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Abstract. We present a new analytical description of cosmic structure formation in a mixture
of dark and baryonic matter, using the framework of Kinetic Field Theory (KFT) — a statis-
tical field theory for classical particle dynamics. So far, KFT has only been able to describe
a single type of particles, sufficient to consider structure growth due to the gravitational
interactions between dark matter. However, the influence of baryonic gas dynamics becomes
increasingly relevant when describing smaller scales. In this paper, we thus demonstrate how
to extend the KFT formalism as well as a previously presented resummation scheme towards
describing such mixtures of two particle species. Thereby, the gas dynamics of baryons are
accounted for using the recently developed model of Mesoscopic Particle Hydrodynamics.
Assuming a flat ΛCDM Universe and a simplified model for the thermal gas evolution, we
demonstrate the validity of this approach by computing the linear evolution of the individual
and total matter power spectra between the epoch of recombination and today. Our results
correctly reproduce the expected behaviour, showing a suppression of both baryonic and dark
matter structure growth on scales smaller than the baryonic Jeans length, in good agreement
with results from the numerical Boltzmann solver CLASS. Nonlinear corrections within this
approach will be investigated in upcoming works.
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1 Introduction

Understanding cosmic structure formation is one of the main goals of current cosmological
research. A thorough understanding of it could allow us to derive the current state of the
Universe from the fundamental physical properties underlying cosmological inflation models.
At present, the most precise predictions for structure growth are obtained from many-body
simulations, e.g. [1–3]. However, these methods are numerically very expensive and do not
provide deeper insight into the underlying physical processes. The established analytic de-
scriptions of structure formation are based on Eulerian and Lagrangian perturbation theories
(see [4–10] for a selection of different approaches and [11] for a review). These approaches
construct perturbative expansions in density contrast or displacement fields, assuming a

– 1 –



J
C
A
P
0
1
(
2
0
2
1
)
0
4
6

single-valued velocity field for cosmic matter. Although they are very successful in describ-
ing structure growth on midly nonlinear scales, they are by construction unable to treat the
multi-streaming regime of dark matter (DM) dynamics on smaller scales. While it is possible
to extend Lagrangian descriptions beyond shell-crossing by explicitly summing over multiple
streams, e.g. [12, 13], we deem a different approach more natural and promising.

Kinetic Field Theory (KFT), an analytic description of structure formation based on
classical particle dynamics in phase-space, was developed by Bartelmann et al. in [14, 15],
building on the pioneering work of Das and Mazenko [16, 17]. In this theory a partition func-
tion is constructed which captures the full Hamiltonian dynamics of the individual particles.
Therefore, this analytic framework naturally shares the advantage of numerical simulations of
allowing particle streams to cross each other. Previous papers have shown in detail how the
evolution of DM power spectra can be calculated down to strongly nonlinear scales in KFT,
either by performing a perturbative expansion in orders of the interaction potential, [14, 15],
or by finding a suitable averaging procedure for those interactions, [18]. A review of the
formalism and various applications of KFT can be found in [19].

However, even a perfectly accurate treatment of collisionless DM dynamics is not suffi-
cient to provide a complete description of structure formation on cosmologically small scales,
as baryonic effects play an increasingly important role on scales below the baryonic Jeans
length. A comprehensive treatment of baryonic physics, including detailed radiative cooling
and astrophysical feedback effects, is currently only accessible via hydrodynamical simula-
tions, see e.g. [1, 20–23]. A more modest goal of only taking into account the correct baryonic
gas dynamics and potentially some effective treatment of radiative cooling, though, is cer-
tainly in the reach of analytical formalisms and should already allow to capture the dominant
influence of baryons at sufficiently early times or on sufficiently large scales. While there have
been a few works investigating this in Eulerian perturbation theory, e.g. [24–26], we are aim-
ing at a joint framework capable of accurately describing both the collisionless dynamics of
DM as well the gas dynamics of baryons.

To this end, we have developed the model of Mesoscopic Particle Hydrodynamics (MPH)
in [27, 28], allowing to describe baryonic dynamics in KFT. This is achieved by recasting the
hydrodynamic equations into equations of motion for effective mesoscopic particles, similar
to the numerical method of Smoothed Particle Hydrodynamics [29]. A simple perturbative
expansion to finite order in the effective MPH interactions, however, was found insufficient
to describe hydrodynamics consistently [27]. In [28] it was shown that this limitation can be
overcome by treating MPH in the Resummed KFT (RKFT) framework introduced in [30],
instead. RKFT expands in orders of macroscopic correlation functions, leading to a resum-
mation of infinite subsets of the perturbative expansion in particle interactions.

Until now, KFT has only been used to describe systems containing a single species of
particles — either micro- or mesoscopic ones. The purpose of the present paper is to generalize
the formalism of KFT, and specifically RKFT, to systems of two different types of particles,
thus allowing us to investigate cosmic structure formation in a mixture of microscopic dark
and mesoscopic baryonic matter. In this first application, we test the general feasibility
and validity of this approach by analysing the effect of baryonic gas dynamics on the linear
evolution of the power spectrum between the epoch of recombination and today, assuming
a spatially constant gas temperature that follows the average thermal gas evolution during
this time. Despite the applied approximations, our method is able to reproduce the expected
suppression of structure growth due to the baryonic pressure and shows good agreement with
results from the numerical Boltzmann solver CLASS [31]. A more accurate treatment of the
gas temperature as well as nonlinear corrections will be investigated in future papers.
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The remainder of this paper is organized as follows. In section 2 we show how to
construct a generating functional for a system containing two particle species. Afterwards, in
section 3, we explain how to obtain correlation functions for these mixtures in non-interacting
KFT, before deriving the respective resummed correlators in section 4. In section 5 we discuss
the specific dynamics of dark and baryonic matter appropriate to investigate cosmic structure
formation. Assuming a flat ΛCDM Universe, we then calculate the linearly evolved density
contrast power spectra for both types of matter in section 6 and compare our results to those
of a Boltzmann solver. We conclude in section 7 by summarizing the insights gained in this
work and providing an outlook on the next steps to be taken.

2 Generating functional

The basic idea of the KFT formalism is to encapsulate the microscopic dynamics of particles in
a generating functional from which the behavior of macroscopic observables can be calculated
perturbatively. Therefore, a canonical ensemble consisting of N particles in a volume V is
considered. In the following, we apply the approach to a system consisting of two particle
species describing baryonic and dark matter. Nevertheless, we want to emphasize the general
applicability of this formalism, as it can easily be adapted to other models by changing the
respective interaction potentials or even extended to more than two particle species.

2.1 Two particle species

The individual particles are described by their phase-space coordinates ~xαi := (~qαi , ~p
α
i ), where

α ∈ {b, d} corresponds to the particle species (b ≡ baryons, d ≡ dark matter) and i =
1, . . . , Nα (with Nb +Nd = N) is labeling the specific particle. The spatial coordinates are
denoted by ~qαi , and ~pαi are the respective canonically conjugated momenta. It is convenient
to bundle the phase-space coordinates of a single species into the phase-space tensor

xα := ~xαi ⊗ ~eαi , (2.1)

where summation over double lower indices is implied and {~eαj } denotes the canonical basis
in Nα dimensions with entries (~eαi )j = δij . Hence, all microscopic information of the system
is contained in the tuple of tensors ~x := (xb,xd). In this notation a scalar product can be
defined as

~a ·~b := ab · bb + ad · bd = ~ab
i ·~bbi + ~ad

j ·~bdj . (2.2)

The equations of motion are given by Hamilton’s equations and take the form

Eα[xα] = (∂t + F )xα + ∇qV
α = 0 (2.3)

with F describing the linear part of the equation of motion. V α(~q, t) denotes an interaction
potential which depends on the spatial position as well as time and the particle species α,
taking the form

V α(~q, t) =

Nb∑
i=1

vαb(~q − ~qb
i , t) +

Nd∑
j=1

vαd(~q − ~qd
j , t) . (2.4)

The first sum describes interactions of a particle of species α with baryonic and the second
with dark matter. Thereby, vαγ is the single-particle potential of a γ-particle as experienced
by an α-particle.
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In the KFT approach [14], a generating functional is formulated by integrating over all
possible trajectories, where a Dirac delta distribution ensures that only phase-space trajec-
tories satisfying the equations of motion (2.3) contribute. Due to the incomplete information
on the initial microscopic state of the system, stochasticity enters the expressions by aver-
aging over the initial conditions according to an initial phase-space probability distribution
P (~x(i)). The corresponding generating functional for a system of two particle species takes
the form

Z[~J , ~K] :=

∫
d~x(i) P (~x(i))

∫
~x(i)
D~x(t)

∫
D~χ(t) exp

{
i

∫
dt

(
~χ·~E[x]+~χ· ~K+~x·~J

)}
. (2.5)

The appearance of the auxiliary field ~χ(t) = (χb(t),χd(t))ᵀ originates from a Fourier trans-
form of the Dirac delta distribution. Two source fields ~K(t) =

(
Kb(t),Kd(t)

)ᵀ
, ~J(t) =(

Jb(t),Jd(t)
)ᵀ

are introduced, allowing the calculation of correlators by taking functional
derivatives and setting the source fields to zero afterwards,

〈
~x(t)⊗ · · · ⊗ ~χ(t′)

〉
=

δ

iδ~J(t)
⊗ · · · ⊗ δ

iδ ~K(t′)
Z[~J , ~K]

∣∣∣∣
~J , ~K=0

. (2.6)

2.2 Collective fields

Since we are interested in the macroscopic properties of the system instead of the statistics
of microscopic fields, we introduce so-called collective fields [14]. A suitable set for such a
description is given by the number density ~Φn :=

(
Φb
n,Φ

d
n

)ᵀ
, which carries the information

on the particles’ positions, and the response field ~ΦB :=
(
Φb
B,Φ

d
B

)ᵀ
, which encodes how the

particle momenta are changed by a given interaction potential. In Fourier space they take
the form

Φα
n(~k, t) :=

N∑
j=1

ei~k·~qαj (t), (2.7)

Φα
B(~k, t) :=

N∑
j=1

i~k · ~χαpj (t) e−i~k·~qαj (t) (2.8)

for α ∈ {b,d}. By replacing all occurrences of the fields ~x and ~χ by functional derivatives
with respect to their associated source fields ~J and ~K, we define the respective collective-field
operators Φ̂α

n and Φ̂α
B. Acting with these on the generating functional of cumulants, i.e. con-

nected correlators, W [~J , ~K] := lnZ[~J , ~K] and setting the source fields to zero afterwards
yields the collective-field cumulants,

G
α1...αln γ1...γlB
n···nB···B (1, . . . , ln, 1

′, . . . , l′B) =

〈
ln∏
u=1

(
Φαu
n (u)

) lB∏
r=1

(
Φγr
B (r′)

)〉
c

(2.9)

=

ln∏
u=1

(
Φ̂αu
n (u)

) lB∏
r=1

(
Φ̂γr
B (r′)

)
W [~J , ~K]

∣∣∣∣
~J , ~K=0

.

Here, αu, γr ∈ {b,d} label to which particle species the u-th density field and the r-th
response field correspond, respectively. Pure ~Φn-cumulants describe the connected ln-point
correlations of the number density at times t1, . . . tln . Cumulants also involving ~ΦB-fields,
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on the other hand, describe the response of those density cumulants to perturbations of the
system at times t1′ , . . . , tl′B caused by a given interaction potential. Note that pure ~ΦB-
field cumulants vanish, as they do not contain any density fields whose response they would
characterize.

With the collective fields at hand the generating functional can be rewritten as

Z[~J , ~K] = eiŜIZ0[~J , ~K] (2.10)

with Z0 describing the non-interacting system and ŜI encapsulating the interactions between
particles. The free generating functional Z0 is given by

Z0[~J , ~K] :=

∫
d~x(i) P (~x(i))ei

∫
dt ~J ·~xlin

, (2.11)

where ~xlin(t) :=
(
xlin,b(t),xlin,d(t)

)ᵀ
is the solution to the linear, non-interacting part of the

equations of motion, augmented by the source term ~K, given by

xlin,α(t) := GRα(t, ti)x
α(i) −

∫ ∞
ti

dt′ GRα(t, t′)Kα(t′). (2.12)

Here, ti is the initial time and GRα denotes the retarded Green’s function of the free equations
of motion for α-particles, which we will refer to as the microscopic propagator. In general,
it can be expressed as [14]

GRα(t, t′) := GR(t, t′)⊗ 1Nα , (2.13)

GR(t, t′) :=

(
gqq(t, t

′)13 gqp(t, t
′)13

gpq(t, t
′)13 gpp(t, t

′)13

)
∝ θ(t− t′), (2.14)

with 1d denoting the d × d identity matrix. Note that we can use the same single-particle
propagator GR for both particle species at this point only when imposing that both types
of particles have the same mass. Since we are only interested in macroscopic fields and the
particle picture is only a feature of the mathematical formalism this indeed poses a valid
choice of parameters. To control different (average) mass densities we simply adapt the ratio
of the mean number densities n̄α.

The interaction part of the action takes the form

SI[~x, ~χ] = −
∫

d1 ~Φn(1)v(1)~ΦB(−1) (2.15)

=: −~Φn · v · ~ΦB,

where we introduced the abbreviations f(±m) := f(±~km, tm) and dm := d3km
(2π)3

dtm, and v

denotes the interaction potential matrix given by

v :=

(
vbb vbd

vdb vdd

)
. (2.16)

Furthermore, the hat above ŜI in (2.10) indicates that all fields are replaced by appropriate
functional derivatives with respect to the corresponding source fields.

– 5 –
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2.3 Initial distribution

The initial distribution P (~x(i)) of the microscopic particles is obtained by a sampling of
Gaussian distributed initial macroscopic density and momentum fields [14]. Furthermore,
explicit constraints for the covariance, which describes the initial density and momentum
auto- as well as cross-correlations, can be formulated by imposing statistical homogeneity and
isotropy, thus reflecting the large-scale nature of the early Universe. The explicit calculation
of the initial distribution for a system of two particle species can be performed completely
analogously to the single-species case. A schematic derivation is given in appendix A, for
further detail we refer to [14]. The result for the initial phase-space distribution is found to be

P (~x(i)) =
V −N√

(2π)3N detCpp

Ĉ
(

∂

i∂~p(i)

)
exp

{
− 1

2
~p(i)ᵀC−1

pp ~p
(i)

}
(2.17)

with the combined initial momentum tensor and the corresponding covariance matrix

~p(i) :=

(
pb(i)

pd(i)

)
, Cpp :=

(
Cbb
pp Cbd

pp

Cdb
pp Cdd

pp

)
. (2.18)

Furthermore, a polynomial operator Ĉ
(

∂

i∂~p(i)

)
is introduced which imposes the initial density

as well as density-momentum correlations and is defined in equation (A.12) of appendix A.

Since we fix the initial conditions at a sufficiently early time for the linearised continuity
equation to hold, we can use this to relate the initial density and momentum fields. Combined
with the assumption of Gaussianity this implies that the initial phase-space distribution (2.17)
is completely determined by specifying the initial density contrast auto- and cross-power

spectra P
bb (i)
δ , P

dd (i)
δ and P

bd (i)
δ of dark and baryonic matter.

3 Free theory

Later on, we perform a resummation procedure which formally integrates out all microscopic
degrees of freedom, leading to a theory formulated in terms of macroscopic quantities only.
Since this approach requires knowledge of the free collective-field cumulants, we explain the
procedure to calculate these. The calculation is very technical and mostly analogous to the
case of only one particle species as presented in [33]. While giving a few more details, with
focus on the differences to the one-species case, in appendix B, we will only state the key
results necessary to understand the conceptual idea of the procedure here.

3.1 Free generating functional

The full free generating functional is obtained by inserting (2.17) into (2.11). After several
manipulations, which amongst others includes a decomposition of the momentum correla-
tion matrix into cross-correlations between different particles, C̃pp, and self-correlations (see
appendix B), one finds that the free generating functional is of the form

Z0[~J , ~K] =

∫
d~x(i) Ĉtot

(
δ

iδ ~Kp(ti)

)Pσb
p
(pb(i))

V Nb

Pσd
p
(pb(i))

V Nd (3.1)

× exp

{
i

(
~J q~q

(i) + ~J p~p
(i) − SK [~J , ~K]

)}
,

– 6 –
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where Pσαp denote uncorrelated Gaussian distributions defined in equation (B.6) of ap-
pendix B and

Ĉtot

(
δ

iδ ~Kp(ti)

)
:= Ĉ

(
δ

iδ ~Kp(ti)

)
exp

{
− 1

2

(
δ

iδ ~Kp(ti)

)ᵀ

C̃pp

(
δ

iδ ~Kp(ti)

)}
(3.2)

inherits all information on correlations between different particles. In the case of vanishing
initial cross-correlations, corresponding to Ĉtot → 1, the free generating functional factorizes
into single-particle contributions. Then, the free evolution of the whole system is fully deter-
mined by the generating functional of a single particle.1 If we turn on cross-correlations, the
particles become statistically related such that the generating functional can no longer be
separated into one-particle contributions. Rather, the factorization can now be performed in
terms of clusters of correlated particles. A diagrammatic representaion for these based on the
Mayer cluster expansion [34] was developed in [33], allowing for a systematic computation of
the free collective-field cumulants.

3.2 Free cumulants

Due to the factorization of the free generating functional, the free cumulants can be formu-
lated as a sum over contributions from clusters of `b correlated baryonic and `d correlated
dark-matter particles,

G
(0)α1...αln γ1...γlB

n···nB···B (1, . . . , ln, 1
′, . . . , l′B) =

ln∏
u=1

(
Φ̂αu
n (u)

) lB∏
r=1

(
Φ̂γr
B (r′)

)
W0[~J , ~K]

∣∣∣∣
~J , ~K=0

(3.3)

=:
∞∑

`b,`d=0
`b+`d≥1

G
(`b,`d)α1...αln γ1...γlB
0 n···nB···B (1, . . . , ln, 1

′, . . . , l′B),

where W0[~J , ~K] := lnZ0[~J , ~K] and αu, γr ∈ {b,d}. The explicit calculation of the free
(`b, `d)-particle cumulants appearing in the second line of (3.3) is quite involved and described
in more detail in appendix C. From a rigorous analysis, as it was done in [33], one can infer
certain rules for which terms contribute to the sum in (3.3). For our case of two particle
species these rules are formulated in item 1 and item 2 of appendix C. One central finding
is that the sums over `α in (3.3) truncate at the number of the respective density fields Φα

n

appearing in the cumulant, such that only a small finite number of terms actually needs to
be computed. This is because one needs at least an `α-point Φα

n-density cumulant to describe
the mutual correlations between `α different particles. Moreover, as already stated earlier,
pure ~ΦB-field cumulants vanish.

In the following, we calculate the power spectra from the resummed theory at linear level
only. For this, we only need the free 2-point cumulants. Assuming a statistically isotropic
and homogenous system, suitable for a cosmological application, the free 2-point cumulants

expanded to first order in the initial auto- and cross-spectra P
αγ (i)
δ of baryonic and dark

1Since we assume the same mass for both particle species their free evolution is equivalent. If we considered
particle species of different masses, we would have to take the different single-particle generating functionals
of both species into account.

– 7 –
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matter, disregarding shot noise, take the form

G
(0)
~B ~B

(1, 2) = 0, (3.4)

G
(0)

~n ~B
(1, 2) = G

(0)
~B~n

(2, 1) ≈ −i(2π)3δd(~k1 + ~k2)~k2
1 gqp(t1, t2)

(
n̄b 0
0 n̄d

)
, (3.5)

G
(0)
~n~n(1, 2) ≈ (2π)3δd(~k1 + ~k2)

(
1 + gqp(t1, 0)

)(
1 + gqp(t2, 0)

)
(3.6)

×

(
n̄bn̄bP

bb (i)
δ (k1) n̄bn̄dP

bd (i)
δ (k1)

n̄dn̄bP
db (i)
δ (k1) n̄dn̄dP

dd (i)
δ (k1)

)
,

conveniently written in terms of 2 × 2 matrices. Note that the off-diagonal components of

G
(0)

~n ~B
, i.e. G

(0) db
nB and G

(0) bd
nB, vanish since the field Φα

B only describes the response of the α-
particle density Φα

n to perturbations but not the response of the density of the other particle
species.

4 Resummation

For the description of structure formation in pure collisionless DM, the microscopic perturba-
tive approach to KFT, corresponding to an expansion of the exponential in (2.10) in orders of
the interaction operator ŜI, has proven itself very successful, see e.g. [14, 15]. However, when
this approach was applied to baryonic matter formulated in terms of the MPH approach
in [27], indications were found that any finite-order expansion in ŜI is probably insufficient
to treat fluid dynamics consistently. Hence, for an analysis of the cosmic structure formation
including baryonic matter another approach becomes necessary.

In this context, a reformulation of the original KFT approach, dubbed Resummed KFT
(RKFT), was proposed in [30] and later successfully applied to MPH in [28]. In this re-
formulation the microscopic degrees of freedom are formally integrated out such that the
generating functional is formulated in terms of macroscopic fields only. As a result, even
the lowest-order perturbative calculation within RKFT involves the resummation of an in-
finite subset of terms appearing in the microscopic perturbative expansion in orders of ŜI.
Crucially, this reformulation is exact and thus preserves all information on the micro- and
mesoscopic particle dynamics. This is possible because the freely-evolving system is exactly
solvable and the interacting part of the action (2.15) depends on the microscopic fields only
implicitly via the collective fields.

The generalisation of the RKFT formalism to systems of two particle species is quite
straightforward and leaves the overall structure of the associated macroscopic perturbation
theory completely unchanged. The only difference to the original derivation in [30] is that
all macroscopic fields and cumulants acquire the same particle-species substructure as the
collective fields and cumulants described in subsection 2.2 and subsection 3.2. In the follow-
ing, we will thus only summarize the derivation of two-species RKFT and highlight the main
differences to the single-species case. We further choose to work with the number density
n as the central macroscopic field instead of the Klimontovich phase-space density f used
in [30], as we are not interested in computing cumulants involving the momentum density or
any other momentum moments here.

4.1 Macroscopic generating functional

In RKFT, the generating functional (2.10) is reformulated in terms of the macroscopic number
density field ~n := (nb, nd) of the two particle species and a macroscopic auxiliary field ~β :=
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(βb, βd). Combining these two fields into the combined macroscopic field φ := (~n, ~β) and
introducing an associated macroscopic source field M := ( ~Mn, ~Mβ), the generating functional
of macroscopic-field correlators is given by

Zφ[M ] :=

∫
Dφ exp

{
iS∆[φ] + iSV [φ] +

∫
d1M>(1) φ(−1)

}
. (4.1)

Here, S∆ and SV denote the propagator and vertex parts of the macroscopic action, respec-
tively,

iS∆[φ] := −1

2

∫
d1

∫
d2 φ>(−1) ∆−1(1, 2) φ(−2), (4.2)

iSV [φ] :=
∞∑

lβ ,ln=0
lβ+ln 6=2

1

lβ! ln!

lβ∏
u=1

 ∑
αu∈{b,d}

∫
duβαu(−u)

 ln∏
r=1

 ∑
γr∈{b,d}

∫
dr′ nγr(−r′)

 (4.3)

× V
α1···αlβγ1···γln
β···β n···n (1, . . . , lβ, 1

′, . . . , l′n).

The inverse propagator ∆−1 and the (lβ + ln)-point vertices V
α1···αlβγ1···γln
β···β n···n can be expressed

in terms of the free collective-field cumulants G
(0)α1···αlβγ1···γln

n···nB···B defined in (3.3) and the inter-
action potential matrix v given in (2.16),

∆−1(1,2) =

(
∆~n~n(1,2) ∆

~n~β
(1,2)

∆~β~n
(1,2) ∆~β~β

(1,2)

)−1

(4.4)

=

 v(1)G
(0)
~B ~B

(1,2)v(2) iI(1,2)12−v(1)G
(0)
~B~n

(1,2)

iI(1,2)12−G(0)

~n ~B
(1,2)v(2) G

(0)
~n~n(1,2)

,

V
α1···αlβγ1···γln
β···βn···n (1, . . . , lβ,1

′, . . . , l′n) = ilβ (−i)ln
ln∏
r=1

 ∑
εr∈{b,d}

vεrγr(r′)

 (4.5)

×G
(0)α1···αlβ ε1···εln

n···nB···B (1, . . . , lβ,1
′, . . . , l′n),

with the identity 2-point function

I(1, 2) := (2π)3 δD(~k1 + ~k2) δD(t1 − t2). (4.6)

Note that in contrast to the case of a single particle species, we have to take into
account that the free 2-point cumulants and hence all components of the propagator become
2 × 2 matrices, rendering the whole macroscopic propagator ∆ a 4 × 4 matrix. Similarly,
the (lβ + ln)-point vertices have 2lβ+ln components. For 2-point quantities we will usually
use the compact matrix notation, while we will write out quantities with more arguments in
components to avoid notational ambiguity.

To obtain the interacting cumulants of the macroscopic fields, one has to take the desired
number of functional derivatives of the cumulant-generating functional Wφ[M ] := lnZφ[M ]
with respect to the source field M evaluated at M = 0,

G
α1···αlnγ1···γlβ
n···nβ···β (1, . . . , ln, 1

′, . . . , l′β) =

ln∏
u=1

(
δ

iδMαu
n (u)

) lβ∏
r=1

(
δ

iδMγr
β (r′)

)
Wφ[M ]

∣∣∣∣
M=0

. (4.7)
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4.2 Macroscopic perturbation theory

In a similar fashion to how we obtained the interaction operator in (2.10), we can pull out the
vertex part of the macroscopic action in front of the path integral by replacing all macroscopic
fields appearing in (4.3) with functional derivatives with respect to the corresponding source
fields, ŜV := SV

[
δ

iδM

]
. The remaining Gaussian path integral can then be performed exactly,

leaving us with

Zφ[M ] = eiŜV exp

{
−1

2

∫
d1

∫
d2 M>(−1) ∆(1, 2) M(−2)

}
. (4.8)

The macroscopic perturbation theory of RKFT is constructed by expanding the first expo-
nential in (4.8) in orders of the vertices. This allows to express the perturbative contributions
to any macroscopic cumulant (4.7) as combinations of propagators and vertices. A represen-
tation of these contributions in terms of Feynman diagrams is given in [30].

To describe cosmic structure formation, we are especially interested in the density con-
trast auto- and cross-power spectra Pαγδ of baryonic and dark matter as well as the total

matter spectrum P
(tot)
δ , which can be calculated from the density 2-point number density

cumulant Gnn according to

Pαγδ (k1, t1) =
1

n̄α n̄γ

∫
d3k2

(2π)3

∫
dt2 δd(t1 − t2)Gαγnn(1, 2) , (4.9)

P
(tot)
δ (k1, t1) =

1

(n̄b + n̄d)2

∫
d3k2

(2π)3

∫
dt2 δd(t1 − t2)

(
Gbb
nn(1, 2) +Gbd

nn(1, 2) (4.10)

+Gdb
nn(1, 2) +Gdd

nn(1, 2)
)
.

In this work, we restrict our analysis to the leading-order (also denoted as tree-level) result,

which is obtained from the ~n~n-component of the propagator, G
(tree)
~n~n = ∆~n~n, as this suffices

to describe the linear evolution of structures. For the calculation of the propagator via (4.4),
a combined matrix and functional inversion is required,∫

d1̄ ∆(1, 1̄) ∆−1(−1̄, 2) = I(1, 2)14. (4.11)

Performing the matrix inversion yields

G
(tree)
~n~n (1, 2) = ∆~n~n(1, 2) = G

(0)
~n~n(1, 2) +

∫
d1̄ ∆̃r(1,−1̄)G

(0)
~n~n(1̄, 2) +

∫
d2̄ G

(0)
~n~n(1, 2̄) ∆̃a(−2̄, 2)

+

∫
d1̄

∫
d2̄ ∆̃r(1,−1̄)G

(0)
~n~n(1̄, 2̄) ∆̃a(−2̄, 2), (4.12)

with ∆̃r(1, 2) = ∆̃a(2, 1) being the so-called retarded and advanced macroscopic propagators,
respectively, describing the linear response of the number density at time t1 to perturbations
of the system at time t2. They are defined as the solution of the matrix integral equation

∆̃r(1, 2) = −iG
(0)

~n ~B
(1, 2) v(2)−

∫
d1̄ iG

(0)

~n ~B
(1, 1̄) v(1̄) ∆̃r(−1̄, 2), (4.13)

where the matrix product under the integral captures the mutual interactions between the
two particle species. Formally, this equation can be solved by iteratively inserting the whole
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right-hand-side into the ∆̃r under the integral, which demonstrates that the tree-level RKFT
result already contains contributions of arbitrarily high order in the interaction potential.

It was shown in [30] that in the large-scale limit of cosmic structure formation in purely
gravitationally interacting DM, an exact analytic solution to this equation exists that pre-
cisely recovers the usual linear growth factor. However, for a solution valid on all scales which
also takes into account the pressure effects of baryons, a numerical treatment is necessary.
For this purpose, we first exploit that in a statistically homogeneous situation, such as cos-
mic structure formation, the integral over ~k1̄ can be performed trivially since the cumulant

G
(0)

~n ~B
(1, 1̄) is proportional to δD(~k1 +~k1̄). The remaining integral over t1̄ can then be approxi-

mated by a direct sum over a discrete set of Nt time steps. Overall, this transforms (4.13) into
a linear 2Nt × 2Nt matrix equation. Solving this matrix equation is numerically inexpensive
and works analogously to the one-species case described in more detail in [30].

5 Cosmological setting

In the cosmological context, the two particle species are associated with dark and baryonic
matter. While DM only interacts via gravity, the interactions between baryonic particles
cause additional pressure effects. For a particle description of baryonic matter we make use
of the model of Mesoscopic Particle Hydrodynamics (MPH) which was presented in [27, 28].
In this model so-called mesoscopic particles are introduced, representing fluid elements on
a mesoscopic scale σ which is chosen such that the associated microscopic particles are in
local equilibrium but which is much smaller than the scale of interest. According to the local
equilibrium hypothesis, it is possible to define thermodynamic quantities such as pressure
on this mesoscopic scale. In what follows, we will summarize the derivation of the meso-
and microscopic Green’s functions and interaction potentials in an expanding space-time,
detailed in [28], and discuss the cosmological evolution of the baryonic gas pressure.

5.1 Particle dynamics in an expanding space-time

The equations of motion governing the dynamics of the mesoscopic fluid are the Euler equa-
tions describing mass, momentum and energy conservation. In general, a mesoscopic particle
is accordingly characterised by three properties: its position, its momentum and its internal
energy or enthalpy. However, for the calculations in this paper we assume a spatially constant
gas temperature whose evolution will be fixed externally. As shown in [28], this renders the
energy conservation equation obsolete and allows to describe a mesoscopic particle just by its
position and momentum. Furthermore, in KFT the mass conservation or continuity equation
is fulfilled by construction since the number of particles is conserved. Hence, we are only left
with the momentum conservation equation

ρ
d

dt
~u+ ρ∇rVg +∇rP = 0, (5.1)

where ~u is the velocity of the fluid, ρ its mass density, Vg the gravitational potential and P
the pressure. Given our approximation of a homogeneous gas temperature the equation of
state of the fluid reads

P = c2
s(T )ρ, (5.2)

with cs(T ) being the temperature-dependent speed of sound. Note that using this approxima-
tion renders our treatment of baryonic dynamics equivalent to that used in existing Eulerian
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analytic descriptions of DM-baryon mixtures, e.g. [24–26]. This equivalence has also been
explicitly demonstrated in [28]. For non-resummed KFT, we have already shown how to go
beyond this approximation by including the energy conservation equation, allowing to de-
scribe the full ideal gas dynamics with spatial temperature fluctuations [27]. In future work,
we will also explore this in RKFT.

While the gradients in (5.1) are taken with respect to the physical coordinate ~r, it is more
convenient to work with comoving coordinates ~q = ~r/a, with a being the cosmological scale
factor normalised to unity today, a0 = 1. Additionally, it proves useful, to use η := ln a/ai

as the time coordinate, where ai is the initial scale factor and accordingly ηi = 0. Following
the derivation in [28] with minor modifications to account for the different normalisation of
the scale factor,2 we find that the components of the retarded Green’s function (2.14) read

gqq(η, η
′) = θ(η − η′) , (5.3)

gqp(η, η
′) = θ(η − η′)

∫ η

η′
dη̄

g(0)

g(η̄)
, (5.4)

gpq(η, η
′) = 0 , (5.5)

gpp(η, η
′) = θ(η − η′) , (5.6)

which defines the free motion of both dark and baryonic matter particles. Here, we have
introduced the scale function

g(η) := a(η)2 H(η)

H0
, (5.7)

depending on the ratio of the Hubble function H and its value today H0. Note that the
canonically conjugate particle momenta are then given by

~p =
g(η)

g(0)

d~q

dη
. (5.8)

Following [28], the interaction potentials of the individual particles, appearing
in (2.4), read

vαd(~k, η) = − a(η)

g(η) g(0)

Cαg
k2
, (5.9)

vαb(~k, η) =
a(η)

g(η) g(0)

[
−
Cαg
k2

exp

{
− 3

4
σ2

0k
2

}
+ δαbCp(η) a(η) exp

{
− σ2

0k
2

}]
(5.10)

in Fourier space, where we defined the parameters

Cαg :=
3 Ωα

m,0

2 n̄α
, (5.11)

Cp(η) :=
c2
s

(
T (η)

)
H2

0 n̄
b

, (5.12)

with n̄α denoting the mean comoving number density and Ωα
m,0 today’s dimensionless matter

density parameter of α particles, respectively. The potential (5.9) for the microscopic DM
particles directly follows from the Poisson equation for the gravitational potential. For the

2The only differences to the expressions derived in [28], where we used the normalisation ai = 1 instead,
are the appearance of today’s value of the Hubble function, H0, rather than its initial value in (5.7) and (5.12)
as well as the additional g(0) factors in (5.4) and (5.7) to (5.10).
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mesoscopic baryonic particles, the fluid equations have been projected onto the individual
mesoscopic particle contributions, resulting in equations of motion analogous to those of the
DM particles with a modified interaction potential which includes an additional pressure
term [27, 28]. The parameter σ0 denotes the comoving mesoscopic scale for which we will
use the limit of ideal hydrodynamics σ0 → 0 from here on, which is a valid approximation as
we are interested in scales much larger than the mean free path.

In addition, we can use the fact that in the thermodynamic limit the values of the mean
particle number densities do not have any physical meaning on their own. Only the mean
mass densities are measurable. We are thus free to set the masses of baryonic and dark
matter particles equal, yielding

n̄α =
Ωα

m,0

Ωm,0
n̄ , (5.13)

where Ωm,0 = Ωb
m,0+Ωd

m,0 and n̄ = n̄b+n̄d. Using this relation, the potential coefficients (5.11)
and (5.12) become

Cαg =
3 Ωm,0

2 n̄
. (5.14)

Cp(η) =
Ωm,0 c

2
s

(
T (η)

)
Ωb

m,0 n̄H
2
0

. (5.15)

Note that the equal mass of both particle species automatically implies equal single-particle
gravitational potentials. Cb

g = Cd
g .

5.2 Evolution of gas pressure

Let us now take a closer look at the pressure potential coefficient Cp in (5.15). To calculate
the sound velocity we assume that the baryonic matter in the Universe consists of monoatomic
ideal hydrogen gas which indeed makes up most of the baryonic matter. For an ideal gas the
sound velocity is given by

cs
(
T (η)

)
=

√
γ kB T (η)

m
, (5.16)

with γ being the adiabatic index of the gas, kB the Boltzmann constant and m the mass of
the particles that make up the gas. In a monoatomic gas, the particles have f = 3 degrees
of freedom, fixing the adiabatic index to

γ =
f + 2

f
=

5

3
. (5.17)

The mass of a hydrogen atom can be safely approximated by the mass of a proton mP =
1.67 · 10−27kg since the electron mass is negligible. Altogether, Cp thus takes the form

Cp(η) =
5 Ωm,0 kB T (η)

3 Ωb
m,0 n̄mPH2

0

. (5.18)

Note that baryonic matter in our model is treated independently from photons. However,
even after recombination this is not strictly the case at high redshifts when collisions between
photons and baryons are still frequent. This in turn leads to a drag experienced by the baryons
and changes the actual speed of sound [31, 32]. Describing this interaction accurately requires
to treat the photons as a separate particle species, but currently it is not possible to describe
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relativistic particles within KFT. To capture the approximate effect of photons on the speed
of sound, we will account for their influence on the mean baryonic gas temperature.

The scale below which the effects of the baryonic pressure play a role is characterised
by the baryonic Jeans length λJ. The associated Jeans wavenumber kJ = 2π/λJ is obtained
by finding the wavenumber for which the baryonic interaction potential (5.10) vanishes,

kJ(η) =

√
Cb

g

Cb
p (η) a(η)

=

√
9 Ωb

m,0H
2
0 mP

10 a(η) kB T (η)
. (5.19)

Its time dependence is determined by the evolution of the baryonic gas temperature T (η)
after recombination, which is illustrated in figure 15 of [35]. It can be divided into the
following three regimes:

1. 1100 & z & 200: photons scatter off the baryonic matter often enough for it to follow
the CMB temperature. Therefore, the temperature scales like a−1.

2. 200 & z & 30: in this regime, the baryon temperature evolves independently from the
photons. Since we have adiabatic expansion of the Universe and we are dealing with
non-relativistic matter the temperature scales like a−2.

3. 30 & z: at this point reionization begins and the baryons heat up again. In addition,
baryons will also be heated by the gravitational collapse of structures. However, for the
qualitative analysis in this paper we only consider the linear evolution of structures and
also neglect the effect of reionization. Hence, we assume the baryons to keep cooling
adiabatically during this epoch.

Overall, we thus assume the following evolution of the baryonic gas temperature,

T (η) =

{
TCMB
a(η) if z ≥ 200,
TCMB

201 a(η)2
else,

(5.20)

where TCMB = 2.725 K is the CMB temperature today. This implies that kJ stays constant
up to z = 200 and grows with the square root of the scale factor from then on.

6 Linearly evolved power spectra

With the dynamics of both dark and baryonic matter fixed, we can now proceed to analyse the
linear evolution of the baryonic, dark and total matter spectra, computed from the tree-level
RKFT propagator. The details of this computation are explained in appendix D. For this,
we consider a flat ΛCDM cosmology and set the current dimensionless density parameters
to Ωm,0 = 0.3 and ΩΛ,0 = 0.7. In addition, we assume baryons to account for 16 % of the
total matter, Ωb

m,0/Ωm,0 = 0.16, and fix the Hubble constant to H0 = 70 km/s Mpc−1. All
following calculations use an initial redshift of zi = 1000, corresponding to a time shortly
after recombination.

6.1 Qualitative analysis

Let us first consider the case that baryons and DM follow exactly the same initial power
spectrum. While this is actually not the case, it allows us to focus only on the effect that
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Figure 1. Linearly evolved tree-level RKFT power spectra of baryonic (top left), dark (top right)
and total matter (bottom) divided by the spectrum in a pure DM scenario, evaluated at the redshifts
500 (blue), 100 (orange) and 0 (green). The horizontal axis shows the wavenumber in units of the
intial baryonic Jeans wavenumber kJ,i and the current Jeans wavenumbers at the different redshifts
are marked by vertical dotted lines in the same colors as the spectra. On wavenumbers larger than
kJ,i, the gas pressure strongly suppresses the baryonic spectrum and creates acoustic oscillations.
Because of the gravitational coupling between baryons and DM these features are also present in a
less pronounced way in the dark and total matter spectra.

the baryonic gas dynamics has on the linear structure formation. For this, we compute
the ratios of the baryonic, dark and total matter spectra, obtained from the RKFT tree-
level result (4.12), to the linear spectrum of a pure DM system. Note that these ratios are
independent of the form of the initial spectrum. In figure 1 we plot the results for three
exemplary redshifts, z = 500, 100 and 0, over a range of scales around the initial Jeans
wavenumber kJ,i = kJ(0). We additionally mark the current Jeans wavenumbers at the three
redshifts by vertical dotted lines.

As expected, on wavenumbers smaller than kJ,i gravity dominates and thus the power
spectra of any matter species evolve at the same rate as in the pure DM scenario. At larger
wavenumbers, on the other hand, the baryon-baryon spectrum quickly drops significantly
below the pure DM spectrum since the repulsive effect of the gas pressure suppresses the
growth of baryonic structures. In addition, the small-scale baryonic spectrum develops os-
cillations caused by the fact that the counteracting gravitational and pressure forces create
wave-like perturbations. Over time the amplitude of these oscillations decreases relative to
the linearly growing pure DM spectrum. At late times the current Jeans wavenumber kJ(η)
starts to increase once the baryons fully decouple from the photons and cool adiabatically,
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which happens at z = 200 in our model. As soon as a Fourier mode falls below kJ(η) it ef-
fectively evolves purely gravitationally again. The baryonic spectrum then grows relative to
the pure DM spectrum because baryons do not only experience the gravitational attraction
from other baryons but also that from the dominant DM species.

Since the resummed KFT propagator includes the full mutual gravitational interactions
between baryonic and dark matter, the influence of the baryonic pressure is also seen in the
DM spectrum. The dominant effect of this is a suppression in DM structure growth above
kJ,i, though not as pronounced as in the baryonic spectrum. As a secondary effect, we can
also observe very small oscillations in the small-scale DM spectrum. These phenomena are
mainly caused by the lack of baryonic structures on these scales which in turn decreases the
overall gravitational attraction experienced by DM. Additionally, the baryons are dragging
a fraction of the DM with them through gravitational interactions as they themselves are
pushed apart due to pressure forces. The total matter spectrum expectedly shows a behaviour
that is a mix between the spectra of the two particles species, dominated by the larger DM
contribution. All in all, we thus find that the RKFT tree-level result for the power spectra
displays exactly the behaviour one would expect from the linear evolution of a mixed system
of baryonic and dark matter.

6.2 Comparison to Boltzmann solver

Now that we have qualitatively investigated the influence of the baryonic pressure on struc-
ture growth, we want to verify the validity of our description quantitatively. This requires to
account for appropriate initial conditions for both baryonic and dark matter. In contrast to
DM, baryons are interacting with photons during the epoch of radiation domination and the
early phases of matter domination. The largest-scale traces of these non-gravitational inter-
actions are the baryon acoustic oscillations (BAOs), whose first peak in the power spectrum
appears between k = 0.01 and 0.1hMpc−1. Beyond that, the baryonic spectrum is subject
to Silk damping, an exponential suppression of baryonic structures at smaller scales caused
by the increasing diffusion of photons during the epoch of recombination [36].

Apart from the effect on the mean gas temperature, we are not explicitly accounting
for the coupling between baryons and photons in this paper, though, but only for the gas
pressure itself. Therefore, we cannot expect an accurate description of the BAO evolution
and will only focus on wavenumbers k ≥ 1h/Mpc for which BAOs do not play a role and
the initial baryonic spectrum is just strongly suppressed relative to the DM spectrum by
Silk damping. The formation and evolution of BAOs within RKFT, using an effective model
for the baryon-photon interactions, will be investigated in a follow-up paper. Note that for
our purposes here, restricting the analysis to these high wavenumbers presents no problem
since the effects of the baryonic gas pressure on the linear evolution only come into play for
k & kJ,i ≈ 140h/Mpc. This changes, however, once nonlinear corrections are considered.
Then baryons will be heated significantly by the collapse of structures, bringing kJ down
below 1h/Mpc or even 0.1h/Mpc in dense clusters. But this goes beyond the scope of the
current paper.

As a reference to compare our approach against we use the numerical Boltzmann solver
CLASS [31] to compute the power spectra of baryons and DM at the redshifts z = 1000,
500, 100 and 0, assuming a spectral index of unity and a normalisation of σ8 = 0.8 today.
We then use the auto- and cross-spectra Pαγδ at zi = 1000 as initial conditions and compute
the linearly evolved spectra at the later redshifts within tree-level RKFT. The results are
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Figure 2. Comparison between the linearly evolved power spectra of baryonic (blue), dark (orange)
and total matter (green) obtained from the tree-level result of our analytical RKFT framework (solid)
and the Boltzmann solver CLASS [31] (dashed). From top to bottom the rows show the results
for redshifts 500, 100 and 0. On the left we plot the spectra themselves, while on the right they are
divided by the spectrum in a pure DM scenario. In each panel, the vertical dotted black line marks the
current baryonic Jeans wavenumber kJ. For all redshifts and types of matter we find good agreement
between the RKFT and CLASS spectra, with the slight deviations being expected to originate from
the approximations made in our calculations.

compared to the CLASS spectra in figure 2. In the left panel we plot the spectra themselves,
in the right panel we divide them by the linear spectrum for pure DM again.
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For all redshifts, we find good agreement between our results and the CLASS spectra,
both with regards to the amplitudes of the spectra as well as the wavenumbers beyond which
the suppression due to baryonic pressure sets in. While there are small deviations, these
seem well within reason, considering the approximations we made. Assuming a spatially
constant gas temperature with a simplified model for its time evolution introduced small
inaccuracies in the baryonic speed of sound and thus the Jeans wavenumber kJ. Accordingly,
this approximation is likely to cause the slight deviations in the wavenumber above which
pressure starts to suppress structure growth. Neglecting the drag due to scattering photons
after zi, on the other hand, should explain the small mismatch in the amplitudes even on
wavenumbers smaller than kJ.

7 Conclusion and outlook

Building on earlier works on Kinetic Field Theory (KFT) [14, 15, 18], its resummation scheme
(RKFT) [30] and a description of baryonic matter through effective particles (MPH) [27, 28],
we have expanded the KFT formalism to systems of two different particle species and used
it to calculate the linear evolution of a mixture of baryonic and dark matter in a cosmo-
logical framework. For doing so, we first formulated an appropriate generating functional
incorporating the dynamics of two coupled particle species. By generalizing the proceedings
of [33], we calculated the free two point cumulants. Using these results, we showed how the
density power spectra for the two types of matter can straightforwardly be computed within
the RKFT framework. To test the validity of our approach, we then computed these spectra
in lowest perturbative order, corresponding to linear evolution, within a ΛCDM cosmology,
with the initial redshift set shortly after the epoch of recombination. In our model, both
baryons and DM interact gravitationally, while only the baryons experience an additional
gas pressure. We further use the approximation of a spatially constant but time-dependent
gas temperature. At early times, when photons still frequently scatter off the baryons, the
baryons follow the photon temperature, before they eventually cool adiabatically. Apart from
this effect, we do not account for any coupling between baryons and photons.

We find that our description of the coupled baryon-DM system captures all the effects
expected to arise in linear evolution. The gas pressure leads to a suppression of structure
growth and the formation of acoustic oscillations in the baryonic spectrum on scales smaller
than the Jeans length. Due to the gravitational interactions between both types of matter,
these effects are also present in a weakened form in the spectrum of the pressureless DM as
well as the total matter spectrum. For a quantitative analysis, we compared our results to
the spectra computed with the numerical Boltzmann solver CLASS [31]. Thereby, we focused
on wavenumbers above 1h/Mpc, where Silk damping implies an essentially vanishing initial
baryonic spectrum. Within the limits of our approximations, we find good quantitative
agreement, which also implies that the formation and subsequent growth of initially absent
baryonic structures, due to the gravitational coupling to DM, is correctly captured by the
resummed microscopic interactions in RKFT.

We consider this a clear confirmation of the feasibility and validity of our approach to
describe structure formation in a coupled system of dark and baryonic matter by a combi-
nation of RKFT and MPH. Of course, an accurate description of the linear evolution of this
mixed system is also possible in approaches building on fluid dynamics, as demonstrated for
example in [24–26]. However, once we proceed to include nonlinear contributions, DM parti-
cles can no longer be accurately treated as a fluid since they form crossing streams. With the
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consistent inclusion of baryonic gas dynamics into the particle-based framework of (R)KFT,
we are thus laying the stepping stone for an accurate treatment of structure formation in the
full matter content of our Universe.

To proceed towards this goal, future work should focus on the following three aspects:
(i) Nonlinear corrections to the resummed power spectrum need to be included. The first
step in this direction will be the computation of 1-loop contributions within the macroscopic
perturbation theory. Formally, this proceeds analogously to computing 1-loop corrections in
Eulerian Standard Perturbation Theory, but accounting for the different form of the propa-
gators, (4.12) and (4.13), and vertices, (4.5). Details on the systematic expansion of RKFT in
loop orders are presented in [30]. (ii) The nonlinear collapse of structures will lead to a heating
of baryons that is not well approximated by a spatially constant gas temperature. Extensions
to our current treatment thus need to be investigated. A simple heuristic approach would
be to make the gas temperature entering the computation of the power spectrum in (D.6)
wavenumber-dependent in a way that represents the average temperature of structures on
the associated length scale. A more rigorous extension consists in explicitly accounting for
the energy conservation equation in the baryonic dynamics, thus describing the full ideal gas
dynamics. The latter has already been explored in non-resummed KFT in [27]. It requires to
give the mesoscopic particles an enthalpy (or equivalently an internal energy) as an additional
intrinsic property, which brings along additional components to the Green’s function (2.14)
as well as additional contributions to the interaction part of the action (2.15). The next step
will be to resum this enthalpy-extended KFT by reformulating it in terms of macroscopic
fields, in close analogy to [30], and to generalise it to the two particle-species case, in the
same fashion as described in the present paper. (iii) So far, only repulsive pressure effects are
taken into account, leading to a suppression of structure growth. By modifying the effective
mesoscopic particle interactions appropriately, other baryonic effects such as radiative cool-
ing, which enhances structure formation, could be considered. These modifications could be
derived by introducing radiative loss and gain terms into the baryonic energy conservation
equation.

Further developments in these directions will provide a powerful analytical tool to gain
deeper physical understanding of the impact baryons have on cosmic structure growth.
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A Derivation of the initial distribution

In subsection 2.3 we explain how to construct the initial distribution via a sampling of the
macroscopic fields and just state the final result. In this section, we give a few more details
on the derivation of that result, focusing on the key generalizations with respect to the case
of single particle species presented in [14] and [33].
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The initial phase-space distribution of the particles can be formulated in terms of the
distribution of the macroscopic field as

P (~x(i)) =

∫
d~dP (~x(i)|~d)P (~d), (A.1)

where ~d denotes the data tensor given by

~d :=

(
db

dd

)
, dα :=

(
δ
α(i)
j

~P
α(i)
j

)
⊗ ~eαj . (A.2)

Here δ
α(i)
j := δα(i)

(
~q

(i)
j

)
and ~P

α(i)
j := ~Pα(i)

(
~q

(i)
j

)
correspond to the macroscopic initial density

contrast δα(i)(~q), defined by nα(i)(~q) = n̄α
(
1+δα(i)(~q)

)
, and the initial macroscopic momentum

field ~Pα(i)(~q) evaluated at the initial position of the particle jα. The conditional phase-space
distribution P (~x(i)|~d) describes a Poisson sampling process from a specific realization of the
initial macroscopic fields,

P (~x(i)|~d) =
∏

α∈{b,d}

Nα∏
j=1

1

Nα
nα(i)

(
~q
α(i)
j

)
δD

(
~p
α(i)
j − ~Pα(i)

(
~q
α(i)
j

))
. (A.3)

For the macroscopic fields a Gaussian distribution is assumed, i.e.

P (~d) =
(

(2π)4(Nb+Nd) detC
)−1/2

exp

{
−1

2
~d
ᵀ
C−1 ~d

}
, (A.4)

where the covariance matrix

C :=
〈
~d⊗ ~d

〉
=

(
Cbb Cbd

Cdb Cdd

)
(A.5)

splits into four submatrices for the different auto- and cross-correlations of the two particle
species,

Cαγ := 〈dα ⊗ dγ〉 = Cαγjk ⊗ (~eαj ⊗ ~e
γ
k) (A.6)

Cαγjk =

(
Cαγδjδk

(
~Cαγδjpk

)ᵀ
~Cαγpjδk Cαγpjpk

)
:=

(
〈δα(i)
j δ

γ(i)
k 〉 〈δα(i)

j
~P
γ(i)
k 〉ᵀ

〈~Pα(i)
j δ

γ(i)
k 〉 〈~Pα(i)

j ⊗ ~P
γ(i)
k 〉

)
. (A.7)

Due to homogeneity and isotropy of the Gaussian random field, one can draw the
following three conclusions for the entries of the covariance matrix:

• Cαγδjpk = 0 for α = γ and j = k, i.e. for the same particle

• Cαγpjpk is always a diagonal matrix

• For α = γ and j = k both Cαγpjpk and Cαγδjδk must be diagonal matrices which are spatially

constant. Specifically, Cααδjδj = (σαδ )2 and Cααpjpj = (σαp )2
13 with constants σαδ and σαp .
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If we additionally relate the initial density contrast and momentum fields via the linearised
continuity equation, the covariance matrix entries can be expressed solely in terms of the

initial density contrast auto- and cross-power spectra P
αγ (i)
δ of the two particle species,

Cαγδjδk =

∫
k
P
αγ (i)
δ (k) e−i~k·(~q(i)j −~q

(i)
k ) (A.8)

Cαγδjpk =

∫
k

~k

k2
P
αγ (i)
δ (k) e−i~k·(~q(i)j −~q

(i)
k ) (A.9)

Cαγpjpk =

∫
k

~k ⊗ ~k
k4

P
αγ (i)
δ (k) e−i~k·(~q(i)j −~q

(i)
k ) . (A.10)

Inserting (A.3) and (A.4) into (A.1) and using the properties of the covariance matrix,
the expression for the initial phase-space distribution P (~x(i)) can be further simplified. The
calculation is completely analogous the case of a system with only one particle species. Hence,
we refer to [14] for a more detailed calculation and directly state the result

P (~x(i)) =
V −N√

(2π)3N detCpp

C
(

∂

i∂~p(i)

)
exp

{
− 1

2
~p(i)ᵀC−1

pp ~p
(i)

}
(A.11)

with the polynomial

C
(

∂

i∂~p(i)

)
:=

∏
µ,ν∈{b,d}

Nµ∏
n=1

(
1− i

Nν∑
m=1

~Cµνδnpm ·
∂

i∂~p
γ(i)
m

)
(A.12)

+
∑

α,γ∈{b,d}

∑
{iα,jγ}

Cαγδiδj

[∏
µ,ν

Nµ∏
n=1

(
1− i

Nν∑
m=1

~Cµνδnpm ·
∂

i∂~p
ν(i)
m

)]

+
∑

α,γ,ε,λ∈{b,d}

∑
{{iα,jγ},{kε,`λ}}

CαγδiδjC
ελ
δkδ`

[∏
µ,ν

Nµ∏
n=1

(
1− i

Nν∑
m=1

~Cµνδnpm ·
∂

i∂~p
ν(i)
m

)]
+ . . . .

Here, the Greek indices denote the particle species while the Latin indices label the individual
particles within a species. There are certain restrictions on the sums and products we have
to take care of:

• First, in each term a specific particle, i.e. a specific label combination jα, is allowed
to appear only once. For example, in the second line the sum and the products inside
the squared brackets exclude those particles which we already sum over outside the
brackets. The same holds in the third line. Note that two different particles can carry
the same species or number label while they are not identical. For example, 1b is the
first baryonic particle which is of course not the same as the first DM particle 1d.

• The sum
∑
{iα,jγ} runs over all distinct particle pairs. For instance, {1b, 2d} is equiv-

alent to {2d, 1b} while {1b, 2d} and {1b, 2b} are not. In addition, it still holds that a
specific particle must only appear once. Hence, pairs of identical particles, like {1b, 1b},
are excluded from the sum.

– 21 –



J
C
A
P
0
1
(
2
0
2
1
)
0
4
6

• The sum
∑
{{iα,jγ},{kε,`λ}} has to be treated similarly. It runs over all distinct 2-tupels

of distinct pairs. For instance, we identify {{1b, 2b}, {3b, 4b}} with {{4b, 3b}, {1b, 2b}}.

This scheme continues to all higher orders.

B Derivation of the free generating functional

The calculation of the free generating functional via the expansion in terms of particle clusters
is very technical and extensive. Since most of the steps are completely analogous to the case of
a single particle species we only give here the main steps showing some central modifications
and otherwise refer to the original paper [33].

We start by inserting the initial distribution (2.17) into our earlier expression (2.11) for
the free generating functional. Splitting the momentum covariance matrix into auto- and
cross-correlations according to

~J ᵀ
pCpp

~J p =
∑

α,γ∈{b,d}

Nα,Nγ∑
j,k=1

J αpjC
αγ
pjpk
J γpk (B.1)

=
∑

α∈{b,d}

Nα∑
j=1

J αpj (σ
α
p )2J αpj +

∑
α,γ∈{b,d}

Nα,Nγ∑
j,k=1

J αpjC
αγ
pjpk
J γpk

∣∣∣∣
jα 6=kγ

=:
∑

α∈{b,d}

Nα∑
j=1

J αpj (σ
α
p )2J αpj + ~J ᵀ

pC̃pp
~J p,

with

J α
q/p :=

∫ ∞
ti

dt Jα ᵀ(t)GRα(t, ti)P
α
q/p =: J αqj/pj ⊗ ~e

α
j , (B.2)

P α
q :=

(
13

03

)
⊗ 1Nα , P α

p :=

(
03

13

)
⊗ 1Nα , (B.3)

where 03 := (0, 0, 0)ᵀ, we find

Z0[~J , ~K] =

∫
d~x(i) Ĉtot

(
δ

iδ ~Kp(ti)

) Pσb
p

(
pb(i)

)
V Nb

Pσd
p

(
pb(i)

)
V Nd (B.4)

× exp

{
i

(
~J q · ~q(i) + ~J p · ~p(i) − SK [~J , ~K]

)}
,

where

SK [~J , ~K] :=
∑

α∈{b,d}

∫
dt dt′ Jα ᵀ(t)GRα(t, t′)Kα(t′), (B.5)

Pσαp (pα(i)) :=
1(

2π(σαp )2
)3Nα/2

exp

{
− p

α(i)ᵀpα(i)

2(σαp )2

}
(B.6)

and

Ĉtot

(
δ

iδ ~Kp(ti)

)
:= Ĉ

(
δ

iδ ~Kp(ti)

)
exp

{
− 1

2

(
δ

iδ ~Kp(ti)

)ᵀ

C̃pp

(
δ

iδ ~Kp(ti)

)}
. (B.7)
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As mentioned in subsection 3.1, for vanishing initial cross-correlation (corresponding to
Ĉtot → 1) the free generating functional factorizes into single-particle contributions. Con-
sidering non-vanishing cross-correlations, the particles become connected and the resulting
factorization can now be performed in terms of clusters of correlated particles.

An important relation found according to this factorization is that the free generating
functional can be written as

Z0[~J , ~K] = Nb!Nd!
∑

{m
`b`d
}∗

Nb,Nd∏
`b,`d=0
`b+`d≥1

(
W

(`b,`d)
0 [~J , ~K]

)m
`b`d

m`b`d !
, (B.8)

where W
(`b,`d)
0 denotes the free generating functional of cumulant contributions from clusters

of exactly `b correlated baryonic and `d correlated dark-matter particles. The sum in (B.8)
runs over all possible ways to distribute the Nb + Nd particles over a collection of such
clusters, where m`b`d is the number of (`b, `d)-particle clusters appearing in each collection.

Thereby, each possible collection needs to satisfy the constraints
∑Nb

`b=1

∑Nd

`d=1 `
αm`b`d = Nα

for α ∈ {b,d}.

To compute the W
(`b,`d)
0 systematically, [33] introduced a diagrammatic representation

for the different ways particles can be correlated with each other within a cluster. These
representations can be easily generalised for the case of two particle species by introducing
different types of diagrams for the different particle species. The main difference between
one- and two-species systems is then purely combinatorial: For two distinguishable species
of particles, there are more distinct possibilities to distribute the particles among clusters.

C Derivation of the free cumulants

As for the derivation of the free generating functional, the derivation of the free collective-
field cumulants is very technical and extensive. Hence, we give only some crucial steps while
referring to [33] for more details.

To calculate the free cumulants it is convenient to work in a grand canonical ensemble,
where the particle number is not fixed anymore. The reason for this is that the weighted sum
over different particle numbers involved in this transition simplifies the form of the generating
functional (B.8) significantly,

Z0[~J , ~K]→ exp

{ ∞∑
`b,`d=0
`b+`d≥1

W
(`b,`d)
0 [~J , ~K]

}
. (C.1)

Note that we can safely make this transition since the canonical and grand canonical ensem-
bles are equivalent in the thermodynamic limit that we are considering.

Analogously to the interacting collective-field cumulants, the free cumulants are ob-
tained by applying collective-field operators to lnZ0 and setting the source fields to zero
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afterwards,

G
(0)α1...αln γ1...γlB

n···nB···B (1, . . . , ln, 1
′, . . . , l′B)

=

ln∏
u=1

(
Φ̂αu
n (u)

) lB∏
r=1

(
Φ̂γr
B (r′)

) ∞∑
`b,`d=0
`b+`d≥1

W
(`b,`d)
0 [~J , ~K]

∣∣∣∣
~J , ~K=0

=:
∞∑

`b,`d=0
`b+`d≥1

G
(`b,`d)α1...αln γ1...γlB
0 n···nB···B (1, . . . , ln, 1

′, . . . , l′B). (C.2)

Here, αu, γr ∈ {b,d} label to which particle species the u-th density field and the r-th
response field correspond, respectively.

As with the free generating functional, the explicit computation of the free cumulants
proceeds completely analogously to the case of a single particle species detailed in [33], with
the main difference being a higher number of different combinatorial contributions that have
to be considered for the possible ways particles of two distinct species can be correlated with
each other. This leads to the following rules a general (`b, `d)-cumulant needs to obey, which
are the natural generalisations of the rules found in [33] for the single-species case:

1. In a statistically homogeneous system, an (`b, `d)-cumulant vanishes if for any α ∈
{b, d} the number of α-particles `α is larger than the number of Φα

n-fields appearing in
the cumulant,

G
(`b,`d)α1...αlnγ1...γlB
0 n···nB···B (1, . . . , ln, 1

′, . . . l′B) = 0 if ∃α ∈ {b, d} (C.3)

such that `α >
∣∣{i ∈ {1, . . . , ln} |αi = α

}∣∣,
were |{. . . }| denotes the number of elements of a set.

2. An (`b, `d)-cumulant vanishes if for any α ∈ {b, d} there is a Φα
B-field argument evalu-

ated at an equal or later time than all Φα
n-field arguments,

G
(`b,`d)α1...αlnγ1...γlB
0 n···nB···B (1, . . . , ln, 1

′, . . . l′B) = 0 if ∃ i ∈ {1, . . . , lB} (C.4)

such that ti ≥ tj ∀ j ∈ {1, . . . , ln |αj = γi}.

From rule 1 we can draw the important conclusion that the sums over `α in (C.2) truncate at
the respective numbers of density fields Φα

n appearing in the cumulant. Rule 2 implies that
any free collective-field cumulant vanishes if it involves response fields Φα

B but no density
fields Φα

n for any of the particle species.

For our later purposes, we are interested in the 2-point cumulants. According to rule 1
the only non-vanishing and non-negligible contributions are coming from terms with exactly
two particles, i.e. (`b = 2, `d = 0), (`b = 1, `d = 1) or (`b = 0, `d = 2), since the terms
corresponding to only one particle give shot-noise contributions and can thus be neglected
because of the large number of particles in cosmologically relevant volumes. Due to rule 2,
the pure ~ΦB-field cumulant vanishes, i.e.

G
(0)α1α2

BB (1, 2) = 0 ∀α1, α2 ∈ {b,d}. (C.5)
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Similarly, the mixed Φα1
n - and Φα2

B -field cumulant vanishes if the two fields correspond to
different particle species, α1 6= α2, leaving us with

G
(0)α1α2

nB (1, 2) = G
(0)α2α1

Bn (2, 1) = δα1α2 n̄
α1(2π)3 δd

(
~Lq,1 + ~Lq,2

)
(C.6)

×
(

i~k2 · ~Lp,1(t2)
)

exp

{
−

(σα1
p )2

2
(~Lp,1 + ~Lp,2)2

}
.

Here, the spatial shift vectors

~Lq,r(t) := ~krgqq(tr, t), ~Lq,r := ~Lq,r(ti) (C.7)

~Lp,r(t) := ~krgqp(tr, t), ~Lp,r := ~Lp,r(ti) (C.8)

encode how the phase of the Fourier transformed density is changed by the free motion of
particles from time t to tr. For the pure ~Φn-field cumulant we obtain at linear order in the

initial density contrast power spectra P
αγ (i)
δ of baryonic and dark matter

G(0)α1α2
nn (1, 2)

∣∣∣
lin

= (n̄b)`
b
(n̄d)`

d
(2π)3 δd

(
~Lq,1 + ~Lq,2

)
P
αγ (i)
δ (k1)

×
(

1 +
~Lp,1 · ~k1

k2
1

)(
1 +

~Lp,2 · ~k2

k2
2

)
(C.9)

× exp

{
−

(σα1
p )2

2
~L2
p,1 −

(σα2
p )2

2
~L2
p,2

}
.

Note that [33] uses the Klimontovich phase-space density field and the respective phase-
space response field instead of the spatial density and response fields used in this work.
However, the generalization to phase-space fields is straightforward, as the form of the free
collective-field cumulants remains unchanged and only the phase-shift vectors ~Lq,r and ~Lp,r
need to be replaced by their respective phase-space equivalents.

D Computation of the linearly evolved power spectra

To compute the linearly evolved dark, baryonic and total matter power spectra from tree-level
RKFT, we first exploit the statistical homogeneity of cosmic structure formation, allowing
us to express the macroscopic propagator components and the free cumulants as

∆̃~n~n(1, 2) =: (2π)3 δD(~k1 + ~k2) ∆̃~n~n(k1; η1, η2) , (D.1)

∆̃r(1, 2) = ∆̃a(2, 1) =: (2π)3 δD(~k1 + ~k2) ∆̃r(k1; η1, η2) (D.2)

= (2π)3 δD(~k1 + ~k2) ∆̃a(k1; η2, η1) ,

G
(0)
~n~n(1, 2) =: (2π)3 δD(~k1 + ~k2)G

(0)
~n~nv(k1; η1, η2) , (D.3)

G
(0)

~n ~B
(1, 2) v(2) =: (2π)3 δD(~k1 + ~k2)G

(0)

~n ~Bv
(k1; η1, η2) . (D.4)

The next step is to solve the integral equation (4.13) for the retarded and advanced macro-
scopic propagators ∆̃r and ∆̃a. Using (D.2) and (D.4), this simplifies to an integral equation
in time only,

∆̃r(k1; η1, η2) = −iG
(0)

~n ~Bv
(k1; η1, η2)−

∫ η1

η2

dη̄ iG
(0)

~n ~Bv
(k1; η1, η̄) ∆̃r(k1; η̄, η2) . (D.5)
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The function G
(0)

~n ~Bv
is obtained by inserting the expressions for the interaction potentials (5.9)

and (5.10) in the limit of ideal hydrodynamics, σ0 → 0, as well as the free ~n ~B-cumulant (3.5).
Together with the scale function (5.7) and the relations (5.13), (5.14) and (5.18), this yields

− iG
(0)

~n ~Bv
(k1; η1, η2) =

3

2

gqp(η1, η2)H2
0

a2
i a

2(η2)HiH(η2)

(
Ωb

m,0 − 10
9 k

2
1
kB T (η2)
mPH

2
0

Ωb
m,0

Ωd
m,0 Ωd

m,0

)
, (D.6)

where ai and Hi denote the initial value of the scale factor and the Hubble function, respec-
tively. The time-dependence of the mean gas temperature T is specified in (5.20), and the
qp-propagator is given by

gqp(η1, η2) = Θ(η1, η2)

∫ η1

η2

dη̄
a2

i Hi

a2(η̄)H(η̄)
. (D.7)

Once the cosmology and thus the evolution of Hubble function H(η) and scale factor a(η) are
fixed, the integral equation (D.5) can be approximated as a linear 2Nt×2Nt matrix equation,
by approximating the time integral as a direct sum over Nt time steps. Due to the causal

structure of (D.7), the matrix-equivalent of G
(0)

~n ~Bv
is of lower block-triangular form, which

renders solving this equation computationally inexpensive.
Afterwards, we use the solution for ∆̃r to compute the ∆~n~n-component of the macro-

scopic propagator according to (4.12). Using (D.1) to (D.3), this simplifies to performing 1-
and 2-dimensional time integrals,

∆~n~n(k1; η1, η2) = G
(0)
~n~n(k1; η1, η2) +

∫ η1

0
dη̄1 ∆̃r(k1; η1, η̄1)G

(0)
~n~n(k1; η̄1, η2)

+

∫ η2

0
dη̄2 G

(0)
~n~n(k1; η1, η̄2) ∆̃a(k1; η̄2, η2) (D.8)

+

∫ η1

0
dη̄1

∫ η2

0
dη̄2 ∆̃r(k1; η1, η̄1)G

(0)
~n~n(k1; η̄1, η̄2) ∆̃a(k1; η̄2, η2) ,

where we use the relation (5.13) to express the free 2-point density cumulant (3.6) as

G
(0)
~n~n(k1; η1, η2) =

(
n̄

Ωm,0

)2 (
1 + gqp(η1, 0)

)(
1 + gqp(η2, 0)

)
(D.9)

×

(
Ωb

m,0Ωb
m,0 P

bb (i)
δ (k1) Ωb

m,0Ωd
m,0 P

bd (i)
δ (k1)

Ωd
m,0Ωb

m,0 P
db (i)
δ (k1) Ωd

m,0Ωd
m,0 P

dd (i)
δ (k1)

)
.

Finally, according to (4.9) and (4.10), the linear tree-level power spectra of dark, baryonic
and total matter are obtained from the equal-time components of (D.8),

P
αγ (tree)
δ (k1, η1) =

1

n̄2

(Ωm,0)2

Ωα
m,0 Ωγ

m,0

∆αγ
nn(k1; η1, η1) (D.10)

P
(tot,tree)
δ (k1, η1) =

1

n̄2

(
∆bb
nn(k1; η1, η1) + ∆bd

nn(k1; η1, η1) (D.11)

+ ∆db
nn(k1; η1, η1) + ∆dd

nn(k1; η1, η1)
)
.

Note that the total comoving mean number density n̄ cancels out when inserting (D.8)
and (D.9). We can thus simply set n̄ = 1 for this calculation.
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