) contains
only one index. We say 4 is of type 2 if sk(%) is not empty (so that by lemma 22, Gy
can only contain vertices with degree greater or equal to 4). Denote the class of type 1
index sequence (respectively type 2 index sequence) by Ti(p) (respectively T>(p)). We
also denote by T,(p), a € {1,2} the set of equivalence classes of sequences in 7,(p). This
definition makes sense since the equivalence class of the skeleton of a sequence only
depends on the equivalence class of the sequence itself.

Step 4. Type 1 index sequences.

Recall that v(%) is the number of vertices in G;, and e(%) is the number of edges in G;
(which coincides with the length of 7). We consider ¢ € T;(p). Since for i € Ti(p), every
edge of G; must be at most a double edge. Indeed, if (u,us) had multiplicity larger
than 2 in G;, neither u; nor us could be deleted during the skeletonization process,
contradicting the assumption that sk(z) contains a single vertex. Therefore, we must
have min;.r, v(2) = p + 1. According the lemma 22(b), for every i € T;(p), we have

1
M; = M’f 1/B(dg, k)" = —————
H H /B( 7 1 B(d k:)
q€[Q] q€[Q)

Note by lemma 21(e), the number of elements in the equivalence class of ¢ is [C(4)| <
P - n'®. Hence we get

max ICH)||M,)] < sup [pPn*D/B(d, k)"O7'] = pPn?*/ B(d, k). (177)
«€Ti(p) i€Ti(p)

Therefore, denoting K = Z Q) Mokq,

S M= > [Cl||M] (178)

i€Ti(p) ceTi(p)
p—l—l 5 _
<O 5 < (Ot (179)
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where in the last step we used lemma 21 and the fact that for ¢ € [Q], B(d,, k,) > Codh
for some Cy > 0.

Step 5. Type 2 index sequences.

We have the following simple lemma bounding M ;, copied from proposition 3 in [21].
This bound is useful when ¢ is a skeleton.

Lemma 23. For any q € [Q)], there exists constants C and dy depending uniquely on k,
such that, for any d > dy(k,), and any index sequence i € [n]™ with 2 < m < d,/(4k,), we
have

. _p\m/2
M) < (Cmlo - dh)™

Suppose i € T3(p), and denote v(i) to be the number of vertices in G;. We have, for
a sequence p = 0,4(d), and each g € [Q)

()
|M§q)| (é) ‘Msk(i)’ .
Y B(dg k)

@) . kq-e(sk())/2 .
< (Ce(zk("’))> (C/dq)fr(z)kq
q

Cip\ Fore(sk(9)/2 »
(_p) (Cldq)—l(l)kq
dq

kyo(sk (i) .
(%) (Cldq)fr(z)kq
dq

INE

INE

—
ot
=

Cv(i)pk'q'v(sk(i))dq—('v(sk(i))ﬂ'(i))'kq

N\

INE

Here (1) holds by lemma 22(b); (2) by lemma 23, and the fact that sk(i) € [n]“<(),
together by B(d,, k,) > Codi; (3) because e(sk()) < 2p; (4) by lemma 22(c), implying
that for i € 75(p), each vertex of Gy ;) has degree greater or equal to 4, so that v(sk(i)) <
e(sk(4))/2 (notice that for d > dy(k,) we can assume Cp/d, < 1). Finally, (5) follows since
(1), v(sk(i)) < v(1), and (6) the definition of (i) implying (i) = v(i) — v(sk(7)).

Hence we get

|M1| < H (Cp)k’l'v(i)dq_v(i)kq.
q€[Q)]

Note by lemma 21(e), the number of elements in equivalent class |C(7)| < p*¥ - n?(¥.
Since v(i) depends only on the equivalence class of i, we will write, with a slight abuse
of notation v(2) = v(C(%)). Notice that the number of equivalence classes with v(C) = v
is upper bounded by the number multi-graphs with v vertices and 2p edges, which is at
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most v'”. Denoting o = maxc(g{1/n,}, we have

oM< Y (el (180)

i€T2(p) CETs(p)
< Y epyrre( 2y (181)
CeTa(p)
< i U4P<Cm;f+l))v. (182)
v=2
Define ¢ = Cnp* BV /¥, We will assume hereafter that p is selected such that
2p < —log (%ﬁ) : (183)

By calculus and condition (183), the function F(v) = v*¢" is maximized over v € [2, 2p]
at v = 2, whence

2
N M < 2pF(2 Cp(d—K> . (184)
€Tz (p)

Step 6. Concluding the proof.

Using equations (179) and (184), we have, for any p = 0,(d) satisfying equation (183),
we have

E[Tr(A™)] = > M= > M+ Y M (185)

i=(i1,...,i2p) E[N]?P €T1(p) €Tz (p)
3panrl ) 2
< (Cp)" e+ C ( dK) . (186)

Form equation (175), we obtain

: n n \
EllAl] < 0 {0y [ 24 (5) ] (187

Finally setting n = d* e 24vle ¢ and p = (K /A)\/log d, this yields
E[|All] < O {e #VET 402415 ] (188)

Therefore, as long as A — oo, we have E[||Al|,,] = 0. It is immediate to check that the
above choice of p satisfies the required conditions p = 04(d) and equation (183) for all d
large enough.
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Appendix L. Technical lemmas

We put here one technical lemma that is used in the proof of theorem 7(a).

Lemma 24. Let D = (D(I(I/)q,q’e[Q] € RPNXDN pe o symmetric Q by Q block matriz with
DY ¢ RUN*4N  Denote B=D"". Assume that D satisfies the following properties:

(a) For any q € [Q)], there exists ¢,,C, > 0 such that we have with high probability

2 2
T T )
0< d—ch = d"c; < Apin (D) < Apax (D™) < d—q(]q =d"C, < 00,
q q

as d — 0o.

(b) FOT CL’ﬂy q 7& q/ € [Q]? we hCH)@ O-max(DQQl) - OdJP’(quq’/\/ dqdq/) — OdP(d(ﬁ”Jrﬁ‘/)/z).
Then for any q # q' € [Q], we have

dq

||qu||0p = Oup (ﬁ> = Oqp(d™™),
q

/ d d’
Hqu ||Op = o4p ( V “q Q) — 0d,]P(d7(Kq+/{ql)/2)' (189)

a’'q

Proof of lemma 24. Let us show the result recursively on the integer (). Note that
the case Q = 1 is direct. o

Consider D = (D), ciq- Denote D = D —dg, A= (D), cio-1 € RPV*PN and
C=[(D')7,..., (D@ VHTT ¢ RIeN<DN gych that

A C

Assume that A~! verifies equation (189). Denote

B:[R T}.

T B9
From the two by two blockmatrix inversion, we have:

B = (D - C'A'C),
T=-A"'CB%“.
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We have

op

|catc), < Y |@orat,ne

op

0,4’ €[@—1]
_ Z Od]p( TqrQ > - Oyp (\/dqdq/> 'Od[p< TyTQ >
ed€l0-1] C \Wdgdq 7 TqTq 7 dydq
= 04p(rp/dg),

where we used in the second line the properties on D and our assumption on A~ '. Hence
D?° _C"A"'C =< (Tg/dq)(cq —ogp(1))I and HBQQHOp = Odﬂm(dq/rg).
Furthermore, for ¢ < @,

B = — Z (A_l)qq’cq’BQQ
7€[Q-1]
Hence
190 < 3 [ preBe
7€lQ-1] P
d
5 0o () o ) oo (4)
gqclQ-1] Tty 74Q Q
\d,d
= o4p ( q Q) 7
TqrQ
which finishes the proof. U

L.1. Useful lemmas from [21]

For completeness, we reproduce in this section lemmas proven in [21].

Lemma 25. The number B(d, k) of independent degree-k spherical harmonics on S9*
s non-decreasing in k for any fixed d > 2.

Lemma 26. For any fized k, let Q,(Cd)(a:) be the kth Gegenbauer polynomial. We expand

k

d d) s
QY (x) = pilar.
s=0

Then we have

B = Ol
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Lemma 27. Let N = o4(d"™") for a fived integer €. Let (w;);cin) ~ Unif(S*™") indepen-
dently. Then as d — oo, we have

m3X|<wi, w;)| = Oyp((log d)**d""?).
i#]

Proposition 6 (Bound on the Gram matrix). Let N < d"/efVe for q fived inte-
ger k and any Ag— oo. Let (0;)icin) ~ Unif(S1(v/d)) independently, and Q,gd) be the
k’th Gegenbauer polynomial with domain [—d, d]. Consider the random matric W =
(Wij)ijen) € RN with Wy, = Q,({d)((Oi,Bﬁ). Then we have

d}\}glooE[“ W— Id“Op] =0.
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