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Abstract

CrossMark

We develop a relativistic treatment of interference between light reflected from a falling
cube retroreflector in the vertical arm of an interferometer, and light in a reference beam in
the horizontal arm. Coordinates that are nearly Minkowskian, attached to the falling cube,
are used to describe the propagation of light within the cube. Relativistic effects such as the
dependence of the coordinate speed of light on gravitational potential, propagation of light
along null geodesics, relativity of simultaneity, and Lorentz contraction of the moving cube,
are accounted for. The calculation is carried to first order in the gradient of the acceleration
of gravity. Analysis of data from a falling cube gravimeter shows that the propagation time

of light within the cube itself causes a significant reduction in the value of the acceleration of
gravity obtained from measurements, compared to assuming reflection occurs at the face. An
expression for the correction to g is derived and found to agree with experiment. Depending

on the instrument, the correction can be several microgals, comparable to commonly applied

corrections such as those due to polar motion and earth tides. The controversial ‘speed of

light’ correction is discussed.
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(Some figures may appear in colour only in the online journal)

1. Introduction

In a typical falling cube gravimeter, whose purpose is to
measure the acceleration of gravity g with precision, a refer-
ence beam passes through a beam splitter where part of the
beam is sent vertically to a falling corner cube reflector in an
evacuated chamber. The cube is accelerated by gravity so the
reflected beam suffers first- and second-order Doppler shifts
as well as other effects; upon mixing with the reference beam
back at the beamsplitter a beat frequency is generated having
a rapidly increasing frequency chirp. In the gravimeter ana-
lyzed in this paper, a time stamp is recorded repeatedly after
some fixed increment in the number of zero crossings of the
beat signal. The time series depends on the strength g of the
acceleration of gravity and on its gradient, on the structure of
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the retroreflector, and the position and velocity of the cube at
the initial instant of release; the initial position and velocity
and g are then extracted from the data. Typically a great many
drops are averaged to obtain the value of g; fractional uncer-
tainties of the order of 107® cm s~2 are currently obtained
after applying several corrections that are of microgal order;
(1 Gal =1 cm s72).

A freely falling, locally inertial system can provide an
application of the Principle of Equivalence: after expanding
the gravitational potential in a Taylor series about the origin
of local freely-falling coordinates and transforming the metric
to local coordinates, the linear contribution cancels out and
the local gravitational field consists primarily of tidal terms,
or gravity gradients. The corner cube is an extended body with
more mass near the flat face, so the net gravitational force on
the body acts at a point above the face. For an ideal solid cube,
the center of mass is at a point d = D/4 from the face, where
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D is the cube depth from face to corner. Choosing the ret-
roreflector’s center of mass as the origin of local coordinates
simplifies the metric tensor in the freely falling frame, but
complicates the analysis of light propagation within the cube.

Light propagation within the cube can be described as
though a reference frame fixed in the falling cube were iner-
tial; this entails a small time delay, during which the cube
continues to accelerate in the laboratory. A wave front with
a particular phase that enters the cube then leaves the cube
at a lesser height and the fitted value of the initial center of
mass position Zj is diminished. The extra path can amount to
several thousand wavelengths. A smaller measured value of g
results when this is accounted for; appendix B gives a detailed
discussion of this effect in the ‘non-relativistic’ limit.

We construct a reference frame fixed in the cube using
normal Fermi coordinates, which are very close to the
Minkowski coordinates of special relativity. We derive a
simple expression for the correction to the measured value of
g that accounts for the dimensions and refractive index of the
cube; the correction can amount to several microgals, com-
parable to many other commonly applied corrections such as
those due to polar motion, and earth tides.

The calculation is carried to first order in the gravity gra-
dient parameter v ~ 3 x 10% s72 near earth’s surface; terms
of order v? have been investigated but found to have negligible
influence on the phase of electromagnetic waves in the inter-
ferometer beams. Also, the reciprocal of the speed of light,
¢! provides a parameter that is sufficiently small that Taylor
expansions in powers of ¢~! converge rapidly. Contributions
of order ¢—* have been investigated and terms of order ¢~ in
the phase difference of the test and reference beams have been
retained.

The purpose of the present article is to provide a relativ-
istic theory of a falling cube gravimeter, which fully respects
relativistic principles such as the equivalence principle, light
propagation along null geodesics, relativity of simultaneity
and Lorentz contraction between moving frames. Tan et al [9]
have used normal Fermi coordinates to treat relativistic effects
in an absolute gravimeter; they have studied earth rotation
effects, and motion of the falling mass perpendicular to the
laser beam; neither of these phenomena are investigated here.
They have not, however, treated the optical path of laser light
in the cube, which is the most important topic discussed here.
In this paper we account for the phase change of the reflected
beam due to its propagation in the glass. We process data from
5000 drops in a gravimeter of this type, both with and without
the assumption that reflection occurs at the face, and find a
difference of several microgals in the value of g. An additional
issue treated here in full is dependence of the coordinate speed
of light on gravitational potential and the time delays of the
test beam upward from the beamsplitter, through the glass,
and down to the beamsplitter.

In section 2 we discuss the action of a gravity field gradient
on a cube of pyramidal shape. Section 3 applies the result to the
construction of a cube-fixed locally inertial frame; this work is
supported by detailed derivations in appendix A. In section 4
the coordinate speed of light is shown to depend on the gravita-
tional potential, and the phase of the upward-propagating test

beam reflected from the beam splitter is calculated. Section 5
completes the derivation of the test beam phase and its inter-
ference with the reference beam. Results of data analysis of
5000 drops are discussed in section 7. The ‘speed of light’
correction is briefly discussed in section 8.

2. Free fall of an extended body

For a freely-falling point mass, the gravitational potential gra-
dient at the position of the mass is equal to (except for a nega-
tive sign) the mass’s acceleration. Construction of local normal
Fermi coordinates with origin at the mass’s position, results in
the elimination of linear terms in the Taylor expansion of the
gravitational potential, so that in the local coordinate system
the mass is not accelerated; only quadratic (and possibly higher
order) terms in the gravitational potential remain. This is a con-
sequence of the Equivalence Principle: the acceleration a of
the local coordinate system results in an additional local gravi-
tational potential a - r; the negative gradient of this additional
potential cancels the negative gradient of the original potential
so that the mass is ‘weightless’ in the local coordinate system.
For an extended body, however, the center of mass may not fall
along a geodesic. Below we show the center of mass follows a
geodesic if terms no higher than quadratic order in the Taylor
expansion of the gravitational potential are retained, as is the
case in the present work. If the total gravitational force on the
body equals the (negative of the) gradient of the gravitational
potential evaluated at the center of mass, then the center of
mass will follow a geodesic [7].

The linear mass density of a corner cube of depth D, along
the symmetry axis, increases quadratically with distance
along the axis from the corner. We use capital letters to denote
coordinates in the laboratory frame. We assume that the gravi-
tational potential is approximated by

®(2) = gZ —~72)2, )]

with the gravity gradient parameter v ~ 3 x 107%s~2 near
earth’s surface. The gradient parameter -y represents the rate of
decrease of g, per meter of vertical distance upwards. Let dM
be the mass in a slice of retroreflector material between Z and
Z + dZ. The gravitational force on dM will be (—g + vZ)dM .
Let the cube be placed at rest with its face at Z and its corner at
Z + D. The center of mass Z is defined by

MZ = / ZdM, (2)
so the net force per unit mass on the retroreflector is
= o®
— Z=—— .
g+ 9z|,, 3

Thus the net gravitational force on the retroreflector is iden-
tical to the (negative) gradient of the potential evaluated at
the center of mass, so the center of mass will follow the same
trajectory as that of a point mass at the center of mass posi-
tion. Then if the center of mass, at distance d above the face,
should be chosen as the origin of locally inertial coordinates,
quadratic terms will survive in the Taylor expansion of the
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Figure 1. Simplified diagram of a freely falling cube gravimeter.

local metric. This is proved explicitly in appendix A. For a
perfect solid cube with face ground normally to the (1,1, 1)
axis, d = D/4.

3. The falling cube

Figure 1 illustrates the operation of a gravimeter that is
analyzed in this paper. A solid retroreflector is diagrammed
schematically in figure 2, showing an incoming ray, fol-
lowed by three total internal reflections, and an exiting ray.
We take as the reference point and origin of laboratory coor-
dinates the point where the beams recombine. We assume
the beamsplitter is perfectly aligned so that the optical path
differences in vacuo in the two arms, from the point where
the beam is split, to the recombination point, are compen-
sated and do not have to be considered explicitly. The cube
is assumed to be perfectly aligned and to fall without rota-
tion. In the laboratory the gravitational potential is given by
equation (1). We use lower case letters to denote coordinates
fixed in the frame of the falling cube, and take the center
of mass of the falling cube to be the origin of coordinates
z = 0 in the falling frame. Both Z and z are measured posi-
tive upwards. The equation of motion of the center of mass
of the retroreflector is

7Z=—-g+~Z 4)

The solution corresponding to release from position Zj of the
center of mass, with initial velocity Vpat T = 0 is

gT? ZoT?>  VoT?  gT*
Z(T) =2y + VoT — — - — .
(1) =20+ T = 5 0 (B + o -
&)
The velocity of the center of mass is
VoT?  gT?
V(T)ZVo—gT—FW(ZoT-F o —g6> ©6)

Given the gravitational potential in equation (1), the geodesic
equations of free fall vertical motion give equation (4), but
with relativistic corrections of order ¢~ that can be neglected.
Also, in computing quantities such as V(7')? terms that are of
order 7? or higher are neglected throughout this paper.

To fully describe the physics within the falling cube we
need to introduce a transformation relating coordinates and
time between the laboratory frame (7, Z), and the accelerating
falling frame (¢, z). We begin by computing the proper time 7
of a reference clock at the center of mass, elapsed from the
drop instant 7 = 0.

Let the metric tensor in the laboratory frame be:

285(2)

Goo = —(1+ 2 ); (7N
20(Z
Gz = (1— #), (®)

where c is the speed of light at Z = 0 determined with the aid
of an atomic reference clock. The potential is assumed to be
static in the laboratory frame during the time required for one
drop. The fundamental scalar invariant is

ds* = (cd7)* = —G,,, dX"dX". )

We have adopted the metric signature —1, 1,1, 1 so dr? > 0;
repeated Greek indices are summed from O to 3, except that
only two components of the metric tensor need to be consid-
ered. Transverse motion is neglected in this paper; we do not
consider Coriolis forces or rotation of the retroreflector.

The proper time of a falling clock at the origin of cube-
fixed coordinates is then

1 T
T = E A \/—(Goo(c dT)2 + GzdeZ)

[ (142D Y g

c 2¢2
1 V2 Vog g7
=T(1+ 5 (Zg— 2 —2T1? -
< +02(0g 2)>+c2 3¢?
2
+72<—g ZoVoT?
Vi 2870\, gVoT* gT°
V4 )T S 10
+ ( T3+ T (10)

where here and throughout the paper we keep the leading
relativistic correction terms of order ¢~2, but keep only the
contributions linear in +.

This has an application to atomic fountain clocks, since
equation (10) applies to an atom launched upwards. For
atomic fountains, we neglect . Suppose an atom is projected
upwards from Zy; = 0 with velocity V, sufficient to reach
height H, with V3 =2gH. A total time 2V, /g is required
for the atom to fall back down to the starting point. During
this interval the proper time elapsed on the atom from equa-
tion (10), is

2Vy V3
T =

—(1+=5).

11
P e (11)
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Corner

Figure 2. An ideal solid retroreflector showing an entering ray,
three reflections, and an exiting ray. Most such retroreflectors will
have the points near the entry/exit face ground away, so the center
of mass is closer to the corner than is the case for the cube shown
here.

The ratio of the relativistic part of this, to the non-relativistic
part, is just the fractional frequency shift of the hyperfine
splitting of the atom, due to relativistic effects, and is

AT Af Vg/(?;gcz) B Vg _1gH
T f 2Vo/g  6c2 3¢t
Including ~ in this calculation yields only tiny additional
corrections.
Equation (10) for the proper time can be solved for 7 in
terms of 7 at the center of mass by iteration:

Vi gZ Vor? | g7
T:T(H—O—Q)—goz +&80
c 3¢

(12)

+ Cl (TT + ZoVor? + (Vs 732‘?20)73 - gV;)TA + %)
(13)
As can be seen, the derivations are straightforward but the
expressions are algebraically lengthy. Therefore the complete
calculation of the transformation equations, including the
transformation function Z(t, z), is provided in appendix A and
we proceed mostly by quoting the results of those calculations.
In addition to the terms in equation (13), there is a cor-
rection V(T)z/c? arising from the relativity of simulta-
neity. Adding this term (see appendix A) gives the net time
transformation

Vs Z Z Voz Vot? 243
T(t,z) =t{ 1 %_Lf_% 702_5’(2) gf2
2¢ C I c c 3¢
1 (% Vozs o
+ 2 ((2 +ZoZ)t—|— (VOZO + T)I
V2 Z 287 Vf4 2t5
—i—(—o—g——ﬂ)ﬁ_gio_i_gi'
3 6 3 315
(14)

The symbol 7 is reserved for the proper time on an ideal clock
at the origin of falling coordinates, while 7 represents the time
variable extended to the region including the interior of the

retroreflector, the vertical arm of the interferometer, and the
beamsplitter. At the center of mass, z=0and t = 7.

The transformation for coordinate Z(z,z) is derived in
appendix A and is

V| g2, | &7
Z(t,2) = Z 14+ 2 420+ &2
(t.2) = Zo + 2( toat c2)+202
V3 VoZy 3gV2 27 4g%Vyr? 3t
o(Vo+ 0 - 8%y o 8 O8N0 8%y | 28 ol 8T
2¢2 c? 2 2¢2 c? 3c2 3c2
N 72z Zod? (ngo Vozz) (ZO 3V3z, 372 N gzz)
2¢2 2c2 2c? 2c? 2 2c? 2c? 42
Vo TV2  19gZyV, 5gV2  1¢%Zy
3,70 0 840Vo 4 8 gVo 8
Pl—+ —5 — r(——=—
* (6 + 12¢2 6c2 )+ 24 4c2 6c2 )
2 5 3.6
11g° Vot -~ 11g°¢ ) (15)
15¢2 90c2

It is shown in the appendix A that these transformations elimi-
nate the term in g in the gravitational potential in the falling
frame, with a small contribution remaining from the gravity
gradient; in the falling frame the gradient contribution to the
gravitational potential is —yz> where z is measured upwards
from the center of mass. The term yz? is precisely the contrib-
ution needed for the cube to remain unaccelerated in the
falling frame. The inverses of these transformations are given
in appendix A.

4. Signal phase and propagation speed

The output signal of the gravimeter can be analyzed in sev-
eral ways. One way is to follow the frequency from source
through the beamsplitter, through the cube and back down
to the beamsplitter where it is combined with the refer-
ence beam. Another way is to follow the phase of a mono-
chromatic signal through the apparatus. Another way is to
imagine sharp pulses emitted from the source, and to cal-
culate the propagation time to the recombination point. One
useful fact in such analyses is, because the gravitational
field is static, coordinate frequency during propagation up or
down through the gravitational field is conserved. Another
useful fact is: the wavevector of a monochromatic wave is a
null fourvector in vacuum. The approach we choose here is
to follow the phase of the test signal from the beamsplitter,
through the cube, and back down to the beamsplitter. This
is simpler in some respects since phase is a relativistic
invariant. We shall neglect dispersion and make no distinc-
tion between group and phase speeds of signals. Also, we
are justified in treating propagation of signals in the cube
neglecting gravitational potentials, provided that analysis is
done in the freely falling frame.

In the lab, a signal propagating in a vacuum in the upwards
direction is null and at each point along its path satisfies:

0= G()()Csz2 + Gzdez.

(16)
The coordinate speed of the signal will therefore be:
dz 29(2)
Vi=— =+v/—Goo/Gzz = c(1 .
ST ar w/Gzz ~ (1 +=7) (17)

We choose the reference point to be at the beam splitter and
set ®(0) = O there; the speed of light at this point in the lab
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is assumed to be the defined speed, 299 792458 m s~ The
coordinate speed of light above the reference point will be
greater than c.

Suppose the angular frequency of the reference signal is
Q, and that the signal from the reference beam that stikes
the splitter and is reflected up has phase ¢(Ty) = —QTy
at the origin Z = 0. The wavelength of the light will be
A = 27/ The phase propagates upwards with coordinate
speed given by equation (17), and will reach height Z at time
T given by

Z V4 2
dz 1 2¢7 Z
o Vs ¢ Jo

1 87> ~Z?
=To+-(z+%5 - 12 ),
o+c( + o~ aa (18)
The phase of the signal at (7', Z) is therefore
1 87> ~Z?
Z,T)= T))=-QUT—-(Z-+ ||

oz.1)=o0.1) = -0 (1~ 1 (z- %+ 25

(19)

The signal four-vector K|, can be obtained from this phase by
differentiation:

_ 96(2.T)
KH - W, (20)
where X = ¢T, X3 = Z. This is a null fourvector satisfying
Ko)? K7)?
GOO(K())2 +GZZ(KZ)2 — ( 0) ( Z) — 0 (21)
Goo Gzz

The wavevector components obtained from equation (20) are
consistent with equation (21) to the order ¢72 of the present
calculation. In particular, the coordinate frequency Ko = —2/c
in the lab is conserved in the static gravitational field.

5. Phase in the falling cube

We now follow the phase of the signal through the cube until
it exits going in the —z direction. The phase of the signal
impinging on the front face of the falling cube is denoted by
¢m and will be

Gin = ¢(Z(t, —d), T(1, —d)) (22)

where Z(t, —d) is the position of the face at time T(¢, —d)
given by the transformation equations (15) and (14). This
substitution naturally gives the phase entering the cube
in terms of the time ¢ in the local frame. Substituting and
expanding to order ¢, the signal phase at the retroreflector
face is

Zo—d Vo dg V2 gz
¢in(t)=9<°f>+m<—1+7°——f— °+g—2°>

C 276'2 C
+sz<—%+gc—‘f’) QSZVO - Q;Zfz wQ(r(—ZZ—COZZ+dC—Z;’)+%
+t4(7%+%)7%). (23)

The value of ¢ in equation (23) is labeled with a subscript
‘in’ since it corresponds to the phase that strikes the cube
face. The phase is a relativistic invariant, so this is the phase
entering the retroreflector in the local freely falling frame.
In this frame (but in vacuum outside the glass) at this point,
the coordinate speed of light differs slightly from ¢ because
z = —d and the metric tensor still has gravity gradient terms.
However, the difference is negligible, see (A.9) and (A.10).
We shall neglect dispersion in the cube and assume that the
coordinate phase speed of light in the glass is reduced by a
factor 1 /n. The phase speed is therefore

dz ¢ c ~vZ?
U = @ aV —800/8z = ;(1 - CT)
In the falling frame, the local time interval needed to reach
height z going upwards is then

(24)

2

“dz n [F vz n Yo s 3
ot = — - dz(l1 + —) = - d+ — da’)).
o C[d Z(1+ c2) C(z+ +3cz(z +d%))
(25)
We denote the distance from the face at z = —d to the corner

by D. The total local time required for the phase front to prop-
agate to the corner and back to the face is then double the
amount calculated just above:

2n Y0 > 14
=—|D+ —=(d°D — + =D") ).
oty . ( ) (d dD 3 ) (26)

This time interval is the same for every ray entering the face
normally. The phase ¢ exiting the face is numerically equal
to ¢i, but the local time at which the phase front exits is at a
later local time. Therefore the replacement

Gour = ¢in |t—>l—6t+

27

will give an outgoing phase that represents the phase at a later
t. In making this replacement, the last terms in < in equa-
tion (26) do not contribute, to the order of the present calcul-
ation, so

Qd QZ, 2DnQ) 2DnQYV, QdV,
¢0ul =+ —+ - B + B
Cc C C C C
Vo Vi  2Dng  gZy dg
Q-1+ ——-—= = - =
+-1+ c 2 c? + c? cz)
N g Vo, Qg Z:  2DnZy, dz,
QU=+ =) — Qlt(—— — —
* ( 2¢ + c? ) 3c2 t ( 2c2 c? c? )

2 Zo  dVo  VoZy DnVo, 4 Vo dg V2 2¢Z, Dng
A+ —— — Pl=—-S+-2 —
* (2c + 2¢2 c? c? )+ (60 6c2 * 3¢ 3¢c2 3¢ )

TR S A
H et 32) T sa ) (28)

Viewed from the falling frame, the phase front propagates
in vacuum downward to negative values of z with a phase
velocity

V<
0, = —C(l — ?) (29)
The local time required to propagate to z < —d is
L[ 2 1 (& +d)
0t = —— dz(14+ —-) = —— d+ ——).
c/_dz(+cz) Lera+ 1AL,
(30)
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The phase field in the region below the cube is then

¢>(h Z) = ¢oul|tat76t_-

Substituting and expanding to order ¢~ gives

3L

2. %

2Dn)V,
+z(——+ 2

C2
8%
- CT) +7(
dz Z()Z
wttat )
\%
+ iZ)

2c2

Q 2Dn{)

¢(I,Z) 2 )7
807

2

c c

2DgnQ  QV3
2 22

2dDn  2DnZ,

2dDn g2 4
c? 2¢

gWVo

+1(—=2+ 2

o
c

Z() Dn V()

VoZo

2

(32)

This phase needs to be evaluated at the reference point Z = 0
and expressed as a function of the time 7. Substituting from
the transformation equations equation (A.5) and (A.6) and
then setting Z = 0 yields the phase to be combined with the
reference phase at the splitter:

2(Dn—d)Q2 29 2(Dn —d)QVy 297V,
o(r,0) = 20— 20% 2D d)Vo _ 20%Vy
C C C C
20V,  20V2  2Qg(Dn—d)  2g07
LT(-Q+ (U 20+ g(;l )+g20)
C C C C
g 3gQV, &> 013
T3(—2= -
+ ( c + c2 ) cZ
2(Dn—d)zy 27} 2 Zo (Dn—d)Vo 4VeZy
Qr-—5""2 -0 (2 - T
a0 22 %) e On )
Vo g(Dn—d) 4V: TgZ, g SgVy, &T
(=4 0 Ty T2 -2 ).
+ (3c + 3¢2 3c2 3¢2 )+ T 12c+ 4¢c? ) 4¢c?
(33)

To the order of this calculation, solving the relativistic
equations for the hyperbolic center of mass motion of the cube
gives additional terms of order ¢~2 in equations (5) and (6).
These terms contribute to the transformation equations but
because of their high order have no effect on the final phase,
equation (33).

Not all of the relativistic correction terms are important;
for example many of the terms multiplying  are very small.
Within the falling cube, z is usually no more than a few centim-
eters; with a nominal value of the gravity gradient at Earth’s
surface v & 3 x 107°, then vz2/(2¢?) ~ 1072° and could be
neglected. Nevertheless these terms are included since they
may be important in other applications.

The signal is mixed with the reference signal, which has
phase —QT, and fringes are counted. The phase difference is
obtained from equation (33) by omitting the term —27 in the
second line. It is possible to absorb some of the terms in the
cube depth D in the difference by redefining the initial posi-
tion Zj, however it is not possible to eliminate all such terms
and a significant effect remains, which will be discussed in
Sect. 6.

The transformations between laboratory coordinates and
freely falling coordinates provide alternative descriptions of
phenomena, which must agree when results are expressed in
terms of observables such as numbers of interference fringe
counts. For example, in the above calculation of the test beam
phase at the detector the calculation treated the source at
7z = —d as at rest and the detector as moving. Alternatively,

)

one may calculate the test beam phase at the detector in labo-
ratory coordinates considering the source (the cube face) to be
moving while the detector is at rest. In the latter case, how-
ever, one must take care to compute the time delay between
the source and arrival at the detector accounting for the finite
speed of light. This is analagous to computing the propagation
time of a signal sent from a moving transmitter to a receiver
at rest.

Let the face of the cube at transmission time T7be Zgee (T7)
and let the time required for the signal to reach the detector at
Z = 0 at time T be denoted by A(Zgee(Tr)). Then the time of
transmission is determined by a retarded time:

TT =T-— A(Zface(TT))~ (34)

This can be solved by iteration:

Tr =T — A(Zpace (T — A(Zpace (T — A(Zpaee (T — ...))))))-
(35)
Each iteration introduces terms having one more factor of ¢ in
the denominator; convergence is rapid.

We denote the phase out of the cube as a function of 77 in
laboratory coordinates as ®qy(77). This may be obtained by
solving the equation Ty = T (¢, —d) from the time transforma-
tion, for ¢ in terms of 77 and substituting for ¢ in favor of 77

into the scalar, equation (28). The phase at the detector is then

D(T) = ou(Tr)
= q)out(T - A(Zface(T - A(Zface(T - A(Zface(T - )))))))
(36)
The result agrees with the test beam phase at the splitter,
equation (33).

5.1. Origin of time

The choice of zero of time is arbitrary; in the present work we
have chosen to make T = 0 at the instant the cube is dropped,
introducing initial position Z; and velocity V, to account
for imperfections in release. Suppose instead the cube were
dropped at a different instant 7. The center of mass position
and velocity at this instant will be:

1, ZoT}  VoT3  gTh
Z(Ty) = Zo + VoTo — =gT. =0 4 "0 520y,
(To) 0o+ Vo 2g 0+’y( ) 6 24),
VoT? T3
V(To) = Vo — gTo + v(ZoTo + 020 ——g60), (37)

Solving for the original position and velocity, keeping linear
terms in v, gives

_ _ i Z(To)T;  V(To)T; Ty
Zy = Z(To) — V(To)To 3 +7( 5 —% " m );
V(T))T? ¢T3
Vo = V(To) + gTo +v( — Z(To)To + ( 20) 0 4 870), (38)

If one substitutes the replacements indicated in equations (38)
into (33) or one lets T — (T — Tj), and makes the replace-
ments Zy — Z(Tp), Vo — V(Tp), then upon neglecting
powers of « higher than 1 it is found that the interference
phase difference is form-invariant with respect to this change
of time origin. For example, consider only the terms propor-
tional to ¢~ in equation (33). These are
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%( —2d +2Dn — gT* + 27y + 2VoT +( — l—lng“ + %vm +ZQT2>.

(39)
Making the replacements given in equation (38) and keeping
terms of order ~, this becomes

Q
= ( —2d 4 2Dn — gT? + 2gTTy + gTg + 2TV (Ty) — 2Ty V(Ty) + 2Z(To)

+%7(§(T = To)* = 4(T — Ty)*V/(To) + 3Z(To)(T — To)2)>’
(40)
which is of the same form as equation (39) upon making the
replacements Zy — Z(Ty), Vo — V(Ty),T — T — Tp. The
remaining contributions in equation (33) behave similarly, as
do all the terms proportional to D. This is a useful self-consis-

tency check of the theory.

6. Dispersion and modulation

6.1. Dispersion

As the cube falls, the wavelength of laser radiation within
the cube decreases slightly. This results in a change of phase
velocity that is negligibly small, as can be seen from the fol-
lowing argument. The acceleration g acts for a time 7 that
is only a few tenths of a second, causing the velocity to
build up to gT ~ 5 m s=2. The first-order Doppler shift of
the laser wavelength within the cube is then no more than
AN = —V)/c=—gTA/c~ —10""* m. Chromatic disper-
sion for typical corner-cube glass is dn/d\ =~ 5 x 10* m™!,
[10] so An ~ 5 x 10710, The change in time delay within the
cube due to dispersion is negligible.

6.2. Modulation

Low-frequency modulation may be applied to the laser signal
to aid in locking the laser to a frequency reference—e.g. a
Rubidium oscillator. This modulation produces sidebands
whose strength depends on the amplitude of the modulation.
Every term in the beat frequency is proportional to the orig-
inal laser frequency of the source, €2, so both reference beam
and retroreflected beam will have sidebands that undergo a
chirp proportional to the frequency chirp of the main signal.
We shall write the unmodulated phase of the signal ®(7,0) in
(33) in the form

O(T,0) = QF(Zo, Vo, 8,7, T) = QF. 41)

Assuming the signal is frequency modulated with rela-
tively low frequency wy,, and has a small modulation index
0, the modulated reference beam signal at distance x from the
origin can be represented by

Enf = Eoe(iﬂx/c—iQT)(l _ ée(—ixwm+ime) + ée(ixwm—ime)).
2

(42)
The electric field of the retroreflected beam may have a slightly
attenuated amplitude, but will have sidebands such that

Epey = EleiQF(l - gei“”"F + ge_ime). (43)

These signals are superimposed and sent into a photodiode.
The measurements consist of time stamps of zero-crossings of
the time varying quantity

EiesiEres + c.C. (44)

The sideband frequencies also suffer from the frequency
chirp that occurs as the cube falls and can be described by the
phase function equation (33) with an appropriate frequency.
However, unless the frequency modulation index is large we
find there is almost no effect on the interference fringe counts.

7. Data analysis

Three data sets produced by a falling cube gravimeter were
analyzed. These were characterized by differing numbers of
drops, and differing numbers of zero-crossings of the interfer-
ence signal between time stamps. These details are summa-
rized in table 1.

The data were processed using the result in equation (33),
with the term —€Q7T in the second line omitted, and refrac-
tive index n = 1.52. An estimated value of gravity gradient
v = 3.0724615 x 10~ s=2 was used for all drops; the data
is not sufficiently robust to determine -y itself as the covari-
ance matrix becomes singular if y is included as a variable to
be determined by the drop data. For each drop in each ‘pro-
ject’, the data were first processed with D = 0, as though the
reflection from the falling cube occurred at the cube face. The
variables Zy, Vj, and g were determined by the fit with a fixed
value of 7. Then the data were processed with D = 0.0175
m corresponding to the distance from cube face to corner of
a typical ‘1 inch’ cube, and d = D/4. (The values of D and d
for the particular gravimeter from which this data were taken
were not available.) None of the usual corrections such as
those arising from polar motion or tides were applied since
such corrections would be the same whether D was or was
not included in the calculation. The value of g obtained when
D # 0 was invariably smaller than the value obtained when
D = 0.0175 m. In fact the difference for all drops in all pro-
jects, including short drops obtained by selecting fewer time
stamps, was found to be

dg =g(D =0.0175m) — g(D=0m) = —6.828 54 n Gal.

(45)
with negligible variation. The same number arises if all terms
of order ¢~2 in equation (33) are neglected.

This is a significant correction, comparable to the magni-
tudes of other corrections such as arise from polar motion, or
earth tides.

The fact that the difference dg was found to be the same for
all drops implies this constant difference should be derivable
from equation (33). Suppose that fitting the drop data to equa-
tion (33) with D = 0 results in values Zg, Vj, g for these three
parameters. Then suppose that fitting the drop data with D # 0
results in the values Zy+ 0Zy, Vo + 6V, g + dg. All these
quantities are constants independent of 7, so the two phase func-
tions at an arbitrary value of T must match. Let us denote the
phase given in equation (33) by ¢(D, Zy, Vo, g, T). Linearizing
the phase with respect to the small increments §Z, §Vy, dg
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Table 1. Description of data processed using equation (33).

Project Number  Number of Number of zero-cross-

# of drops  time stamps  ings between time stamps
#1 200 1200 1000

#2 2400 1400 800

#3 2400 1000 1200

then upon subtracting the phase without D the difference
should be identically zero. Thus we expect

&(D,Zo+ 0Zy, Vo + 0V, g + 08, T) — $(0,Zy, Vo, 8. T) = 0.
(46)

Carrying out the calculation, we find neglecting terms of order
42 but without further approximation, that

8Zy = —Dn + d;
5‘/0 = 0;
0g = —y(Dn —d).

(47)

It is remarkable that these replacements reduce both non-rel-
ativistic terms and terms proportional to ¢~ ! in equation (46)
to negligible levels. This value of the correction to g is indeed
equal to that found by fitting the data:

5g = —6.828 54 1 Gal. (48)

The changes in Zj and Vj as given in equation (47) are simi-
larly verified by fitting. Although equation (46) is a fourth-
order polynomial involving five coefficients, the adjustment of
only three quantities as in equation (47) is sufficient because
6Vo = 0 eliminates all odd terms in 7. The residuals after
applying the remaining two adjustments in equation (47) are
proportional to 7* and are negligible.

8. ‘Speed of light’ corrections

One of the more controversial issues surrounding measure-
ments with falling cube gravimeters is the so-called ‘speed
of light’ correction. Many measurement models of gra-
vimeters of this type attempt to account for propagation
delays between the instant the waves are reflected from the
cube and the instant they are delivered to the detector, due
to the finite value of the speed of light [5, 6]. A review of
such speed of light corrections has been given in [8]. It
should be emphasized that the result given in equation (33)
does not require any such correction as light propagation
has been fully described in that expression using relativ-
istic principles.

Suppose one nevertheless attempts to derive a ‘speed of
light correction’ by analogy with equation (46) by first fitting
only with the leading ¢~ ! terms, then linearizing. To compare
with earlier treatments we take D = 0 and separate the phase
contributions into ¢~! and ¢~? contributions:

1 1
(0,2, Vo, 8) = ;C/)l(Zo, Vo.8) + gqﬁz(zo, Vo, 8)- (49)

Let Zy, Vy, g be determined by data fitting using only ¢y, the
non-relativistic part of the phase. Then one might expect cor-
rections to satisfy

%¢1(ZO +0Zo, Vo + 6Vo,8 + 68) — ;12@(20, Vo.g) =0.
(50)
However, this is a fourth-order polynomial in the time having
five constant coefficients and cannot be satisfied by adjusting
three fitting parameters. Even if terms in -y/c were neglected,
there are still four constant coefficients. Thus it appears to be
infeasible to derive speed-of-light corrections in this way. In
case of a three-level schema in which only three fringe shifts
are recorded at three times, one can imagine obtaining relativ-
istic corrections by adjusting only three parameters.
In any case, such corrections are unnecessary; the full rela-
tivistic phase difference including propagation delays of light
through the apparatus is available in equation (33).

9. Conclusions

The large value of the correction in equation (47), obtained
from data analysis as well as from theory, supports the conten-
tion that in falling cube gravimeters, the time delay entailed
by penetration of the light into the cube cannot be ignored. It
also points up the need for a better value of the gravity gra-
dient-not just a ‘standard’ value-at the position of the appa-
ratus, as well as a precise value for the refractive index of
the glass and an accurate position for the center of mass. No
additional ‘speed of light’ correction is needed in this picture,
as relativistic corrections including Lorentz contraction of the
falling cube, dependence of the coordinate speed of light on
gravitational potential, relativity of simultaneity, propagation
along null geodesics, and first- and second-order Doppler
shifts have been accounted for. The correction for time delay
within the falling cube has been shown to be several microgals
and to depend on properties of the cube; this correction can
simply be added to other relevant corrections that are com-
monly applied.
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Appendix A. Coordinate transformations

The prescription for constructing accelerated cube-fixed
normal Fermi coordinates that cover the falling cube, extending
to a space-time patch containing the cube and beamsplitter, is
developed in [1]. Normal Fermi coordinates[2—4], similar to
Cartesian coordinates falling with the cube, are constructed
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by parallel propagation of a tetrad of orthonormal four-vec-
tors along the trajectory of the freely falling test object. In
the present case the trajectory is that of the center of mass
of the falling cube. The Oth member of the tetrad is just the
four-velocity, tangent to the trajectory of the center of mass.
The time in the falling frame is the proper time on an imagi-
nary ideal atomic clock carried along at the center of mass.
The other members of the tetrad are obtained by solving equa-
tions for spacelike geodesics that intersect the trajectory of the
center of mass orthogonally. In the present case the only addi-
tional coordinate of interest is the Z-coordinate so only two
members of the tetrad are relevant: these are the 0-member
of the tetrad tangent to the center of mass trajectory, and the
spacelike 3-vector directed along the vertical Z-axis. The con-
struction yields the following expression for the time transfor-
mation (equation (A.12) in [1]):

r

! dt \E
T(t,z) = + .
R e o A S
The integral has already been calculated in equation (13). The
last term in equation (A.1) representing relativity of simulta-
neity is

V(T)z 1 VoT? ¢T3
= = (Voz — gzT ZT —
2 c2( 0z — g2l +72(%T + =3 g )
1 Vozt2 gt3z
= —(Voz — gt Zozt —==). A2
cz(OZ gtz +(Zozt + =5 G ). (A2)

where to the order of the calculation 7 can be replaced by 7 in
equation (A.2). Combining equations (13) and (A.2) gives the
transformation from time in the lab to the falling coordinates
in the cube, equation (14).

We also need the transformation of vertical coordinates
from the lab coordinate Z to the cube-fixed coordinate z,
which is given by (equation (A.10) in [1]):

®(2(T)  A(T):

)

Z=2Z(tz) = (Zcm(T) +z(1-

n ZZA(T)>

2¢2

V(T)*z

+ 2¢2

(A.3)

T:T(t,O)'

Here quantities such as Z(T) and ®(T) are evaluated at the
cube’s center of mass, which is the origin of locally inertial,
freely falling coordinates. Then T is replaced by its value at
the center of mass given by equation (14). The acceleration
A(T) of the cube is obtained by differentiating equation (6).
The first term in equation (A.3) is the accelerating value of
the Z—coordinate at the center of mass. The coefficients of
z include a change of scale arising from the earth’s gravita-
tional potential, a Lorentz contraction term, and additional
acceleration contributions. These contributions arise during
construction of normal Fermi coordinates, while solving for
spacelike geodesics that intersect the trajectory orthogonally
[1]. In General Relativity, arbitrary coordinate transforma-
tions are allowed; of course then the physics in the resulting
coordinate system must be interpreted in terms of coordinate-
independent observables.

After expanding equation (A.3) to order ¢ 2, the transfor-
mation for the Z coordinate is

Vi gZ 2
Z(t,2) = Zo+2(1 + 20 + 850y 4 8

22 27T 2
+1(Vo + \ gVOZ()) 2(_§ 38V 82720) 4’V gt
2¢2 c? 2 2 c? 3¢2 3¢2
N <_ZL21_Z()712 (zgvo_ﬁ)+lz(@+3vgzo_3gz§ gj)
2¢2 2¢ 2¢? 2¢? 2 2¢? 2¢? 4c?
+z3(ﬁ N vy 19gZ0V0)+t4(7£ _ 5¢Vs 7gzzo)

6 122 6c2 24 4¢? 6¢2
g Vor* 11g3t°>

15¢2 90c?

(A4)

The relativistic correction terms are easily identified by the
factors of ¢ in the denominators. The inverses of these trans-
formations, obtained by an iterative process, are

VoZo VoZ Vi o gZ.  gWT* gT?
(T,Z) = —= — — +T(1 + 2% +2) —
(T.2) c2 c2 +T(+ 2¢2 * c? ) 2c2 6c2
z2 VAYA VoZo VoZ
(5% — =)+ T - 57
+’y( (202 c? )+ T c? 202)
gZy VI gZ. 1gT*V,  1¢°T
P(-S5+-2+22) - ; .
+ T 2¢2  3c? 602) 24¢? 120c? (A.5)
3z, 72 V2 gZ>  3g*TV, 3gT*
T,7)=—Zy — 2 20 L (14 Lz -2
(1.2 07 2 + 2c2 +(1+ 202) 2c? 2c? 8c2
V3 28VoZo  gVoZ g 18V g2y gz
T(—Vy — -0 4 267920 570~ 722 4 870 520, 6%
+HT(=Vs 2¢2 + c? c? )+ (2 4c? c? 202)
7 ZyZ* VoZi  VoZ?
_ o= T(—
+7( 22 T2 ( z T 202)
+r-2 Wiz | 3873 877 LZZ)
2 4¢? 2¢? 22 4¢c?
Vo 10gVoZy TV  gVoZ
73 (=22 10
+ T 6 + 3c2 12¢2 62 )
61gV?  29¢°7, g2
& 0 _ 8z
+ (24 BT 242 2402)
38w (A.6)

N g3T6
4¢2 8c2 )’

These transformations can be used to investigate transfor-
mations of laser light wavevectors from the laboratory frame
to the cube frame. Partial derivatives such as

ox'

Oxi’
where X' = {cT,Z} and x' = {ct,z} can be easily evaluated
from the polynomials given in equations (14) and (A.4). For
example, the time-time-component of the metric tensor in the
falling frame will be

T\’ AN
=|=—)G — | Gz
800 < Dt ) 00 + <8ct) 7z
Carrying out the partial differentiations and evaluating equa-

tion (A.8), expanding to order ¢~2, keeping linear contrib-
utions in -, and quadratic contributions in z, we obtain

(A7)

(A.8)

2

Z
goo = —(1 —A/Cj)- (A.9)
A similar calculation gives:
dcT\* AN Z
8z=\|—5-) Go+ || Gzz=1+75. (A.10)
0z 0z c
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There are no linear terms in ggo or g, in the local z— coordi-
nate because the origin was chosen to be at the point where the
net force acts. In the cube-fixed frame the center of mass is at

Zcm:M/,d zdm =0,

while the force per unit mass at z is proportional to —vz. The
total force is then proportional to

D—d
. /
—d

so the retroreflector is unaccelerated in the local freely falling
frame. If one should choose the flat face of the falling object
as origin of the local frame, the local metric tensor would have
linear terms in z.

Such features express the equivalence principle: in a freely
falling reference frame, the linear term in the expansion of the
gravitational potential is cancelled by terms arising from the
acceleration. This is primarily an algebraic consequence of
the simultaneity term equation (A.2) that was added into the
time transformation equation (14). The time derivative of this
term is proportional to the acceleration of the origin of falling
coordinates, times «; in carrying out the standard tensor trans-
formations of the components of the metric tensor, this term
cancels the linear term in the Taylor expansion of the gravita-
tional potential.

Although one may have questions about the transformations
quoted in equations (14) and (A.4), the result clearly describes
the physics in a freely-falling, locally inertial system with a static
gravity gradient, with coordinates that are locally very similar to
those used in Special Relativity. The linear term in the potential
involving g has been transformed away in the local frame.

(A.11)

zdm = 0, (A.12)

Appendix B. Non-relativistic derivation
of corrections

The corrections given in equation (47) do not involve the con-
stant ¢ explicitly, and can be derived by taking the non-relavit-
istic limit of the equations presented above. It is instructive to
summarize the argument. For example, the difference between
the time coordinates in the lab and in the falling frame can be
neglected. From the transformation equations, the position of
the cube face is then approximately

Zface(T) - Zcm(T) —d. (Bl)
The phase of the signal penetrating the cube is then
T
din(T) = —Q(T — Zfa%()). (B.2)

The time delay during signal propagation within the cube is
2Dn/c so the phase of the signal leaving the cube is

Pout(T) = ¢in(T — 2Dn/c)

_ fQ(T _ 2Dn Zpace (T — 2Dn/c))
c Cc
~ —Q(T— @ . Zface(T)),
C (&
(B.3)

10

where in the last term the higher-order relativistic corrections
can be neglected. The time required for the signal to reach the
origin Z = 0, to leading order in ¢~!, is Zee(T)/c, so the
phase of the signal at the detector is

Q(T . ZfL(T) _ @ . Zface(T - Zface(T)/C))
c C C
- (- 2Dn ZZLC(T))
C

(B4)
Replacing by 27c/\, the ‘nonrelativistic’ contributions to
the phase are

The first term is removed by interference with the reference
beam so the net nonrelativistic phase difference is

2 <2Dn ZZface(T) ) .

A A
Combining this with equations (B.1) and (5) and rearranging
terms gives the phase difference

T
12X )°

ZW( (B.7)

In particular, the constant term gives rise to the correction in
the first line of equation (47). This correction inserted into the
T? term in equation (B.7) then leads to the last line of equa-
tion (47). The remaining terms have no effect on the conclu-
sions stated in equation (47).

2Dn

c

2Zface (T)

c (B.5)

(B.6)

T2

2Vo(T +~L
0( 76)_’_7

A

2(Dn —d + Zp) N

\ (VZo — g)
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