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Abstract
Ultracold ground-statemolecules can be formed fromultracold atoms via photoassociation followed
by a spontaneous emission process. Typically, themolecular products are distributed over a range of
final states. Here, we propose to use an optical cavity with high cooperativity to selectively enhance the
population of a pre-determined final state by controlling the spontaneous emission. During this
process, a photonwill be emitted into the cavitymode. Detection of this photon heralds a single
reaction.We discuss the efficiency and the dynamics of cavity-assistedmolecule formation in the
frame of realistic parameters that can be achieved in current ultracold-atom setups. In particular, we
consider the production of Rb2molecules in the a3Σu triplet ground state.Moreover, whenworking
withmore than two atoms in the cavity, collective enhancement effects in chemistry should be
observable.

Introduction

In recent years, the control andmanipulation of ultracold atomic samples has enabled studies of chemical
reactions in the ultracold regime.Here, the internal and external quantum states of the collision partners can be
verywell controlled, allowing for precise studies of reactions and observations of possible quantum interference
effects. Furthermore, itmight be possible to gain absolute control over chemical reactions (reviews: [1, 2]). In
ultracold chemistry, one important reaction type is photoassociation (PA)where laser light can fuse together
colliding atoms into awell-defined excitedmolecular bound state [3, 4]. Typically, the excitedmolecule can
decay spontaneously into a number of ro-vibrational levels in the electronic ground state.

Here, we propose away to control the chemical reaction. For this, we combine concepts of cavity quantum
electrodynamics (CQED) in an high-finesse optical cavity with ultracoldmolecule formation.Wemake use of
the fact that strong confinement of the electromagnetic fieldmodes around amolecule can control its
spontaneous emission and thus itsfinal quantum state. Our scheme is related to previous proposals for a
molecularmatter-wave amplifier in an optical cavity [5] or for coupling atoms to broadband photonic crystal
waveguides [6].

For transferring an atompair to amolecular quantum state also other two-photon schemes are in principle
available, such as stimulated Raman adiabatic passage (STIRAP) or pump-dump. In order to achieve high
efficiency, however, these schemes require application of well-controlled laser pulses, a large Rabi-frequencyΩ
for the transition between the atompair and the excited level and long coherence times between the two lasers
(for STIRAP). Furthermore, a repetitive application of these schemes does not increase the transfer efficiency.

The cavity-based scheme discussed here overcomes these constraints. Due to the built-in dissipation of the
cavity, incoherent andweak pumping into themolecular ground state is possible,making the scheme robust
with respect tofluctuations inΩ. Furthermore, the scheme can be repeated, e.g. to increase the particle number
of themolecular cloud by subsequently feeding it from several atomic samples. Finally, workingwith the cavity
also has the additional advantage of allowing for photon-heralded detection of single reactions.

High-finesse opticalmicrocavities already have a history of very successful quantumoptics experiments with
single cold atoms (for a review, see e.g. [7]). The strong confinement of the electromagnetic field in such cavities
enables fast coherent transfer of atomic excitation into the cavitymode before the atom can decay by
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spontaneous emission. Instead, the cavity photon is emitted into a single externalmodewith high probability
while the atom is prepared in a desired ground state. Important applications include deterministic single-
photon sources [8]. Introducingmicrocavities technologies to the realmof ultracold chemistrywill enable us to
control and instantly detect single reactionswith a high efficiency. Furthermore, it will allow for a detailed study
of the dynamics and statistics of reactions, in particular where collective effects come into play.

We note that even outside the field of ultracold temperatures, strong light–matter couplingwithmolecules is
a recent hot topic. Possible applicationsmight range fromquantum information processing to themodification
of chemical reaction landscapes. In these contexts, coherent coupling of single dyemolecules [9], ensembles of
polymers [10] and even of living bacteria [11] to a cavity have recently been observed.

The implementation of CQED concepts withmolecules is evenmore challenging than for atoms: due to the
lack of closed electronic transitions inmolecules and due to Franck–Condon factors which are in general small,
smaller cavitymode volumes than for atoms are required to reach the regime of high cooperativity. Nevertheless,
recent advances in cavity design and fabrication (e.g. fiber-basedmicrocavities [12]) have enabledmuch smaller
mode volumes, higher coupling strengths and better integrability compared to traditional cavities formed by
bulkymirrors. Therefore, CQED technologies can nowbe applied to ultracold chemistry.

After presenting the basic scheme for cavity-chemistry, we estimate realistic parameters for an experimental
set-upwith ultracold rubidium atoms. Afterwards, we simulate the reaction dynamics and efficiency for a
square-shaped PApulse. Finally, we discuss collective effects when severalmolecules are produced.

Single-molecule scheme

We start out by presenting a somewhat simplified version of the cavity-controlled PA scheme.We consider an
unbound atompair iñ∣ which is trapped in between the cavitymirrors.We assume the atoms to be in the
vibrational ground state of one potential well of an optical lattice.

A bound state eñ∣ of the electronically excitedmolecular potential (asymptotically, e.g. S+ P) is excited from
iñ∣ by a PA laserwith Rabi frequencyΩ, see figure 1(a). The laser illuminates the atoms from the open side of the
cavity, seefigure 1(b). Subsequently, the level eñ∣ can spontaneously decay to themolecular ground state
manifold (S+ S), typically within a fewns, as determined by the inverse linewidth 1/Γ of the excitedmolecular
level. In principle, there aremanymolecular ground state levels available for this decay.However, the cavity can
be used to enhance the spontaneous decay into a particular level gñ∣ , and can therefore control the chemical
reaction. For this, the cavity is tuned such that a cavitymode is resonant with the emitted photon. Under this
condition, themolecule can undergo a transition from eñ∣ to gñ∣ while creating a photon in the cavitymode
[5, 13, 14]. The rate of this coherent (reversible) energy exchange is denoted by g2 , seefigures 1(a) and (c). In
addition, decoherence takes place: the excited state decays at rateΓ and the cavityfield at rateκ, see also
figure 1(d). In the regime of high cooperativity C g 12 kº G ( ) , the electronic excitation can be transferred to
the cavitymode faster than it can spontaneously decay into other free spacemodes. Thismeans, the probability
to get a ground-statemolecule in a desired (ro-vibrational) quantum state can then be Purcell-enhanced. Since
the photon decays from the cavity into a single external spatialmode, it can be detectedwith high efficiency, thus
heralding every single reaction event by a photon click.

Figure 1. (a)Cavity-controlled chemical reaction scheme for two atoms. Shown are the ground state and electronically excited
potential energy curves and some bound states. A photoassociation laser couples two unbound ground state atoms, denoted as iñ∣ , to a
bound excitedmolecular state eñ∣ withRabi frequencyΩ, see also (b). The cavity couples this state at rate g2 to amolecular ground
state gñ∣ , see also (c). Alternatively, themolecule can decay to other states at rateΓ. (c)After an electronically excitedmolecule eñ∣ has
been formed, the excitation oscillates ( g2 ) between themolecule and the cavitymode. (d)Either the excitedmolecule decays (Γ), or
the cavity photon (2κ). In the latter case, themolecule is left in a predetermined ground state level gñ∣ and the photon can be detected
with high efficiency outside the cavity.
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ModelHamiltonian
Whendriving the i eñ « ñ∣ ∣ transition for a single atompair with the PA laser, atmost one electronic or photonic
excitation can be brought into the system at a time.We can thenmodel the system effectively by five quantum
states denoted by m n, ñ∣ , wherem denotes the atomic/molecular quantum state and n the cavity photon
number, see figure 2. Furthermore, we assume tight confinement in the Lamb-Dicke regime ( Etrap recoilw  ),
and therefore, we need not consider the externalmotion of the particles. The total energy of the atompair,
including the inter-particle interaction, is on the order of the trapw which ismuch smaller than the linewidthΓ
of eñ∣ .

The couplings, detunings and decay rates of the five states are also shown infigure 2. The PA laser field
(frequencyωL) couples the asymptotic two-atom-state i, 0ñ∣ and the excitedmolecular state e, 0ñ∣ withRabi
frequencyΩ and detuningΔ1=ωge−ωL−ωgi. The e, 0ñ∣ -state is coupled coherently at rate g2 to the state
g , 1ñ∣ , which can decay to g , 0ñ∣ at rate 2κ. The two-photon detuningΔ2= ωc− ωL− ωgi is the frequency
mismatch between emitted photon and cavity frequency cw . The e, 0ñ∣ -state can also decay spontaneously at
ratesΓg andΓh to the states g , 0ñ∣ and h, 0ñ∣ , respectively (Γ=Γg+Γh). Here, g , 0ñ∣ represents the desired final
state, while h, 0ñ∣ represents all other possible states.

TheHamiltonian of the coherently-coupled sub-system i e g, 0 , , 0 , , 1ñ ñ ñ∣ ∣ ∣ in a frame rotatingwith the laser
frequency reads in the rotating-wave approximation

H e e g g e i g g e, 0 , 0 , 1 , 1
2

, 0 , 0 , 1 , 0 h.c.1 2   = D ñá + D ñá +
W

ñá + ñá +ˆ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

To take into account themolecular and cavity decay processes, we solve the correspondingmaster equation in
Lindblad form (see appendix). The system is initialized in i, 0ñ∣ at t=0. The goal is to transfer the population
from this state as fast, efficiently and coherently as possible to the state g , 0ñ∣ of the ground statemolecule.We
therefore define the efficiency η of the scheme by the probability to produce a ground-statemolecule g , 0ñ∣ via
cavity decay,

t t2 d ,
t

g g
0

1 1òh k r=
=

¥
( )

where tg g1 1r ( ) is the population of the g , 1ñ∣ state.

We can derive an analytical expression for η in theweak-driving limit, ( g, 2 kW G ), which, as wewill
later see, exhibits optimal achievable efficiency for time-independent control parameters. In theweak-driving
limit, the coherent couplings of the laserΩ and the cavity g slowly keep populating the spontanously decaying
states e, 0ñ∣ and g , 1ñ∣ . As a consequence, a quasi-steady superposition state Dñ∣ forms, which slowly decays in an
exponentialmanner. As derived in the appendix,

D i
g

e g g, 0
2 i

i , 0 , 1 , 1
2

2
2

k
kñ » ñ +

W
+ G - D

+ D ñ - ñ∣ ∣
( )

[( )∣ ∣ ] ( )

when ignoring the slow exponential decay and assuming resonant drive,Δ1=0. The decay takes place through
the small populations in e, 0ñ∣ and g , 1ñ∣ which decay viaΓ andκ, respectively. This yields the transfer efficiency,

Figure 2.Quantum stateswhich are involved in cavity-stimulated photoassociationwith their detunings, couplings and decay rates,
see text.
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where ρjj are components of the desitymatrix D Dwdr = ñá∣ ∣. The efficiency ηwd ismaximal on two-photon
resonance,Δ2=0, whichwe consider fromnowon.One can also interpret ηwd as the ratio of cavity-induced
decay rate g2 2 kG =k of e, 0ñ∣ (via green arrows infigure 2) and the total decay rateΓκ+Γ of e, 0ñ∣ (for
Δ2=0). To obtain significant cavity-stimulated PA, i.e. a large fraction in the g , 0ñ∣ state, we therefore aim at
C 1 . For example, amoderate cooperativity C 5 will already result in an efficiency of ηwd>0.9 for
producing the chosenmolecular quantum state.

As alreadymentioned theweak-driving limit gives optimal results in terms of transfer efficiency. This can be
made plausible as follows. For vanishingΔ2 andκ, the states i e g, 0 , , 0 , , 1ñ ñ ñ∣ ∣ ∣ form aΛ-systemwhich exhibits
a dark state D g i g2 , 0 , 1ñ µ ñ + W ñ∣ ∣ ∣ . This state is long-livedwith no spontaneous decay viaΓ, because e, 0ñ∣ is
not populated. If we now allow for a small butfinite g 2k G to populate the desired final state g , 0ñ∣ , the dark
state Dñ∣ will become a little bit lossy due to population of e, 0ñ∣ (∝κ2, see equation (1)) and subsequent decay via
Γ. These unwanted losses, however, aremuch smaller than thewanted decay flux from g g, 1 , 0ñ  ñ∣ ∣ which is
proportional toκ. In addition, in theweak driving limit, 0W  , the dark state Dñ∣ mainly consists of state i, 0ñ∣ .
Since this is precisely the initially prepared state theweak driving limit is optimal for efficient transfer from i, 0ñ∣
to themolcular state g , 0ñ∣ .

Realistic experimental parameters
Compared to a single atom, amolecule often exhibits a reduced dipolematrix element of the electronic
transition and thus a reduced coupling strength g and cooperativityC. The reduction is tofirst approximation
determined by the Franck–Condon-factor fFC=Γg/Γ for the specific ro-vibrational transition in amolecule,

g g f C C fand ,max FC max FC= =

where the coupling strength and cooperativity for a closed two-level system ( f 1FC = ) are given by

g d
V

C
g

2
and , 3

ge
max el

0
max

max
2



w
k

= =
G

( )

respectively. Here,V is the volume of the cavitymode and del the dipolemoment of the electronicmolecular
g eñ « ñ∣ ∣ transitionwith frequencyωge (for a CQED review, we refer the reader to e.g. [7]). In a diatomic
molecule, del depends in general on the internuclear distanceR, and the decay rateΓ is about 2 times larger as
compared to an atomic excited state (due to aDicke superradiance effect [15]). In a rubidiumdimer (Rb2), there
are strong transitions between ro-vibrational states v¢ of the shallowwell of the (1)3Πg potential (which
asymptotically correlates to the atomic states 5S1/2+5P3/2) and the states v¢¢ of the a3Σu potential
(5S1/2+5S1/2). In particular, the transition from v1 , 8g ¢ = to v 0¢¢ = at awavelength of 744 nmhas the largest
fFC,max=0.37, see [16]. Apart from the transition dipolemoment and Franck–Condon factor, the coupling
strength g depends also on themode volume as g V1µ , thusV should beminimized. For the fundamental
TEM00mode of a Fabry–Perot resonator,V w L 40

2p= , where L is the cavity length andw0 themodewaist.
Similar as in [17], we consider the dipole trap beams to enter from the sidewithout being clipped by themirror
substrates, which puts a lower limit on L. Themodewaistw0 is typically limited by the numerical aperture of the
in-/outcoupling optics. According to equation (3), in order tomaximiseC,κ should beminimized. However, as
wewill discuss in the next section a smallκmight lead to unacceptably long transfer times. Furthermore, the
transmission through themirror coatings should dominate over unavoidable absorption and scattering losses in
the coatings. In table 1, we give an example for realistic CQEDparameters for the abovementionedmolecular
transition in Rb2. For those parameters, an efficiency ofηwd>0.9 could be achieved for vibrational transitions
with f 0.05FC  .

Systemdynamics
Ideally, the transfer from the atompair i, 0ñ∣ to themolecular state g , 0ñ∣ should be efficient and fast. In theweak
driving limit the transfer efficiency is nearly optimal but can be very slow as the transfer time is∝κ−1. In fact, it
can be shown that the transfer rate, which is the exponential decay rate of Dñ∣ , is given by

R
C g2 1 2

, 4
C

wd

2

1

2

2
k=

W
G +

=
W

( )
( )

ifΔ1=0. Clearly, too slow a transfer can be problematic formany reasons, e.g. when the transfer time is on the
order of the particle lifetime in the trap.

We therefore now consider the limit of strong drivingwhere a shortπ-pulse (short compared to all
timescales determined by rates) quasi instantaneously transfers the population from i, 0ñ∣ to e, 0ñ∣ at t=0.
From there, it partially decays into g , 0ñ∣ via the cavitymode but it also partially decays viaΓ into h, 0ñ∣ . The
efficiency ηπ of the short-π-pulse scheme is then reduced as compared to ηwd of theweak-driving limit,

4

New J. Phys. 20 (2018) 123015 TKampschulte and JHeckler Denschlag



2
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, 5wdh

k
k

h=
+ Gp ( )

wherewe setωc=ωge. Besides the decay, the dynamics exhibit a damped oscillation of the population between
e, 0ñ∣ and g , 1ñ∣ . The oscillation can be understood as a beat of the two eigenstates

B e g
1

2
, 0 , 1ñ » ñ  ñ∣ (∣ ∣ )

of the coupled system, which are populated at t=0 by theπ-pulse as an equal superposition state. In order for
ηπ to reach theweak-driving efficiency ηwd, we need k G , according to equation (5). However, for a large ηwd
weneed g 2k G . Both conditions can be simultanouslymet onlywhen g G 1. According to our parameters
in table 1 and evenwhenusing a relatively large Franck–Condon factor of fFC>0.3, this condition is not easily
reached. Assuming amore typical fFC=0.1, we obtain ηπ≈0.77 compared to ηwd≈0.95. Therefore, in
general, the shortπ-pulse does not seem to be ideal for the transfer.

Therefore, the question arises, howquickly the optical pumping can be donewithout substantial loss of
efficiency compared to theweak-driving limit? To answer this question, we investigate how the transfer
efficiency to the ground state g , 0ñ∣ can be optimizedwhen employing a resonant square pulse of duration tp and
Rabi frequencyΩ2.

Table 1.Example of a set of realistic CQEDparameters. The
parameters gmax,Γ, Cmax are derived for the transitions between
vibrational states of the (1)3Πg and a

3Σu potentials in Rb2. Here,
del≈3×10−29 C m, see [6, 18].

Parameter Symbol Value

Cavity length L 280 μm

Cavitymodewaist w0 4.8 μm

Cavity finesse  5×104

Coupling strength for fFC=1 gmax 2π×80 MHz

Cavity field decay rate κ 2π×5.4 MHz

Excited state decay rate Γ 2π×12 MHz

Cooperativity for fFC=1 Cmax 100

Max. Franck–Condon factor fFC,max 0.37 [16]

Figure 3. Single-molecule population dynamics of resonant cavity-stimulated photoassociation using a square PA laser pulse which is
switched off when 99.9%of the population from i, 0ñ∣ has been transferred to e, 0ñ∣ . Shown are the casesC=10 (solid lines) and
C=1 (dashed lines) forΩ=κ/2, andC=1,Ω=3κ (dotted lines). For all cases,κ=Γ. IfΩ is too high, the efficiency significantly
decreases.

1
It turns out, that for a given g the optimal ηπ is reached for gk = G .

2
Wenote that there aremore efficient schemes than using resonant square laser pulses to transfer electronic excitation into the cavity. Some

of them are based on vacuum stimulated rapid adiabatic passages [19, 20] and use specially designed laser pulsesΩ(t) to transfer the system
adiabatically from i, 0ñ∣ to g , 0ñ∣ without populating the excited state e, 0ñ∣ , i.e. by keeping it in a dark state. Those schemes are, however,
beyond the scope of the present work.
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For this, we solve the time-dependentmaster equation of the five-level systemnumerically. Infigure 3, some
examples of the time-dependent populations are plotted. ForΩ=κ/2, we almost reach theweak-driving
efficiencies wd

20

21
h = ( wd

2

3
h = ) forC=10 (C=1), respectively. UsingΓ=2π×12MHz, one reaches 95%

of the respective asymptotic value within t≈3 μs (t≈0.5 μs). For a higher Rabi frequency (here,Ω=3κ), the
transfer works faster but the efficiency is already significantly reduced.

In an optimization, we determine the highest Rabi frequencyΩ and shortest pulse duration tp for which the
inefficiency 1−η of this pulsed scheme does not significantly increase compared to theweak-driving limit. In
particular, we allow for an inefficiency

1 1 1 ,wdh e h- = + -( )( )

where ε is the tolerance, which can be arbitrarily chosen. According to equation (2) ηwd depends only on the
cooperativityC=g2/(κΓ). However, becauseΓ isfixed and gmax=2π×80MHz is also an estimated upper
limit (see table 1), ηwd essentially depends onκ and the Franck–Condon factors, since g g fmax FC= . In
figure 4(a), we plot 1−η for four different values of fFC as a function ofκ, wherewe set ε=0.1. Figure 4(a) can
be used to determineκ for a desired η and a given fFC. Using thisκwe can then read off theminimumpulse
duration tp and themaximal Rabi frequencyΩ fromfigure 4(b). It is noteworthy that in the rangeκ/
2π10MHz,Ω≈κ, almost independent of fFC and that tp∝fFC/κ

2. (For larger values ofκ,Ω diverges and tp
vanishes, see also appendix ‘Condition for shortπ-pulses’.)

For clarity, wefinally discuss an example: if an efficiency of η=0.97 is desired on a transitionwith
fFC=0.1, we requireκ=2π×3MHz, seefigure 4(a). Fromfigure 4(b) it follows that the pulse length of the
PA laser should be at least tp=4×10−5 s and its Rabi frequency should be atmostΩ=2π×3MHz.

Using themeasured data in [16]we can estimatewhat Rabi frequenciesΩ for PA can be realistically reached
in an experiment. For this, we take into account that a tightly trapped atompair in a lattice site has a density of

Figure 4. (a) Inefficiency 1−η of resonant cavity-stimulated photoassociation using a square PA laser pulse.Here, we assume
gmax=2π×80 MHz andwe chose ε=0.1. (b)Corresponding duration tp (solid lines) andRabi frequencyΩ (dashed lines) of the
PA laser pulse.
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about∼1015 cm−3. To reach the Rabi frequency ofΩ=2π×3MHzof our example, a laser power of about
700 mWwould be neededwhen the atompair is located in a laser focuswith 10 μmwaist.

If only a smaller Rabi frequency is experimentally available, e.g. due to a smaller laser power, still the same
targeted efficiency of η=0.97 can be achieved by simply increasing the laser pulse lengthwhich should roughly
scale as tp∝ 1/Ω2, see equation (4).

Collective effects

So far, we have only considered the coupling of a singlemolecule to the cavitymode.However, in a typical
experiment, there can be up toN≈103 atompairs ormolecules that couple simultaneously to the cavitymode
(see appendix). Coherence can build up among themolecules whichmodifies their spontaneous emission, thus
they should not be treated as independent, giving rise to effects likeDicke-superradiance [15]. For example, if
several of them are prepared in e, 0ñ∣ at t=0, both the decay rate from this state and the probabilty to end up in
thefinal state g , 0ñ∣ are collectively increased, see figure 5.Here, the time-dependentmaster equation has been
solved forN=1K3 individual four-levelmolecules coupled to the same cavitymode.Our calculations show
that for only up to three atompairs enhancement effects are already present, but not very strong yet.We expect
the enhancement to strongly increase with larger particle numbers.However, for the corresponding calculations
other numericalmethods than the one used herewould be required.

The collective enhancement ismost effective in the ‘fast cavity regime’whereκ>g>Γ. Although the
transfer for single atompairs in this regime is plagued by relatively low efficiencies η, the collective enhancement
can strongly compensate for this. Furthermore, the collective enhancement is particularly suitable to enhance
transitionswith rather small Franck–Condon factors.

Conclusions and outlook

In summary, we have shown that ultracoldmolecule formation in awell-defined quantum state can be strongly
enhanced by an optical cavity.We have estimated that preparation of amolecule in certain quantum states can
be efficient (>90%) for transitionswithmoderate Franck–Condon factors ( fFC0.05) inmediumhighfinesse
cavities ( 5 104 » ´ ). In contrast to existing coherent two-photon schemes for PA of ultracoldmolecules, our
scheme can be regarded as amethod to pump (cool)molecules into a desired (ground) state since the necessary
dissipation is already build in via the cavity losses.Moreover, the photons dissipated into a single spatialmode
can be detectedwith high efficiency.

The scheme could potentially be extended to cascasded reactions, e.g. A B C D* *   , where B* is,
e.g. produced in a collision.Here, one could use the cavity to observe and control the spontaneous transition
between B C* * .

Figure 5.Collective dynamics: a sample ofNmolecules is initially prepared in the e, 0ñ∣ state (solid lines), fromwhere it decays via the
g , 1ñ∣ state (dashed lines) into g , 0ñ∣ (dashed–dotted lines). Both the decay rate and the final population in g , 0ñ∣ increase withN. The
parameters are:C=1,κ=10Γ.
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Finally, the coupling of several atompairs ormolecules to the cavity will give rise to interesting collective
effects for reactions, which have not been discussed or demonstrated yet. The collective enhancement of the rate
and efficiency ofmolecule formationwould be the basis for ‘superradiant chemistry’.
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Appendix

Master equation
In order to take into account the incoherent decay processes of the excitedmolecular state and the cavity photon,
we use amaster equation in Lindblad form,

t
H a g e h e

b b b b b b b

d

d

i
, 2 , , , ,

where ,
1

2

1

2
.

g h


  



r
r k r r r

r r r r

=- + + G ñá + G ñá
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[ ˆ ˆ ] ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ† † †

Here, r̂ denotes the density operator and â is the annihilation operator of the cavity field.

Efficiency in theweak-driving limit
In the limit of weak driving ( g, 2 kW G ), we can derive an analytical expression for the efficiency ηwd,
equation (2). It is given by the ratio of the decay rates from g , 1ñ∣ and e, 0ñ∣ in ‘quasi steady-state’,

2

2
1

2
.

g g

g g e e

e e

g g
wd

1 1
ss

1 1
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0 0
ss

0 0
ss

1 1
ss

1
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=

+ G
= +
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-⎡

⎣
⎢⎢

⎤
⎦
⎥⎥

Here, e e0 0
ssr and g g1 1

ssr are components of the steady-state densitymatrix ρss whichwe calculate as follows.We

formally close the system infigure 2 by introducing an artificial ‘repump’ rate ζ from the states g , 0ñ∣ and h, 0ñ∣
back to state i, 0ñ∣ , which can be, in principle, arbitrarily slow ( 0z  ). It turns out, however, that the population
ratio e e g g0 0

ss
1 1

ssr r is independent of ζ, turning the system effectively into a three-level system, since the

populations of the levels g , 0ñ∣ and h, 0ñ∣ are not relevant. The solution for the densitymatrix D Dss ss ssr = ñá∣ ∣ in
theweak-driving regime is, tofirst order inΩ,

D
e g g

g
i, 0

i , 0 , 1

2 2i i
,ss 2

2
1 2

k
k

ñ » ñ + W
+ D ñ - ñ
+ G - D - D

∣ ∣
( )∣ ∣

( )( )

If the system is open, i.e. ζ=0, this state slowly decays exponentially, which can be described by

D
R

t Dexp
2

,wd
ssñ = - ñ{ }∣ ∣

whereRwd is given, forΔ1=Δ2=0, by equation (4).

Condition for shortπ-pulses
For a chosen ε, shortπ-pulses (as discussed before) are efficient enough if

1 1 1 .wdh e h- + -p( ) ( )( )

Using equations (2) and (5), this is equivalent to the following condition

g 1

16

1

4
,

2

2
k

eG G
+ -

which can be approximated by gk e for g eG .

Number of atompairs
The estimated number of pairsN≈ 103 in the optical cavity for typical experimental conditions corresponds to a
thermal cloud of approx. 106 atomswith diameter 2σ≈ 40 μmin a three-dimensional cubic optical lattice with
laserwavelengthλlatt≈ 1 μm,which overlapswith the fundamental cavitymodewithwaistw0≈5 μm.
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