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Abstract
The Lorentz symmetry and the space and time translational symmetry are fundamental symmetries of
nature. Crystals are themanifestation of the continuous space translational symmetry being
spontaneously broken into a discrete one.We argue that, following the space translational symmetry,
the continuous Lorentz symmetry should also be broken into a discrete one, which further implies
that the continuous time translational symmetry is broken into a discrete one.We deduce all the
possible discrete Lorentz and discrete time translational symmetries in 1+1-dimensional spacetime,
and showhow to build afield theory or a lattice field theory that has these symmetries.

1. Introduction

Symmetry plays an important role inmodern physics. It imposes a constraint on the physical laws and then
reduces the number of candidate theories describing nature. Knowing the symmetry of a system is the
prerequisite for building a theory of it. For examples, the crystals are classified by the point group and the space
group according to their symmetry under rotation, translation and reflection [1], the Lorentz symmetry and its
generalization the Poincaré symmetry are the basic of the relativistic quantum field theory [2], the discovery of
the violation of parity symmetry [3, 4] improves our understanding of weak interaction, and the particle-hole,
the time reversal and the chiral symmetry are used to classify different topological insulators and topological
superconductors [5], to name just a few.

The symmetry can be spontaneously broken at low-energy states of a system. Thismechanismhas been used
to explain the ferromagnetic–paramagnetic phase transition, the existence of crystals, or the origin ofmass.
While it is well known that some fundamental continuous symmetries like the space translational symmetry can
be spontaneously broken into a discrete one, whether the Lorentz symmetry has such property is unexplored.

It has been long believed that, the Lorentz symmetry which is essentially important in high-energy physics
does not play a role in solid-state physics, especially in the study of crystals, where the low-energy effective
theories completely break the Lorentz symmetry. In crystals the continuous space translational symmetry is
spontaneously broken into a discrete one [6]. A crystal does not look the same under an arbitrary spatial
translation of coordinates, but only if the translation is along some specific directionwith the distance being an
integer times of the lattice constant. The continuous Poincaré group consists of spatial and temporal translations
of arbitrary distance and Lorentz transformations of arbitrary velocity [7], which is the symmetry group of a
relativistic field theory but not the symmetry group of crystals.

Disregarding the Lorentz symmetry leaves toomuch freedom inwriting down a theory of crystals. Onemay
askwhether the crystals can have any if not all the Lorentz symmetrywhich helps people to constrain the theories
of them, in other words, whether something can be left after the Lorentz symmetry is spontaneously broken. In
this paper we study towhich extent the Lorentz symmetrymay exist in a crystal, andwhat is the consequence of
it.We argue that the continuous Lorentz symmetry contradicts the discrete space translational symmetry and
then cannot exist. But a discrete Lorentz symmetrymay exist, under which the physical laws stay the same for
two observers who aremoving at some specific velocities v relative to each other. v can only take a sequence of
universal discrete values. The corresponding Lorentz transformationsmake up a discrete subgroup of the
continuous Lorentz group.We suggest that the Lagrangian of an effective theory describing crystals should be
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invariant under these discrete Lorentz transformations, just as they are invariant under the discrete spatial
translations. Furthermore, the continuous time translational symmetry should also be spontaneously broken
into a discrete one to be compatible with the discrete Lorentz symmetry. The discrete Lorentz transformations
and the discrete temporal and spatial translations togethermake up a discrete Poincaré group.We discuss how
to build afield theory or a latticefield theory that has the discrete Poincaré symmetry.

In 2012,Wilczek et al [8, 9] proposed a theory about the spontaneous breaking of the continuous time
translational symmetry into a discrete one. Thematter with such a broken symmetry is dubbed a ‘time crystal’.
Whether there exist ‘time crystals’ is still under debate up to now [10–17]. Our theory also predicts the breaking
of the continuous time translational symmetry. But it should be distinguished from the previous theories of
‘time crystals’. In our theory, the broken time translational symmetry is a result of the principle of relativity (the
Lorentz symmetry).

The discrete translational symmetry thatwe find can be represented by a rectangular or a centered
rectangular spacetime lattice, which keeps invariant under the discrete Lorentz transformations. This finding
could possibly be interesting in different contexts. Some approaches to quantum gravity assumes that the
spacetime is discretized instead of continuous, and how tomaintain the Lorentz symmetry on a spacetime lattice
has then become an important problem [18–23]. In the causal set theory, the spacetime is discretized into a
random lattice by the Poisson process, which keeps invariant under continuous Lorentz transformations
statistically, in the sense that one realization of the lattice has no Lorentz symmetry but the ensemble of themhas
[18, 19]. In the loop quantum gravity, the distance and the time interval are treated as quantumoperators. The
spacetime is discretized in the sense that the corresponding operators have discrete eigenvalues. And the Lorentz
transformation becomes a unitary transformation acting on the operators, with the Lorentz symmetry being
explained as the invariance of the eigenvalues under unitary transformations [21]. In this paper, the Lorentz
symmetry on the spacetime lattice has a differentmeaning. On our spacetime lattice, the Lorentz symmetry is
explicit but not statistical. The cost is that only a discrete symmetry is left. And the spacetime is classical and
continuouswith zero curvature (aMinkowski spacetime).We do not try to quantize the spacetime, nor consider
any theory of quantum gravity.What wewant to discuss is the symmetry group of theMinkowski spacetime
after a spontaneous symmetry breaking.

The paper is organized as follows. Section 2 lists the basic hypotheses of our theory. Section 3 demonstrates
why the continuous Lorentz symmetry and the discrete space translational symmetry cannot coexist, and how
the latter puts restrictions on the velocity in the Lorentz transformation. In section 4, we deduce the discrete
Lorentz group that is compatible with the discrete space translational symmetry. In section 5, we construct the
discrete Poincaré groupwhich includes both the translations and the Lorentz transformations.We then present
a corollary of our theory—the continuous time translational symmetry is broken into a discrete one. Section 6
continues to discuss the discrete spacetime translational symmetry, and shows how its representation (the
spacetime lattice) keeps invariance under discrete Lorentz transformations.We also discuss how to understand
the time dilation and space contraction on the lattice. Section 7 shows the causality between events on the
spacetime lattice. In section 8, we construct the field theory that has the discrete Poincaré symmetry. The
possible features and problemswhen quantizing this theory are discussed in section 9. Section 10 is the
conclusion and outlook.

2.Hypotheses of the theory

Let us recall the continuous Lorentz and Poincaré symmetry. According to the principle of relativity in special
relativity [24], the physical lawsmust stay the same for the observers in different reference frameswhich are
moving at a constant velocity relative to each other. The transformation connecting the space and time
coordinates of an event asmeasured in different frames is the Lorentz transformation, which can be derived
from the principle of relativity and the principle of invariant light speed. Again, the spacetime has translational
symmetry, that is the physical laws stay the same in the coordinate systemswhich are at rest relative to each other
but differ by a spatial or temporal translation of the origin. The continuous Lorentz and translational
transformations togethermake up the Poincaré group [7], which is the symmetry group of a relativistic quantum
field theory.

The crystals do not have the continuous space translational symmetry. The breaking of the continuous space
translational symmetry into a discrete one signals the freezing phase transition from liquids to crystals.We
imagine thewhole spacetime being occupied by a perfect crystal which is infinitely large and has no boundary,
thereafter, the spacetime has a discrete space translational symmetry for the observers living inside.We propose
three hypotheses about such a spacetime.

Thefirst hypothesis is a weaker version of the principle of relativity. It says that, for any observer in this
spacetime, there exists another observermoving at nonzero velocity relative to him and the physical laws stay the
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same for them. The principle of relativity states that all the inertial reference framesmoving at arbitrary velocity
are equivalent to each other in describing the physical laws. Ourfirst hypothesis is different from the principle of
relativity which is found to contradict the discrete space translational symmetry, as explained in section 3.We
only suppose that there exists at least one velocity ¹v 0 so that two reference frames are equivalent as one is
moving at v relative to the other.

In the second hypothesis, we suppose an invariant ‘light speed’which is denoted by a constant c in this paper.
Note that c is not the speed of light in vacuum since the spacetime is occupied by a crystal. Instead, c is the
supremum limit of the propagation speed of information andmatter in the crystal. Such a limit always exists,
even if itmay differ from the speed of light in vacuum.We suppose that c is the same in any reference frames.

The third hypothesis is that the spacetime has a discrete space translational symmetry. For example, in the 3
+1-dimensional spacetime, there exist three spatial vectors a1, a2 and a3. The physical laws keep invariant under
a pure spatial translation of vector r if and only ifr=n1 a1+n2 a2+n3 a3 with n1, n2 and n3 being integers.
Here a pure spatial translationmeans that the two coordinate systems are at rest relative to each other and their
temporal coordinates keep the same. a1, a2 and a3 are in fact the three primitive vectors of a crystal [1]. Note that
the third hypothesis not only says that the spatial translation of vector + +n n na a a1 1 2 2 3 3 is a symmetry
transformation, but also says that the other spatial translations are not.

3. Continuous Lorentz symmetry and discrete translational symmetry do not coexist

3.1. 3+1 dimensions
Any n+1-dimensional spacetime can be equippedwith the above three hypotheses.Wewill consider the 3+1-
dimensional spacetime in this subsection and then turn to 1+1-dimensional spacetime in next.

We consider two coordinate systems, namely Jun andTao for convenience. Or one can imagine Jun andTao
as two observers who are located at the origins of the corresponding coordinate systems, respectively.Tao is
moving at a constant velocity v relative to Jun. And their origins differ by a four-vector r=(r0, r1, r2, r3)T. The
coordinate of an eventmeasured byTao is denoted by the four-vector ¢ = ¢ ¢ ¢ ¢( )y y y y y, , , T0 1 2 3 and that by Jun
is denoted by y. Here the zeroth component of a four-vector denotes the time coordinate and the others denote
the space coordinates. The second hypothesis says that the ‘light speed’ is the same in any reference frames. As is
well known in special relativity [24], an invariant ‘light speed’, whatever its value is, leads to the Lorentz
transformation between the coordinates of an eventmeasured in different reference frames. The relation
between ¢y and y is expressed as

¢ = + ( )y L y r, 1v

where Lv is the 4-by-4matrix of Lorentz transformation and r is the translation vector. Note that in the
expression of Lv, the speed of light in vacuummust be replaced by c, i.e. the speed limit of the propagation of
matter or information in crystals, since it is c that is invariant in our hypothesis. For example, if v is along the x-
axis with an amplitude v, the corresponding Lorentzmatrix should be

=

-

-

-
-

- -

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

( )L

v c

v c

v c

v

v c v c

1

1 1
0 0

1

1

1
0 0

0 0 1 0
0 0 0 1

. 2v

2 2

2

2 2

2 2 2 2

Equation (1) can be reexpressed in a compact form as y′= Λ(Lv, r) ywhereΛ(Lv, r)denotes the combination
of a Lorentz boost and a translation. The operatorΛ(Lv, r) is not amatrix as ¹r 0. But one can still define the
multiplication ofΛ. Let us suppose the third observer Peiwho ismoving at a velocity v′ relative toTao and their
origins differ by r′. The coordinate of the eventmeasured by Pei is denoted by y″which is
 = L ¢ ¢ = L ¢ L¢ ¢( ) ( ) ( )y L r y L r L r y, , ,v v v . Repeatedly applying equation (1) leads to
 = + + ¢¢ ¢( ) ( )y L L y L r rv v v , themultiplication of twoΛ operators can then be expressed as

L ¢ L = L + ¢¢ ¢ ¢( ) ( ) ( ) ( )L r L r L L L r r, , , . 3v v v v v

It is straightforward to verify that themultiplication ofΛ has the associative property.
Now let us consider thefirst hypothesis. According to it, the physical laws stay the same for two observers as

one ismoving at some velocity v relative to the other. The value of v is not given in the first hypothesis which only
states that v exists. The corresponding Lorentz transformationΛ(Lv, 0) is an element of the symmetry group of
the spacetime.Note that the translation is absent inΛ(Lv, 0) becausewe do not yet knowwhich translations keep
the physical laws invariant. Let us consider two coordinate systemsK andK′, whileK′ ismoving at v relative toK.
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K′ andK are then equivalent for describing the physical laws. Since they are equivalent,K is not privileged over
K′. IfK is equivalent to a coordinate systemmoving at v relative to itself, somust beK′. Therefore, the coordinate
systemK″ that ismoving at v relative toK′must also be equivalent toK′ and then be equivalent toK, while the
coordinate transformation betweenK″ andK isΛ2(Lv, 0). Furthermore, the equivalence relation is not only
transitive but also reflective. ForK′, its equivalent partnerK ismoving at the velocity−v relative to it, thereafter,
one coordinate systemmoving at−v relative to anothermust also be equivalent to it. The above statements can
be translated into the language of group. IfΛ(Lv, 0) is an element of any symmetry group (not necessarily the
Poincaré group), thenΛ2(Lv, 0) andΛ

−1(Lv, 0)must also be the elements of the symmetry group, due to the
property of a group. In fact,Λj(Lv, 0) for arbitrary integer jmust be an element of the group. By using the product
rule equation (3), we obtainΛ2(Lv, 0)=Λ(L2v, 0) and L = L = L- -

-( ) ( ) ( )L L L, 0 , 0 , 0v v v
1 1 .

The third hypothesis can also be expressed in the language of group. A pure translation between two
coordinate systems can be denoted asΛ(1, r)where 1 is the identitymatrix which is the Lorentz transformation
between two coordinate systems being at rest relative to each other.We distinguish the temporal and spatial
components of the four-vector r by expressing it as r=(r0, r)Twith r denoting a three-dimensional spatial
vector.Λ(1, r)with r=(0, r)T represents a pure spatial translation. The third hypothesis in fact says thatΛ(1, r)
is an element of the symmetry group if and only if r=n1 a1+n2 a2+n3 a3. Since the product of two
translations isΛ(1, r)Λ(1, r′)=Λ(1, r+ r′), the spatial translations of vector n1 a1+n2 a2+n3 a3 by themselves
make up a discrete group. Itmust be a subgroup of the overall symmetry group of the spacetime.

Up to now,we know that the symmetry group of the spacetime has an elementΛ(Lv, 0)with ¹v 0, and its
subgroup for spatial translations contains only translations of vector n1 a1+n2 a2+n3 a3. Surprisingly, one
can deduce from these properties that v cannot take continuous values! In detail, let us consider seven observers
(or seven coordinate systems), namelyK1,K2,L,K6 andK7.K2 ismoving at the velocity−v relative toK1.K3

differs fromK2 by a spatial translation of vector a1.K4 ismoving at the velocity v relative toK3.K5 ismoving at
the velocity v relative toK4.K6 differs fromK5 by a translation of vector a1. Finally,K7 ismoving at the velocity
−v relative toK6. Obviously, due to the transitivity of equivalence relation, all these seven coordinate systems are
equivalent to each other. The coordinate of an eventmeasured byK1 andK7 is denoted by y1 and y7, respectively.
Andwe use the notation a1=(0, a1). The transformation from y1 to y7 is then

L L L L L
= L +

- -

-

( ) ( ) ( ) ( ) ( )
( ) ( )

L a L a L

L a L a

, 0 1, , 0 1, , 0

1, . 4

v v v

v v

1
1

2
1

1

1
1

1

Obviously,Λ (1, Lv a1+ L−1
v a1) is a translation and itmust be an element of the symmetry group. Lv acting on

a1=(0, a1) usually generates a four-vector with nonzero temporal component. But this temporal component
exactly cancels the temporal component of L−1

v a1, so that Lv a1+L−1
v a1 is in fact a four-vector with only spatial

components and thenΛ (1, Lv a1+ L−1
v a1) describes a pure spatial translationwith the time coordinate keeping

invariant under this transformation. To see the cancellation between the temporal components of Lv a1 and L
−1
v

a1, one can study the example of Lv in equation (2). It is straightforward to verify that (Lv+ L−v ) a1 has no
temporal component for any v and a1.

The elementΛ (1, Lv a1+ L−1
v a1) in the symmetry group is a pure spatial translation. Butwe already know

that for any spatial translation in the symmetry group the translation vectormust be n1 a1+n2 a2+n3 a3.
Therefore, we establish an equation

+ = + +- ( ) ( )L a L a n n na a a0, . 5T
v v1

1
1 1 1 2 2 3 3

This equation puts strong restrictions on the velocity v. Since Lv a1+L−1
v a1 changes continuously with v,

equation (5) indicates that v can only take some discrete values. The Lorentz transformation L ¢( )L , 0v is not an
element of the symmetry group if v′ does not satisfy equation (5), otherwise, the third hypothesis would be
violated. If two observers are equivalent to each other, i.e., the physical laws stay the same for them, their relative
velocitymust be a solution of equation (5). In equation (5), different integer arrays (n1, n2, n3) give different v.
Since there are infinite number of choice for (n1, n2, n3), the number of solutions of equation (5) is also infinite.

The continuous Lorentz symmetry with a continuously changing v contradicts the discrete space
translational symmetry (the third hypothesis). If there exists any Lorentz symmetry in the inhomogeneous
spacetime of a crystal, itmust be a discrete symmetry.

3.2. 1+1 dimensions
Wehave shown the contradiction between the continuous Lorentz symmetry and the discrete space
translational symmetry in 3+1-dimensional spacetime. In fact, this contradiction exists in arbitrary n+1-
dimensional spacetime.Next we focus on 1+1-dimensions inwhich the coordinate of an event is a two-vector
y=(t, x)Twhere t and x denote the time and space coordinates, respectively. The reason that we choose 1+ 1
dimensions is due to its simplicity. Especially, theWigner rotation [25] is lack in 1+ 1 dimensions so that we can
easily construct the discrete Lorentz symmetry group. The presence ofWigner rotation in 2+ 1 and 3+ 1
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dimensionsmakes the construction of the discrete Lorentz groupmore complicated. Also in experiments, a one-
dimensional (1D) crystal can be realized in quantumwires. Therefore, it is reasonable tofirst explore the 1+ 1-
dimensional spacetime. The construction of the discrete Lorentz symmetry in 2+ 1 and 3+ 1 dimensions is left
in future study.

Note that for 1D crystals a single real number a (the lattice constant) determines the discrete space
translational symmetry. The crystal looks the same after a spatial translation of distancemawithm being an
arbitrary integer. The generator of the spatial translation is L( ¯)a1, where =¯ ( )a a0, T . The third hypothesis in 1
+1-dimensional spacetime becomes that any pure spatial translation in the symmetry group can be expressed
as L( ¯)ma1, .

The speed limit c is another important constant in our theory, thereafter, it is natural to choose
a=c=ÿ=1 as the unit, whichwill be used throughout the left paper.

In 1+ 1 dimensions, the Lorentzmatrix relating the coordinate of an event observed in different reference
frames becomes

= -

-

-
-

- -

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
( )L

v

v

v
v

v v

1

1 1

1

1

1

, 6v

2 2

2 2

where the relative velocity v is a signed real number satisfying ∣ ∣v 1 sincewe already set c=1 to the unit of
velocity. According to thefirst hypothesis, there exists ¹v 0 so thatΛ (Lv, 0) is an element of the symmetry
group, i.e., two observers are equivalent in describing the physical laws if one ismoving at the velocity v relative
to the other.

Λ (Lv, 0) and L( ¯)a1, are two elements of the symmetry group. As same as whatwe did in 3+1-dimensional
spacetime, we useΛ (Lv, 0) and L( ¯)a1, to construct a symmetry transformation L + -( ¯ ¯)L a L a1, v v

1 , whichwill
help us to obtain an equation of v. In detail, we suppose seven observers which are equivalent to each other.K2 is
moving at the velocity−v relative toK1.K3 differs fromK2 by a spatial translation of distance a. K4 ismoving at
the velocity v relative toK3.K5 ismoving at the velocity v relative toK4.K6 differs fromK5 by a translation of
distance a. AndK7 ismoving at the velocity−v relative toK6. The relation between the coordinates of an event
observed byK7 and that byK1 is = L + -( ¯ ¯)y L a L a y1, v v7

1
1. The symmetry transformation L + -( ¯ ¯)L a L a1, v v

1

is a pure spatial translation, indicating that + -¯ ¯L a L av v
1 must be an integer times of ā.We then obtain

+ =
-

=

-
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

( )
¯ ¯

( )

L a L a

v
a

m a

0
2

1

0 , 7

v v
1

2

which can be further simplified into

-
= ( )

v
m

2

1
, 8

2

wherem=2, 3, 4,L is an integer larger than one. In a 1+1-dimensional spacetime that obeys our three
hypotheses, the physical laws stay the same for two observers only if the relative velocity between them is

=  -v 1
m

4
2 .m=2 corresponds to v=0, that is two observers are at rest relative to each other. And ∣ ∣v

increasesmonotonically withm. Sincem has no supremum limit, v can take infinite number of values even if ∣ ∣v
cannot exceed the speed limit c=1. Let us list a few possible values of v, which are
=   ¼v 0, 5 3, 3 2, . Recall that the unit of v is c, and then the smallest nonzero value of ∣ ∣v is c5 3 .

Two observersmoving at a relative speed lower than c5 3 are always not equivalent except that they are at rest
relative to each other. In next text, we call the relative velocity v at which two observers are equivalent the
equivalence velocity. An interesting observation is that the equivalence velocity is independent of a. It is the same
in 1D crystals with different lattice constants. Once if the continuous space translational symmetry is broken
into a discrete one, nomatter how small a is, the equivalence velocity immediately loses its continuity.

4.Discrete Lorentz symmetry

As shown in above, the 1+1-dimensional spacetimewith discrete space translational symmetry can only have a
discrete Lorentz symmetry if not none at all. Equation (8) gives the necessary condition for the equivalence
velocity v in the Lorentz transformation. But it is not the sufficient condition. In fact, it is impossible for the

observersmoving at the relative velocity =  -( )v m 1
m

4
2 for arbitrarym to be equivalent to each other. In
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otherwords, the symmetry group cannot contain all the Lorentz transformationsΛ(Lv(m), 0) form�2, because
such a set ofΛ(Lv(m), 0) are not closed undermultiplication! To see this point, let us suppose thatΛ(Lv(m),0) for
m=3 andm=4 are both the elements of the symmetry group. This is to say that three observers Jun,Tao and
Pei are equivalent to each other ifTao ismoving at the velocity =( )v 3 5 3 relative to Jun andPei ismoving at

=( )v 4 3 2 relative toTao. The Lorentz transformation relating the coordinate observed by Jun to that by Pei
is = ¢( ) ( )L L Lv v v4 3 where v′ denotes the velocity ofPei relative to Jun. By using the velocity-addition formula in
special relativity which can also be derived from equation (6), wefind that ¢ = + +( ( ) ( )) ( ( ) ( ))v v v v v3 4 1 3 4 .

However, - ¢v2 1 2 is not an integer, so that v′ cannot be an equivalence velocity because this violates the
third hypothesis. Therefore, the assumption of v(m = 3) and v(m = 4) being both the equivalence velocity
must be false.

A question then arises as towhich Lorentz transformationsΛ(Lv, 0)with the velocity =  -v 1
m

4
2 can be

in the symmetry groupwhichmust be closed undermultiplication. The answer appears to be simple. First, the
identity transformation at v=0 orm=2must be an element of the group. For the other elements, we strictly
prove that (see appendix A for the detail) only the transformations that are generated by a single integer g>2
canmake up a group. All the Lorentz transformations in the group can be expressed as L( )( )L , 0v gj

with the
relative velocity being

= -( ) ( )
( )

( )v g j
m g

sgn 1
4

, 9j
j
2

where sgn( j)denotes the sign of the integer j. Andmj(g) is an integer sequence generated by g. For j�0,m0=2
andm1=g are thefirst two integers in the sequence, and the left ones are iteratively generated according to

= -+ - ( )m gm m . 10j j j1 1

For j<0,mj is obtained by using the property that it is an even function, i.e.mj=m−j. The Lorentz
transformations L( )( )L , 0v gj

for j=0,±1,Lmake up a cyclic group—the discrete Lorentz groupwhich is
denoted as L. L is uniquely determined by the integer gwhich is called the generator of the group. The closure of
the group undermultiplication can be proved by using the relations L L = L +( ) ( ) ( )( ) ( ) ( )L L L, 0 , 0 , 0v g v g v gj i i j

and

L = L( ) ( )( ) ( )L L, 0 , 0j
v g v gj1

. The velocity-addition formula reads = + ++ ( ) ( ( ) ( )) ( ( ) ( ))v g v g v g v g v g1i j i j i j .
Note that the Lorentzmatrix in terms ofmj is expressed as

=

-
-

-
-

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

( )

( ) ( )L
m

j
m

j
m m

sgn

sgn

2
2

4

2
4 2

. 11v

j j

j j

2

2
j

Table 1 enumerates thefirst few elements in the sequencemj(g) generated by g=3 or g=4. The
corresponding equivalence velocities are also displayed.mj increases exponentially with j, according to
equation (10). Amore elegant expression ofmj can be found in appendix B.

The cyclic Lorentz groups appear to be the inevitable consequence of our three hypotheses. In a spacetime
where our three hypotheses stand, when an observer is writing down the equations of physical laws, he knows
that the only observers who are using the same equations as himmust be thosewho aremoving at the

equivalence velocity - ( )m g1 4 j
2 relative to him. The other observersmoving at different velocities have

different equations for the physical laws. And L( )( )L , 0v gj
is the transformation relating the coordinate of an

Table 1.The integer sequencemj(g) generated by g=3 (top) and g=4
(bottom). The corresponding equivalence velocities vj(g) are displayed
belowmj(g).

m0 m1 (g) m2 m3 m4 m5 m6

2 3 7 18 47 123 322

v0 v1 v2 v3 v4 v5 v6

0
5

3

3 5

7

8 5

18

21 5

47

55 5

123

144 5

322

m0 m1 (g) m2 m3 m4 m5 m6

2 4 14 52 194 724 2702

v0 v1 v2 v3 v4 v5 v6

0
3

2

4 3

7

15 3

26

56 3

97

209 3

362

780 3

1351
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event observed by him to those by the other equivalent observers. It is worth emphasizing that each spacetime
(each crystal) has a unique generator g. But different spacetimes (different crystals)may have different
generators.

5.Discrete Poincaré symmetry

Wederive equation (8) by studying the coordinate transformation between sevenwell-designed equivalent
coordinate systems, namelyK1,L,K6 andK7. Onemaywonderwhether it is possible to design some equivalent
coordinate systems that finally lead to a paradox and then falsifies our three hypotheses. The answer is no! In fact,
an overall symmetry groupwhich includes the discrete Lorentz group and the discrete space translational group
as its subgroups does exist. Our three hypotheses are self-consistent.Wewill discuss this overall symmetry group
—the discrete Poincaré group in this section.

The physical laws stay the same for two observers if and only if the coordinate transformation between them
is an element of the symmetry group of the spacetime. Let us use  to denote the overall symmetry group of the
spacetimewhere our three hypotheses stand. According to the above discussions, the subgroup of  for pure
boost with no translationmust be the discrete Lorentz group L{ ( )}( )L , 0v gj

. And the subgroup of  for pure

spatial translationwith no boost or temporal translationmust be L{ ( ¯)}ma1, with =¯ ( )a 0, 1 T andm being an
integer (recall that a = 1 is the unit of length). In otherwords, two coordinate systemswho have the same
origins are equivalent to each other in describing the physical laws if and only if they aremoving at the velocity
vj(g) relative to each other. And two observers who are at rest relative to each other and use the same clock are
equivalent if and only if the spatial distance between them is an integer times of a=1.

We prove that (see appendix B for the detail) the group  exists and is determined by the generator g. The
elements of  can be generally expressed as L( )( )L Y,v gj

, where ( )Lv gj
is a Lorentzmatrix of velocity vj(g)with

j=0,±1,±2,L being an arbitrary integer. AndY is a discrete translation of spacetime. It is a combination of
spatial and temporal translations, being expressed as

= +
-

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟( ) ( )Y N N
g

g

0
1

1

2
4

1

2

, 121 2

2

whereN1,N2=0,±1 ,±2 ,L are arbitrary integers.  can bewritten as

 = L =   { ( ( ))∣ } ( )( )L Y g j N N, , , 0, 1, 2, . 13v g N N 1 2j 1 2

The group  is a discrete subgroup of the continuous Poincaré group.
It is easy to verify that the subgroup of  for pure boost is the discrete Lorentz group L. Not only the Lorentz

boost but also the translation depends on g. The subgroup of  for pure translations includes the elements
L( ( ))Y g1, N N1 2

which are the translations of vector ( )Y gN N1 2
.We useY to denote the translational group

L{ ( ( ))}Y g1, N N1 2
which is closed undermultiplication since L L = L¢ ¢ + ¢ + ¢( ) ( ) ( )Y Y Y1, 1, 1,N N N N N N N N, , ,1 2 1 2 1 1 2 2

.Y
includes not only the pure spatial translation, but also the temporal translation and the combination of spatial
and temporal translations. The vectors ( )Y gN N1 2

form a lattice including the origin in 1+1-dimensional
spacetime, which is the characteristic lattice ofY. This characteristic lattice is generated by two primitive vectors:

(0, 1)T and -( )g g4 ,
T1

2
2 1

2
. Thefirst vector (0, 1)T corresponds to aminimum spatial translation, while the

second one corresponds to a combination of spatial and temporal translations since -g 41

2
2 and g1

2
are both

nonzero. The subgroup ofY for pure spatial translations is L{ ( ¯)}ma1, , as we expected.
Let us see the properties of the characteristic lattice for an odd g. At g=3, the two primitive vectors are (0,

1)T and ( ),
T5

2

3

2
.We plot the characteristic lattice of the translational symmetry for g=3 infigure 1.Note that

thefirst component of the vector YN N1 2
denotes the time twhich is the label of the vertical axis, while the second

component denotes the space xwhich is the label of the horizontal axis. As g is an odd number, the characteristic
lattice is always a centered rectangular lattice (the red rectangular infigure 1 represents the unit cell). It includes
vectors that lie in the direction of t-axis. In other words,Y includes pure temporal translations.

The period of the characteristic lattice in temporal and spatial directions are incommensurate. Since the unit
of time is a/c according to our choice, the period of the lattice in the temporal direction is =T a c5 for g=3.
The pure temporal translation of an integer times of a c5 is a symmetry transformation, but those of the other
periods are not. In other words, the physical laws stay the same for two observers who are at rest relative to each
other and located at the same spot if and only if their clocks differ by an integer times of a c5 . Or equivalently,
for a specific observer, the physical laws change periodically with time and the period is =T a c5 . For a

general odd generator g, the period of the characteristic lattice in the temporal direction is = -T g a c42 .
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Following the breaking of continuous space translational symmetry, the time translational symmetrymust also
be broken into a discrete one. This is not a surprise, since the first hypothesis is a weaker version of the principle
of relativity, according towhich the time cannot be separated from the space. According toNoether’s theorem
[2], the breaking of the continuous space (time) translational symmetry indicates that themomentum (energy) is
not conserved. In a spacetimewhere our three hypotheses stands, both themomentum and the energy are not
conserved quantities. But according to the Bloch theorem [26] or the Floquet theorem [27], there exist quasi-
momentumor quasi-energy which are conserved as the systemhas a discrete space or time translational
symmetry, respectively.

The characteristic lattice for an even g has a different shape. Figure 2 plots the characteristic lattice of the
translational groupY generated by g=4. For an even g, the characteristic lattice is always a rectangular lattice.
And its period in the temporal direction is -g a c4 22 .

The lack of the continuous time translational symmetry and then the energy conservation law sound strange,
since it is generally believed that an isolated system should have conserved energy. But one should not forget that
our three hypotheses stand in a spacetimewhere the continuous space translational symmetry has already been
spontaneously broken into a discrete one.  is in fact the symmetry group of an effective theory that describes a
system living in such an inhomogeneous spacetime. Just as the electron cannot conserve itsmomentumwhen
movingwithin the periodic potential of crystals, but thewhole crystal as an isolated system keeps itsmomentum
invariant.We should understand the lack of energy conservation in the similar way aswe understand the lack of

Figure 1.The characteristic lattice of the translational group generated by g=3. The red rectangular represents the unit cell of the
lattice.

Figure 2.The characteristic lattice ofY generated by g=4. The red rectangular represents the unit cell.
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momentum conservation of an electron. The system that the effective theory describes is not a real isolated
system.

6. Invariance of the characteristic lattice under the discrete Lorentz transformation, time
dilation and length contraction

Wealready know fromabove that the discrete spacetime translational symmetry can be represented by the
characteristic lattice. In this section, we show that the characteristic lattice { }YN N1 2

keeps invariant under a
discrete Lorentz transformation Lvj

, even if each site is transformed into another one on the same lattice. This is
expected since the spacetime translational symmetry is independent of observers.

Let us consider an observerK. The physical laws for him are not the same everywhere in the continuous
spacetime, but change periodically. In next section, wewill express the physical laws in terms of the Lagrangian
of afield theory.We can then understand the physical laws changing as that the coupling parameters in the
theory varies in the spacetime. Since the coupling parameters change periodically, the observerK canfind a
group of spacetime points which form a lattice (the characteristic lattice), and on this lattice the coupling
parameters stay the same. In other words, the spacetime has a discrete translational symmetry represented by
this lattice. Now a second observerK′ ismoving at the velocity vj relative toK.What does this spacetime lattice
look like in the eye ofK′? The answer is: exactly the same!Under the transformation fromK toK′, a site YN N1 2

on
the lattice is transformed into

=¢ ¢ ( )Y L Y , 14N N v N Nj1 2 1 2

which is another site on the same lattice (the proof is given in appendix Bwhere the relation between the integers
¢N1 , ¢N2,N1 andN2 is presented).
Figure 3 explains why the characteristic lattice keeps invariant under the Lorentz transformation.We choose

a spacetimewith g=4 as an example and set =v 3 2j which is the lowest positive equivalence velocity in this
spacetime. The characteristic lattice of g=4 is a rectangular lattice which can be seen as created by two primitive

vectors ( )0, 1 T and ( )3 , 0 T , i.e.,
⟶
OB and

⟶
OA infigure 3, respectively. Every lattice site can be expressed as

+( )
⟶ ⟶

n OB n OA1 2 with n1, n2 being arbitrary integers. Notice that there are infinite ways of choosing primitive
vectors. For the observerK′, the time and space axes are oriented in different directions, denoted by t′ and x′,
respectively. It is not an accident that t′ and x′ cross not only the origin but also some other points (A′ andB′) on

the lattice. ¢
⟶

OA (the green vector) and ¢
⟶

OB (the blue vector) can be seen as a new pair of primitive vectors of the

Figure 3. Invariance of the characteristic lattice under the Lorentz transformation. t′ and x′ are the time and space axes of a frameK′
moving at the velocity c3 2 relative toK. The black and red numbers denote the spacetime coordinates of an event in the framesK

andK′, respectively. The green ( ¢
⟶

OA ) and blue vectors ( ¢
⟶

OB ) are the two primitive vectors of the lattice inK′. The dotted lines guides

the decomposition of
⟶
OB into ¢

⟶
OA and ¢

⟶
OB . The pink line is theworld line of a particle that is static inK. Finally, the dashed lines

represent the light cone ofO.
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lattice, that is every lattice site can also be uniquely expressed as ¢ ¢ + ¢ ¢( )
⟶ ⟶

n OB n OA1 2 with two new integers ¢n1

and ¢n2. For example, we have = ¢ - ¢
⟶ ⟶ ⟶
OB OB OA2 and = - ¢ + ¢

⟶ ⟶ ⟶
OA OB OA3 2 . And in the reference frameK′,

the length of ¢
⟶

OB and ¢
⟶

OA is a and a c3 , respectively, as same as the length of
⟶
OB and

⟶
OA in theK reference

frame, respectively. Therefore, in the eye ofK′, the characteristic lattice is exactly the same rectangular lattice as
that in the eye ofK.

Now let us discuss the time dilation and the length contraction. Imagine a clock staying at rest relative toK′,

i.e.,moving on the t′ axis relative toK. Theworld line of this clock during one period is ¢
⟶

OA with ¢ =¢t a c3A

being the period of the time translational symmetry. But for another clock staying at rest relative toK, the event
A′happens at the time =¢t a c2 3A . This reflects the fact that the clock at rest runs twice as fast as themoving
clock. In spite of the time dilation, a time interval of integer periods keeps an interval of integer periods in any
equivalent reference frames.

On the other hand, the length contraction seems to contradict the discrete translational symmetry at the first
sight. Let us choose two static points in the reference frameK, say the points x=0 and x=a. Because a is the
proposed period of space translational symmetry, the coupling parameters of physical laws always keep the same
at these two points. But in the reference frameK′, the distance between the two points contracts to a/2, which
seems to cause a paradox since a is set to the shortest distance for a symmetric space translation. There is in fact
no paradox. Theworld lines of the two points are shown infigure 3, which are the t axis and the pink line,
respectively. Onemust remember that the coupling parameters also changewith time. Their changes are
synchronized in the reference frameK, but are not inK′. The coupling parameters at the spacetime pointsO and
B are the same, but they are different from the parameters at the pointC.When the distance ismeasured inK′,
the concerned points areO andCwhich are simultaneous inK′. The spatial distance betweenO andCis a/2 in
K′, but the coupling parameters at these two points are different. In previous literatures, researchers were used to
take it for granted that the Lorentz contraction forbids a spacetime lattice to have any Lorentz symmetry in the
traditionalmeaning. The above argument clarifies that the Lorentz contraction can coexist with the discrete
Lorentz symmetry on a proper spacetime lattice.

7. Causality

The characteristic lattice is constituted of spacetime points (events) arranged periodically. It is therefore
interesting to discuss the causality between different events. According to the causal set theory, the causal
structure of a spacetime lattice can be used to determine the geometry of the backgroundmanifold intowhich
the lattice is embedded [18].

We use the symbolp to denote the causal relation [19].O andA are two events. O A if and only ifA is in
the future ofO and ¹A O. Infigure 4, the relation O A is represented by an arrowpointing fromO toA. In
our units, the light cone ofO is the 45° and 135° lines (the dashed lines). Therefore, an arrow is a relation if and
only if it is along the positive-t direction and the angle between it and the t-axis is less than 45°. As is well known
in special relativity, the causal relation is invariant under the Lorentz transformation.Once if O A stands, it
stands in any reference frames. There are infinite relations. One then defines the elementary relations—the links.
The relation O A is a link if there exists no intervening eventX so that  O X A. The causal structure of
the spacetime lattice is totally determined by the links. The links are represented by the red arrows infigure 4.

The blue arrow (
⟶
OD) is a relation but not a link, because it can be decomposed into +

⟶ ⟶
OA AD which

means  O A D.
The characteristic lattice has periodicity. All the sites on the lattice are equivalent to each other. Therefore, we

only need tofind out the links starting from a specific point, e.g., the originO. And the lattice has amirror
symmetrywith respect to the t axis.We then focus on the links between the t-axis and the 45° line (in the

quadrant I). One can verify that
⟶
OA,

⟶
OC , ¢

⟶
OA and ¢

⟶
OC are links. In fact, at x=na for each integer n, there exists

atmost one site that is the end point of the link fromO. For example,
⟶
OC is the link pointing to x=a. And the

arrows pointing to all the other sites aboveC at x=a cannot be the links because they can be decomposed into
⟶
OC and an arrowparallel to the t-axis. Similarly, ¢

⟶
OA is the unique link pointing to x=3a. And there is no link

pointing to x=2a or x=4a.

Among
⟶
OA,

⟶
OC , ¢

⟶
OA and ¢

⟶
OC ,

⟶
OA and

⟶
OC are obviously links. ¢

⟶
OA and ¢

⟶
OC are links because they can be

obtained by Lorentz transforming
⟶
OA and

⟶
OC , respectively. Recall that ¢

⟶
OA is the primitive vector of the lattice

for the observerK′ (see figure 3). Under the Lorentz transformation fromK toK′, the primitive vectors

transform as  ¢
⟶ ⟶
OA OA and  ¢

⟶ ⟶
OB OB , and then = +

⟶ ⟶ ⟶
OC OA OB transforms into ¢ = ¢ + ¢

⟶ ⟶ ⟶
OC OA OB . The
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relation ‘link’ is invariant under the discrete Lorentz transformations. Therefore, ¢
⟶

OC and ¢
⟶

OA must also be
links.

Invariance of the relation ‘link’ can be proved by contradiction. Suppose that a relation
⟶
OA is a link in the

frameK but not a link inK′. But
⟶
OA is still a causal relation inK′, because the causal relation is invariant under

arbitrary Lorentz transformation.We then suppose that
⟶
OA can be decomposed into +

⟶ ⟶
OX XA with

⟶
OX and

⟶
XA being the causal relations inK′. But

⟶
OX and

⟶
XA must also be causal relations inK. Therefore,

⟶
OA is also not

a link inK, which causes a paradox.
We have infinite discrete Lorentz transformations Lvj

with j=1, 2, 3,L that keep the lattice invariant. Lvj

for arbitrary j acting on
⟶
OA and

⟶
OC produces a new pair of links. There are then infinite possible links starting

fromOwith their end points being just above the 45° line.

8. Field theory that has the discrete Poincaré symmetry

In this section, we discuss how to construct afield theory with the discrete Poincaré symmetry. Such a theory is
expected to be the effective theory describing a system inwhich the space translational symmetry is
spontaneously broken into a discrete one.

Wewillfirst discuss the continuous field theory in the section 8.1. The continuousfield theory is defined in a
continuous spacetime, inwhich the time derivative and the space derivative of the field are present in the
Lagrangian density. In the section 8.2, we turn to the latticefield theory, which is defined on the characteristic
lattice of the discrete Poincaré group. In the lattice field theory, the coupling between different lattice sites take
the place of the derivative operators. Bothfield theories are invariant under the discrete Poincaré
transformations.

8.1. Field theory
Let us recall how towrite down a relativistic field theory that has the continuous Poincaré symmetry. To
guarantee the Poincaré symmetry, the Lagrangian density ( )y must be a scalar (rank-0 tensor). It ismade up of
constants, scalar fields, or the contraction of higher-rank tensors. For example, theKlein–Gordon Lagrangian
density for spinless particles is expressed as [2]

 f f f= ¶ ¶ -m
m ( )m

1

2

1

2
, 152 2

wheref is a real scalar field,m is a constant, and∂μf and∂μf are the covariant and contravariant vectors (rank-
1 tensors), respectively. Hereμ=0, 1 denotes the temporal and spacial components, respectively. Themetric
signature is chosen to + -( ), . The contraction of a covariant and a contravariant vectors leaves a scalar.
Therefore, the Lagrangian density(15) is a scalar which keeps invariant under arbitrary Poincaré transforma-
tion. In otherwords, the Lagrangian density in two coordinate systemsK andK′ satisfies  = ¢ ¢( ) ( )y y .

Figure 4.The characteristic lattice of g=4 as a causal set.
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Let us see how tomodify equation (15) to obtain a new Lagrangian density that loses the continuous Poincaré
symmetry but keeps only the discrete Poincaré symmetry  . In otherwords, wewant to construct a Lagrangian
density that keeps invariant under a Poincaré transformationΛ if and only ifΛ is in  . There is only a single
tunable parameter in the Lagrangian density(15), which is themassm. Alternatively, one can treatM=m2 as
the tunable parameter. To break the continuous Poincaré symmetry, we replace the constantMby a functionM
(y). The Lagrangian density in the coordinate systemKbecomes

 f f f= ¶ ¶ -m
m( ) ( ) ( ) ( ) ( ) ( )y y y M y y

1

2

1

2
. 162

To obtain the Lagrangian density in a different coordinate systemK′, we need to replace y andf by y′ andf′,
respectively.We obtain  f f f¢ ¢ = ¶ ¢ ¢ ¶ ¢ ¢ - ¢ ¢ ¢m

m( ) ( ) ( ) ( ) ( )y y y M y y1

2

1

2
2 . Note thatf and f f¶ ¶m

m are scalars

which keep invariant under an arbitrary Poincaré transformation, that is f f= ¢ ¢( ) ( )y y and
f f f f¶ ¶ = ¶ ¢ ¢ ¶ ¢ ¢m

m
m

m( ) ( ) ( ) ( )y y y y . Therefore,  ¢ ¢ =( ) ( )y y if and only if = ¢( ) ( )M y M y . The Lagrangian
density(16) keeps invariant under a Poincaré transformation if and only if the functionM(y) keeps invariant
under this transformation. In order that the Lagrangian density(16) has the symmetry  , wemust choose a
functionM that satisfies

= ¢( ) ( ) ( )M y M y , 17

where y′= Λy for arbitraryΛ in  . But ¹ L( ) ( )M y M y ifΛ is not in the group  .
Let us see how to construct the functionM(y). The detailed derivation is given in appendix C.Here we only

give the results.M(y) is a periodic function in the 1+1-dimensional spacetime and has the same periodicity as

the characteristic lattice of  .We define two reciprocal primitive vectors which are p=m
p-

-
⎜ ⎟⎛
⎝

⎞
⎠

( )k , 2
g

g

1 2

42
and

=m
p

-
⎜ ⎟⎛
⎝

⎞
⎠

( )k , 0
g

2 4

42
.Mmust be expressed as the Fourier transformation

å=
=-¥

¥
+m m

m( ) ( )( )( ) ( )
M y M e , 18

n n
n n

n k n k y

,

i

1 2

1 2
1

1
2

2

where n1 and n2 are integers, y
μ is the coordinate vector (y0 = t and y1 = x), and Mn n1 2

is the coefficient of the
Fourier transformation. The Einstein summation convention has been used in equation (18). Furthermore, the
coefficients Mn n1 2

should satisfy

= ¢ ¢ ( )M M 19n n n n1 2 1 2

for arbitrary integer pairs ( )n n,1 2 and ¢ ¢( )n n,1 2 that have the relation

¢ = -

¢ = -
+

-

⎪

⎪

⎧
⎨
⎩

( )
n z n z n

n z n z n
. 20

j j

j j

1 1 1 2

2 1 1 2

Here zj is an integer sequence generated by g (see appendix B for a detailed discussion about zj). For j 0, the
first two elements of the sequence are z0=0 and z1=1, and the left ones are generated according to

= -+ - ( )z gz z . 21j j j1 1

And z−j=−zj is an odd function of j. According to the properties of zj, all the integer pairs (n1, n2)which are
related to each other by equation (20)make up an equivalence class. All the coefficients Mn n1 2

with ( )n n,1 2 being
in the same classmust be the same. But if (n1, n2) and ¢ ¢( )n n,1 2 are in different classes, Mn n1 2

and ¢ ¢Mn n1 2
are not

necessarily the same. For example, as g=3, (0, 0) is by itself a class, and (1, 1), (2, 1), (1, 2), (5, 2), (2, 5),L are in
the same class, but (1, 3) is not in this class. Therefore, we have = = = = = M M M M M1,1 2,1 1,2 5,2 2,5 , but
M0,0,M1,1 andM1,3may be different from each other. Equations (18)–(20) provide amethod of constructing any
functionM(y) that is invariant under  . In order thatM(y) is a real function, we need further require
* = - -M Mn n n n, ,1 2 1 2

. A special example ofM(y) can be obtained by setting = ¯M Mn n1 2
to a constant, that is Mn n1 2

in
different classes are all the same. The correspondingM(y) is

å d d=
-

- -( ) ¯ ( ) ( ) ( )M y M
g

x Y t Y
4

2
, 22

N N
N N N N

2

,

1 0

1 2

1 2 1 2

where YN N
0

1 2
and YN N

1
1 2

denote the temporal and the spatial components of the vector YN N1 2
(see equation (12)),

respectively.M(y) is aDirac-δ function centered at the sites of the characteristic lattice. In the derivation of
equation (22)weused the relation p d på = å -( )N xe 2 2n

nx
N

i .
By using the above approach, we can change any relativistic field theory (e.g., the theory of vector fields and

spinorfields) into a theory that has the discrete Poincaré symmetry  .We start from a theory that keeps
invariant under arbitrary continuous Poincaré transformations.We then replace the constants (e.g., the
coupling or themass) in the theory into the functions likeM(y). SinceM(y) keeps invariant only under  , so is
the newLagrangian density.
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The charge conjugation (C), the parity (P), and the time reversal (T) symmetries are frequently considered in
the study offield theories. The charge conjugation concerns the transformation in the internal space, therefore,
it is independent of whether the theory has a continuous or a discrete Poincaré symmetry. The parity and the
time reversal symmetries concern the coordinate transformation, just like the Poincaré symmetry. If we need the
Lagrangian density(16) to have the PT symmetry, we need to impose a further constraint on the functionM(y),
that isM(y)=M(−y). According to equation (18), this can be realized by demanding = - -M Mn n n n, ,1 2 1 2

. The
function(22) has this property. Because it is centered on the characteristic lattice, and the characteristic lattice
for arbitrary ghas the PT symmetry (seefigures 1 and 2).

8.2. Latticefield theory
Sometimeswe hope to simulate the field theory by using computers and then need to discretize the spacetime. It
is impossible to discretize a spacetimewithout breaking the continuous Poincaré symmetry. But one can
maintain the discrete Poincaré symmetry  of a theorywhen discretizing the spacetime into the characteristic
lattice of  . Because the characteristic lattice keeps invariant under the transformations in  . Next we discuss
how to build a lattice field theory [28] that has the symmetry  .

Let us write down a general noninteracting latticemodel whose action is

å f f= ´ ´ ( )S h , 23
P P Q Q

P P Q Q P P Q Q,

1 2 1 2

1 2 1 2 1 2 1 2

where fP P1 2
denotes the value of the fieldf at the lattice site YP P1 2

, and hP P Q Q,1 2 1 2
denotes the coupling between the

sites YP P1 2
and YQ Q1 2

with P P Q, ,1 2 1 andQ2 being all integers. The characteristic lattice by itself is invariant under
an arbitrary transformation L Î . But each lattice site changes into another one after the transformation.
Suppose that, under a transformationΛ, the sites YP P1 2

and YQ Q1 2
change into ¢ ¢YP P1 2

and ¢ ¢YQ Q1 2
, respectively, i.e.

= L¢ ¢Y YP P P P1 2 1 2
and = L¢ ¢Y YQ Q Q Q1 2 1 2

. The action S keeps invariant under the transformationΛ if and only if

= ¢ ¢ ¢ ¢ ( )h h . 24P P Q Q P P Q Q, ,1 2 1 2 1 2 1 2

For S being invariant under the group  , we need the coupling function h to be invariant under  . As proved in
appendix C, such a coupling function depends only upon the difference between the sites YP P1 2

and YQ Q1 2
, i.e.

= - -( ) ( )h h P Q P Q, . 25P P Q Q, 1 1 2 21 2 1 2

Furthermore, if we use the notation = -Y Y YN N P P Q Q1 2 1 2 1 2
, or equivalently, = -N P Q1 1 1 and = -N P Q2 2 2,

the function ( )h N N,1 2 must satisfy

= ¢ ¢( ) ( ) ( )h N N h N N, , 261 2 1 2

for arbitrary integer pairs (N1,N2) and ¢ ¢( )N N,1 2 that have the relation

¢ = +

¢ = - -
+

-

⎪

⎪

⎧
⎨
⎩

( )
N z N z N

N z N z N
. 27

j j

j j

1 1 1 2

2 1 1 2

Here the integer sequence zj appears again. Similarly, all the integer pairs (N1,N2)which are related to each other
by equation (27)make up an equivalence class. And equation (26) in fact states that h(N1,N2) in each class has a
unique value. One should notice the difference between equations (27) and(20). As (N1,N2) denotes a site on
the characteristic lattice, (n1, n2) denotes a site on the reciprocal lattice.

Equations (25)–(27) give the conditions of the coupling function h. Equippedwith a coupling function
satisfying these conditions, the latticefield theorymust have the symmetry  .

9. Conservation of quasi-energy and quasi-momentum

Wewill not quantize the field theories in this paper, which is left for future study. But it is interesting to discuss
some possible features of the quantized theory. Equation (16)describes a physical system in a periodic potential
which varies bothwith time and space. The consequence of such a potential is well known to condensedmatter
community. The electronsmoving in a crystal feel a typical periodic potential varyingwith space.While the
electrons in an irradiatedmaterial are often treated asmoving in the time-periodic electromagnetic potential.

Themomentum and energy are not conserved in the presence of periodic potentials. They are not good
quantumnumbers anymore. But according to the Floquet theorem and the Bloch theorem, the quasi-energy
and the quasi-momentum are good quantumnumbers instead, which are defined as the energy or the
momentummodulo p T2 or p a2 , respectively, whereT and a are the periods of the potential in the
temporal and spatial directions, respectively. Our analysis in section 5 has already established the relation
betweenT and a.

13

New J. Phys. 20 (2018) 023042 PWang



Due to the spatial periodic potential, the single-particle spectrum should include a series of Bloch bands. The
energy levels are distinguished by the quasi-momentum and the band label. If we further consider the potential
being temporally periodic, the solutions of the Schrödinger equationmust be further distinguished by the quasi-
energy and the Floquet band label. The quasi-energy, the quasi-momentum, the Bloch band and the Floquet
band together determine a solution.

Recent study showed that an isolated generic Floquet systemwill be heated up until it reaches the infinite-
temperature state [29]. But we should not forget that our three hypotheses stand in a systemwhere the
continuous translational symmetry has been spontaneously broken. The Lagrangian(16) is the effective theory
for the symmetry-breaking state, describing something like the electronsmoving in a crystal. Therefore, the
system is in fact an open system, towhich the argument in [29] does not apply.

10. Conclusions and outlook

In summary, we propose a theory about the Lorentz and Poincaré symmetries in a spacetimewith discrete space
translational symmetry based on three hypotheses. In solid-state physics, the spacetime occupied by crystals is
expected to have these properties.We describe thewhole symmetries of the spacetimewhich include the discrete
Lorentz, space translational and time translational symmetries, and showhow to construct a Lagrangian or
action under these symmetries. It is worth emphasizing that our hypotheses and results are expected to stand in
the case of the continuous space translational symmetry being spontaneously broken but not being broken by
periodic externalfields.

It is worthmentioning the difference between our hypotheses and those hiding behind the effectivemodels
of crystals (such as theHubbardmodel [30]) that were frequently used up to now. In these effectivemodels, the
kinetic energy is either expressed as p2/2mwith p andm denoting themomentum and themass, respectively, or
expressed as the hopping energy between neighbor sites on the crystal lattice. In the language of quantum field
theory, the kinetic part of theHamiltonian looks like y y- ¶( )( ) ( )x m x2x

2 2 in afield theory or +
†c ci i 1 in a

latticefield theory whereψ(x) and ci denote the field operators of particles (e.g. electrons) in the crystal. The
discrete space translational symmetry is considered, but the Lorentz symmetry is not under consideration in
thesemodels whose Lagrangians orHamiltonians always change as transformed fromone reference frame to the
othermoving at a different velocity. The complete loss of Lorentz symmetry can be viewed as a special case of our
theory as the generator of the spacetime is g=2 and then the discrete Lorentz group L contains only a single
elementΛ (1, 0) (the identity element). On the other hand, the general version of our theory assumes g>2, and
then there exist infinite number of Lorentz transformationswith nonzero velocities in the symmetry group.Our
theory involvesmore symmetries than themodels in previous studies. According to our theory, the Lagrangian
of amodel can only take some specific form,which the previousmodels do not have.

Our theory is built on three hypotheses. Recall that thefirst hypothesis is similar to butweaker than the
principle of relativity, while the second one states an invariant speed cwhich represents the speed limit of the
propagation of information ormatter in crystals. These two hypotheses are not deduced from any known
principles.Whether they are true should be examined by experiments.Wewould like to point out some results
coming out from these hypotheses that could be checked by experiments. One is the breaking of the continuous
time translational symmetry. In a spacetimewith an odd generator g, the time translational symmetry has a

period = -T g a c42 , while in that with an even g the period is = -T g a c4 22 . If the spacetime has a
discrete time translational symmetry, the local observables should change periodically with time, just as they
vary periodically within the space of the crystal lattice. Let us estimate themagnitude of the temporal periodT
which depends on a/c. The lattice constant of a crystal is typically at the nanoscale. c is distinguished from the
light speed in vacuumbut is expected to be at the samemagnitude as it.We choose a=1 nmand
c=3×108 m s−1, andfind a/c=3.3×10−18 s. The temporal period is only a few attoseconds (too short),
whichmaybe explains why such a periodicity has not been observed up to now. An alternate way is to examine
the absorption spectrumof crystals. According to the Floquet theorem (see [27] for a recent review), the energy
of a time-periodic system is not conserved, and should be replaced by the quasi-energy which has a period of
 p T2 . A resonance happens between the quasi-energy levels whose difference is an integer times of  p T2 ,
whichmay cause a peak at the frequency 1/T in the absorption spectrumof crystals. Note that 1/T∼1018 Hz is
in the frequency range of x-rays.

It is worthmentioning that the time-periodic oscillation of observables has been predicted in the theory of
‘time crystals’ [8]. But whether there exists a ‘time crystal’ is still under debate. It was argued that a time-periodic
oscillation of observables cannot happen in an equilibrium state described by theGibbs ensemble [12]. On the
other hand, our theory indicates that the Lagrangian of amodel for crystals should be time-periodic, inwhich
case the idea of describing the equilibrium states byGibbs ensemble should be reexamined since it does not put
space and time on an equal footing.
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Finally, wewould like tomention the open problems that are expected to be solved in the future. These
include the construction of the discrete Lorentz symmetry in 2+1-dimensional and 3+1-dimensional
spacetimes, and the quantization of afield theory that has the discrete Poincaré symmetry.
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AppendixA. The discrete Lorentz group

Wehave proved in section 3.2 that the velocity of a Lorentz transformation in the symmetry groupmust be

=  -v 1
m

4
2 . In otherwords, the symmetry group of pure Lorentz transformations is a subset of

 = L =  - = 
⎧⎨⎩

⎫⎬⎭( )∣ ( )L v
m

m, 0 1
4

, 2, 3, 4 . A1v 2

In this section, we prove that such a groupmust be a cyclic group generated by some integer g, as defined in
section 4. Recall that a group is closedwith respect tomultiplication and the Lorentzmatrix is expressed as

= -

-

-
-

- -

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
( )L

v

v

v
v

v v

1

1 1

1

1

1

. A2v

2 2

2 2

Themultiplication between two Lorentz transformations is L L = L¢ ¢( ) ( ) ( )L L L L, 0 , 0 , 0v v v v where ¢L Lv v is the
product of twomatrices.

The simplest group that is a subset of  is the trivial group containing only the identity transformation at
v=0 orm=2. It is a special cyclic group.On the other hand, according to ourfirst hypothesis, the symmetry
group should contain at least one Lorentz transformationwith ¹v 0. Let us suppose that except for the identity

element the symmetry group contains an element L( )( )L , 0v g with = -( )v g 1
g

4
2 for some integer g>2.

Note that supposing v(g)>0 does not lose the generality since L( )( )L , 0v g and L = L-
-( ) ( )( ) ( )L L, 0 , 0v g v g

1

must be the elements of a group simultaneously. Once if L( )( )L , 0v g is an element, according to the property of a

group, L = L( ) ( )( ) ( )L L, 0 , 0j
v g v g

j must be an element of the group for arbitrary integer =   j 0, 1, 2, . The

physicalmeaning of L ( )( )L , 0j
v g is clear.We choose an observerK0, and call who ismoving at the velocity v(g)

relative toK0 the observerK1. Similarly, the observerKj+1 ismoving at the velocity v(g) relative toKj. Therefore,
the coordinate transformation fromK0 toKj is L ( )( )L , 0j

v g . The set = L =   { ( )∣ }( )L jL , 0 0, 1, 2,j
v g

satisfies all the properties of a group. It is a cyclic group. The set of observers =   { ∣ }K j 0, 1, 2,j are all
equivalent to each other in describing the physical laws.

Next we prove thatL is a subset of  , i.e., any element L ( )( )L , 0j
v g of L is also in  . Let us denote the velocity

ofKj relative toK0 as vj. By definition, we have v0(g)=0 and = = -( ) ( )v g v g 1
g1
4

2 , and the Lorentzmatrix

relatingK0 toKj is =( ) ( )L Lv g v g
j

j 1
. Similarly, the velocity ofKj relative toKi is denoted as -vj i which satisfies

= -
- ( ) ( )L Lv g v g

j i
j i 1

, and the velocity ofKi relative toK0 is vi satisfying =( ) ( )L Lv g v g
i

i 1
. Note that ( )Lv g

i
1

is the ith power

of ( )Lv g1
.We then have = -

( ) ( ) ( )L L Lv g
j

v g
i

v g
j i

1 1 1
or = -( ) ( ) ( )L L Lv g v g v gj i j i

. By using the expression of Lv in
equation (A2), we obtain

=
+

+
-

-
( )

( ) ( )
( ) ( )

( )v g
v g v g

v g v g1
. A3j

i j i

i j i

Equation (A3) is the velocity-addition formulawhich is as same as that in special relativity, because both are
derived from the Lorentz transformation. It is easy to verify that vi is an odd function of i, i.e., = --v vi i, and

=



vj i

v v

v v1

j i

i j
according to equation (A3).

Nowwe define =
-

( )
( )

m gj
v g

2

1 j
2
for each velocity vj(g). One can easily seem0=2 andm1(g)=g from

v0=0 and = -( )v g 1
g1
4

2 , respectively. By definition, = -( ) ( )m g m gj j is an even function of j. To prove

that L = L( ) ( )( ) ( )L L, 0 , 0j
v g v gj

is an element of  , we only need to prove thatmj(g) is an integer. This is done by
finding an iterative formula formj(g). Expressingmj±i by using vj±i and then by vi and vj, we obtain
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+ =+ - ( )m m m m . A4i j j i i j

Choosing i=1, we have

= -+ - ( )m gm m . A5j j j1 1

Sincewe already knowm0 andm1, equation (A5) can be used to calculatemj iteratively. For example, we find
m2=g2−2,m3=g3−3g,L . The numbersm0,m1,m2,Lmake up an infinite sequence. And because
m0=2 andm1=g are both integers,mj for arbitrary j in the sequencemust be an integer according to
equation (A5). Therefore, L ( )( )L , 0j

v g for arbitrary j and g is an element of  , and L is a subset of  .
Up to now,we proved that the cyclic group L generated by an integer g is a subset of  . Nextwe prove that L

is the only possible group that is a subset of  .Wewill construct a proof by contradiction.We assume that there
exists a group  which is included in  but not a cyclic group. By definition,  must include at least two
elementsΛ(Lv(g), 0) andΛ(Lv(g′), 0)where g,g′>2 are both integers and not in the same sequencemj generated
by an integer. Especially, g and g′ are not in the sequence generated by each other.Without loss of generality, we
suppose 2<g<g′. Remember that g′ is not in the sequence generated by g, i.e. ¢ ¹ ( )g m gj for arbitrary j.
According to the property of group, L = L L ¢

-( ) ( ) ( )( ) ( )L L L, 0 , 0 , 0v v g v g
1 is an element of  . The velocity-

addition formula reads  = ¢ - - ¢( ( ) ( )) ( ( ) ( ))v v g v g v g v g1 .We can deduce  < ¢( )v v g since v(g)>0, and
also  ¹ ( )v v g , otherwise, we have ¢ = +( ) ( ) ( ( ) )v g v g v g2 1 2 and then g′= m2(g)which contradicts
¢ ¹ ( )g m gj for arbitrary j. Since L ( )L , 0v is in  , itmust be also in  , thereafter,  = - ¢¢g v2 1 2 is an

integer satisfying  ¹g g and  < ¢g g , deduced from  ¹ ( )v v g and  < ¢( )v v g .We can also deduce  >g 2,
since  =g 2 indicates  =v 0 and then = ¢( ) ( )v g v g or g=g′which contradicts our assumption. In
consequence, we constructed an integer g which is different fromboth g and g′ and is less than themax of them.
In the sameway, we can use g and the smaller one of g and g′(g in this case) to construct a new integer ¢¢¢g that is
different from g or g and less than themax of them.We can do this because g ( g ) is not in the sequencemj

generated by g (g), otherwise, we can deduce that g′ is also in the sequencemj generated by g (g)which
contradicts the assumption that g and ¢g cannot be in the same sequence. The process of constructing new
integers can be repeated for infinite number of times. Every timewe choose the smallest two in the integers that
we already obtained to construct a newone. The sequence of integers (  ¢¢¢g g g, , , ) that we obtain are all
different to each other and all less than g′ and larger than 2. But this is impossible, because there only exist finite
number of integers between 2 and g′. Our assumptionmust be false. The only possible groups included in  are
cyclic groups. This finishes the proof.

Appendix B. The discrete Poincaré group

Our hypotheses infer that the overall symmetry group of the spacetime should have next properties: its subgroup
for pure Lorentz transformations is = L{ ( )}( )LL , 0v gj

, and its subgroup for pure spatial translations is

= L{ ( ¯)}maA 1, withm an integer and =¯ ( )a 0, 1 T . In this section, we prove that theminimumgroup that has
these properties is

 = L =   { ( ( ))∣ } ( )( )L Y g j N N, , , 0, 1, 2, , B1v g N N 1 2j 1 2

where

= +
-

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟( ) ( )Y N N
g

g

0
1

1

2
4

1

2

, B2N N 1 2

2

1 2

and

=

-
-

-
-

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

( )

( ) ( )L
m

j
m

j
m m

sgn

sgn

2
2

4

2
4 2

. B3v

j j

j j

2

2
j

And any group that has these propertiesmust contain  as the subgroup. The proof is divided into two steps.
First, we prove that  is a group, i.e.,  is closed undermultiplication, and  has the above-mentioned
properties. Second, we prove that a group that has these propertiesmust contain  by proving that each element
in  can be expressed as a product of the elements in L andA.

Let us list some important properties of the integer sequencemjwhichwill be used in the proof. The iterative
formula(A5) can be reexpressed as
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m
g g

m

g g
m

g g
m
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2

4

2

4

2
, B4

j j

j j

1

2
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1

fromwhichwe derive an expression ofmj:

=
- -

+
+ -⎛

⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜
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For convenience of presentation, we define a new sequence

=
-

-
( ) ( )z j

m

g
sgn

4

4
. B6j

j
2

2

It is straightforward to prove that zj can be expressed as

- =
+ -

-
- -⎛

⎝
⎜⎜

⎞
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2
. B7j
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The iterative formula of zj is as same as that ofmj, being

= -+ - ( )z gz z . B8j j j1 1

Thefirst two elements of zj are z0=0 and z1=1which are both integers, thereafter, zjmust be also an integer
sequence just likemj! zj for arbitrary j is an integer, and zj=−z−j is an odd function of j. The useful formulas
involving zj andmj are

= +

= -

+

-

⎧
⎨
⎪⎪

⎩
⎪⎪

( )
z

g
z

m

z
g

z
m

2 2

2 2

. B9

j j
j

j j
j

1

1

And a generalized iterative formula for zj is

= -+ + + + ( )z z z z z , B10i j i j i j1 1 1

which can also be expressed in amatrix form as

- - - - = - -
+

-

+

-

+ + +

+ + -
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⎞
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Especially, by taking i=−jwe obtain

- -
- - =

-

+

+
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⎠
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B.1.  is a group
According to equation (3), the product of arbitrary two elements in  is

L L

= L +

= L ++

( ) ( )
( )
( ) ( )

L Y L Y

L L Y L Y

L Y L Y

, ,

,

, , B13

v P P v N N

v v P P v N N

v P P v N N

j i

j i j

i j j

1 2 1 2

1 2 1 2

1 2 1 2

where i,j,N1,N2,P1 andP2 are all integers. To prove that  is closedwith respect tomultiplication, we need to
prove that L ++( )L Y L Y,v P P v N Ni j j1 2 1 2

is in  . This is equivalent to prove that = ¢ ¢L Y Yv N N N Nj 1 2 1 2
is a vector in the

characteristic lattice for arbitrary Lvj
and YN N1 2

in the lattice. By using the expression of Lvj
(see equations (B3)

and (B9)), we obtain

¢ = +

¢ = - -
+

-

⎪

⎪

⎧
⎨
⎩

( )
N z N z N

N z N z N
. B14

j j

j j

1 1 1 2

2 1 1 2

Since zj for arbitrary j is an integer, ¢N1 and ¢N2 must be integers. Therefore, ¢ ¢YN N1 2
is a vector in the characteristic

lattice, and then  is closedwith respect tomultiplication.
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In section 5, we already showed that L andA are the subgroups of  for pure Lorentz transformations and
pure spatial translations, respectively.We conclude that  is a group that satisfies the conditions of the overall
symmetry group.

B.2. The symmetry group cannot be smaller than 
In this subsection, we prove that each element in  can be expressed as a product of the elements in L andA.

Recall that the characteristic lattice { }YN N1 2
has two primitive vectors: = ( )Y 0, 1 T

1,0 and

= -( )Y g g4 ,
T

0,1
1

2
2 1

2
. By using the expression of -Lv 1

in terms of g (see equation (B3)), we express the second
primitive vector as = -Y L Yv0,1 1,01

.We then obtain

L = L L L-( ) ( ) ( ) ( ) ( )Y L Y L1, , 0 1, , 0 . B15v v0,1 1,01 1

L( )Y1, 1,0 denotes theminimum spatial translationwhich is an element ofA, and L ( )L , 0v 1
are the elements of

L. Therefore, L = L L( ) ( ) ( )Y Y Y1, 1, 1,N N
N N

, 1,0 0,11 2
1 2 can be expressed as a product of the elements in L andA for

arbitraryN1 andN2.
For the element L ¢ ¢( )L Y,v N Nj 1 2

in  , we can factorize it into

L = L L¢ ¢( ) ( ) ( ) ( )L Y L Y, , 0 1, , B16v N N v N Nj j1 2 1 2

where =¢ ¢Y L YN N v N Nj1 2 1 2
or = ¢ ¢-Y L YN N v N Nj1 2 1 2

. ¢ ¢( )N N,1 2 and ( )N N,1 2 satisfy the relation(B14). According to
equation (B12), this relation is invertible and its inverse is

= - ¢ - ¢

= ¢ + ¢
-

+

⎪

⎪

⎧
⎨
⎩

( )
N z N z N

N z N z N
. B17

j j

j j

1 1 1 2

2 1 1 2

For arbitrary ¢ ¢( )N N,1 2 , we can find integersN1 andN2 that satisfy equation (B16). Thismeans that each element
in  can be expressed as the product of an element in L and L( )Y1, N N1 2

. But the latter has been proved to be a
product of the elements in L andA. Therefore, each element in  can be expressed as a product of the elements
in L andA.

AppendixC. Theories that has the discrete Poincaré symmetry 

C.1. Thefield theory
In this subsection, we explain how to construct the functionM(y)which satisfies

= L( ) ( ) ( )M y M y C1

for arbitrary L Î . In otherwords,M(y) is invariant under  . Each element of  can be factorized into
L = L L( ) ( ) ( )( ) ( )L Y Y L, 1, , 0v g N N N N v gj j1 2 1 2

where L( )Y1, N N1 2
and L( )( )L , 0v gj

are also the elements of  .
Therefore,M(y) is invariant under  if and only ifM(y) is invariant under the transformations L( )( )L , 0v gj

and
L( )Y1, N N1 2

, i.e.,M(y) is invariant under the discrete Lorentz group L and the discrete translational groupY.
We notice that L = +( )Y y y Y1, N N N N1 2 1 2

. BecauseM is invariant underY, we obtain
= +( ) ( )M y M y YN N1 2

for arbitraryN1 andN2. Thismeans thatM is a periodic function in the 1+1-
dimensional spacetime, and has the same periodicity as the characteristic lattice { }YN N1 2

. Such a periodic
function can be expressed as a Fourier transformation. The characteristic lattice has two primitive vectors: Y1,0

andY0,1. For convenience of presentation, in this subsectionwe rename them as = ( )( )Y 0, 1 T1 and

= -( )( )Y g g4 ,
T

2 1

2
2 1

2
. Each vector in the characteristic lattice can be expressed as = +( ) ( )Y N Y N YN N 1

1
2

2
1 2

.

The reciprocal lattice has also two primitive vectors which are found to be p= p-

-
⎜ ⎟⎛
⎝

⎞
⎠

( )k , 2
g

g

1 2

42
and

= p

-
⎜ ⎟⎛
⎝

⎞
⎠

( )k , 0
g

2 4

42
. The inner product between the primitive vectors of the characteristic lattice and the

reciprocal lattice satisfies pd=·( ) ( )k Y 2a b
a b, where a, b=1, 2 and δa,b is the Kronecker delta function. For the

momentumvector = +( ) ( )k n k n k1
1

2
2 with n1 and n2 being integers, we have = +· ·( )e ek y k y Yi i N N1 2 . { }·e k yi at

different (n1, n2) form a basis of the periodic functions on the characteristic lattice. Therefore,Mmust be
expressed as

å= +( ) ( )( )·( ) ( )
M y M e , C2

n n
n n

n k n k y

,

i

1 2

1 2
1

1
2

2

where Mn n1 2
is the coefficient of the Fourier transformation.

M(y) should also be invariant under L, which imposes a constraint on the coefficients Mn n,1 2
. Substituting

equation (C2) into the condition = L( ) ( ( ) )M y M L y, 0vj
, we obtain
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( ) ( )

( ) ( )

M

M

e

e , C3

n n
n n

n k n k y

n n
n n

n k L n k L y

,

i

,

i vj vj

1 2

1 2
1

1
2

2

1 2

1 2
1

1
2

2

wherewe used the properties of the inner product and =L Lv
T

vj j
.We notice that
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1

2
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1
1
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where

¢ = -

¢ = -
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⎪

⎧
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( )
n z n z n

n z n z n
. C5

j j

j j
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Therefore, equation (C3) stands if and only if the coefficients Mn n1 2
satisfy

= ¢ ¢ ( )M M C6n n n n1 2 1 2

for the integer pairs ( )n n,1 2 and ¢ ¢( )n n,1 2 that are related to each other by equation (C5). The relation(C5) is in
fact an equivalence relationwhich is reflexive, symmetric and transitive. The reflexivity, symmetry and
transitivity can be easily proved by using the properties of zj given in equations (B11) and(B12). The integer
pairs ( )n n,1 2 that are related to each other by equation (C5) form an equivalence class. All the coefficients Mn n1 2

with (n1, n2) being in the same classmust be the same.

C.2. The latticefield theory
In this subsection, we explain how to construct the coupling function h in a lattice field theory that is invariant
under  . hmust satisfy

= ¢ ¢ ¢ ¢ ( )h h C7P P Q Q P P Q Q, ,1 2 1 2 1 2 1 2

with = L¢ ¢Y YP P P P1 2 1 2
and = L¢ ¢Y YQ Q Q Q1 2 1 2

for arbitrary L Î .
Again, each element of  can be factorized into L = L L( ) ( ) ( )( ) ( )L Y Y L, 1, , 0v g N N N N v gj j1 2 1 2

. The coupling
function h is invariant under  if and only if it is invariant under the transformations L( )Y1, N N1 2

and
L( )( )L , 0v gj

. Since h is invariant under L( )Y1, N N1 2
, we have = + + + +h hP P Q Q P N P N Q N Q N, , , , , ,1 2 1 2 1 1 2 2 1 1 2 2

for arbitrary
integersN1 andN2. Thismeans that hP P Q Q,1 2 1 2

depends only upon the difference between (P1, P2) and (Q1, Q2).
We can then reexpress the coupling function as

= - -( ) ( )h h P Q P Q, . C8P P Q Q, 1 1 2 21 2 1 2

Let us use the notation = -Y Y YN N P P Q Q1 2 1 2 1 2
, or equivalently, = -N P Q1 1 1 and = -N P Q2 2 2. The

coupling function hP P Q Q,1 2 1 2
should be invariant under the Lorentz transformation L( )L , 0vj

, under whichwe
have = L¢ ¢ ( )Y L Y, 0P P v P Pj1 2 1 2

and = L¢ ¢ ( )Y L Y, 0Q Q v Q Qj1 2 1 2
.We thenfind = - =¢ ¢ ¢ ¢ ¢ ¢Y Y Y L YN N P P Q Q v N Nj1 2 1 2 1 2 1 2

. The

integer pairs (N1, N2) and ¢ ¢( )N N,1 2 have the next relation:

¢ = +

¢ = - -
+

-

⎪

⎪

⎧
⎨
⎩

( )
N z N z N

N z N z N
. C9

j j

j j

1 1 1 2

2 1 1 2

Substituting equation (C8) into equation (C7), we obtain

= ¢ ¢( ) ( ) ( )h N N h N N, , . C101 2 1 2

The coupling functionmust satisfy equation (C10) for being invariant under  . Again, the integer pairs that are
related to each other by equation (C9) form an equivalence class. Equation (C10) says that h(N1, N2)with (N1,
N2) being in the same classmust be the same.
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