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Abstract. We analytically derive the spectrum of gravitational waves due to magneto-
hydrodynamical turbulence generated by bubble collisions in a first-order phase transition.
In contrast to previous studies, we take into account the fact that turbulence and magnetic
fields act as sources of gravitational waves for many Hubble times after the phase transition
is completed. This modifies the gravitational wave spectrum at large scales. We also model
the initial stirring phase preceding the Kolmogorov cascade, while earlier works assume that
the Kolmogorov spectrum sets in instantaneously. The continuity in time of the source is
relevant for a correct determination of the peak position of the gravitational wave spectrum.
We discuss how the results depend on assumptions about the unequal-time correlation of the
source and motivate a realistic choice for it. Our treatment gives a similar peak frequency as
previous analyses but the amplitude of the signal is reduced due to the use of a more real-
istic power spectrum for the magneto-hydrodynamical turbulence. For a strongly first-order
electroweak phase transition, the signal is observable with the space interferometer LISA.
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1 Introduction

Cosmological observations are often a search for ‘relics’ of the early universe. Relics allow
us to infer the physics at a time when the Universe was much hotter and much denser than
today. A famous example of this is the cosmic microwave background (CMB) [1], which
literally represents a photograph of the Universe at the time when CMB photons decoupled.
Another very promising relic which has not yet been observed is a gravitational wave (GW)
background. Since GWs interact so little with matter and radiation, they propagate freely
immediately after generation and therefore allow us a direct observation of the Universe at
the time of their production. GW backgrounds have been proposed from inflation [2], from
braneworlds [3], from topological defects [4], from reheating after inflation [5] and from first



order phase transitions [6, 7]. In this last case, which is the topic of this paper, at least three
different sources of GWs have been identified: the collisions of broken phase bubbles [8-14],
fluid turbulence [15-20] and magnetic fields [21-24]. In this paper we concentrate on the
latter two aspects which cannot be truly separated since the magnetic fields are processed
and amplified by the turbulent fluid flow.

The GW signal from a first-order phase transition has a characteristic frequency of the
order w = ckya./ag = ¢ 'H,a./ag where ¢ = L,H,/c is the size of the largest bubbles in
units of the horizon size at the transition, 1/H,. Its value depends on the particle physics
model but for a strong first-order phase transition, we will set € ~ 0.01. Quite remarkably, for
a potentially first-order electroweak (EW) phase transition at Ty ~ 100 GeV, this frequency
is around a MilliHertz which is the frequency of best sensitivity of the planned GW satellite
LISA (Laser Interferometer Space Antenna) [25], meaning that LISA is potentially a window
on EW and TeV scale particle physics [26-28].

The main difference of our approach with earlier works is that we consider a long-
lasting, magneto-hydrodynamic (MHD) turbulent source. The collision of bubbles of the
broken phase causes an injection of energy in the primordial fluid. Since the kinetic Reynolds
number of the fluid is huge, for instance ~ 10'3 at the EW epoch (c.f. section 3.5), turbulent
motion sets in rapidly in the fluid. The magnetic Reynolds number being also very large, this
leads to the amplification of magnetic fields generated during the phase transition [29], and
MHD turbulence develops. Once the phase transition is over the source of energy injection
stops. However, MHD turbulence does not cease immediately but decays like a power law. In
previous studies [15-18, 20], the free decay of the turbulent velocity power spectrum has been
ignored: it was assumed that turbulence was active only during the completion of the phase
transition. However, since the value of the Reynolds number is very high, the dissipation is
not sudden and the fluid can remain turbulent during many Hubble times.

The power law decay in time of MHD turbulence is well established theoretically [30-35],
experimentally [36] and by numerical simulations [37-39]. However, there is no consensus
on the actual value of the power law exponent: Kolmogorov theory predicts a faster decay
than what observed in general in numerical simulations. On the other hand, both analytical
analyses and numerical simulations do agree on one point: that, in the absence of helicity,
the large scale part of the MHD turbulent spectrum is constant in time. Without inverse
cascade the energy is dissipated on the very small scales, the correlation length grows in
time, but wavenumbers much smaller than the inverse correlation length are not affected by
the evolution. This is important for MHD turbulence in the early universe. The radiation
dominated universe is characterised by a finite causal horizon, beyond which the turbulent
motions cannot be causally connected. As previously demonstrated [17, 40], the existence of
this causal horizon in a cosmological setting implies that the real-space correlation function
of the stochastic velocity field has compact support. The fact that the real-space correlation
function necessarily vanishes at large scales, together with the property of divergence freeness
satisfied by the incompressible turbulent flow and by the magnetic field, entails the formation
of a Batchelor spectrum for the turbulent velocity field and the magnetic field [17]. Namely,
taking for example the velocity field, the large scale part of the spectrum grows as P,(k —
0) < I k?, where I ~ (v?)L5 is the Loitsyansky’s integral, (v?) being the typical velocity of
the largest eddies and L their size (i.e. the largest scale on which turbulence develops, the
correlation scale corresponding to the bubble diameter in our context). Given this form of
the large scale part of the power spectrum, if it has to be constant as predicted by the theory
and observed in numerical simulations, then necessarily I must be constant in time (which



is also required by the Navier-Stokes equation) [41, 42].

In the following, we will assume that the kinetic energy (v?) and the correlation length
L evolve in such a way, as to maintain the product I ~ (v?)L® constant. We define the power
law exponent vy such that L ~ t7 and (v?) ~ t=57. For generality, the exponent v is kept
unspecified in the analytical formulae, but for the numerical results we substitute the value
v = —2/7. According to Kolmogorov theory, in fact, the constancy of I together with the
energy decay equation d{v?)/dt ~ —(v?)/L lead to the Kolmogorov decay laws: the decay
of the kinetic energy with time as (v?) ~ t~10/7 and the growth of the correlation scale as
L ~ t?/7 (see for example [30]). As explained in section 3.3, in the following we also assume
equipartition between the turbulent and magnetic energy densities (v?) ~ (b?): consequently,
we assume the same decay law also for the magnetic field, i.e. (b?)L® = constant.

The value v = 2/7 that we use in the numerical estimates has also been derived on
the basis of detailed theoretical arguments, as for example in [35]. On the other hand,
as previously mentioned, numerical simulations observe a slower decay for the kinetic and
magnetic energies, close to (v?) ~ (b?) o t~1 [37-39]. However, it is not clear whether
numerical simulations can efficiently model the conditions of MHD turbulence in the early
universe, which is characterised by the presence of a causal horizon and develops at extremely
high Reynolds number, of the order of 10'3 (c.f. the discussion at the end of section 3.4).
Therefore, in our analysis we have chosen to follow the theoretical picture of ref. [35], which in
addition leads to a conservative estimate of the production of GWs: in fact, MHD turbulence
which decays slower would be active as a source of GWs for a longer time.

In the following we assume this model of free decay for the turbulence, but to this
‘absolute’ time behaviour we also add the exponential de-correlation proposed in [43], to
express the time de-correlation of the velocity field on a given scale as time goes by. We take
the characteristic de-correlation frequency on a given scale to be the eddy turnover time at
that scale, and assume a Gaussian functional form to express the dependence of the power
spectrum on time difference.

Another new point of our analysis is that the sources of GWs, turbulent kinetic energy
and magnetic field, are continuous in time. The importance of having a continuous source
and its consequences on the position of the peak of the GW spectrum have been analyzed
in [14] for a short lasting source: the collision of bubbles. Here, we analyze also the long
lasting, MHD turbulent source. In order to do so, we need to modify the Kolmogorov decay
laws, and insert an initial phase in which the proper turbulent cascade has not yet begun:
during this phase, we assume that the kinetic energy starts from zero and grows linearly in
time, up to when stirring is over and the free decay of turbulence starts. The linear increase
has been observed in MHD simulations [44], and is also satisfied in simulations of the bubble
collision source (c.f. [13, 14]). We assume that the evolution law of the stirring scale L
remains equal to the Kolmogorov decay law also during the initial phase.

Contrary to previous analyses, we also model the MHD turbulence spectrum using a
formula which smoothly interpolates between the large scale behavior, determined by causal-
ity, and the small scale one, given by the MHD cascade (see also [24]). This model gives a
more realistic estimate of the amplitude of the MHD spectrum at the peak, which in turns
determines the final amplitude of the GW spectrum. With this improved MHD spectrum, the
GW peak amplitude is more than one order of magnitude smaller than previous estimates.

The paper is organized as follows. In the next section we discuss a toy model for the
source to illustrate the difference between a short-lasting and a long-lasting source of GWs. In
section 3 we discuss the properties of the MHD turbulence, and we determine the anisotropic



stress power spectrum from this source in section 4. We then define the time after which we
may neglect the GW source and determine the final GW spectrum in section 5. We discuss
our results in section 6 and conclude in section 7. A discussion of the fluid viscosity and
some technicalities are given in appendices for completeness.

Notation: Unless otherwise stated, we use comoving variables: t denotes conformal
time, the energy injection scale L, the Kolmogoroff microscale A (the endpoint of the Kol-
mogoroff spectrum), and k are respectively comoving distances and wavenumber. The index ,
indicates the time of the phase transition, while the index g indicates today. We normalize the
scale factor a(tg) = 1. H denotes the conformal Hubble parameter, Hy = ho100km/s/Mpc
is the Hubble parameter today, and the critical energy density is p. = p.(tg). The radiation
energy density parameter today is hdQaq0 = 4.2 x 107°. This value includes three types
of neutrinos. As we shall see, this is the relevant quantity since neutrinos (with standard
masses) are still relativistic at matter-radiation equality.

2 A stochastic gravitational wave background of cosmological origin

We consider a Friedmann universe with flat spatial sections. The tensor metric perturbations
are defined by o
ds? = a®(t)[—dt* + (8;5 + 2h;;)dx'da?] . (2.1)

In this work we want to determine the GW energy density power spectrum given by (see
e.g. [21])

0 31712 51772
Hlaw = i |h| = i ‘h | ) Pc = pc(tO)’ (2‘2)
dlogk  2(2m)3Gpca®  2(2m)3Gpca?
where "= % and ' = d%;? x = kt, and the GW energy power spectrum is defined as
(hij(k, )h3;(a, 1)) = (2m) 3 (k — a) [k, 1) (2.3)

Here (---) is an ensemble average over the stochastic process which generates the GWs. The
Dirac delta function 0(k — q) is a consequence of statistical homogeneity.

Once the source has decayed and the wavelength under consideration is inside the hori-
zon, the GW energy density simply scales like a=*. Hence the GW energy spectrum scaled
to today becomes
k5a?

ta(t)4 - mw(m?, x> 1. (2.4)

dQaw
dlogk

_ dQcw
0 ~ dlogk

To evaluate the GWs emitted by turbulent motion in the primordial fluid and by a
magnetic field we need to determine the tensor-type anisotropic stresses of these sources.
They source the evolution equation for the GW perturbations,

hij + 2Hhi; + k2hij = 8nGa®TS ) (k,t) . (2.5)

In this section we consider in all generality a relativistic source, and we solve the wave
equation in two cases: a long lasting source (i.e. many Hubble times), and a short lasting one
(i.e. significantly less than one Hubble time). We introduce the transverse traceless tensor
part of the energy momentum tensor of the source as

T (k,t) = (p+ p)ij(k,t)  sothat  87GaT (k1) = 4H?ML;(k,t),  (2.6)



where we denote the dimensionless energy momentum tensor with a tilde: ~Z] (k,t) =
(leP]m 1/2P”le)Tlm(k t). The projection tensor PjPjy, — 1/2PUle, with Pj; = d;; —
k; kj, projects onto the transverse traceless part of the stress tensor. II includes any time
dependence other than the basic radiation-like evolution. We assume that the source is ac-
tive only during the radiation-dominated era, where p = p/3. During adiabatic expansion
g(Ta)® = constant so that

1/3 1/6
p(t) = Zf(dt’;) < % ) and  a(t) ~ Hy Q3 (g%) t (2.7)

where ¢(t) is the number of relativistic degrees of freedom at time t.

2.1 Long-lasting source

Let us first concentrate on the more general case of a long lasting source. To solve eq. (2.5)
we set H = 1/t, neglecting changes in the number of effective relativistic degrees of freedom.
In terms of the dimensionless variable = = kt eq. (2.5) then becomes

/

h”+2h +hiy = 1T, (2.8)
z] .732 1] .

We consider a source that is active from time ¢;, to time tg,, which in the long lasting case
can span a period of many Hubble times. For ¢ > tg,, we match the solution of the above
equation to the homogeneous solution, lzlij = 0. Assuming further that we are only interested
in modes well inside the horizon today, x > 1, the resulting GW energy power spectrum
becomes

Tfin d Tfin d
W (k,z > za)|” = / & / i cos(zg — 1) (k, x1, x2) x>1, (2.9)

x1 = kt1, vo = kto, and f[(k:, x1,x2) denotes the unequal time correlator of the source,
<fll-j(k, tl)f[;kj(q, ta)) = (2m)36(k — Q)IL(k, kty, kto) . (2.10)

With eq. (2.4), the power spectrum of the GW energy density parameter for a long-lasting
source which is active between ti, and g, in the radiation era is then given by

40, i dzy [0 da
_ 37T2d,0 <§gﬁ0n> k3 / $1 / i CcoS :1;2 — ‘rl) (kaxlvxZ) . (211)

dQaw
dlogk|,

This result is completely general for modes well inside the horizon today; it reduces the
computation of the GW spectrum to the determination of the unequal-time correlator of the
tensor-type anisotropic stress, II(k, z1, 22).

2.2 Short-lasting source

If the source is active for a short interval of time, essentially only during the phase transition,
one can neglect the expansion of the universe during the time of action of the source, and
match the solution so obtained with the one of the homogeneous equation in which expansion
is taken into account. For this kind of source, we set tg, = tin + At, with At/t;, < 1. Solving



the wave equation (2.5) without expansion term, amounts to neglect the time-dependence of
the factors 1/z1 and 1/z2 in eq. (2.9) or (2.11) during the active period, so that

Tfin Tfin -
W (k,z > l’ﬁn)‘Z = 282/ dacl/ dxy cos(xg — x1)1(k, 21, 22) . (2.12)
xinx Tin Tin

Also this solutions applies for modes inside the horizon today. The energy spectrum now
becomes

dQaw
dlogk

1/3 Zfin Tfin -
) HE K / dxy / dxy cos(xg — x1)(k, 21, 22). (2.13)

_ 4 Qrad,O <90
0 32 Yfin

Obviously, the general long-lasting case reduces to this result if (tg, — tin)/tin < 1. Summa-
rizing:

1
9o \3 1.3 [Zfin doy [Tfin dzg _ 3
(gﬁn) k Tin 1 Tin 2 COS(.%'Q xl) H(k, xl,xQ)

long-lasting source (e.g. MHD turbulence)

=A (2.14)
0 i .
(g%) : len k fﬂiin d:l?l f;ﬁn dZCQ COS(IL'Q — .%‘1) H(k‘, x1, 1‘2)

in

dQcwh?
dlogk

short-lasting source (e.g. bubble collisions)
with T = ktl, o — th, Tin — ktin, Tfin — ktﬁn and A = #Qrad,oh(% .

2.3 Solutions for a simple source

In this section we analyze the difference between the GW spectrum generated by a short
lasting and a long lasting source in a simple example which can be treated analytically. We
find analytical solutions for the GW energy density spectrum (2.14). The general behaviour
of the solutions in this simple case is illuminating, as it is similar to the case of the evolving
source that we will treat in the rest of the paper (MHD turbulence).

We consider a tensor source IT with an equal time power spectrum which depends on time
solely via a function modeling the turning on and off of the source: TI(k,t,t) = II(k)f2(t).
For the equal time power spectrum of the tensor source, we take a form which is motivated
by turbulence and magnetic fields, see section 4:

(K, t,t) = < Sﬁi)Z L3S(K)f2(t) (2.15)

where (g denotes the (radiation like) energy density of the source normalised to the critical
energy density today (so that the ratio Qg/Q;aq is time-independent), K = Lk/2m is a
dimensionless wavenumber, L is a characteristic scale of the problem, and S(K') models the
scale dependence of the source. The continuous function f(¢) vanishes at both, ti, and tg,
and describes the switching on and off of the source. The source is active during the time
interval tg, — tin, which can be long or short compared to the initial Hubble time, H;ll = tin.

As shown in ref. [14], the time continuity in switching the source on and off can be
relevant for the GW spectrum. Inspired by results from numerical simulations of bubble
nucleation during a first order phase transition [10, 13], we choose the function f(¢) to be
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Figure 1. The function modeling the time dependence of the source used in section 2.3, eq. (2.16).

continuous but not differentiable at the initial and final times. The effect of this choice on
GW spectra for short duration sources is discussed in ref. [14]. Here we shall also study its
effect on sources of long duration. We set (see figure 1)

0 if £ < tiy
2hin) i i, <t < i + AL/2
f)y=41 if tin + At/2 < t < tg, — At/2 (2.16)
Aan b if g5 — At/2
0 if t > tq, .

For a short lasting source, At is also the duration of the source (c.f. section 2.2 and ref. [12]),
while a long lasting source is typically active for a much longer period of time, and At is the
characteristic time of turning on and off. As we show below, the effect of introducing time
continuity on the resulting GW spectrum is relevant only in the ‘coherent’ case (see figure 3).
In this case, the power at small scales is less than for a discontinuous source.

To compute the solution according to eq. (2.14), we need the source power spectrum
at unequal times ﬁ(k,tl,tg). In this section, we consider two different possibilities for the
unequal time correlators, the incoherent and the totally coherent approximations, which we
discussed also in the case of GWs generated by bubble collisions [12]. In section 3 we will
compare these approximations with the ‘top hat’ ansatz [12], which turns out to be more
realistic for the case of MHD turbulence.

e Incoherent approximation: the source is correlated only for ¢ ~ 9
(K, ty,to) = (K, t1,t1)0(ty — to) At f2(t1). (2.17)

Here At plays also the role of a very short characteristic time, over which the source
remains ‘coherent’. With this ansatz the time integration in (2.14) is simple, and we
obtain the following result for the GW energy spectrum:

dggwhg 4Qraq Oh(Q) Qs 2 3
- : K?S(K)F (tin, tin, At 2.18
dlogk 0 372 Qrad ( ) ( i ) ( )
where
1
(;TOD) 3 % long-lasting,
F(tinvtﬁna At) = (219)
1
(ZT?)E @ (%)2 short-lasting.



The result for the long-lasting case is expanded using At < tiy, tgn. The full expression
is given in appendix A, where we collect all analytical expressions for the convenience
of the reader, see eq. (A.1).

In the incoherent approximation, the function F'(ti, ta,, At) resulting from the convolu-
tion of the Green function with the source, eq. (2.14), does not depend on wave-number.
The GW power spectrum is therefore simply the one of the source S(K), multiplied by
the phase-space volume K3, both for long lasting and for short lasting sources. The
peak of the GW spectrum then coincides with the one of the source spectrum. The
time integration results in the ratio between the brief coherence time At and the initial
horizon time ;. In the long lasting case, this factor might be close to one while in the
short lasting case it is always much smaller. In addition, the GW amplitude of the short
lasting case is suppressed by one more factor At/t;, with respect to the long lasting one.

Coherent approximation: the source is perfectly correlated at all times ¢ and to

(K, t1,ts) = VII(K, t1,t1)\/II(K, to, t2) . (2.20)

In this case as well, the time integration in eq. (2.14) can be performed explicitely,
and we obtain the GW energy density power spectrum (we remind that ziy, = ki,
Tfn = ktgn, and Az = 2y — Tin)

dQawhi 40ra0h3 [ Qs \° 3
= ; K°S(K)F in» ns A 2.21
d log k 0 37-[-2 Qrad ( ) ($ Tf $) ( )
where
(;Ton) g [(Ci(xﬁn) - Ci(l‘in))2 +(Si(zfin) —Si(Zin) )2 long-lasting
F(zin, Tfin, Ax) =~ ) .y (2.22)
(gf) ’ 64;2;) = ((z(:fi;:lf ) short-lasting.

in

In the long lasting case we have again expanded to lowest order in Ax/x;, and Ax/xgy,.
Ci and Si denote the integral cosine and sine functions [45]. The full expression is given
in appendix A.

Contrary to the incoherent case, here the function F(xiy, z,, Ax) depends on wave-
number, and the resulting GW spectrum is therefore modified with respect to the one of
the source. We plot F(zip, Zfn, Az) in figure 2. In both the long and short lasting case,
F(%in, Tfin, Ax) tends to a k-independent value for wave-numbers such that zj, < 1.
The constant is log?(zg,/2in) in the long lasting case, and 7%(Ax/zi,)? in the short
lasting one. In the short lasting case F' remains constant up to Az ~ 1 where it starts
oscillating and decaying like 1/(xi,Az)2. The long lasting case instead depends also on
Tgn: When zg, becomes larger than one, the slope changes from the constant to a mild
logarithmic dependence on k as log2 Zin. Then for xjy, > 1 we have a decay like 1/ 9512117
up to Az 2 1 where F' also starts oscillating and decaying, with a smaller amplitude
than the short lasting case, see figure 2. Hence, wavelengths which are larger than the
typical switching on time are amplified by an additional factor min{(Az)~2, (zi,/Az)?}
in the long lasting case. On the other hand, wavelengths smaller than the the typi-
cal switching on time are suppressed in the long lasting case due to the presence of
interferences suppressing the signal.
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Figure 2. Comparison between a short and long-lasting source. We plot the function F(zip, Zfin, AT)
defined in eq. (2.19) (incoherent case) and eq. (2.22) (coherent case) as a function of z;, = kt;,. Blue,
solid: long lasting coherent and incoherent cases with tg, /¢, = 100 and At = 0.01¢;,. Red, dashed:
short lasting coherent and incoherent cases with tgy,/ti, = 1.01, At = 0.01¢;,. The horizontal lines
correspond to the incoherent case.

The functions F(xin, Zn, Ax) for both the short and long lasting incoherent and coher-
ent cases are shown in figure 2. The GW amplitude in the short lasting case is suppressed for
low and intermediate values of k£ with respect to the long lasting one, both in the incoherent
and in the coherent cases. However, while in the incoherent case this suppression is main-
tained for all k, in the coherent one interferences suppress the amplitude of the long lasting
case for frequencies larger than the typical switching on frequency Ax 2 1.

Figure 3 shows the effect of introducing continuity in the process of turning on and off
a long lasting source. The conclusions drawn in the analysis of ref. [14] are not modified by
the long duration of the source. The incoherent spectrum is the same for a continuous and
a discontinuous source, while in the coherent case there is a difference for frequencies higher
than k& 2 1/At corresponding to the characteristic time-scale of the source. In the continuous
case the slope changes, becoming steeper by a factor k! if the turning on process has a kink:
f(t) is continuous but not differentiable. In the discontinuous case, on the other hand, the
change of slope is absent.

Summarizing, two general features can be deduced from this analysis. First, the GW
energy spectrum at large scales is proportional to the phase space volume K3 times the source
power spectrum S(K'). In the incoherent case no other wavenumber-dependence intervenes;
in the coherent case, instead, the wavenumber at which this behaviour changes depends on
the duration of the source, whether it is short or long lasting. Second, the GW amplitude in
the short lasting case is smaller than the one in the long lasting case. In the incoherent case,
this is always true; in the coherent case, this suppression can be very significant on large
scales, however, it turns into an amplification for scales smaller than At. On super-horizon
scales, the difference in the amplitude between the short lasting and long lasting sources is
typically of the order of At/t;, in the incoherent case and (At/t;,)? in the coherent one.

Examples of well-motivated long-lasting sources are turbulent fluid flows initiated by
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Figure 3. For a long-lasting source, comparison between the continuous (solid) and discontinuous
(dashed) cases. We plot the function F(Zin, Zan, Az) as a function of ziy, = kt;,. The incoherent
case is not affected by continuity as shown by the red horizontal line (the solid and dashed lines
are superimposed). In the coherent case shown in blue, the slope changes in the continuous case for
frequencies k > At~!. The values of the parameters are the same as in figure 2.

instabilities generated by bubble collisions. In the following, we concentrate on this particular
source. We also study the case of magnetic fields, which represent another long-lasting source
of GW typically expected from first order phase transitions [29].

3 Turbulent magneto-hydrodynamics as a source of gravitational waves

3.1 General considerations

Turbulence develops if a fluid with sufficiently high Reynolds number is perturbed. If the
fluid is stirred on a characteristic scale L, (the subscript indicates that we use the physical
length, not comoving length here), the Reynolds number of the flow is defined by

_ vl

Re (L) (3.1)

v
where vy, is the characteristic velocity on the energy injection scale L,, and v is the kinetic
viscosity of the fluid. If Re(L,) > 1, the stirring develops turbulent motions. In a first
order phase transition, the source of stirring is bubble collision. Therefore, the characteristic
scale of the stirring is given initially by the typical bubble size towards the end of the phase
transition, L, ~ 2v,3~! where vy, is the bubble wall velocity and 37! the (comoving) duration
of the phase transition (see for instance section 4 of [12] for a detailed definition). The initial
energy injection scale L, is the scale at which the largest turbulent eddies develop, and
corresponds to the peak of the turbulent velocity power spectrum.

The dynamics of bubble growth at late times, towards the end of the phase transition,
allows us to determine the order of magnitude of the kinetic energy involved in the turbulent
flow. The bubble wall can be treated as a discontinuity, i.e. a combustion front across which
energy and momentum are conserved [46]. At the front, the velocity of the fluid in the
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rest frame of the bubble center is given by vy = (v1 — v2)/(1 — v1v2), where v1 and vy are
respectively the incoming and outgoing speed of the fluid in the rest frame of the front (see
e.g. ref. [12] for more details). We assume that the typical value of the turbulent fluid velocity
is given by vy. Therefore, the kinetic energy of the turbulent flow is

2
Pxin = (p +p)<v2> with  (v?) ~ v]% . (3.2)
Even though the velocities involved are large in the case of interest, we are using the formal-
ism of non-relativistic MHD turbulence. Since the corresponding values of  are typically
of order one, we expect that the error introduced is within the uncertainty of our calcu-
lation. Furthermore, while the validity of the theory of non-relativistic turbulence may be
questionable if high speeds are involved [47], it was shown in [48-50] that the Kolmogorov
spectrum is recovered even in the relativistic case.! Still, we impose for the fluid velocity
(v?) < 2, where ¢; = 1/4/3 is the sound speed in the relativistic fluid. The fluid velocity v
is completely specified once vy, is known and the ratio & = pyac/prad « is fixed: solving for the
hydrodynamical equation allows one to relate the fluid velocity to the bubble wall velocity
(see for instance [54] for more details). If the phase transition proceeds as a detonation
(deflagration), then v1 = vy (v2 = vp). For this paper, we choose the fluid velocity vy = cs
corresponding to a = 1/3 and either v, ~ 0.87 (detonation) or v, ~ ¢, (deflagration) (for
a > 1/3 there is no deflagration solution). When we need to specify vy, in the figures and the
numerical values, we always consider the detonation case v, = 0.87. It is straight forward to
re-scale the results to lower bubble and fluid velocities.

If the fluid is stirred on the scale L., turbulent motions develop within a time interval
of the order of the eddy turnover time 77. This is the characteristic time for the cascade to
set in. Given the typical value of the turbulent fluid velocity vy, the eddy turnover time on
the stirring scale L, is defined simply as 7, ~ L./(2v¢). Since the fluid velocity is always
smaller than the bubble wall velocity vy < v, the eddy turnover time is always larger than
the duration of the phase transition: 77, > 7! In the following we identify the time interval
At given in section 2.3 as At = 77. For short-lasting turbulence, this means that the source
lasts for only one eddy turnover time. In the long-lasting case (which is the relevant one as
we will see), this means that turbulence is ‘turned on’ in one eddy turnover time 77,.

In the cosmological context the fluid is ionized and has not only a very high kinetic
Reynolds number (which we evaluate in section 3.5) but also a very high magnetic Reynolds
number Ry, defined by (see appendix B)

R (Lp) = L]Z)L, where w= ﬁ (3.3)
is the magnetic diffusivity and o denotes the conductivity. High values of the magnetic
Reynolds number require an MHD treatment of the cosmic plasma. Moreover, the magnetic
Prandl number

P, = Re (L) = ; (3.4)

is much larger than unity, as we calculate in appendix B. Therefore, the characteristics of
the plasma in the early universe entail the formation of MHD turbulence. The seed magnetic

Tt is remarkable that recent simulations of quark gluon plasma instabilities in the process of thermalization
in heavy ion collisions show similarities with a Kolmogorov scaling [51-53].



field can be generated by several mechanisms [29], and is then amplified by the currents due
to the turbulent flow of charged particles [31, 55]. The magnetic field itself is also a source of
GWs. In the following we make the simplifying but reasonable assumption of equipartition:
the total kinetic energy in the turbulent motion is equal to the magnetic field energy. Note
however, that this assumption need not hold for each wave number &, so that we can allow for
different spectra for the magnetic field energy and the turbulent kinetic energy at small scales.

In the remainder of this section we present our model for the power spectra of turbulence
and magnetic fields, as well as their time evolution. We evaluate the Reynold number in the
early universe and describe how it evolves with time, which will help us to determine when
MHD turbulence is expected to end.

3.2 The turbulent velocity power spectrum

The power spectrum of the turbulent velocity field at equal times is of the form?
(ws(k, v (@, 1)) = (27)°6(k — @) Py Py(kst), (3.5)

where the projector P;; = d;; —l%il;:j comes from the fact that the turbulent velocity field v(x, )
is divergence free. An ansatz for the unequal time correlator will be given in section 3.6. In
previous works, the turbulent velocity power spectrum P,(k,t) was either assumed to be
given only by the inertial range k—'1/3 [15, 16, 18, 20], or naively determined by intersecting
the k2 behaviour at very small scales with the inertial range k~/3 behaviour [17]. Both
approaches overestimate the peak amplitude of the turbulent source and thus overestimate
the GW amplitude. In the present study, we use a more realistic, smooth function to describe
the spectrum, proposed by Von Kérman [56] (see also page 244 of [57]). It is given by the
following interpolating formula (here in terms of comoving quantities):

K? lfor0< K < £
P,(K) =C,(v*) L A5 KD/ X{OforKZI;, (3.6)
where we again use the dimensionless variable
K =kL/2w (3.7)

and A denotes the Kolmogorov microscale, beyond which turbulent motions are absent and
we set the spectrum to zero. The kinetic energy of the turbulent flow is given in eq. (3.2):
using this definition, we rewrite (v?) in terms of the ratio of the total kinetic energy to the
radiation energy density,

3 Qr
2 —
(v°) = 50 (3.8)
In our numerical estimates, we will use (v?) = 1/3, thus corresponding to Q7/Qaq = 2/9.
55 I'(5/6)

In equation (3.6), the constant C, = 15257 r/3) ~ 0-0385 comes from the normalization of
the kinetic energy spectrum, E(k) = k?P,(k)/(27?),

prin _ (V%) 3 Qr
p+p 2 4 Qraq

:/w%ﬂm— 1/wﬁﬁawy (3.9)
0

- 2
27 0

2In this paper we neglect the presence of a helical component in the velocity and magnetic field power spec-
tra (c.f. eq. (3.15)). Non-zero helicity, possibly arising from a macroscopic parity violation in the early universe,
affects the decay of MHD turbulence, as demonstrated for example in [37], and the subsequent generation of
GWs. For GW production by primordial helical MHD turbulence we refer to the analysis of refs. [20, 24].
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Figure 4. Comparison between the turbulent velocity power spectrum obtained by intersecting the
k? behaviour at small scale with the inertial range k~'/3 behaviour (blue), as done in the literature,
with the Von Kédrmén spectrum (black).

Expression (3.6) smoothly interpolates between the large scale, K2 behaviour, and the inertial
range K_ll/S, which is reached for K 2 3. The peak is at Kpcak = 1/6/11 ~ 0.74, which
corresponds roughly to the energy injection scale at K = kL/2m = 1. The peak amplitude is
smaller by a factor ~ 6 compared to the amplitude obtained when naively extrapolating the
k~11/3 behaviour down to the energy injection scale K = 1, as shown in figure 4. This is an
important point when we compare the amplitude of the GW signal with previous estimates in
the literature. Note that expression (3.6) is analytic for & — 0, which is required for causally
generated, incompressible turbulence in the cosmological context [17].

In the inertial range, the characteristic velocity on a given scale 27 /k is approximately
given by [30]

2 N Qr o
v ~ kE(k) ~ 67C, K for K 2 3. (3.10)
Qrad

Thus, the characteristic velocity on the energy injection scale, which is related to the total
kinetic energy in the turbulence, is:

Qr
rad

v? ~ 67C, = 47C,(v?) . (3.11)

3.3 The magnetic field power spectrum

The power spectrum of the MHD processed magnetic field is closely related to the one of the
turbulent velocity field. Here we treat the two sources exactly on the same footing. Since
the energy density of a cosmological magnetic field scales like radiation, we can use eq. (2.14)
to evaluate the GW spectrum sourced by the magnetic field, provided that we define the

normalized magnetic field vector
3
b =4/——B8B;, 3.12
V 167 prea (3.12)
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so that the transverse traceless (77") part of the magnetic field energy momentum tensor is

(12 (x,1)] """ = [

Bi(x,t)Bj(x, t)] Iy
ij

o = gpraa(t) [bi (e, )b (x, )] ") = (p + )G (x.1).

(3.13)
The normalized magnetic field b; is equivalent to the dimensionless turbulent velocity field
v;. We define a parameter analogous to eq. (3.8), given by the ratio of the magnetic field
energy density to the radiation energy density

Q

(B
2 Qrad p+Dp ’ .

8

with pB = (3.14)
In the following we assume equipartition between the magnetic and turbulent energy densi-
ties at the time when the latent heat is released, therefore (v2) ~ (b?) (however, the scaling
of the GW spectra with the source energy density is kept explicit). The slope of the high
frequency tail of the magnetic power spectrum in fully developed MHD turbulence is not
precisely known: it could be of the Kolmogorov type, or it could satisfy the Iroshnikov-
Kraichnan [58] or Goldreich-Sridhar [59] spectral slopes. While in the presence of a strong
background magnetic field, the spectrum of the field perpendicular to the background field is
of the Iroshnikov-Kraichnan type according to refs. [60-62], in the isotropic case, the relevant
one in cosmology, the simulations of ref. [61] indicate a Kolmogorov-type slope. However,
to diversify the treatment of the magnetic source from the turbulent one, we choose to con-
sider the Iroshnikov-Kraichnan spectrum; the GW spectrum resulting from a Kolmogorov
magnetic field is not very different and it can be readily derived from the turbulent one.

The low frequency tail of the spectrum is determined by causality and by the fact that
B is divergence free. Like for turbulence, we use the interpolating formula from ref. [56] to
find the equal time magnetic power spectrum

(bi(k, t)bi(q,t)) = (2m)°3(k — q) Pij Py(k, t) , (3.15)
3, Q9 5  K? lfor 0< K <%
Py(k,t) = 5C,, o L (EYRIEE X {0 for K > L (3.16)

7 I(3/4)
1673/2 I'(1/4)
eq. (3.9). The magnetic field and the turbulent flow being generated by the same physi-
cal process, namely bubble nucleation and collision, we assume that they share the same

correlation scale L and Kolmogorov microscale A.

The normalization constant C, = ~ 0.0265 is calculated in the same way as in

3.4 Freely decaying turbulence

The turbulence stirring time is given by the duration of the phase transition which is typically
much shorter than one Hubble time. Calling t;, the time at which the phase transition
starts, one has 7! <« Hi;l. As discussed in section 3.1, the typical time interval over which
turbulence is established is the eddy turnover time 7;. Moreover, Kolmogorov turbulence
can be generated only if 77, < ’H;ll. This condition translates into a lower bound for the
turbulent fluid velocity, in terms of the phase transition parameters:

vp 2, (Hin/B)vp - (3.17)

If 7, < Hi;l, turbulence sets in after a short interval of time At = 71, < #;,. After the
completion of the phase transition (once bubbles have percolated), the stirring is over and
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the turbulence enters the free decay regime, i.e. the total kinetic energy is dissipated (see for
example [30]). The physical quantities appearing in the turbulent (3.6) and magnetic (3.16)
spectra are comoving, but they also have an additional ‘absolute’ time dependence due to the
evolution of the turbulent cascade and the decay of the total energy. As already mentioned in
the introduction, the existence of a maximal correlation length in the universe (the horizon)
and the consequent Batchelor spectrum (i.e. k% at large scales), imply that (Q7/Qaq)L® is
constant in time [17, 41, 42]. According to this, we assume the following laws for the growth
of the correlation scale and the decay of the kinetic energy:

t—tin )
L(t) = L, ., >0 (3.18)
TL
t—t;
Q Qr, | 75 tin <t <tin + 7L,
L) = =3 /1 \» (3.19)
Qrad Qrads (t_§1n> y t > tin + 7L .

When the phase transition starts, at ti,, both the correlation length and the kinetic energy
vanish. This insures that the source is continuous in time. At a time ¢, = t;, + 71, after
the completion of the phase transition, turbulence is fully developed. The stirring scale
is given by L., and Sgi—:d** is the total kinetic energy in the turbulent fluid, normalized to
the radiation energy at time t,. We assume that the energy cascade responsible for the
Kolmogorov spectrum starts at this stage. At times t > t, = t;, + 77 turbulence enters
the free decay phase, and the correlation scale and the kinetic energy evolve following the
condition (27 /Qpaq)L° =constant.

The simple linear interpolation between these two behaviors given in (3.19) has been
introduced to mimic the turning on of the source in the bubble collision case, inferred from
numerical simulations, see [13]. The linear increase of the magnetic energy density in MHD
turbulence has also been observed in simulations [44]. After this initial phase, for Kolmogorov
turbulence which we shall adopt here, the energy decay law infers the value v = 2/7 (see
e.g. [30] and the introduction). For generality, we keep ~ unspecified in the analytical
formulae. When numerical results are presented, we substitute the value v = 2/7.

In order to show explicitly its time evolution, we re-express the velocity power spec-
trum eq. (3.6) in terms of the time-independent variable K, = kL./2w. Introducing the
dimensionless time variable

t — tin

Yy = )
TL

consequently L(t) = L, y", and using K = K, y” we obtain:

P if0<y<land 0 < K, < L=

3 Qe g K2 . AW
_ * > <K, < L
P, (K., y) 5 CUQrad* L a —|—K2y27)17/6 x < 1 ?fy >1 aLnd 0< K, < G

The time-dependence of P,(K.,y) is shown in figure 5. The initial phase, 0 < y < 1
is inserted so that the source of GW increases smoothly from zero. As already discussed,
the continuity of the source at initial time is an important issue for the resulting GW spec-
trum [14]. However, since the duration of this initial phase is short, we assume that the
details of the source spectrum during this phase are not relevant and we do not model them
in any detail. In particular, we do not expect the inertial range K, 13 for K, 2 3 to be
already developed in this initial phase, because the real energy cascade has not yet started.
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Nevertheless, for simplicity we keep the same form of the spectrum as a function of K, in the
two phases: the turbulent free decay phase, y > 1, is actually the most relevant one for the
GW generation. During this phase, the large scale part of the power spectrum K, < 1 re-
mains constant. We also show the characteristic velocity and the kinetic energy as functions
of K, for different times in figure 6.

In the following we assume that the turbulent magnetic field also undergoes the same
time decay as the turbulent velocity field. Even though the precise decay law of the magnetic
field energy density is not known in general for MHD turbulence, both analytical [32-35]
and numerical [37-39] analyses seem to agree with the fact that the magnetic field power
spectrum is persistent on large scales. Together with the condition that the spectrum, in
a cosmological setting, should be of the Batchelor type (i.e. k% at large scales) due to the
presence of a cosmological horizon, constancy in time at large scales entails the existence of
a conserved quantity analogous to Loitsyansky’s invariant: (2p/aq)L° =constant. This
gives the same decay as for the turbulent flow. Equivalent scaling laws (once generalized
to the Batchelor case) are obtained from the argument of self-similarity [32, 38] and direct
cascade [34, 39]. Therefore, we also assume in the magnetic case,

L(t) = L*yw
QB(t)_QB*{y 0<y<1
Qraa Qrad« y—57 y=>1,
3, QB 4 K2 Y 1£0§y§3&nd0§K*L§ O
b( *ay) 2 erad* * (1+K$y27)11/4 X 1y > n < Ko <555

. L
0 lfK*Z@'

Our argument for assuming this particular form of the time decay in MHD turbulence relies
on approximative, analytical considerations, and given the high non-linearity of the problem
it is conceivable that only numerical simulations will be able to find the correct scaling. For
simplicity, and in order to be able to proceed with our analytical estimate, we are forced to
make the above mentioned, rather crude assumptions for the scaling. Nonetheless, we would
like to stress here once again the importance of the presence of a causal horizon, unavoidable
in the cosmological setting. This prevents the formation of long range correlations at least
beyond the horizon scale, a feature which certainly affects the decay law and that can not be
accounted for in numerical MHD simulations which go on for times larger than the box size.

3.5 How long does turbulence last?

In this section we confirm that turbulence is generated during a phase transition, and we
determine when it ends according to the free decay picture described above. For this we eval-
uate the Reynolds number defined in eq. (3.1) at the energy injection scale L corresponding
to K = kL/2m = 1. We distinguish the physical length with a subscript ,,

Ly(T) = L(y) 2 ( 7 )1/3 (3.20)
g T \g(T)
from the comoving scale L(y) = L,y". The kinematic viscosity v(T') is derived in appendix B:

22 71 T > 100 GeV
v(T) ~<{ 5108 GeV* T7° T < 100 GeV (3.21)
2 10° GeV* T75 T < 100 MeV
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Figure 5. The normalized velocity power spectrum as a function of wavenumber K, for different
times. Left: the phase in which the turbulence is developing, 0 < y < 1. Right: the phase of free
decay, y > 1. The Kolmogorov microscale is outside the plot range (c.f. end of section 3.5).
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Figure 6. Left: the characteristic velocity v7 ~ kE(k) = 4r K2 P,(K.)/L? as a function of wavenum-
ber at different times in the inertial range K, 2 3 during the free decay phase, y > 1. Right: the
kinetic energy E(k)/L. = 2K2P,(K.)/L2. The Kolmogorov microscale is outside the plot range.

The jumps in the viscosity introduce an uncertainty in the evaluation of the parameters, for
which we can only give the correct order of magnitude.

For vy, = vip(k = 2w /L), we use the relation (3.10). Eq. (3.10) is valid only during
the cascade, the free decay phase y > 1, and in the inertial range K 2 3. To estimate the
Reynolds number, we extrapolate it to K = 1, thus making a small error. However, the
following estimate is valid only for times y > 1. We have

Qs
V3 (y) ~ 67Cy——y ™5 for y>1. (3.22)

rads

Inserting this in (3.1) we obtain for temperatures 7' < T}, corresponding to y > 1

VL« 3 * 1/3 .
Re (L(T)) = Re (L*)% V((TT)) y= 3 (g(gT>) with (3.23)
1/3
Re (L,) = GWC&VE*);E <gi> : (3.24)
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Figure 7. Evolution of the Reynolds number at the energy injection scale L,(T") as a function of
temperature, assuming a phase transition with 8/H. = 100, ngfd =2/9 and v = 2/7, for three phase
transition temperatures: T, = 100, 10% and 10% GeV. The temperature at which the Reynolds number
decays below 1 (horizontal line) represents approximatively the end of the turbulence: this typically
happens at temperatures ~ 100 MeV, 2 GeV and 8 GeV respectively.

Re (L(T)) is plotted for different values of T in figure 7. If we consider the EW phase tran-
sition, for which T, ~ 100 GeV, and we fix /H. = 100, Qrs/Qraq« = 2/9 corresponding to
vf = s, vp = 0.87 corresponding to detonations (see section 3.1), and v = 2/7, we find the
value

Re (L(T, = 100 GeV)) ~ 10"3. (3.25)

This confirms that turbulence develops once the primordial fluid is stirred on the scale
L, =2v,/(. In appendix B we also derive

v 12 [ GeV 4
Pm:;:m ) 1 MeV < T < 100 GeV (3.26)
so that
12 GeV\?
Run(L(T)) = Re (L(T))Pm(T) = 10" Re (L(T)) { — : (3.27)
Ry (L(T, = 100 GeV)) ~ 10'7. (3.28)

We now want to determine the wavelength up to which the cascade is present, and
the time up to which MHD turbulence persists. The turbulent cascade stops when viscosity
becomes important, and this happens at scales smaller than the Kolmogorov microscale A,
defined by

Re()) = 2% —

hence § = A Re(L) = Re (L)¥*4, (3.29)

v VI,
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Figure 8. Evolution of the stirring scale L(T) and the Kolmogorov microscale A(T) =
L(T)/[Re (L(T))]?>/* with temperature, for T, = 100 GeV, §/H, = 100, = = 2/9 and vy = 2/7.

Qradx -

where for the last equality we use (3.10). Therefore, the Kolmogorov microscale also grows
during free decay, according to:

v 1/3 I 17
N

The temperature dependence of \(T') and L(T) is illustrated in figure 8. The ratio of the
initial scales determining the extension of the turbulent inertial range is L./\. = O(10'),
for T, = 100 GeV, B/H. = 100, Qry/Qraqx = 2/9, vp = 0.87 and vy = 2/7.

Since A\(T') grows faster than L(T'), there always exists a temperature at which the two
scale cross, as shown in figure 8. We define the end of turbulence when the entire inertial
range (K 2 3) is dissipated, namely when the dissipation scale has grown to reach

=3 =  Re(L(Tw)) = 3%5. (3.31)

If turbulence starts at T, = 100 GeV, using again the values 5/H, = 100, Q7./Qade = 2/9
and v = 2/7, we find Tg, ~ 120 MeV. Therefore, turbulence acts as source of GWs for many
Hubble times.

Once turbulent motions are dissipated, the magnetic field fluctuations at scales larger
than the dissipation scale remain frozen in the primordial plasma. Hence, in principle, the
magnetic field continues acting as a source of GW also after the end of turbulence. However,
we neglect this extra contribution to the GW spectra since it will not affect the spectrum
at the interesting scales, around the peak, where the signal may be visible. These scales in
fact have entered the horizon well before the end of turbulence and further GW production
is strongly suppressed at later times.
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3.6 Time de-correlation of the spectrum of magneto-hydrodynamical turbu-
lence

In order to evaluate the GW power spectrum generated from MHD turbulence, the equal
time velocity and magnetic field power spectra given in egs. (3.5), (3.6) and eqs. (3.15), (3.16)
are not enough. We need to know the unequal time velocity power spectrum,

<'Ui(k, tl)v;f(q, t2)> = (271')3(5(1{ - q) Pij Pv(k, tl, tg) 5 (332)

and equivalently for the magnetic field. To model the unequal time velocity power spectrum,
we multiply the equal time one (3.6) with the exponential time de-correlation proposed by
Kraichnan in [43] and also used in [18]. The temporal de-correlation of the velocity field
described in [43] operates only in the inertial range and during the cascade, which in our case
means K 2 3 and t > t,. The characteristic de-correlation time scale is given by the eddy
turnover time: 7, = ¢/(2vy), for a characteristic eddy of size £ = 27/k well in the inertial
range. To model the de-correlation Kraichnan proposes a Gaussian functional form,

g(tl, tg) = exp(—7r(t1 — t2)2/(47'£2)) . (3.33)

In our approach, the magnetic field undergoes the same de-correlation as the turbulent field.

In the case of freely decaying MHD turbulence under consideration here, the eddy
turnover time 7y is itself time-dependent, through the characteristic velocity on the same
scale, vy. Using the formula of the characteristic velocity in the inertial range (3.10), and the
evolution equations for the kinetic energy and the correlation scale (3.19) and (3.18) we obtain

1
Li 03
=7/ ys7  where T, = L (3.34)

24/6mC, é)T;‘*

and the above equation is valid only during the cascade y > 1 and K 2 3. Setting
y = (t1 — tin)/71, and z = (to — tin)/71, We arrive at the following expression for the ve-
locity unequal time power spectrum (the magnetic field spectrum is readily derived from the
expression below, substituting C, by Cp, Qr by Qp and 17/6 by 11/4):

Té(y) = 27@

2
Py(K,y,z) = g Cy g Zd (y,2) L3(y, 2) T I}i QEZ 2]17 /6 (3.35)
1 for K(y,z) <3
X ¢ exp (—%(y — z)2(TZ(TyL7Z))2) for 3 < K(y,2) < % and y,z > 1
0 for K(y,z) > %

Here the notation %:d(y, z) (and so on) is to remind that the variables K, L, Q7 /Q.q and 74
depend on time. In principle, we need to specify at which time these variables have to be eval-
uated. This choice must satisfy the constraint that the unequal time power spectrum (3.32)
is symmetric under the exchange of ¢; and to. As explained in the next section, we avoid the
problem by modeling de-correlation of the Kraichnan type directly in the anisotropic stresses
of the source.
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4 The anisotropic stress power spectrum

In order to determine the GW energy density power spectrum generated by the MHD tur-
bulent source, we need to calculate the anisotropic stress power spectrum (2.10) at different
times, substitute it into eq. (2.14), and evaluate the time integral.

The tensor anisotropic stress is the transverse traceless part of the energy momentum
tensor I1;;(k,t) = (PyPjm — 1/2P;; Pyn)Tim(k, t), where we denote the dimensionless energy
momentum tensor with a tilde, see eq. (2.6). The part of the energy momentum tensor of our

sources which contributes to the anisotropic stress is given by Tl(nj;) (x,t) = vy(x,t)vm(x,1)

and Tl(f)(x, t) = by(x,t)bm(x,t). The anisotropic stress power spectrum is then

(T (k, 1)TT5; (@, t2)) = (27)°6(k — @)TI(k, b1, 2) = PapealTap (&, 1) Tiyg(a, t2)),  (4.1)

where we omit the tildes for simplicity and
1 1
Paved = | PiaPjp — §Pijpab (k) | PicPja — ipijpcd (q). (4.2)
For the turbulent source, one has
(ILij (k, t0)IT5; (ko  t2)) =

_ d’p d’q k *(k * 4
—Pabcd/ (2r)? / (2w)3<%( 1= P, t)up(p, t1)vy (k2 — q, t2)vi(a, t2)) - (4.3)
In order to proceed analytically, we assume that we can decompose the four point correla-
tion function into products of the power spectra, using Wick’s theorem like for a Gaussian
random field. Since turbulence is not truly Gaussian, this is of course not strictly correct
but it is usually adopted as a reasonable approximation to close the hierarchy (i.e. to avoid
using equations involving higher order correlators). We refer to [21] and appendix C for
details of the determination of II(k,t1,t2). The bottom line is that the anisotropic stress
power spectrum is given by the convolution of the unequal time velocity power spectrum,
c.f. eq. (C.3). This quantity is in principle determined once we know how the source behaves
in time. In our case it is given by the Kraichnan de-correlation model, once we have chosen
an appropriate way of symmetrizing in time, see eq. (3.35).

On the other hand, the anisotropic stress power spectrum should, by definition, be a
positive kernel, i.e. such that

/dt1/dtgH(k,tl,tg)f(tl)f*(tg) >0 V). (4.4)

This follows simply from the definition of the velocity power spectrum, eq. (4.1), making use
of the inequality

(| f dta T35k, 1) f(t2)[*) > 0. (4.5)

Comparing eq. (4.4) with the definition of the GW spectrum eq. (2.14), we see that in the
GW case the function f(¢) is replaced by the Green function of the GW wave equation,
f(t1) = cos(kt1)/t1 or sin(kty1)/t1 (the factor 1/t; is absent for the short lasting case). Since
the trigonometric functions are a complete basis, the property (4.4) is automatically satisfied,
if it holds for the Green function with arbitrary values of k. Therefore, inserting the unequal
time source power spectrum eq. (3.35), which accounts for Kraichnan de-correlation, in the
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convolution given by egs. (4.3) and (C.3), and performing the integration over the momenta,
should give back an anisotropic stress power spectrum which is a positive kernel. However,
we have tried different ways of symmetrizing eq. (3.35) without succeeding in obtaining a
positive kernel. This may be related to the inaccuracy of our analytical estimates, to our
choice of symmetrization, or it could be an indication that either Wick’s theorem or free decay
together with Kraichnan de-correlation, although reasonable assumptions for the evolution
of MHD turbulence, are not entirely appropriate for the source we are considering. Only a
full numerical simulation of the turbulent and magnetic fields could help to understand the
shortcomings of our approach.

The same problem can arise when trying to obtain the source power spectrum by Fourier
transforming the space correlation function, but this is circumvented since the source is
modeled directly in Fourier space (the power spectrum is well known in the MHD turbulent
case). However, in order to calculate the GW spectrum one has to evaluate also the time
Fourier transform: this is not a common procedure and no general solution is given in the
literature. The problem is worsened by the fact that we want to account for the free decay of
turbulence. If the only time dependence of the turbulent power spectrum was the Kraichnan
de-correlation, which is Gaussian in the time difference, the spectrum resulting after time
Fourier transforming would be positive. However, the free decay introduces an additional
absolute time dependence which is more difficult to handle. Moreover, having to evaluate
the anisotropic stress power spectrum further increases the difficulty of finding the correct
time behaviour that would provide a positive kernel. Note that the same problem arose in
the analytical evaluation of the GW signal coming from bubble collisions [12].

In order to proceed, we model the source in such a way, that II(k,t;,%2) is a positive
kernel by construction. This is most easily done directly for the anisotropic stress power
spectrum. In previous analyses [12] we have already tackled this problem and proposed three
forms for the unequal time anisotropic stress power spectrum which are positive kernels. In
section 2.3 we presented the incoherent (2.17) and coherent (2.20) cases, for which the source
is never correlated, respectively always correlated in time. We apply them in the following
to the MHD turbulent source. We believe, however, that the top hat correlation introduced
in ref. [12] is the relevant one for MHD turbulence, since it best mimics the Kraichnan de-
correlation. In the top hat model one assumes that II(k, t1,t2) is correlated if |t} —ta] < z./k
and uncorrelated otherwise. Here x. is a parameter of order unity. We shall choose z, = 1
for our numerical results. Since II(k, 1, t2) has to be symmetric in t; and t2 we set

Tk, t1,ts) = % [H(k‘,thtl) Oty — 1) O (% — (ts— tl))
+ (K, t2,t2) O(t1 — 12) © <% —(t1 — 752))} : (4.6)

This way of correlating the source at unequal times is intermediate between the coherent and
incoherent approximations; instead of being correlated at all times or only for ¢t; = ts, here
we account for the fact that longer wavelengths de-correlate at larger time differences. While
the term ©(t; — t2) is there only to make the function symmetric and does not influence the
time continuity of the source, the term ©(x./k—|t; —t2|) should in principle be replaced by an
exponential decay to keep the source continuous. We have tried this, and a part from a much
slower convergence of the numerical integrals since the integrand oscillates rapidly for large
values of k|t; —t2|, we found no difference in the final result. Moreover, inserting (4.6) in the
integral (2.11), we find that the GW energy power spectrum is not given by the Fourier trans-
form of the source and continuity does not affect the final spectrum in this case (c.f. [14]).
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Assuming that the Kraichnan time de-correlation trivially extends from the turbulent
velocity field to the anisotropic stress, it is clear that it gives a behaviour quite similar to
the top hat de-correlation: according to (3.33), the source is no longer correlated for time
intervals [t; — ta| 2 (2/+/7)7s. Accounting for the fact that the eddy turnover time is simply
the inverse of the characteristic frequency of the source wy = 1/7y, and that the GW Green
function selects the diagonal of the time Fourier transform of the source, for which |w| = k,
we find that the Kraichnan de-correlation gives back the same condition as the top hat
de-correlation, namely correlation is lost for time differences

2 1 T
t—ta| 2 —— >~ — with .~ 1. 4.7
| 1 2‘ ~ \/77'('&)[ k c ( )
Even though the top hat case best reproduces turbulent de-correlation, in the following we
evaluate the GW spectra also for the coherent and incoherent cases and compare the results.
In order to proceed with the calculation, we now evaluate the equal time anisotropic stress
power spectrum, see eq. (4.6).

4.1 The equal time anisotropic stress power spectrum for magneto-hydro
dynamical turbulence

The equal time anisotropic stress power spectrum is given by the convolution of the equal
time velocity and magnetic field power spectra multiplied by an angular dependence coming
from the projector in eq. (4.3), see eq. (C.3). As already mentioned above, we refer to [21]
and appendix C for a derivation. In terms of the variable K = K,y", using the velocity
power spectrum given in eq. (3.20), we find

2
M(K0) = 576 (o)) 00T (K ). (4.8)

where y = (t1 — tin) /71, and Z,, is given by

Q! /1 2K + Q*(1 4 x?) — 4KQx

(K = [ d dx (14 x?
( ayvy) /0 Q(1+ ) X( +X)(1+K2_2XKQ+Q2)17/6’

o176 | (4.9)
with Q = Lq/2m, x = l%-cj. The magnetic field anisotropic stress power spectrum is equivalent
to the above expressions, substituting Q7 with Qp, C, with C, and the power law 17/6 with
11/4. The integrals cannot be performed analytically, so we solve them numerically and
derive fits in terms of the variable K = K,y”. Within this approach we do not account for
the small scale cutoff L/\ when fitting the convolution. We explain below how this cutoff is
taken into account. We find, for the turbulence and the magnetic field respectively:

1
Ko\ R\ 11/
1+< f ) +< s.g ) (4.10)

-1
Ko \3 K\ T2
1+< 4y > +< 3'?; > (4.11)

Zy(Ks,y,y) ~ 0.098

Ty(Ky,y,y) ~ 0.12

The fits are shown in figure 9.
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Figure 9. Black, solid lines: the integral in eq. (4.9), left: for the turbulence anisotropic stress, and
right: for the magnetic field anisotropic stress, as a function of K = K,y”, together with their fits
given in eqs. (4.10) and (4.11) (shown as red, dashed lines).

4.2 The final time of the magneto-hydrodynamical turbulent source

As demonstrated in section 3.5, MHD turbulence can act as a source of GWs for many Hubble
times, while it undergoes free decay. The source generally switches off at the end of the
turbulence, when Re (L,(Th,)) = 3%/3 (see eq. (3.31)). If T, = 100 GeV, we have found T, =~
120 MeV. However, we have seen in section 3.5 that the Kolmogorov microscale grows in time,
and for wavenumbers above this cutoff the source has decayed. This means that the final time
of integration in eq. (2.11) must be defined as the minimum of #(T§,) and the time at which
a given mode k is equal to the upper cutoff. For later times, that mode k is not generating
GWs any longer; however, if the time at which k is equal to the upper cutoff comes after the
end of the turbulence, we should take the end of the turbulence ¢(7%,) as the final time of
action of the source on the scale k. This is the way in which we include the upper cutoff L/
appearing in eq. (3.35) in the calculation of the GW spectrum, even though we have neglected
it for simplicity in the evaluation of the anisotropic stress power spectra (4.10), (4.11).

We introduce t; as the time at which k& = 47w /A(¢x), where the extra factor of 2 comes
from the fact that Z, (K, y, z), being the convolution of the velocity power spectrum (3.35)
(and equivalently for the magnetic field power spectrum), it will go to zero at twice the ve-
locity power spectrum cutoff. Using the time evolution of the dissipation scale A, eq. (3.30),
we find

t L. 9 £\ 3 177/18+3

- = )\—*F <*> if T, <100 GeV, Tg, > 100 MeV (4.12)
TL x By \TL

t L* 2 17

e _ [AK ] ! if Th, > 100 GeV, (4.13)
TL * Lk

where the different behaviour depending on the initial and final temperature is due to the
different evolution of the viscosity, given in eq. (3.21). Finally, the time at which turbulence
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at a given scale k ends is tg, (k) given by
faalk) _ i {t(Tﬁ“) : t"“} (4.14)
TL TL TL

where t(Thy) =~ To / (Tan Hov/Qhaq) and Tg, denotes the end of the MHD turbulence by the
dissipation of the entire Kolmogorov range, defined in section 3.5. For the usual set of values
T, =100 GeV, B/H. =100, Qr./Qade = 2/9, vp = 0.87 and v = 2/7, we find

4 <
tin(k) 2> 10 28 for Ku 5007
o <%) ! for K, > 0.07.

(4.15)

5 The gravitational wave spectrum

We are now ready to evaluate the integrals in eq. (2.11). We consider the three approx-
imations for the unequal time correlator of the anisotropic stress tensor mentioned above,
namely incoherent, coherent and top hat. All we need is the anisotropic stress power spec-
trum taken at equal times, which is given in egs. (4.10) and (4.11). These are then inserted
into eq. (2.11). The GW power spectra obtained in this way are always positive. The figures
of the GW energy density spectra shown below are calculated for the set of parameter values
given at the end of the previous section. Under the equipartition hypothesis, we fix the
Qr. _ 9% 2

magnetic field energy density to the same value of the turbulent one:

Qraaxs ~ 4 97

Even though we have demonstrated in section 3.5 that MHD turbcllllencerzdan last for
many Hubble times, at the end of this section we also consider the case of GW generated by
MHD turbulence confined in time to the duration of the phase transition. We find this anal-
ysis illuminating to understand our results and useful to compare with the results obtained
in previous works.

From now on we use a common notation for both the GW spectra generated by turbu-
lence and by the magnetic field, with s = v or b denoting respectively the turbulence and
magnetic field source.

e Incoherent approximation: in this case the anisotropic stress spectrum at unequal
times is given by (c.f. eq. (2.17) and (4.10) resp (4.11)):

Qs
Qraud

where we have chosen 77, as the short characteristic time over which the source remains
coherent. From the anisotropic stress formula given above we find the spectrum:

1

3/ Qg \2

— 122 C} ol () (G5 ) 3 (5.2)
Jfin Q1rad>0<

1 3y+2 -7

dy Y Y Yfin dy Y 8l

X {/ R Ts(Ks,y,9) +/ R Ts(Ks,y,9)
o [y+32] Lo fy+ 2]

where 77, = L,/(2vp) is the initial eddy turnover time at the scale L, for y = 1, and

v = \/W denotes the initial eddy turn-over speed, eq. (3.22); moreover, see
section 3.4

2
: W) POLE ) dy-2) )

(K., y,2) = gﬂC? <

dQcwh
dlogk

0

t; t t
% =-"-1 where —*:vLﬁ

o 5.3
L, TL T, U Hs (5:3)
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Yan is given by (tan(k) — tin)/7r and tg,(k) is defined in section 4.2. The spectra
Zs(K.,y,y) are given in eqgs. (4.10) and (4.11).

We recover the same behaviour as in section 2.3. The GW power spectrum is pro-
portional to the phase space volume K3 times the source power spectrum. The slope
at large scales is therefore K2, the one at small scales is K3t where n = —11/3 for
the turbulence and n = —7/2 for the magnetic field. The peak is at K¥ °ak ~ 5.9 for
turbulence and KP° ~ 7 for the magnetic field. The results are shown in figure 11
for the usual choice of the parameter values. The incoherent approximation is the one
leading to the highest peak amplitude:

d0 B2 (turb)
ﬁ\gko ~4x10710 KPRk ~59) (5.4)

K){)eak

0 2 | (mag)
% ~3x10710  KPeak~ 7, (5.5)

Og Kfcak

Coherent approximation: According to eq. (2.20), we have

9 Qg 3 Qg 3
(K. y.2) = 3702 S )EH0) (LR ) VIR VIR 7). (56

t\:

The GW spectrum is positive by construction, but it is oscillatory:

1
_ 20y of 90 \? [ s« ? 3
= 12(2m)* C2 Quaa,0hg o K; (5.7)

fin Qrad*

L g31/241 K,
/0 i VIs(Ks,y,y) cos (vLy)

dQawh3
dlogk

0

yﬁn y~7/2 K,
= [y VYUwaN%(
1 L

2
lll y>
1 3’\//24—1 K
/ dyy i VI(Kyy, y)sm< *y>
0 Y+ ﬁ UL
2
Yfin —7v/2 K
Yy . TOLN &
+ dy —— VZs(K sin [ — .
/1 Y V (K 9, 9) <UL y)]
As discussed in ref. [14] and in section 2.3, the calculation in the coherent case is
more involved than the incoherent one, since the GW power spectrum is not simply
proportional to the source power spectrum, but it is given by the square of its time
Fourier transform. The source is characterized by the space correlation scale L, and
the time correlation scale 77, related by L, = 2vp 7. Since vy < 0.4 (the upper bound
is given by eq. (3.11) with (v?) = 1/3), we have L, < 77. On scales larger than both
the characteristic spatial correlation scale L, and time correlation scale 77, the Fourier
transform of the source is constant because the source is not correlated (White noise).
Therefore, for wave-numbers k < 27/7; < 2m/L,, corresponding to K, < L./7, we

recover the K3 behaviour like in the incoherent case. However, for k > 27 /7 the
time Fourier transform is no longer constant and starts to decay as a power law, the

+

TL
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exponent depending on the time differentiability properties of the source [14]. Since we
have chosen a source which is continuous but not differentiable at initial time t;,, (see the
time evolution laws of the energy and the correlation scales given in egs. (3.18), (3.19)),
this implies a decay like k=2 for the time Fourier transform of the source. Therefore,
the GW power spectrum (5.7) (the square of the Fourier transform, multiplied by K2)
decays like K! at intermediate scales L./7; < K, < 1. This behaviour is satisfied
up to the wave-number corresponding to the spatial correlation scale: k ~ 2m/L,.
Afterwards, the spectrum decays with a power law given by the time Fourier transform
multiplied by the power law decay of the source. In the case of turbulence, for K, = 1

one has therefore the power law decay K13 = K32 x (K;2)? x (K;H/(S)Q; while in
the magnetic field case this becomes K% = K2 x (K;7?)% x (K*_7/4)2.

The form of the power spectrum, in particular the wave-number at which the spectrum
peaks is determined by the ratio T—L* = 2,/67C, QT* . In figure 10, we show the GW
spectrum from turbulence for the coherent case for two values of this ratio: the case

when the kinetic energy density in the turbulence in maximal (v?) = 1/3, corresponding
to ézT* = 2/9, and another one in which the kinetic energy involved is much smaller,

rads*

(v?) = 1073, corresponding to QT;‘ =2/3 x 1073, Notice that not only the amplitude
but also the peak position differs, and that the power law behaviour derived above
is recovered. The form of the GW spectrum in the coherent case is also shown in
figure 11 for the usual choice of the parameters. The coherent approximation leads to
the smallest peak amplitude:

9 | (turb)
s LY NN CE
dlogk |gpeax
2 | (mag)
Bhawho | g qp-14 KPek e 0.4 (59)
dlogk | yrpeax

Top hat approximation: this is the most realistic case for the MHD turbulent source,
since it mimics a de-correlation in time of the Kraichnan type as discussed in section 4:

9
(K.,y,z2) = ~7C>

1 (éljd (y))2 L*(y) Ts(Ks,y,y) ©(z — y) © <ZLI§: —(2— y))

+ (éi:d(z)y L3(2) Ts(K., 2,2) Oy — 2) © (:’f; —(y- z))]- (5.10)

We choose the value x. = 1, as in the Kraichnan model, so that the integral determining
the GW spectrum is positive. It is given by:

dQcwh3 2 2( 90 Qg 3
— =12 Q1ra h K*
dlogk |, (2m)° € Qrato Jhin Qrads
Y32 Ytor  (dz K,
[/ ) [ ( (z—y>>
y z+# v,
Yfin 777 Yeor (] K,
| dyy*t,:rsm,y,y) [ (” <z—y>) (5.11)
1 y+ y 2t vr
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Figure 10. The GW energy density power spectrum from turbulence in the coherent case for T, =
100 GeV, B/H. = 100, v, = 0.87, v = 2/7, and ga, = 47.75. Blue, solid: Q7. /Qragx = 2/9. The peak
is at about KP®* ~ 0.4, not far from the value L./7r = 2(67Cy Q74 /Qaax)/? =~ 0.8. The small scale

—14/3

behaviour for K, > KP®* is K . Red, dashed: Q7. /Qraax = 2/3 x 1073, The peak position is at
K. ~ 0.02, again not far from the value L, /77, = 2(67C, Q71+ /Qaqx)/? ~ 0.04. In this case the slope
K1 for intermediate wave-numbers is well visible.
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Figure 11. The GW energy density spectrum in the incoherent (red, long-dashed), top hat (black,
short-dashed) and coherent (blue solid) cases. Left from turbulence, right from magnetic field, for
T. = 100GeV, 3/H. = 100, §5= = 2/9, v, = 0.87, v = 2/7, gsn = 47.75 (and z. = 1 for the tophat

where

Ytop = min |:yﬁn’ Y+ ZL;:] . (5'12)
As in the incoherent case, the spectrum bears no relation with the time Fourier trans-
form of the source (c.f. [14]). The integral in z can be estimated simply as the integrand
evaluated at the lower bound, multiplied by one oscillation period: therefore, at high
wave-numbers we expect the slope K, 53 for the turbulent case, and K, 32 for the
magnetic field case. Moreover, the peak position corresponds to the spatial correlation
scale of the source: K, ~ 3.5 for the turbulence and K, ~ 3.7 for the magnetic field.
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Figure 12. The GW energy density spectrum in the top hat case. Blue, solid from turbulence and
red, dashed from the magnetic field for T, = 100 GeV, 3/H. = 100, sg:d** =2/9, v, =087, v =2/7,
gfin = 47.75, . = 1.

The result is shown in figure 11 and 12, for z. = 1; the dependence on the value of
0 < 2. < m is weak. In this case the amplitude at the peak takes an intermediate value
between the incoherent and coherent cases:

9 | (turb)
dewh |7 g1 KPek ~ 35, (5.13)
dlogh |jepea
2 |(mag)
dawhy ~ 7% 10712 KPeak ~ 3.7 (5.14)
dlogk | gpeax

6 Discussion

6.1 Comparison with the gravitational wave spectrum from bubble collisions

In the case of bubble collisions [12], we have also studied the different assumptions for the
unequal time power spectrum of the source: coherent, incoherent and top-hat. Numerical
simulations of bubble collisions [13] indicate that the coherent case is the relevant one for
bubbles. This can be understood by the following argument: we consider a bubble collision
event starting at time ¢, with tensor anisotropic stress given by f,(k,t — t,). Summing over
all the collision events of the phase transition we obtain for the total anisotropic stress of
bubble collisions (c.f. [14])

N N

(I(k, I (K ) = Y Y (!0 ®xm) f (et — ) fr (Kt — ) (6.1)

n=1m=1

where x,, is the center of the n-th collision event. To recover the simulation result, we now
have to make two fundamental assumptions. First we assume that different collision events

are not correlated, ‘
<€'L(k.xn—k .xm)> — V—lénmé(k _ kl) , (62)
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here the volume V restores the dimensions. This leads to

N

(273)3‘/ D (falkot = to) fr(k, b — tn)) . (6.3)
n=1

Second, we assume that one typical collision event is totally coherent, so that
(fu(k, At) fr(k, At)) = f(k, At)f*(k, At') where f(k,At) = /(| fn(k, At)|?) is the square
root of the power spectrum of a typical collision event, and At =t — t,,. Furthermore, since
bubbles only exist during the phase transition the duration of which is much shorter than
one Hubble time, the expansion of the universe can be neglected and the anisotropic stress
spectrum is a function of the time difference ¢t — t' = At — At’ only. Equation (6.3) becomes

H(k,t,t) =

Tk, 1, ¢') = (ij)i,v £, A (K, AF) = /TI(, £, OTI(E, 7, 1), (6.4)
which is the form of the coherent approximation. Therefore, assuming that one collision
event is totally coherent in time and that different collisions are uncorrelated implies that
bubble collisions represent a totally coherent source of GWs.

However, for turbulence, we do not expect this to hold. There are no well isolated
uncorrelated events which can be treated independently. Besides, one expects correlations to
decay in time over a timescale which is related to the spatial extension of the source. This
has motivated the Kraichnan de-correlation ansatz given in [43] and eq. (3.33), which we
have simplified to the the top hat de-correlation in section 4 in order to obtain a positive
kernel, see eq. (4.6) and the discussion following it. To summarize, we can conclude that
bubble collisions are well represented by the coherent case, while MHD turbulence is well
represented by the top-hat case.

6.2 Comparison with short-lasting turbulence

Once MHD turbulence is generated, it decays following the ‘absolute’ time dependence
described in section 3.2, which applies to freely decaying, non-helical turbulence. In this
section we compare our results with the ones from MHD turbulence that lasts for less than
one Hubble time and where the time-dependent decay is neglected. This was always assumed
in previous analyses. This allows us to verify the general statements of section 2.3 in a more
realistic case. Note however that, with respect to previous analyses which assumed either a
discontinuous [17] or a stationary [15, 18, 20] source, here we consider a source with a finite
time duration, but continuous in time. The importance of having a continuous source has
been discussed in [14].

The aim of this section is simply to test the results of section 2.3 in a realistic case.
We therefore concentrate only on the source from the turbulent velocity field, and we do not
discuss the magnetic field for which the results are similar. We set the duration of the source
to one eddy turnover time 7p: ta, = tin + 71 [15]. We model the switching on and off of the
source with the same function as in bubble collisions [14]:

fly) =4y(1 —y) (6.5)

with y = (¢t — tin) /7. Since L and Qp/Q.q do not evolve in time, the turbulent spectrum

becomes q K2
3 T* 3 *

P, (K,)==C "

W) =356 Qraar [1 + K2]17/6

fw), (6.6)

— 30 —



10~ 10

10~ 12

]T,SHORT

107

10716

h2 dQgw
dlogk

|

10™ 18

10—20 1
0.001 0.01 0.1 1 10 100 1000

Figure 13. The GW energy density spectrum for short lasting turbulence. Blue, solid: coherent;
black, short-dashed: top hat; red, long-dashed: incoherent.

and the anisotropic stress power spectrum is

9 Q7. \?
M) = 5 7€ (0 ) B TKD £0), (6.7

where Z,(K,) is given by eq. (4.10) with y = 1. Inserting this in eq. (2.13) one finds after
some manipulations

dQawhi
dlogk

=12(27)2 C2Qraa 0hd (g"> < > (H.11)*K32 T(K,) x
0 9« Qrad«

1 1
></ y/ dzcos<
0 0

; z(.g)fi (?; —z) in(}:loherent
F(y,z) = y) Iz coherent (6.9)
3 [fg(y)@(z -y) O (% — (2~ y)) +y o 2)} top hat.

Figure 13 shows the GW energy density spectra from short lasting turbulence in the
incoherent, coherent and top hat cases. The relative amplitudes between the different ap-
proximations is similar to the long lasting case and the peak positions are also not very
different. In figure 14 we compare the long-lasting and the short-lasting cases.

One first notices that the change in amplitude of the GW spectrum is generically much
less than expected from our general arguments in section 2.3. This is because our realistic
source, unlike the one considered in section 2.3, is decaying with the decay time 77, which
here corresponds to the duration of the short lasting source. Therefore, the fact that the
source is long lasting does not amplify the signal as expected, because its characteristic decay
time is the same as the duration of the short lasting source. In the incoherent approximation,
the overall amplification of the long lasting source is about a factor two, instead of the factor
(t2H.)~* which we found for the toy model. The long lasting coherent approximation, on
the other hand, is amplified at large scales by about a factor of (7,H,)~! ~ 80 compared to

Wy—a)F@¢> (6.8)

with
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Figure 14. Comparison between the long-lasting case, represented by thick lines and the short-lasting
one, represented by thin lines (incoherent: red, long-dashed; coherent: blue, solid; top hat: black,
short-dashed).

the short lasting one, instead of the expected (71 H.)~2. As already seen in section 2.3, in the
coherent case the signal at the peak from short-lasting turbulence is higher than the long-
lasting result: this comes from the fact that in the long-lasting case interference can reduce
the final amplitude if the source is present and coherent over several oscillation periods.

The top-hat case, which we did not analyze in section 2.3, shows an intermediate behav-
ior between the incoherent and coherent ones: at long wavelengths, K, < KY eak, the long
lasting signal is enhanced by about two orders of magnitude, i.e. the same amplification as
for the coherent case, (7pH.)~!; around the peak, the long and short lasting top hat cases
differ by about a factor two, equivalent to the incoherent case.

To summarize, due to the fact that the long lasting source decays with a characteristic
time 77, corresponding to the duration of the short lasting source, the amplification factor
(tpH.) 72, expected at large scales, is reduced to (77H.)~! for the coherent and top-hat
approximations, and the amplification is virtually absent in the incoherent approximation.
In all cases it is a factor (77H.) less than expected due to the rapid decay of the source.

7 Conclusion

In this work, we have calculated the GW emission from MHD turbulence generated during a
first order phase transition and freely decaying afterwards. This is the first paper which takes
into account the free decay of turbulence, and models the source in a continuous fashion.

For the source power spectrum we use a new ansatz that interpolates analytically be-
tween the large scale and small scale behaviors, determined respectively by causality and by
the Kolmogorov (or Iroshnikov-Kraichnan) theory. Previous analyses had either considered
only the Kolmogorov range, ignoring the large scale part of the spectrum and continuing
the Kolmogorov slope up to the peak [15, 16, 18, 20], or joined the two behaviors at the
peak [17]. This caused an overestimation of the source spectrum amplitude at the peak of
about a factor six, leading to an overestimation of nearly two orders of magnitude for the
GW spectrum (c.f. for example eq. (56) of [17]). The interpolating formula which we adopt
here models the spectrum of MHD turbulence in a more realistic way.
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We also take into account the time de-correlation of MHD turbulence following the
model proposed by Kraichnan in [43]. However, in order to recover a positive result for the
GW energy density spectrum, we cannot directly apply the Kraichnan de-correlation in the
velocity and magnetic field power spectra, but we have to model it in Fourier space as a
de-correlation of the anisotropic stress power spectrum. We claim that in the case of MHD
turbulence, neither the coherent [17] nor the stationary [15, 18, 20] approximations previously
used in the literature are the correct ones, but the anisotropic stresses at different times have
to be modeled in a way similar to our top hat ansatz.

Moreover, previous analyses have considered either a MHD source which is discontinu-
ous in time (i.e. instantaneous turning on of the Kolmogorov spectrum) [17] or a source which
is stationary (i.e. neglecting the fact that the source is actually turned on and off) [15, 18, 20].
Here instead the source is continuous in time, starting with zero energy and building up
the Kolmogorov spectrum after one eddy turnover time. It then starts free decay, since the
stirring due to the phase transition lasts only for about one eddy turnover time. Due to
the free decay, the source is absent on scales smaller than the time dependent Kolmogorov
microscale, and is completely dissipated once the Kolmogorov microscale has reached the
energy injection scale and the entire Kolmogorov range has decayed. We have evaluated the
temperature of the universe, Tg,, at which this happens, as a function of the temperature at
which MHD turbulence is generated, T, and we have found that the process of dissipation
lasts for many Hubble times. For instance, for the EW phase transition, T, ~ 100 GeV and
Thn ~ 120 MeV. Therefore, MHD turbulence has to be modeled as a long lasting GW source.
Nevertheless, since the characteristic decay time of the source is still given by the eddy
turnover time which is much smaller than the expansion time of the Universe, the amplifi-
cation due to the long duration is less significant than what is expected from a source which
is not decaying in time. Especially the peak amplitude is enhanced only by about a factor
of two due to the long duration of the source. On the other hand, the long duration of the
source becomes important on very large scales: here the GW spectrum from the long lasting
source is amplified with respect to the short lasting case by about two orders of magnitude.

The top hat ansatz together with the time continuity of the source have some interesting
consequences on the peak position and amplitude of the GW spectrum. In ref. [14] it has
been shown that, in the coherent case, time continuity affects the slope of the spectrum at
small scales and also moves the peak of the GW spectrum from the characteristic length scale
of the source (here L,) to its characteristic time scale (here 7). If the two scales are well
separated (for instance if the fluid velocity is significantly smaller than the speed of light),
this causes a reduction of the amplitude at the peak. The fact that for MHD turbulence
the top hat ansatz is the relevant one, fixes the peak position of the GW spectrum at the
characteristic length scale of the turbulent source.

To summarize, our final result for the GW spectrum from MHD turbulence for the most
realistic case, the top-hat de-correlation, has the following main features:

e The peak frequency is given by K, ~ 3.5 for the turbulence and K, ~ 3.7 for the
magnetic field. Given the degree of precision of our analytical estimate, we can neglect

— 33 —



this small difference. The peak frequency from MHD turbulence thus corresponds to

k 3.5 1]

MHD peak

= —~—=35— 7.1
peak o L. 203 ( )

oy T 51
100 100 GeV H, vy

~ 3 x 102 mHz (
~ 3.4 mHz,

where we have used H, = (go/g+)"® (T%/To) Hov/haq, and the last line gives the value
for the EW phase transition with 3/H, = 100, T\, = 100 GeV, vy = 1/+/3 and vy, ~ 0.87.

e The peak amplitude for the above values of the parameters is h3Qqw (KY eak) ~ 10711
Using that h(f) = 1.26 x 10~ °\/hZQcw (f)(mHz/ f) (see [63]), we obtain the maximal
GW amplitude h(fpeax) =~ 2 x 1072 which is detectable with LISA (see figure 15).
The suppression of the peak amplitude by more than one order of magnitude compared
e.g. to ref. [18], is mainly due to the fact that we use the more realistic interpolating
spectrum for the MHD turbulent source (see figure 4).

e The slope of dQgw/dlog(k) is the usual k% on large scales k < Fpeak, but on small
scales, k > kpeak, it decays only like k=5/3 and k=3/2 for turbulence and magnetic field
respectively, see figure 12.

In figures 15 and 16 we compare the GW spectrum from MHD turbulence with the
experimental sensitivities of LISA [25], AGIS [64], LIGO [65] and the Big Bang Observer
(BBO) [66]. Note that the sensitivity curve of LISA plotted in the figures represents only
the noise of the instrument, and the data analysis can actually improve the detection down
to a level of h2Qaqw ~ 5 x 10713 [67].

With respect to the GW signal from bubble collisions analyzed in ref. [12], the peak
frequency of the GW spectrum from MHD turbulence is larger by about a factor two. Note
however that, as already pointed out in [14], the work of ref. [12] has to be corrected in
two aspects: first, the source analyzed there was not continuous, and secondly, the relevant
approximation for the anisotropic stresses generated by bubble collisions is the coherent and
not the top hat one. These modifications are work in progress and may well lead to some
correction in the results of [12]. The peak amplitude of the GW signal from MHD turbulence
is somewhat higher than the signal from bubble collisions, but it decays faster than the k!
decay which has been seen in the latest simulations of bubble collisions [13].

Nevertheless, there is still considerable uncertainty in our analytical modeling which
probably can only be addressed by numerical simulations of relativistic MHD turbulence of
the kind developed after a first order phase transition. For example, in this work we have
added the results from the turbulent velocity field and the magnetic field incoherently. One
could argue, however, that these fields are correlated and have both a Kolmogorov spectrum
in the inertial range. One could then use s; = b; + v; ~ 2v; as transverse vector-field with
I1;;(s) ~ 41I;;(v). Instead of the results presented here we would then obtain 16 times the
GW energy density spectrum from turbulence, which would enhance the total result for Qgw
by about a factor of 8 and the one for h(f) by /8. Therefore, our results are probably to
be taken within about a factor of a few for the GW amplitude h(f) and within an order of
magnitude for the energy density dQqw/dlog(k).
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Figure 15. The GW energy density (left) and the GW characteristic amplitude (right) from turbu-
lence only (blue, solid), magnetic field only (red, dashed) and the total MHD turbulence (black, solid)
generated at the EW phase transition with 7, = 100 GeV, 3/H, = 100, Qg./Qragx = 2/9, v, = 0.87,
v =2/7, . =1 and gs, = 47.75, together with the sensitivities of LISA [25], BBO [66], AGIS [64]
and ‘BBO Corr’ (improved from BBO with data analysis) taken from [68].
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Figure 16. Sensitivities of LISA, AGIS, BBO and Advanced LIGO (orange) compared with two GW
spectra (black) generated by MHD turbulence from a phase transition at respectively T, = 100 GeV
with 3/H. = 100, and T, = 5.10° GeV with B8/H. = 50; Qgs/Qraax = 2/9, vy = 0.87, v = 2/7,
and x, = 1. The Advanced LIGO sensitivity is optimized by making use of correlations between two
ground-based detectors [69].
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A Analytical expressions for section 2.3

Here we give the full expression for egs. (2.19) and (2.22).

e Incoherent constant source

1 ) :
(5)? 8[ = R log (5 M) — & log(%)}
F(tin, tan, At) =  ~ (;ﬁ)%% long-lasting, (A1)
| (2 )5 @n® (A4 short-lasting.

e Coherent constant source

( (L) 3 e { {xﬁnCi(mﬁn) + 2inCi(2in)
—(xfn—Az/2)Ci(zay — Az /2)— ($1n+Ax/2)Ci($in+Axé2)
— sin(zgn) —sin(zi ) +Sin (@, — Az /2)+sin(zm + Az /2)}

+ [260Si(wn) + 2i0Si(2i0)

—(zan — Az /2)Si(xsy, — Az /2) — (zin+ Az /2)Si(zin + Az /2)

_ 2
F(@in, win, Az) = + COS(l'ﬁn)+COS(I'in)—COS(J'ﬁn—AZL'/Q)—COS(ZL‘in+A$/2):| }

~ ()5 [(Cilann) — Cilain))*+ (Si(ran) —Si(zm))?| + O(A2)

gfin

long-lasting ,

(@)é 64(2m)° sin' (zgy—ain)/4)

s ~ @an ) short-lasting.

B Viscosity and magnetic diffusivity

The Reynolds number defined in eq. (3.1) is inversely proportional to the kinematic viscosity
v given by

=1 (B.1)
pt+p
where 7 is the shear viscosity. The kinematic viscosity is the transport coefficient that
characterizes the diffusion of transverse momentum due to collisions in a medium, and is
roughly the mean free path f,g, of excitations. In fact one has [70]

4 m? 4
n= B%Q*T4 Cintp so that v= m?fp . (B.2)

The largest viscosity comes from the weakest interactions, since it is inversely proportional
to the scattering cross section of the processes responsible for transport. Simple parametric
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estimates using kinetic theory show that the shear viscosity at high temperature (where 7 is
much larger than the mass of the diffusing particle) behaves as (to leading-log accuracy):

T3

T
7 g*log g~1

(B.3)
where g is the appropriate coupling constant (depending on the temperature and the length
scale at which one wants to compute the Reynolds number) and C' is a numerical coefficient
that can only be obtained from a detailed analysis.

After EW symmetry breaking, neutrino interactions are suppressed by a factor
(T/My)*. In this regime, neutrinos have the longest mean free path and dominate the
viscosity. We use [71]

Uty = (3GET°) 7, (B.4)
leading to
8 GeV4
T5
At temperatures smaller than 100 MeV, after the QCD phase transition, the particle content
changes and consequently the neutrino mean free path increases to

v(T <100 GeV) = 4.9 x 10

(B.5)

10 _
Ot = G(G%Tf’) ! (B.6)

leading to

GeV*
T5

At temperatures above the EW phase transition, neutrino interactions are no longer sup-

pressed. The shear viscosity is dominated by right handed lepton transport and given by [72]

5\ (12)° 3/2 T3
n~ <2) ¢(5) (77) 9n2 +224(5 + 1/2) g log g’ (B.8)

v(T <100 MeV) = 1.6 x 10° (B.7)

where ¢’ is the hypercharge coupling. This leads to

V(T > 100 GeV) ~ % (B.9)
The evolution of v with temperature is plotted in figure 17. The neutrinos remain the
relevant particles controlling the viscosity until they decouple at T' ~ 1.4 MeV, after which
photons take over. Even if there was some source of turbulence after the EW phase transi-
tion, turbulence is expected to terminate anyway around 1MeV. Indeed, eTe™ annihilation
reduces the plasma electron population and increases the photon diffusion length hence also
the kinematic viscosity, leading to a decrease of the Reynolds number below one.

Since we have only found non-relativistic derivations in the literature [31, 55, 73], let
us estimate here in some detail the magnetic diffusivity and the magnetic Prandl number for
relativistic electrons in the cosmic plasma with temperatures 1 MeV < T < 100 GeV,

_ Ru(L,T) _ v(T)

Pull) = B2 00 = D) (B.10)

We want to determine Py, (7") when the electrons are relativistic and their dominant interac-
tions are electromagnetic.
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Figure 17. Evolution with temperature of the kinematic viscosity v(T).

To determine the magnetic diffusivity x(T") we derive an expression for the conductivity
o(T). The Lorentz force acting on an electron is

meM =eF*uy, .
dr
If we average this equation over a fluid element containing many electrons, the magnetic field
term is sub-dominant. Even though the electrons are highly relativistic, the average fluid
velocity is small. Furthermore v = 1/4/1 — v2 ~ T'/m, is nearly constant and we may neglect
the contribution dy/dr from du’/dr = d(yv')/dr above. With dr = y~'dt = (m./T)dt, this
yields the following equation for the mean velocity of the electron fluid:

dv e

dt T
If we denote the collision time for the electrons by t., they can acquire velocities of the order
v~ % E t. between successive collisions. Hence the current is

e2n.

E=0E

J~enev >t

so that the conductivity becomes

We now derive an estimate for ¢, from Coulomb interactions. For a strong collision between
the electron and another charged particle we need an impact parameter b such that e2/b >
E. ~ T. Hence the cross section becomes o; ~ mb?> ~ we*/T? (this simple argumentation
neglects the Coulomb logarithms which enhance the cross section by In(1/amin) where aumin
is the minimal deflection angle [73]). With v, = 1 the time between collisions is therefore
te = 1/(oyne) ~ T?/(men,) and

o~ —. (B.11)
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Note that this result is independent of the electron density. This is physically sensible as n.
enhances the current on the one hand but it reduces in the same way the collision time.
With (B.11) we obtain for the magnetic diffusivity

1 e 1077

N= —>~—~—. B.12

Inserting the kinematic viscosity from egs. ( 5) or (B.7) we obtain for the Prandl number
v GeV\!

Pp=-—~10"(—~) . B.13

Yoo < T ) (319

This number is larger than 1 for all temperatures 1 MeV< T" < 100 GeV where the derivation
applies. Hence currents and magnetic fields can develop and we are in the regime where
MHD turbulence applies.

C The unequal time anisotropic stress power spectrum

As mentioned in the main text, the unequal time anisotropic stress power spectrum II(k, t1, t2)
is given by the convolution of the unequal time source power spectrum. The details of the
derivation (for the formally identical case of a magnetic field) can be found in ref. [21]; here
we just give its main steps. One starts with eq. (4.3). Wick’s theorem gives

(W' (k) (q)v" (s)v™™ (p)) =
= (' (K)v(a)) (v"(s)v"™ (p)) +
(v' (k)o" () (v (@)™ (p
(v' (k)™ (p)) (" (8)v™(

This has to be inserted in eq. (4.3) together with the definition of the velocity power spec-
trum (3.32). Applying the projection operator gives the angular dependence,

Pebed(i) (6% — ¢°¢°) (0" — (k — @) (k — @)")
(5“d i)™ — (k—a)’(k—q))] =
=1+ (k- (k—q))? + (k@) + (k-a)? (k- (k—q))?. (C.2)

Comparing then with eq. (4.1), one arrives at the result:

(C.1)

n
~—
4

I, (K, 41, ty) = /dgppv(p, t,£) Po([K — Pl t1,2) (1 +42)(1+ B2, (C.3)

~ ~ o —

withy=k -p, 6=k -k—p.
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