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Abstract

We consider frequency estimation in a noisy environment with noisy probes. This builds on previous
studies, most of which assume that the initial probe state is pure, while the encoding process is noisy,
or that the initial probe state is mixed, while the encoding process is noiseless. Our work is more
representative of reality, where noise is unavoidable in both the initial state of the probe and the
estimation process itself. We prepare the probe in a GHZ diagonal state, starting from n + 1 qubitsin
an arbitrary uncorrelated mixed state, and subject it to parameter encoding under dephasing noise.
For this scheme, we derive a simple formula for the (quantum and classical) Fisher information, and
show that quantum enhancements do not depend on the initial mixedness of the qubits. That is, we
show that the so-called ‘Zeno’ scaling is attainable when the noise present in the encoding process is
time inhomogeneous. This scaling does not depend on the mixedness of the initial probe state, and it is
retained even for highly mixed states that can never be entangled. We then show that the sensitivity of
the probe in our protocol is invariant under permutations of qubits, and monotonic in purity of the
initial state of the probe. Finally, we discuss two limiting cases, where purity is either distributed evenly
among the probes or concentrated in a single probe.

1. Introduction

Quantum metrology is a promising research area, where the aim is to develop new quantum technologies that
may one day surpass the classical limits of sensing and estimation [ 1-3]. Quantum sensing has a wide array of
applications, from gravitational wave detection [4] to imaging in biological and medical sciences [5]. This is why
agreat deal of effort has been put into understanding where the power of quantum metrology comes from, but
there is no clear answer to this question. Often, the power of quantum metrology is thought to come from
quantum entanglement [6], but entangled states are hard to prepare and inherently fragile [7]. On the other
hand, there are many examples where a quantum enhancement is found even in the absence of quantum
entanglement [8]. Here, we add to the latter volume of literature by showing that quantum enhanced scaling is
attainable for noisy frequency estimation using a probe in a mixed quantum state.

In the standard case for estimating a parameter w, that is unitarily encoded, the ultimate limit to sensing is
achieved using pure NOON states [9, 10] (a state that has n photons in superposition in the two arms of an
interferometer). Equivalently, for spins and atoms, Greenberger—Horne—Zeilinger (GHZ) states [11] are optimal
probe states. These scenarios lead to Heisenberg limited precision of Aw ~ 1/n, where Awis the standard
deviation of the estimate, in contrast to the standard quantum limit (SQL) of Aw ~ 1/./n. The latter is the best
precision available to a classical probe. However, this quadratic enhancement quickly disappears with large n
when either the initial probe state is noisy [12] or when the encoding is performed in the presence of unavoidable
effects of environmental noise [ 13, 14]. Another way to attain a quantum advantage is by extending the length of
sensing time [12]. However, this too is limited by the decoherence time scale. Because of this, in the last decade a
flurry of research has sought to develop techniques to battle environmental effects [15].
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In practice, preparing NOON, or other highly entangled, states is very difficult and we do not always even have
access to pure states. However, the role of entanglement in the initial state of the probe was questioned when
quadratic enhancement was observed in a nuclear magnetic resonance sensing experiment [ 16, 17], where it is
known that there is little or no entanglement present in the quantum state. The observations of these
experiments are explained by the calculations of [ 18], where it is shown that correlations (that may be weaker
than entanglement) can lead to a quadratic enhancement in the sensitivity. Expanding on the same ideas, [19]
(also see the experimental proposal [20]) made use of ideas from the computational model called deterministic
quantum computation with one bit of quantum information (DQC1) [21] to show that using » maximally mixed
qubits, along with one pure qubit, is sufficient to saturate the classical limit to sensing. On the other hand,

[22, 23] showed that the figure of merit in metrology reduces to a measure of quantum discord [24, 25] when
there islack of knowledge about the generator of the parameter. These studies have shown that using noisy probe
states may not be so bad; however, all of these studies assume that the parameter encoding is a noiseless process.

Recently, several researchers have studied the cases where the parameter encoding is a noisy process. While
these studies allow for arbitrary initial states, most often only the optimal performance of the probe is examined
in detail, i.e., the initial state of the probe is taken to be pure. Many of these studies are typically concerned with
estimating the frequency w rather than the phase ¢; the two parameters are related to each other by the encoding
time t,i.e., ¢ = wt. Thus, the total running time of the encoding process itself is regarded as a resource [13].
These studies have shown that a super-extensive growth of the frequency sensitivity may still be attained under
time-inhomogeneous, phase-covariant noise [26—30], and even more generic Ohmic dissipation [31], noise with
a particular geometry [32, 33], or setups related to quantum error correction [34—36]. See also [37, 38] which
question the role of entanglement in such schemes and give advice on practical implementations. In general,
these studies have shown that, while the 1 /7 precision scaling in frequency estimation may not be available in the
presence of noise, it is possible to achieve a scaling that goesas 1/ ni, 1 / ne,orl / s depending on the details of
the problem.

In this paper, we combine the tools described in the last two paragraphs. We consider frequency estimation
in the presence of dephasing noise, with probe states that are noisy themselves. We describe our setup in
section 2.1, preparation of the probe state in section 2.2, and the noisy process the probe undergoes in
section 2.3. In sections 3.1 and 3.2 we compute the quantum and classical Fisher information (CFI), respectively,
for our protocol; while in section 3.3 the Fisher information of the uncorrelated probe is given. In section 4.1, we
demonstrate that the precision of our protocol can be approximately related to a simple function of the purity of
the initial probe. Using this we show that, by optimising the protocol, we retain the 1,/7°/* (or ‘Zeno scaling’)
scaling reported in [26, 28, 27] for any mixedness of the initial probe state. This result shows the robustness of
mixed states for the purpose of sensing. Finally, we explore two limiting cases in section 4.2, and several other
properties, such as the permutation symmetry (section 4.3) and monotonicity (section 4.4) of our protocol. Our
conclusions are presented in section 5.

2. Initial state and the protocol

We begin bylaying out the details of the protocol we will consider in this work. First, we describe the initial state
of the probe, before discussing the three main stages of the protocol: preparation, parameter encodingin the
presence of noise and, finally, measurement. The protocol is graphically illustrated in figure 1.

2.1. Initial state of the probe
Each of the n + 1 qubits making up the probe can, in general, be in a different mixed state initially, with the ith
qubit in state p;. The overall initial state is the product

n AD g . 1+ p, . 1—p
Qo= ®p, where p,=|"" ], A= L oand AV =__ T, 1
0 :0,0, P [ 0 A}’)] 0 2 ! 2 )

Here, A and \{" are the probabilities of the ith qubit being in state |0) and | 1), respectively. This setup could
describe an experiment which senses magnetic or gravitational fields using an ensemble of atoms [20, 39]. Such
an ensemble can be initially aligned with the direction an external magnetic field so that the Bloch vector of each
qubit will be pointing in the same direction. In that case we have p. € [0, 1]and A > A0,

This initial state may be fully described by a vector p = (p,, p;, ..., p,)- By setting these parameters to
different values, we can obtain any combination of diagonal mixed states ranging from fully mixed (p, = 0) to
pure (p, = 1). Insection 4.1 we will show a simple relationship between the sensitivity of our probe and p. And
in section 4.2, we will examine two special cases, which we dub uniform, whereall p, = pfori € [0, n]and
tilted, where p, = 1and p= Oforalli > 0.
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Figure 1. The protocol. The initial state is a tensor product of n + 1 qubits in mixed states { p;}. The zeroth qubit is used as a control,
and we call it the special probe qubit (SPQ). The latter n qubits are register probe qubits (RPQ). The protocol has three parts: first the
initial state is prepared in a mixed GHZ diagonal state; next, the parameter is encoded in a noisy process; finally, CNOT gates are
applied again, before measuring all qubits.

As the Oth qubit is used to make control operation on the rest, we call it the special probe qubit (SPQ), while
the latter n qubits are called register probe qubits (RPQs). Throughout this article we represent the state of the
RPQs in the matrix basis of the SPQ:

Ao R, p; 0
Q=" iz A , 2
0 AL L p;

where for simplicity we have dropped the superscript 0 from the A’s in the state p,.

2.2.Preparation of the probe

Parameter estimation with a pure state is optimal when the probe state is taken to be a GHZ state

%(l 0...0) 4 |1...1)). To attain optimal performance in this limit, we adopt a preparation procedure which
creates a GHZ state in the case p = (1, ..., 1); more generally, we end up with a mixed GHZ-diagonal state, i.e.,a
mixture of state of the form %(|k> + |1 — k)), where k := (k;, ..., k,) withk; = 0,1. Here the superscript
denotes the jth qubit,and 1 := (1, ..., 1).

In fact, we conjecture that GHZ diagonal states lead to optimal performance for any configuration of noisy
qubits in equation (1). The preparation involves three steps: first we apply a set of controlled-not (CNOT) gates to
all RPQs with the SPQ as the control. The CNOT gate applies the Pauli matrix X to the target if the control qubit
SPQisin the state | 1), and the identity operator I if the control qubit is in the state |0). Next, a Hadamard gate is
applied to the SPQ, followed by another set of CNOT gates on the RPQs, again controlled by the SPQ.

The state after the full preparation procedure has the following form:

X @l ®LpXi A (@ XipXi —QL Xip
Qprobe = n n - n n . (3)
2 \ QL Xip QL XipXi) 2\—-QLpXi QL p
The subscript i in X; denotes that the X operator acts on the ith qubit. Note here that the matrix X; p, X; is
diagonal in the same basis as p;, but with the eigenvalues switched:
XD
XipiXi = 0 /\8) . (4)

This prepared state is a GHZ diagonal state, which is easily seen by tracking how its eigenvectors are built up.
After the application of the first CNOT gate and the Hadamard gate, the eigenvalues and eigenvectors of the probe

state are
A AP, [+, K) ) and (A Agg?, [— 1 —k)}, (5)
where |+) = %(|0> + |1)). After the second CNOT gate, the eigenvectors and eigenvalues of the probe state are
@ ey 10K +ILT -k O 16Oy 101k — LK)
{g; > |Gk+> = \/5 > glfk) |G1,k> = \/5 > (6)

where gf') =X )\2) )\5('1) and g1(:1)< =)\ )\2) )\i’:). While the eigenvalue corresponding to | GIE_)> is
gli_) =X\ )\51_) oo /\5”_) r,» which we will make use of alittle later.

3
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The application of two CNOT gates may seem redundant. However, it is well known that this probe
outperforms the probe where the first CNOT is omitted [17, 18]. We will show in section 4.3 that the first CNOT
gate also introduces a nice symmetry in our protocol.

2.3.Parameter encoding in presence of noise

We are now ready to encode the parameter we want to estimate onto our prepared state. The parameter is
encoded via free evolution of the probe. However, as we encode the desired parameter, the free evolution also
introduces noise, which can be described by a phenomenological quantum master equation [40—42].

For simplicity, we restrict ourselves to a pure dephasing process that commutes with the encoding process.
This means we can treat the parameter encoding and noise as occurring sequentially. With minor modifications
we can consider a more general phase-covariant form for the noisy process’. However, the case we consider is
sufficient to show that ‘Zeno scaling’ is possible even when the probe state is noisy.

The parameter w stems from a classical field, e.g. magnetic field, and it is applied identically to all qubits
through the unitary operation U®" ™!, with U = exp[—iwtZ /2], where Zis a Pauli matrix and fis the time of
free evolution. The system just after the free evolution is in the following state:

0 _ o Q"0 e W @ Uip.X; U;r
o = .
2 \e¥ @1, UiXip;Uf 1 XipXi
A @ Xip; Xi —e @ UXip U/ @)
2\ —e“r @1, Up,X; U/ Ly

The unitary operator on the SPQ has already been applied implicitly. Note that the states p;and X; p;X; commute
with the unitary matrix U;. As before, the subscript i in U; denotes the unitary operator action on the state p;.

While the parameter is encoded, the probe is also subjected to dephasing noise. We can describe such a noisy
process on the probe by the action of a superoperator A that consists of two Kraus operators Lo and L;:

A[p] = Z LipLi+)

i=0,1

where Ly = H@(I;&I and L, = 1—@(};&2, (8)

with the rate of dephasing g a positive real number and o a constant which determines the type of noise we face.
When o = 1, the noisy process is described by a semigroup [43, 44],i.e., A; o A; = A, . Onthe other hand,
o = 1corresponds to a time-inhomogeneous indivisible process.

Although the encoding and the noisy process are happening simultaneously, we can consider them as
sequential processes, because the actions of A and U commute. Using the fact that A;[p,] = Ai[X; 0, Xi] = p;
when p;is diagonal, and UA;[p] U;” = A;[U; pU; ] for any p, we can compute the state after the noisy encoding:

Qg = ﬁ[ ) . Q1P e e @u_ A;[UipX; UiT]]
2 \ei“fe 8" @ A;[UiX;p, UiT] " XipXi
ﬁ[ ®?:1XipiXi _ e iwta—gt® @, Ai[UiXipi UiT]]‘ o
2 —eiu)fe7g7“l ®?:1 Az[[]lplxl UiT] ®?:1pi

2.4. Probe measurement (all qubits)

The measurement procedure consists of two steps: a final CNOT gate applied to all RPQs with the SPQ as the
control followed by a measurement of the RPQs in the Z basis and the SPQ in the X basis. In the appendix, we
consider a different readout strategy, where only the SPQ is measured and all RPQs are discarded. In the case we
are treating here, the final (pre-measurement) state, after the third CNOT gate, takes the following form

Qfinal = ﬁ( , Q1P e e (e @n Uizpi]
2 \eMte e @ | p U s
+ ﬁ[ R XipXi —e et @ | UiZXipiXi] (10)
2\ —elre s @u | X;p, XU DI XipXi

In an adjoining article [57] we do consider phase-covariant noise, but restrict the probe qubits to be identical initially.

4
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Going from equations (9) to (10), we have used several properties of the superoperator A. We will describe
the transformation for the ith qubit, and will therefore drop the subscript i for the moment. Since the Kraus
operator Ly in equation (8) is proportional to the identity matrix, it commutes with everything. The L; Kraus
operator is proportional to the Z Pauli matrix, therefore L; X = —XI,;. From this, one can show that the
superoperator A acting on an arbitrary 2 x 2 matrix 7 has the following properties: A[]X = LonXLy —
LinXL,. Setting ) = UpXU', the upper left element of the first matrix of equation (9) becomes
A[UpXUT]IX = LyUpXU'XLy — L UpXU'XL,. Next, we have that U = XUTX and the fact that
U, p, Ly, and L, all commute with each other, which yields A[UpXU X = L{U?%p — L U?p =
exp[—gt“1U?%p. The derivation of the other off-diagonal terms above follow in the same manner.

Next, the RPQs are measured in the Z basis. Each measurement can result in a qubit being either in state |0);
or | 1);, and the given outcome of the measurement is fully defined by a vector k = (kj, ..., k,), wherek; = 0,1
corresponds to state |0); or | 1);, respectively, for the ith RPQ. The overall phase factor coming from the action of
the U? operator depends only on the Hamming weight 1, of k. Every time we measure state |0);, we get a factor
of exp[—iwt], while for state | 1); we get a factor of exp [iwt]. Let us assume that for a given permutation of k we
measure my, =y, k; times state | 1); this means that we measured state |0) n — 1 times. Therefore, we geta
phase factor of exp[im wt] X exp[—(n — my)iwt] = exp[—i(n — 2my)wt] for this permutation.

The SPQ state after observing a particular string of RPQ outcomes k is

g _ Ao 1 eTiImmute (g ) S
Pspq = = [T X
2 \h.c. 1 P

)\1( 1 _ei(n+12mkme(n+1)g,n) "
2 IT X% (11)
2 \h.c. 1 L ;

Next, we measure the SPQ in the X basis to get the probabilities qn(f) = (L] pg'gg | £ ), which we can expand to
get

n
qfk) = Ao I /\g;){l + et cos[(n + 1 — 2my)wt]}
250
n
+ % I /\f’lki{l T e (D cos[(n + 1 — 2my)wt]}. (12)
-1

In the next section, we will use these probabilities to compute the CFI of this distribution. But first, in order
to determine the optimality of this measurement scheme, we compute the quantum Fisher Information (QFI)
for our protocol.

3. Fisher information

Let us suppose a total time of 7 is allocated to the estimation procedure. In the protocol above, each experiment
has a running time of ¢, allowing for the experiment to be repeated 7/t times. The precision in estimating wis
bounded by the Cramér—Rao bound [45, 46]

! where Fc = E (13)

VFe t

Aw >

Here, Awis the standard deviation of our estimate of w, Fcis the total CFI after time 7 . This quantity is related
to JF¢, the CFI of a single experiment of length ¢, which is obtained from the measurement statistics given in
equation (12).

Finally, the CFIis bounded by the QFI F¢ < Fq, where the latter may be derived by optimising the CFI over
all measurement strategies [47]. The CFI can saturate the QFI [48], provided it is possible to implement a suitable
measurement. Thus the QFI points to the ultimate precision that could be achieved with our probe state.
However, in practice, the required measurements may be non-trivial [49] and our particular choice of
measurement may lead to a gap between the CFI and QFI. Thus, we first compute the QFI and then show that
our measurement scheme indeed leads to a CFI that saturates the corresponding QFI.

3.1. Quantum Fisher information (QFI)

To compute the QFI, we write the probe state in equation (3) in its eigenbasis prope = > iglfi) | Glgi)> (Glgi) |-
The eigenvectors and eigenvalues of our probe are given in equation (6). If our encoding process were noiseless,
we could compute the QFI using the formula [47, 50]

5
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(r)

@& =8 e
Fo=23 > oo HGOIGIGE)P, (14)
KK rref{+} 8 T &

where G is the generator encoding the parameter. Unfortunately, our process is not noiseless. However, since the
noisy process and the unitary process commute, we can first subject the probe to noise to arrive at
Qprobe i= AP [Qp e ], before using equation (14), provided we know the eigen-decomposition of mebe

Let us consider the action of the noise on the operator Ty = g{”|G{") (G{V| + g |G{7) (G| for
some choice of k. We expand the states in the computational basis to get
AL = (g7 + g0, k) (0, k| + |1, 1 — k) (1, 1 — k][]
+ (g<+> NP0, k) (1, 1 — k| + |1, 1 — k) (0, k|] (15)

_ ~(+)|G(+)><G(+)| +§( )|G( )><G( )| (16)
where we have used A" *1[|0, k) (1, 1 — k| = e~+Dg"[]0, k) (1, 1 — k|. In other words, the noise maps the

GHZ diagonal state into another GHZ diagonal state with new eigenvalues

) 4 +)
g = S T8 | g

k 2 2

(=) glif)

7)

To compute the QFI, we write down the generator G = %Z . Z® @ 10, Its action on an eigenvector yields

GIG) = %{(n + 1 —2m)|0, k) £ (e — (n — my) + D|1, 1 — k)]
= t’H—;—_zmﬂfo)), (18)

where again my = >_7_, k;. From this we have that (GIS’) |g|GlE’)> = twékkﬁ”/ +1. Immediately, we
find the QFI to be

(+) (—))2
‘7:Q - tzz W(ﬂ +1— 2mk)2 = t2e _2(”+1)gt(kz Pr(n +1 — ka)z, (19)
8k

@ - gt Il A = AT, A2

g+ g AoHiz1 A+ N Hizl A

We will shortly show that our readout scheme yields the same value for the CFI, i.e., it is experimentally possible
to achieve the theoretical maximum precision.

where Py := (20)

3.2. Classical Fisher information (CFI)
The CFI to estimate parameter x is given by the following formula:

0,q.)?
F=Y % 1)

where the g; are measurement outcomes, in our case taken from equation (12).

Our readout scheme begins with measuring m RPQs in state | 1) (and n — my in state |0)), followed by a
measurement of the SPQ in the | +-) basis. Since different qubits have different purity, i.e., different values of Py
the CFI depends on the specific string of outcomes: F¢o = Y, f, with

0, (+))2 0, (—))2 (+)+ =)
fe = q(i) q<k> = (01 (i))z%‘ (22)
qk qk qk qk

Here, the derivatives of the probabilities to measure |+ ) and | —) only differ by a sign; therefore, the squared
derivatives are equal for both cases. We first rearrange equation (12) as

A ! i i
= (2T 0+ 21T o)
i=1

n n
- (% [T A - % I1 A%“)kf]e(”“)g”COs[(n +1 = 2my)wt] (23)
i=1 i=1
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and substitute into equation (22) to get
fi = 1272008 (n 4+ 1 — 2my)?sin?[(n + 1 — 2my)wi]
oI NI (T, A - 3T )
(% H?:l )‘g,-) + % H?:l )‘iilkf)z - (% H?:l )‘gi) a % H?:l )‘Ylki)zg

where £ = e 201+ D8" cos2[(n + 1 — 2my)wt].
We want to look at the specific case where the Fisher information is maximised for any k. If one assumes that
nis an even number (if it is odd, one of the RPQs can be discarded at the beginning of the protocol) and wt = g,

(24

then (n + 1 — 2m) is an odd number and the argument of the sin and cos functions has the form = + Ir,
where lis an integer. The sin function then gives one, and the cos function is equal to zero. This simplifies
equation (24) to

fi = e 20T PL(n + 1 — 2my)?, (25)

where Py, is defined in equation (20). To calculate the total CFI, one has to sum over all possible strings of
measurement outcomes, characterised by k:

Fi=3"f = 220 S Py(n 4 1 — 2my )2 (26)
k k

Here, F ﬂc is the time-optimised CFI, with optimal time for the correlated probes denoted by #;. The last equation
isidentical to equation (19). This means that the readout procedure introduced here achieves optimal sensitivity
for estimating frequency. We no longer need to differentiate between QFI and CFI, but for concreteness we only
use the abbreviation CFI from here on.

In the appendix, we derive the CFI for the case when only the SPQ is measured and all RPQs are discarded.
Even then, we find that the CFI scales very much like in equation (26).

3.3. Uncorrelated probe
Before discussing our main results, let us compute the Fisher information for the case where the probe does not
exploit correlations. Eventually, we want to compare the performance of the probe in the GHZ diagonal state to
that of the uncorrelated state, i.e., the product state {2 = ®"_p,.

For the ith qubit, the QFI can be easily computed to be F 8) = e 2 pl.2 [18], which can be achieved with an X

basis measurement on each qubit, hence F 8) =F g). In general, the run time for the uncorrelated probe will be
different from that of the correlated probe; we denote the optimal run time for the former by ¢.
As the Fisher information is additive, the total Fisher information for all qubits in £ is

Fle YA = e+ 1), @

1

1
n+1

where (p?) = Yo pl.2 is the normalised length squared. This quantity is closely related to the average purity

+p 1 2
S = 5(1 + (p*)-

of all qubits, which has the form %HE?:O

4, Features of the protocol

4.1.Zeno’ scaling

We have given an expression for the CFI in the last section that is rather complicated and does not shed much light on
how well our probe performs The complexity entirely lies in the final term of equation (26). It turns out that this term
can be approximated, in terms of the vector p for any initial state, by >, Pi(n + 1 — 2my)? ~ (p?) (n + 1)2. This
approximation holds remarkably well, as numerically evidenced in figure 2. There, we plot }°, Pi(n + 1 — 2my)?
against (p?) (n + 1)? for randomly chosen 1 < n < 11 (number of RPQs) and uniformly sampled p; € [0, 1]. For
10* realisations, the Pearson correlation coefficient is 99.3%. We have performed ~10° calculations for a larger range
of the parameter n € [1, 15], and the results hold. For clarity we show the reduced range results. This shows that for
any vector p the CFI scales as (n + 1)*

]:?j ~ tﬁze—Z(n+l)ng<p2>(n + 1)2. (28)

To compare the sensitivity of a correlated probe to that of an uncorrelated probe, we fix the total sensing time
to 7, as well as the number of probes n, and compute the total Fisher information acquired. Each run of sensing
with a correlated probe takes time t;, while sensing with an uncorrelated probe takes time #. The total number of
runs is given by 7/t; and 7/¢ in the two cases, respectively, and the corresponding total CFIs are

7
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Figure 2. Approximating the CFL The relationship between 3, Pi(n + 1 — 2my)? and (p?) (n + 1)%. The plot shows linear
behaviour with slope 1. The correlation function is 99.3%. Calculations are made for 10* randomly chosen vectors p, with RPQ
number # € [1, 11] chosen randomly. The elements of the vector, p;, € [0, 1], are chosen from the uniform probability distribution.

TF: a
Fé: ‘fc ~ 73"’iefz(rl+l)gzn <p2> (n + 1)2
i
TF) "
and Fg = % = 72.“672‘9?” <p2> (I’l + 1). (29)
I

We then look at the case where the amount of noise in the system is the same after the experiment is concluded,
i.e., weset exp[—2gtHO‘] = exp[—2(n + 1)gz"]. Solving this for ;, we get ; = t/s/n + 1. Another way to
motivate this choice is by finding the optimal values for t; and #| independently, and we find the same
relationship between the two times.

By substituting this into the total Fisher information and taking the ratio of the two CFIs in the last equation,
we get the quantum advantage
Fi' (n+1)

F@N“\/n—Fl'

Itis clear that the correlations in the probe give us an enhancement in the Fisher information that scales with the
number of qubits. For the simplest time inhomogeneous noise model, where o = 2, one gets a CFI that scales as
(n + 1)%. While for the semigroup case, with & = 1, no advantage is drawn from the correlated probe. In other
words, we have shown that the Fisher information scales exactly as for the case where a pure probe state is used
[26-28]. This finding generalises the result of [ 18], where mixed state probes with p, = p for noiseless encoding
were considered.

The sensing times £ and t; do not depend on the mixedness of the probe. The only difference is that we have

(30)

an overhead of (p?), which can be overcome by repeating the experiment ﬁ times. The correlations in the state
of the probe lead to this enhancement for any (p?) = 0. This includes highly mixed states that live in the
separable ball [51] and thus cannot be entangled. Therefore, our work further highlights the importance of
correlations beyond quantum entanglement in quantum metrology. This is one of our main result.

As mentioned before, in the appendix we consider the case where only the SPQ is measured and all RPQs are
discarded. Even in this case, the “Zeno’ scaling survives at the expense of an adaptive measurement protocol. We
now examine two special cases of this general results.

4.2. Uniform (x) and tilted ($) probes

We now examine two special cases of our protocol. In the first case, we set all p=0r and call this the uniform
protocol. For the second case, weset p, = land p, = 0Vi = 0and callit the tilted protocol. Here all RPQs
are maximally mixed and the SPQ is pure. These two protocols were previously studied for noiseless encoding in
[18, 19], respectively.
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The initial probe state in the uniform protocol has a high degree of degeneracy, and its eigenvalues have the
T—mq_
form (HTP)Wr " (1Tp>m This simplifies the sum over the possible values of k in equation (26), and it can be
rewritten as:

n
]-'tc* = tnze*2<n+1)gft“ Z ( n )Pmk(n + 1 — 2my)?
My

mE=0

> tﬁZe—Z(nJrl)gtt“PZ(n + 1)2. (31)

The inequality was numerically shown to hold in [18], with the difference between the left and the right hand
sides to be in relatively small. This is in perfect correspondence with our result in equation (28), since (p?) = p?
in this case.

In contrast, the state of the probe in the tilted protocol has eigenvalues { %, 0 }, which simplifies the term P

. . 1
in equation (26) to o There are exactly ( " )Vectors kthathave m 1sandn — m Os; therefore, the CFI can be
m
rewritten as:
« 1 n «
Fhy = tle 2y’ — Z " (n+ 1 —2my)? = tfe 2D (n 4 1). (32)
C$ ﬁ on i
mk:O mk

This is in exact agreement with equation (28), for which (p?) = %H here.

Now, consider the CFI for the tilted protocol for the case « = 2. We can simplify equation (29) to get
F& =Ty exp[—thHZ] Jn + 1.Thescalingof\'n + 1 maygive theimpression that our quantum
correlated probe performs worse than the SQL. However, if we were to use an uncorrelated probe consisting of
one pure qubit and # fully mixed qubits, after a time 7 the CFI would be F& = Ti exp[—thuz]. Thus, the
correlations are still giving us an enhancement that grows with the number of qubits in the probe.

The constant terms of the CFIs for the uniform and the tilted protocols are identical. However, in terms of
the probe size the former scales as p?(n + 1)?,and thelatter scalesasn + 1. Thus,whenp >1/Jn + 1 the
uniform protocol fares betterand p < 1/4/n + 1 thetilted protocol fares better. This relation gives us a way
to understand the trade-offs between the two extreme choices for the initial state of the probe. That is, when is it
favourable for the coherence to be concentrated in a single qubit, and when is it favourable for it to be spread
amongst all qubits.

Finally, in [19], where the tilted protocol was originally introduced, the state preparation did not include the
first CNOT gate (see figure 1). This is of course because the SPQ is pure and initially in state |0). The first CNOT
gate would simply do nothing to the probe. However, it turns out that with the inclusion of this gate we need not
care which qubit serves as the SPQ.

4.3. Symmetry of p
We now show that CFI does not change under permutations of qubits or equivalently the elements of vector p.
This means our protocol does not depend on which qubit is used as SPQ. First, note that the term Py in
equation (26) is symmetric under permutations of the RPQs and thus changing their order does not change the
value of CFI. Now, we consider swapping one RPQ with the SPQ. Without loss of generality, we consider a pair
ofvectors p := (py, Py ---» p,)and q := (py, py» ---» p,), where the first two entries have been switched.

We write the CFI given in equation (26), omitting the constant terms, for these two vectors:

OO TT" (i) (0) \ (1) n i) 2
o )\kl i=2 ’\ki - A A17k1H1:2 )‘lsz)

Fop ~ S —
LR P O RSN e

(n+1—2me)?, (33)

ki

MO TT" (i) (1) 4 (0) " i) 2
(/\0 )‘ko H,‘:z )‘k, - /\l Al—kg Hi:2 ’\l—k,-)

Fo ~ | ,
> 1 0 n 1)y (0
Y 2 ST A

(n+1— 2m)> (34)

Let us look at one term in the sum. The vector describing this term (excluding first RPQ) is k' = (k, ..., k),
with Hamming weight my = Z:; , ki We will show that for each term in the sum in Fc,p, there is an equivalent
termin F¢ 4. Fora given vector k’ and F¢ , there are two options: ky = O or ky = 1.

When k; = 0the corresponding term in J¢ 4 will be term where ky = 0. For both p and q the Hamming
weight of the vectork = (ky, ky, ..., k,,) will be the same and equal to 7, hence the multiplying factor
(n + 1 — 2mye)? will be the same.

When k; = 1 then the Hamming weight of vector p will be equal to #y» + 1and the multiplying
factorwillbe (n + 1 — 2(m'x + 1))*> = (n — 1 — 2my)*. This term matches the term in F o with

ko = landvectork” = (1 — k, ..., 1 — k). This makes the numerator for equation (34)
n n
PO TT A2 I APAP TT A2 The sign will be cancelled by squaring this term and the denominator
i=2 i=2

9
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Figure 3. Monotonicity of CFl in p. (a) The difference in CFIs ‘7:C>P+fj and Fc, is plotted against ¢;. Here ¢; = (0, ..., ¢j, ..., 0) with
constraints ¢; > 0,and p; + ¢; < 1. The elements of p are sampled from the uniform probability distribution in the range [0, 1]and

0 < j < nischosen randomly. (b) The difference in CFls Ft, . and Fe p against(e?) = % Like p, the elements of ¢ are
n

sampled from the uniform probability distribution in the range [0,1] subject to constraint that all elements of p + ¢ are less than 1.
Both calculations are made for 10* realisations for randomly chosen n € [1, 11], t; = 1and g = 0. We did not observe a single event
where the difference in the two CFIs was negative. We have performed ~10° calculations for a larger range of the parameter

n € [1, 15],and the results hold.

will be the same as in F¢; ,. The Hamming weight of the vector q in this case willbe n — m1, because the

Hamming weight is calculated for vector k describing the product that goes with A" eigenvalue of SPQ. The
multiplying factor in this case will be the same: (n + 1 — 2(n — my))? = (—1)*(n — 1 — 2myr)%.

We can repeat this argument for all terms in the sum. Also, since CFI is invariant under permutations of
RPQs, the proof holds for switching SPQ with any of the RPQs.

The symmetry of our protocol does not simply stem from the fact that the prepared state of the probe is
GHZ-diagonal. To illustrate this, consider the case where the first CNOT gate in our protocol is omitted, while
keeping the remainder of the procedure identical (as in figure 1). Using the arguments in section 2.2, it is easy to
show that the prepared state in this case is also GHZ-diagonal. For concreteness we now work with three qubits
and write down the CFI. Ignoring the constant terms that contain variables like t,g, etc, we find that CFI is
proportional to the term with the sum, i.e., p, BAPAY 4+ 1). This quantity is clearly not symmetric under
exchange of qubits. Therefore, the first CNOT gate, while seemingly useless, is responsible for the symmetry of
our protocol. Moreover, as mentioned above, the first CNOT gate also leads to better sensitivity. To see this,
consider the fact that for a small value of py this CFI will be very small if the first CNOT gate is omitted. In
contrast, the CFI for our protocol will be proportional to 3( p02 + P12 + 1:722 ).

4.4. Monotonicity

Our approximation for the CFI in equation (28) is clearly monotonic in each of the elements of vector p. We will
now argue, again with numerical support, that the exact CFI in equation (26) is indeed monotonic in this way.
Since any permutation of the elements in vector p gives the same value of CFI, we can focus on changing just one
parameter by addingavector ¢; = (0, 0, ..., ¢}, ..., 0), where ¢; > 0 and P+ ¢ <1We first show that CFI
grows as any one parameter of vector p becomes larger: Fc 1, > Jc,p-

We have tested the last inequality numerically for 10 realisations; the results are presented in the figure 3(a).
The plot shows that the difference in CFIs corresponding to randomly chosen p + ¢ and p, subject to
constrains from the last paragraph, is non-negative and grows with the size ¢;. The implications of the numerics
is that the CFI is monotonic in each elements of p. Note that in this demonstration we are only interested
whether the CFI grows and that the said difference is non-negative. The monotonicity stems from the
monotonic nature of the sum in equation (26), and does not depend on #; and g. For concreteness, we have taken
ty = land g = 0 for the purpose of the plot. These constants only contribute to a positive factor in the CFl and
will be the same for any vector p. Different values of #; and gwill not change the sign of the difference, just its
magnitude.

Building on this result, we can see thatif ¢; > ¢ > 0than F¢ 1o > Fc pe, since we can change the order
of the qubitsand F¢, e ‘7:C,p ..tiforej > €'; = . Moreover, we can order the CFI for different vectors:
Feprere = Fopts 2 Fopre = Foplorej > ¢ > 0.The figure 3(b) shows the difference between CFIs for
arbitrary vector € = (&, €y, ..., &), where ¢; > 0 forall j, asa function of normalised length squared of this

10
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vector (e?) = < _;_61 . The difference grows with the (¢2). The two figures present strong numerical evidence for
n

monotnicity of CFI with respect to p.

Majorisation. Finally, we present a negative result. Numerically we tested whether majorisation [52] has an
affect on the Fisher information. Specifically, we considered how the majorisation of the two normalised vectors
pand 4 first. Here p and § describe two sets of n + 1 qubits. We found that despite of majorisation the
corresponding Fisher information do not have any hierarchy. We also considered the majorisation conditions
for the spectrum of the initial state of the probe. In this case as well, we found no hierarchy for the corresponding
Fisher information.

5. Conclusions

We have studied frequency estimation in the presence of noise with initially noisy probes. Our protocol begins
by considering#n + 1 differently mixed qubits, all diagonal in the Z basis. This model closely mimics an
ensemble of atoms whose spins are aligned with a magnetic field. We then use one qubit to apply series of CNOT
gates on the rest, resulting a GHZ-diagonal state for the probe onto which the desired parameter is encoded by
allowing it to evolve freely. The free evolution is accompanied by unwanted time inhomogeneous dephasing
noise. A measurement procedure for optimal readout, to be employed after the encoding, is specified.

For this protocol we have derived a simple formula that accurately approximates both the quantum and CFI
in terms of the number of qubits in the probe and the average purity of the initial qubits. We have additionally
shown that, despite the singling out of the SPQ, our protocol turns out to be symmetric under permutations of
the qubits. This has practical implications, in that we are free to take any qubit as the control qubit. Finally, we
have shown that the sensitivity of the probe is monotonic in the purity of the qubits, which clearly identifies a
simple resource for a complex many-body probe.

Our most important finding is that the ‘Zeno’ scaling is attainable independently of the mixedness of the
initial probe state (except for in the trivial case when all RPQs are maximally mixed). While, the GHZ-diagonal
state is entangled in general, it does become separable when the initial probe is (highly) mixed. In this case the
state is confined to the separable ball [51], but even here the correlated probe yields an enhancement over
uncorrelated probes, provided the encoding noise is not described by a semigroup. The brings into question
where lies the boundary between the quantum world and the classical world.

Similar enhancements, due to correlations, even for highly mixed states were reported in [ 18] for phase
estimation, and in [53] for the charging power of quantum batteries. In all of these instances it remains unclear
whether other quantum correlations, like quantum discord [24] or even quantum coherence [54], are important
in attaining the quantum enhanced scaling. In some sense in each of these studies, the enhancement seems to
stem from collective coherence. This is most strongly evidenced by the fact that our protocol, like previous
works, is highly sensitive to loss of even a single qubit. A detailed connection between quantum coherence and
quantum metrology is explored in [55].

Practically speaking, our results imply that quantum metrology may be robust against noise, provided that
no qubits are lost during the sensing period. While we have conjectured that, for a given set of qubits, the
protocol we have considered here leads to the best sensitivity for the probe, we are not able to prove this
statement. Moreover, while the optimal pure states lead to the same sensitivity, this degeneracy may break for
mixed states. Thus, the optimal preparation for the probe remains an open problem. Our analysis could be
extended to a wider set of optimal states [56] beyond GHZ-diagonal ones. Furthermore, in the article we have
restricted ourselves to simple dephasing noise, it should be possible to generalise our findings for time-
inhomogeneous, phase-covariant noise. It remains to be seen whether the 1/n¢ scalingin [32] or 1/ scaling in
[31] are also achievable with a noisy probe state.

Finally, in a related manuscript [57], an alternative figure of merit is considered, with energy, rather than
total time, as the ‘scarce resource’. There, the uniform protocol is applied to an ensemble of thermal qubits in the
presence of general phase-covariant noise, with the result that the notion of optimality changes considerably
when one is concerned with conserving energy. Indeed, in this latter scenario, one finds that, even for time
inhomogeneous noise, it is preferable to use small sized probes—contrary to the case of limited total time, for
which, as shown in this work, one can obtain an indefinite super-extensive (Zeno) scaling in the number of
qubits.
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n € [1, 11]. The plot is found to be linear with nearly unit slope, and the Pearson correlation coefficient is 99.99%.
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Appendix. Measurement of SPQ only

We now show that it is possible to obtain near optimal CFI by only measuring the SPQ, while discardingall
RPQs. This protocol is graphically illustrated in figure A1(a). The main difference here is that, in place of the final
CNOT gate, we do controlled rotation by an angle § on the RPQs so that 8y := wt — 6 = 0. After the controlled
operation, we discard the RPQs and measure the SPQ in the X basis. The angle 8 is our guess for the frequency w;
thus, the sensitivity depends on our knowledge of w, which may be updated from run to run. The same strategy is

employedin [19].
The state just after discarding RPQs and before the measurement of the SPQ has the following form:
11 e e\ TT" . x— N[ x*
PspQ = _[ ( OH’:l IHl:‘ )], (A1)
2\h.c. 1

where x = cos(0p) — ip; sin(dg). Next we measure the SPQ in the X basis:

1 1 _
q.=— + Ee (n+1)gt

X iﬁlei‘gﬁ()\o ﬁ [cos(6p) — ip;sin(dp)] — N ﬁ [cos(8p) + ip; sin(ég)]]]. (A2)

i=1 i=1
Since &y is small, we can expand the cos and sin functions and keep terms of the order of 652 or smaller to get

1 1 _
qi =_ 4+ Ee (n+1)gt

n 521,2 n
x | =&t2> p + po[l —(n+ 1)"7 — 6§t222pipj] . (A3)

i=1 i=li<j

Next, we calculate the CFl according to equation (21):

2
2ois(<20 5] g + (<-4 D8~ 20 DL S, 1))

. 2°
o n 5512 n
1 — e *1)‘?‘(*55#2,-:1171 + Po(l —(n+ 1)% - 65t22i:1zi<jpipj))

FO= (A4)

Asbefore, we want to express the CFI in terms of an average of the elements of the vector p. We approximate

20D ()2, where (p) = % With this, we can

the sum over two parametersas 3_i | >-,_; p;p; & ——

approximate the CFl as
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O e 20t DE (2802 (p) + py((n + 1)&gt* + Spt’*n(n — 1)(p)*))?

Cyav ™ 5
1 — efz("“)gt(—éétzn(p) + po(l —(n+ 1)% - 6§t2—"("; D (p)z))

(A5)

7

Figure A1(b) shows that this approximation holds very well, with 10° random realisations of p, whose elements
are chosen from the uniform distribution in the range [0,1], and random number of RPQs, # € [1, 11]. Thereis
alinear trend between equations (A4) and (A5) with nearly unit-slope and Pearson correlation coefficient
0f99.99%.

We want to further simplify the expression for the CFI. Specifically, we want the denominator to be equal to

m . The CFI has the following form:

[2(p)* + p,(1 + m)P
n(l +n(p)?)

For large enough #, the ratio goes to 1 and we have the desired scaling for the CFI.

one. For large values of 1, this is the case when 0yt ~

]:(1) r Qe 20+ 1)gty2,2

C,av

(A6)
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