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Abstract
The question of howmuchmomentum light carries inmedia has been debated for over a century.
Two rivalling theories, one from1908 byHermannMinkowski and the other from1909 byMax
Abraham, predict the exact opposite when light enters an opticalmaterial: a pulling force in
Minkowskiʼs case and a pushing force in Abrahamʼs.Most experimental tests have agreedwith
Minkowskiʼs theory, but herewe report the first quantitative experimental evidence for Abrahamʼs
pushing pressure of light. Our resultsmatter in optofluidics and optomechanics, andwherever light
exertsmechanical pressure.

Light carries both energy andmomentum; the energy of a single photon is given by its frequency f times Planckʼs
constant h, but what is themomentumof light? Surprisingly [1], this simple science question has not been
settled for over a century [2–6]. The problemoccurs for light propagating in transparentmedia such as glass or
waterwhere the speed of light c is reduced by the refractive index n. Experimental tests of the rivalling theories
are rare [7–17] andmost [7–15] support theMinkowskimomentum

=p n
hf

c
. (1)M

Herewe provide the first quantitative experimental evidence for the Abrahammomentum [3]

=p
hf

nc
. (2)A

Sending light onto the surface of a liquidwe have observed that the surface acts as a focusingmirror on the
reflected light, in quantitative agreementwith radiation pressure caused by the Abrahammomentum. To
reconcile the conflicting experiments, we studied theoretically [18] how themomentum transfer emerges in the
interplay between optics andfluidmechanics.We found that if the light is not able to put the fluid intomotion,
Minkowskiʼsmomentumbecomes effective, but if the fluidmoves, it is Abrahamʼs [18]. Apart from shedding
light on a century–old theoretical problem, ourfindings are applicable in optofluidics [19] that combines
microfluidics with optics, and in optomechanics [20, 21] where nanomechanical devices are driven, cooled and
controlled via themomentum exchange between light andmatter, and are relevant wherever light inmedia
exertsmomentum.

Minkowski [2] andAbraham [3] derived their formulae for themomentumof light within the classical
theory of electromagnetic fields [22], but the two rivalling theories aremost easily deduced fromquantum
mechanics and relativity [23]. TheMinkowskimomentum, equation (1), follows fromde–Broglieʼs relation

λ=p h for themomentum p ofwaveswithwavelength λ = v f and velocity =v c n. Abrahamʼs formula,
equation (2), describes themomentum p=mv of a particle of velocity =v c n and dynamicalmassmwhere the
mass is related to the energy =E hf by Einsteinʼs =E mc2. Throughout this paperwe regard n as independent
of frequencywithin the relevant spectral range of the light.

In empty space, where n=1, themomenta of equations (1) and (2) agree, but inmedia they differ by the
square of the refractive index n, which amounts to a significant number (in glass ≈n 22 ). However, although the
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ratio between pMand pA is significant, themagnitude of themomentumdoes normally not amount tomuch: in
free space 1Ws of light carries amomentumof × −3 10 Ns9 . Only relatively recently themomentumof light has
been put towork in earnest. Themost dramatic example is inertial confinement fusion. At theNational Ignition
Facility light pulses with 0.7megajoule of energywere concentrated on 1.8-millimeter-diameter capsules, such
that the pressure of itsmomentum can ignite nuclear fusion [24]. Yet instead of using raw power for harnessing
themomentumof light, onemay also confine light in a cavity where it bounces back and forth in resonancewith
amechanical oscillator, which is the case in optomechanics [20].Here themomentum exchange between light
and an oscillatingmirrorwas applied to cool themirror to its quantum-mechanical ground state [21]. This
mirror has been designed to reflect all of the incident light such that themomentum transferred is twice the
momentumof light in empty space—where there is no controversy.With furtherminiaturisation, which is
required for creating delicate quantum superposition states of amirror being at two different places at the same
time, such amirrorwill no longer be able to reflect all of the light; some of it will travel through themirror. There
themomentum in themirrormatters whereMinkowskiʼs formula, equation (1), disagrees with Abrahamʼs
equation (2). The gentle pressure of light has also been applied in optofluidics [19] and in biomedical
applications where optical tweezers [25] or other arrangements of light beams [26] are used to hold and
manipulate cells and their constituents. Opticalmanipulation is also going tofind increasing use in nano-
engineering [27]. Understanding themomentumof light better will thus be important for awide range of
applications.

Consensus has been reached on themeaning of the two principalmomenta of light. Our derivation of
equations (1) and (2) indicates that theMinkowskimomentum corresponds to thewave, the Abraham
momentum to the particle aspects of light [23]. Barnett [28] pointed out that theMinkowskimomentum is the
canonical, the Abrahammomentum the kineticmomentum. From a geometrical perspective [29], the
Minkowskimomentum is the covariant and the Abrahammomentum the contravariantmomentumwith
respect to the geometry of light inmedia [30].However, as Brillouin [31]wrote in 1925, ‘it is not ultimately the
density ofmomentumwhichmatters, but rather the flux ofmomentum’.

Consider the simplest case ofmomentum transfer between light andmatter, light impinging on a planar
interface between air (empty space) and amediumwith refractive index n. From the incident intensity I the
fraction r2 is reflectedwith r given by Fresnelʼs formula = − +r n n(1 ) (1 ) [22]. Themomentum I/c plus the
recoil r I c2 acts upon the interface where the remaining part − r1 2 of the incident intensity is transmitted. If
Minkowskiʼs equation (1) accounts for themomentumof the light, themedium thus receives the net
momentum

Δ = − − + =+ −
+( ) ( )p r

nI

c
r

I

c

n

n

I

c
1 1

1

1

2
. (3)M

2 2

The recoil on this positivemomentum transfer causes a pulling force. On the other hand, if Abrahamʼs formula,
equation (2), correctly describes the situation,

Δ = − − + = − −
+( ) ( )p r

I

nc
r

I

c

n

n

I

c
1 1

1

1

2
, (4)A

2 2

the netmomentum is negative and the exact opposite ofMinkowskiʼs case of equation (3), causing a pushing
force. Therefore, discriminating between theMinkowski andAbrahammomentum seems easy: illuminate the
surface of a liquid and seewhether the liquid rises or falls. Ashkin andDziedzic did this experiment [12]. They
sent light pulses of 60 ns duration and 4 kWpeak power to a spot of 2.1 μmradius on the surface of water. They
observed that the transmitted light was focused, which they attributed to thewater surface forming a lens by
rising in the illuminated area—in agreement with the net balance, equation (3), of theMinkowskimomentum.
Sakai et al [13] andCasner andDelville [14] performedmodern versions of this experiment. In particular,
Casner andDelville let continuous light propagate between two liquids of extremely low surface tension and
directly saw the deformed surface bulging out [14]. Astrath et al [15] repeated Ashkinʼs andDziedzicʼs
experiment onmilli–Qwater illuminatedwith 104 μmspot radius, and usedmodern interferometric diagnostics
of the surface deformation and numerical simulations to back up theirfindings. They found very good
quantitative agreementwithmomentum transfer à laMinkowski.

Yet as Ashkin andChumost prominently demonstratedwith their invention of optical tweezers [32], light of
varying intensity causes a pulling force that bulged thefluid surface in these experiments [33–35].One sees this
as follows: the optical force is the gradient of the pressure given by the potential energy of induced electric dipoles
[22]

ε
= − = −

+( )p n E
n

n

I

c2
1

1

1

2
(5)opt

0 2 2

where E is the electric field strength, ε0 is the permittivity of the vacuum, and ε=I E0 in
2 for the incident

electromagnetic waves in empty space.We used the fact that at the interface of themedium the electric field is

2
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reduced by the Fresnel coefficient [22] + n2 (1 ). Equation (5) shows that the optical pressure is exactly the
same as theMinkowski pressure, equation (3): Ashkinʼs tweezing force explains the surface deformation.
However, the critique [33–36] of the experiment [12] did not cause significant concern, becausemost other
experiments [7–11] have agreedwith theMinkowskimomentumof light, equation (1).Most notably, Campbell
and others fromKetterleʼs group [11]measured themomentum transfer of light in Bose–Einstein condensates
and found agreementwithMinkowskiʼs theory. The only exceptions are the torquemeasurement of an
electromagnetic field [16] and the observation of the recoil of light on an optical fibre tip [17].However, in the
former case thefieldwas quasi–static and hence not an electromagnetic wave, and the latter experiment was not
quantitative and has been criticised [37, 38].

Aswe report here, we have performed amodified version of Ashkinʼs andDziedzicʼs scheme [12]. In our
experiment, we illuminate a liquid,mineral oil or water, with an unfocused continuous–wave laser beam and
considered the reflected light. According toMinkowski, the surface of the liquid should bulge out, acting as a de–
focusing sphericalmirror.However, we have observed a focusing effect (figure 1) in qualitative agreement with
the Abrahammomentum. The surface is deformed until the surface tension balances the netmomentumof
equation (4).Havingmeasured the surface tension and the refractive index n, we found that the observed
focusing is also in quantitative agreementwith the Abrahammomentum. In addition, we did control
experiments wherewe focused the incident beam tightly. In this case, we observed a de–focusing reflection at the
surface, in agreement with theMinkowskimomentum transfer.

The question is howdowe reconcile our observationwith the evidence for theMinkowskimomentum [7–
15]?figure 2 summarises the theory developed in detail elsewhere [18] and discussed in the appendix. The
momentum transfer depends not only on the light, but on the fluid aswell. Here the rivalling theories,
equations (1) and (2), are not fundamental [36]—they emerge by the interplay between optics and fluid
mechanics. Our argument goes as follows: the surface deformation is given by the pressure of the fluid acting
against the surface tension. If the light is not able to put thefluid intomotion (figure 2(a)) its pressure profile
must balance the optical pressure, which deforms the surface outward in agreementwithMinkowski, as we have
obtained from equation (5). On the other hand, the dipole force, the tangential gradient of the optical pressure
described by equation (5), can also put thefluid intomotion4. Thefluid settles to a stationary flow in the formof
a vortex ring around the light beam (figure 2(b)). On a vortex ring the pressure at the top is the opposite of the
pressure at the bottom. At the bottomof the container a viscous layer is formedwhere the fluid pressure balances
the optical pressure. As the pressure at the surface changes sign due to the vortex ring, we obtain the exact
opposite ofMinkowskiʼs pressure: Abrahamʼs pressure.

We performed our experiments with light impinging from air on either one of two liquids, a transparent
mineral oil and purewater, both having a low absorption of light, in order to rule out thermal effects and other
artefacts. Our experimental details are as follows: aGaussian beamof light withwavelength λ=532 nmand
beam radius =a 0.165 mm 0.175 mm0 for oil/water impinges on the oil/water surface after propagating the

Figure 1.Principal idea of the experiment. Light incident from the top impinges on the surface of a liquid, part of the light is reflected
and the remaining fraction is transmitted. The length of the green arrows indicates the Abrahammomentumof light, equation (2).
The netmomentumdifference of equation (4) is negative, causing an inward pressure on the surface that, inmechanical equilibrium,
is balanced by the surface tension of the liquid. The figure shows the resulting shape of the deformed surface with depth exaggerated by
a factor of 105. The actual depth lies in the order of 10 nm for a spot of about 1 mmdiameter. The angle between incident and reflected
light is also exaggerated: in the experiment it is 3o. The figure suggests that the reflected light is focused by the deformed surface acting
as a sphericalmirror (although the focusing is subtle due to diffraction, seefigure 3)

4
A related effect has been seen on suspended fluid droplets exposed to electrostatic fields. The droplets are deformed in the opposite

direction of thefield due to fluidmotion [39, 40].

3
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distance =z 0.107 m 0.102 m1 from a focus of the beam–shaping optics. The light is incident under a slight
angle, 3o, such that we can easily separate the reflected beam.Due to diffraction (see the appendix) the
illuminated spot widens to the radius a1 with

λ
π

= +a a
z

a

4
. (6)1

2
0
2

2
1
2

2
0
2

In this paper we regard the beam radius as the radiuswhere the intensity has fallen by e4 (note that definitions of
beam radius differ in the literature). In our case =a 0.275 mm 0.264 mm1 , which is 90 times larger than in
Ashkinʼs andDziedzicʼs experiment [12] and 13 times larger than inCasnerʼs andDelvilleʼs experiment [14].
The beam sizes in the experiments of Sakai andAstrath et al [13, 15]were only 1.8 and 1.7 times smaller than
ours, but we used a large container of 10 cmdepth, whereas the vessel of Astrath et alwas only 8 mmdeep [15]
(Sakai et al [13] did not report their container size). In the appendix we show that a relatively wide beamand a
large container is required for theflowpattern (figure 2(b)) to emerge.

The light on the air–liquid interface deforms the surface of the liquid until the surface tension balances the
pressure of thefluid. If theAbrahammomentum is correct in describing the pressure, equation (4), the incident
light forms an indentation that follows the intensity profile and acts as a focusingmirror on the reflected light
(figure 1). As the surface tension is a long–range effect, the actually deformed area ismuch larger than the size of
the illuminated spot.We show in the appendix that themaximal depth of the indentation lies in the order of only
20 nm for the light powerwe used (maximally 1W/2.1 W for avoiding heating).We also show in the appendix
that the radius of curvatureR of the surface at the centre of the illuminated spot is proportional to the ratio of the
surface tension σ over the incident peak intensity I0. For aGaussian beam I0 is four times the incident power
divided by the beam area πa1

2.We thus obtain from theAbrahampressure of equation (4)

σ
π

= +
−

=R
n

n

c

I
I

P

a

1

1
,

4
. (7)

0
0

1
2

Wehavemeasured σwith aKrüss surface tensiometer and get σ = ± × − −(29.162 0.0299) 10 N m3 1 for oil and
σ = ± × − −(71.956 0.0278) 10 N m3 1 for water.We have alsomeasured the refractive indexwith aWAY-2S
digital Abbe refractometer and get =n 1.4666 for oil at 25 °C. The refractive index of water is n=1.3330.With
these numbers and themaximal powerP=1Wweobtain theminimal radius of curvatureR=2.76 mon oil, and
withP=2.1WaminimalR= 2.98 monwater. The radius a1 of the incident beam is too small and the radii of
curvatureR too large for fully overcoming the diffraction of the reflected light—the beamdoes not get fully
focused—but the beam radius expands less with the surface acting as amirror thanwithout it (figure 3).

Formeasuring how the light deforms the surface, we simply project the reflected light onto thewall of the
laboratory at optical distance =z 2.61 m2 from the surface, and record videos of the projected spot. Figure 4
shows a sample of our data.We observed that after opening the laser beam the spot radius shrinks during a time
of about 0.7 s/1.0 s for oil/water and then becomes stationary, apart fromfluctuations due to noise. Presumably,

Figure 2.Theory explaining two different regimes for a fluid to respond to a light beam (green line). In case (a) the optical gradient
force of the light increases the pressure in thefluid, but the light is not able to put the fluid intomotion (the light is too focused or the
container of thefluid too shallow). The pressure bulges the surface outward in agreementwithMinkowski’smomentumbalance of
equation (3). In case (b) the light is able tomove thefluid; thefigure shows the streamlines of theflow. The pressure at the surface is the
exact opposite of the pressure of the bottomwhere it is balanced by the optical pressure. The surface bends inward (figure 1) in
agreement with Abraham’smomentumbalance of equation (4).Note that in bothfigures the surface deformations are grossly
exaggerated formaking them visible.

4
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this is the time required for establishing theflowpattern (figure 2(b)). This natural time lag gives us the
opportunity of quantitatively comparing the theory with the experiment. Diffraction theory (see the appendix)
predicts the radius a of the projected beam,where

λ
π

= − +
+ −

a a z R
z z z z R

a
( 1 2 )

4 ( 2 )
. (8)2

0
2

2
2

2
1 2 1 2

2

2
0
2

From the recorded video frames of the projected light, we calculate the ratio η of the stationary over the initial
beam radius.We compare ηwith the ratio of the theoretical value a given by equation (8) for radius of curvature
according to equation (7) and the theoretical value for the flat surface given by equation (8) with → ∞R .

Figure 5 shows the results for varying power of the incident light. For each power valuewemeasured the
intensity profile over three runs,madefirst averages from0.7 s/1.0 s to 3 s over each run, followed by a second
average over the three runs, and extracted the beam radius by performing afit with aGaussian. The error bars are
obtained from statistical analysis.We see that the observed spot ratio η agrees well with our theoretical
prediction based on the Abrahammomentum. The intensity was chosen in order to avoid heating and hence
thermal expansion thatwould have the opposite effect than the experimentally inferred indentation of the
surface. The absorption coefficient of 532 nm light is low for the oil: × − −1.47 10 cm3 1 (measuredwith a Lambda
900 Spectrophotometer) and even lower for the purewater: × − −4.450 10 cm4 1. This indicates that thermal
effects are unlikely to have played a role in the surface deformation, because otherwise the times should have
been related to the absorption coefficients. Furthermore, not only havewe found qualitative evidence for the
Abrahammomentum atwork, we have found quantitative agreement for two different substances, whichwould
be difficult to explain by artefacts. Theory [18] shows (figure 2) that the Abrahamdeformation occurs in a

Figure 3. Focusing of light as the radiation pressure deforms the surface of the liquid. Initially the surface is flat; figure (a) illustrates the
reflection of the diffracting beam. The higher the intensity, the deeper the shade of green in thefigure. After about 1 s the surface is
deformed (figure A1) due to pressure created by the light–inducedflow (figure 2), forming a focusingmirror for the reflected light.
Figure b illustrates how thismirror decreases the diffraction of the reflected beam.

Figure 4.Measured beamprofile. The figure shows the profiles of the reflected beam recorded at different times.We usedwater
illuminatedwith an unfocused incident beamof 2 Wpower. The inset shows the raw data for t=0 s; the curves presentfits with
Gaussians normalised to the total number of pixels. One sees that the beam size decreases until a typical time of 1 s; after this time the
spot size is stationary.

5
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regimewhen the light is able to put the liquid intomotion. The velocities are in the order of 10 μm s−1 [18],
which is, however, very hard tomeasure.

Finally, we also performed control experiments wherewe focused the incident light tightly on thewater
surface. In this case we should reproduce the findings of the earlier experiments [12–15]. Indeed, we have
observed (figure 6) that the projected spot growswithin a short time, in the order of 0.1 s, and settles then to a
near-stationary size. The increase in the spot size points to a defocusing of the reflected beam caused by the
surface bulging outwards. This further rules out that the inward deformation observed for unfocused incident
light is caused by thermal effects in the fluid, as for focused light thosewould have been stronger, producing a
stronger dip of the surface. Instead, we observed the opposite, the optical effect of an outward bulge, which is
consistent with the previous experiments [12–15], i.e. with the transport of theMinkowskimomentum.

In conclusion, we have obtained experimental evidence, backed up by hydrodynamic theory [18], that the
momentum transfer of light influids is truly Janus–faced: theMinkowski or the Abrahammomentum can
emerge in similar experiments. TheAbrahammomentum, equation (2), emerges as the optomechanical
momentumwhen the fluid ismoving and theMinkowskimomentum, equation (1), when the light is too
focused or the container too small to set thefluid intomotion. Themomentumof light continues to
surprise [1, 36].

Figure 5.Experimental results comparedwith theory. For various values of the incident powerP of light, the ratio η of the stationary
and initial spot radii is plotted and comparedwith the theory.Within the error bars the experimental data are consistent with the
theoretical prediction based on the Abrahammomentumof light.

Figure 6.Control experiment. Beamprofile of the reflected light from a beam tightly focused on thewater surface with a beam radius
of 10 μmand 2.2 Wpower. The inset shows themeasured profile at 0 s. The curves present Gaussianfits with normalised intensity.
One sees that the reflected beam grows after a characteristic time in the order of 0.1 s and then reaches a near-stationary size until,
presumably, thermal effects become relevant.
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AppendixA

In our experiment we observed the subtle focusing effect of light reflected from the surface of liquids. The
surface seems to act as a focusingmirror that is deformed inwards, which qualitatively agrees with the Abraham
pressure of light. In order to prove that our experimental data are quantitatively consistent with theAbraham
deformation, we need to consider the complete beampropagation: the diffraction of the incident light from the
optical system to the surface, the phase shift due to the surface deformation and the propagation of the reflected
light to thewall of the laboratory wherewe observed it. In this appendix, we perform the required calculations of
the beampropagation and the surface deformation.Note that we do not consider themomentum transfer here
—this is done in [18] and summarised in appendix B—we already assume that theAbrahampressure is acting
upon the surface and calculate the consequences.

AGaussian light beam is sent through an optical system that sets the beamwidth to the radius a0 at a focus.
The light then propagates the distance z1 before it impinges on the surface of the liquidwhere it is reflected and
projected on thewall of the laboratory at distance z2. For calculating the light propagation, we need to determine
the incident beamprofilefirst. The incident light ismonochromatic, withwavelength λ, and linearly polarised.
We describe it by themode function u(x, y, z) that is proportional to the electric field strength averaged over an
optical cycle. The propagation of light in the z–direction is described, in paraxial approximation [41], by the
optical Schrödinger equation [41]

∂ + ∂ + ∂ =( )k u2 i 0 (A.1)z x y
2 2

where ∂x , ∂y, ∂z denote the derivatives with respect to the coordinates, and k is thewavenumberwith

π
λ

=k
2

. (A.2)

As the Schrödinger equation (A.1) conserves the norm,wemay require

∫ ∫ =
−∞

+∞

−∞

+∞
u x yd d 1. (A.3)2

The intensity of the incident light is then given by the power P as

=I P u . (A.4)2

One verifies that the followingGaussianmode function describes a solution of the propagation equation (A.1):

π
=

+
−

+
+

u
a z k

x y

a z k

1

( 4 i )
exp

2 2 i
. (A.5)

0
2

1

2 2

0
2

1

⎛
⎝⎜

⎞
⎠⎟

ThisGaussian is normalised at z=0 and, as it satisfies the propagation equation (A.1), remains normalised
throughout. At the surface of the liquidwe thus have theGaussian intensity profile

π
= −I

P

a

r

a

4
exp

4
. (A.6)

1
2

2

1
2

⎛
⎝⎜

⎞
⎠⎟

Fromequations (A.2) and (A.5)we get for the beam radius a1 the relation equation (6).Wehave thus determined
the intensity profile of the light impinging on the liquid. In our experiments we usedGaussian beams of
λ = 532 nm. For the experiment with oil, the beam radiuswas =a 0.165 mm0 and the propagation distance

=z 0.107 m1 , which gives a beam radius =a 0.275 mm1 . For the experiment with pure waterwe had
=a 0.175 mm0 and =z 0.102 m1 , which gives =a 0.264 mm1 .
The intensity profile (A.6) causes the pressure (4) on the surface of the fluid. The surface responds to the

pressure and reaches an equilibriumwhere the radiation pressure is balanced by the surface tension and the
weight of the liquid. Let h be the height of the surface, g the gravitational constant on Earth ( −9.80665 m s )2 , ρ
the density of the liquid and σ the surface tension between air and liquid. The equilibrium is governed by the
Young–Laplace equation [42], whichwe consider in the limit of small deformations:
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Δ ρ σ+ = ∂ + ∂( )p gh h. (A.7)a x y
2 2

This equation is easily solved by Fourier transformation:

∫ ∫
π

Δ
ρ σ

= −
+ +−∞

+∞

−∞

+∞ +


( )
h p

k k

g k k

1

(2 )

e d d
. (A.8)a

k x k y
x y

x y
2

i i

2 2

x y

Introducing polar coordinates with = +r x y2 2 2 and = +k k kx y
2 2 2 (not to be confusedwith reflection

coefficient r andwavenumber k), calculating the angular integral and using equation (4) for the radiation
pressure, we obtain

∫π ρ σ
=

−
+ +

∼∞
h

c

n n

n n
I k

J kr

g k
k k

1
( )

( )
d (A.9)1 2

1 2 0

0

2

in terms of the Bessel function J0 [43]. From equation (A.6) we obtain the Fourier–transformed intensity profile

=∼ −I P e . (A.10)a k 161
2 2

Figure A1 shows the deformation of the surface caused by aGaussian illumination. As the surface tension is long
range, the light indents the surface over amuchwider range than the illuminated spot. Outside of the spot we
may replace the intensity (A.4) by a delta function of integral P, so in expression (A.9)we replace the Fourier–
transformed intensity

∼
I k( )by =∼

I P(0) . Solving the remaining integral we obtain

π σ
ρ σ∼

−
+

≫( )h
P

c

n n

n n
K r g r afor (A.11)1 2

1 2
0 1

in terms of themodified Bessel function K x( )0 with the asymptotics π∼ −K x x x( ) (2 ) exp( )0 for large x [43].
Consider now the opposite case, the deformed surface at the illuminated spot.We calculate the height at the
centre using the fact that =J (0) 10 , and obtain for the resulting integral

π σ
Γ ϵ=

−
+

ϵh
P

c

n n

n n2
e (0, ) (A.12)0

1 2

1 2

in terms of the incomplete Gamma functionwith Γ ϵ γ ϵ∼ − −(0, ) ln and Eulerʼs constant γ [43], and the
parameter

ϵ
ρ

σ
= ≪

g a

16
1. (A.13)1

2

As Γ ϵ(0, ) is positive the height of the surface is negative, i.e. the surface has curved in as a consequence of the
Abrahampressure. At the centre of the spot h reaches itsminimal value and so ′h0, thefirst derivative of hwith
respect to r, vanishes at r=0. In order to calculate ″h0 , the second derivative of h at the centre, we use the
differential equation (A.7) for the surface deformation. In polar coordinates, the Laplacian is given by
∂ + ∂−r .r r

2 1 Thefirst termof the Laplacian at r=0 is ″h0 . For calculating the second term, ∂−r hr
1 for →r 0 we

need to take l’Hospitalʼs rule as ′h0 vanishes, and get ″h0 aswell.With this the Laplacian is simply ″h2 0 .We thus
obtain from the differential equation (A.7) and our previous result (A.12) for h0 the expression

Figure A1.Deformation h of the oil surface (in nm) along the radius r (inmm) from the centre of illumination. The grey curve shows
the asymptotics (A.11) outside of the illuminated spot of 0.275 mm.
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σ
ϵ Γ ϵ

σ
″ =

−
+

− ≈
−
+

ϵh
n n

n n

I

c

n n

n n

I

c
1 e (0, ) (A.14)0

2 1

2 1

0 2 1

2 1

0⎡⎣ ⎤⎦
where, according to equation (A.6), the peak intensity is given by

π
=I

P

a

4
. (A.15)0

1
2

Fitting a circle to h at the centre we see that the inverse of ″h0 gives the radius of curvature:

σ= ″ ≈
+
−

R h
n n

n n

c

I
1 (A.16)0

2 1

2 1 0

andhence equation (7). The radius of curvature is thus proportional to the ratio between the surface tension and
thepeak intensity. For oilwithmass density ρ = × −0.8 10 kg m3 3 and surface tension σ = × − −29.16 10 N m3 1

and for light ofmaximal powerP=1Wand spot radius =a 0.275 mm1 weget = −h 21.0 nm0 . Forwaterwith
massdensity ρ = × −1 10 kg m3 3 and surface tension σ = × − −71.956 10 N m3 1weget for themaximal power
P=2.1Wand the spot radius =a 0.264 mm1 a deformationof = −h 16.7 nm0 . The surface deformations are
therefore significantly smaller than thewavelengthof light andmost definitely smaller than the variations of the
flow,which justifies the assumptionwemadeof aflat interface.Weobtain for the correspondingminimal radii of
curvatureR=2.76 m for oil andR=2.98 m forwater.

Near the illuminated spot the deformed surface forms a spherical indentationwith radius of curvatureR
given by equation (7). This indentation acts as a sphericalmirror on the reflected light. As this focusingmirror is
a direct consequence of theAbrahampressure we call it anAbrahammirror. In the casewhere theMinkowski
momentumgoverns themechanical effect of the light, the surfacewould act as a defocusingmirror.We thus
have a simple way to discriminate between the two rivalling theories.

In the experiment, the reflected beam is projected on thewall of the laboratory after having propagated the
distance z2. Let us calculate the spot size of the beam reflected off the Abrahammirror. Consider first thefield
immediately after reflection.Within the regime of geometrical optics [41], the path differences of the reflected
light at different radii r are given by twice the height difference. The surface height in the illuminated area is
approximately +h r R(2 )0

2 , as the second derivative of r R(2 )2 with respect to r is the same as ″h0 . Themirror

thusmultiplies the transversalmode function (A.5) at =z z1with a factor of phase −kr R2 , and sowe have for
the light immediately after reflection off the surface

= −u u z
kr

R
( ) exp i . (A.17)1 1

2⎛
⎝⎜

⎞
⎠⎟

The reflected light then propagates in air with =n 11 the distance =z z2. The light is focused by the deformed
surface acting as a sphericalmirror, but the focusing is subtle (figure 3) as the illuminated spot is small compared
with the radius of curvature of themirror.We thus need to calculate the focusing fromdiffraction theory [41]
where the transversalmode function ru ( ) satisfies the propagation equation (A.1)with the initial condition
(A.17). One verifies that this is the case for the function

π
=

− +
−

+ +
− +

u
w

w z R z k

w k R x y

w z R z k

2

(1 2 ) 2i
exp

(1 i ) ( )

(1 2 ) 2i
(A.18)

2
1

2
1

2 2

2
1

⎡
⎣⎢

⎤
⎦⎥

with the beamparameter

= +w
a z

k2

2i
. (A.19)2 0

2
1

1

At distance z2 the diffracted light reaches thewall and the scattered light is observedwith a camera.We define the
spot size a as the radiuswhere the intensity ∣ ∣P u 2 has fallen by1 e4, which implies

R= +
− +a

w R

w z R z k

2 1 i

( 1 2 ) 2 i
. (A.20)

2

2

2
2 2 1

Using equations (A.2) and (A.19)we obtain after simplifications equation (8). For a flat surfacewewould get,
taking in equation (8) the limit → ∞R ,

λ
π

= +
+

∞a a
z z

a

4 ( )
. (A.21)2

0
2

2
1 2

2

2
0
2

It was observed in the experiment that it takes some time for the projected spot to shrink, which indicates that it
takes time for theflowpattern (figure 2) to establish itself. Identifying the initial spot size with ∞a and the
stationary spot sizewith awe can use the ratio η = ∞a a as a quantitativemeasure of the focusing effect of the
Abrahammirror and hence as a quantitativemeasure of theAbrahampressure.
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Appendix B

Themomentum transport of light emerges in the interplay between the optical forces and themechanical
response of thefluid; its theory is afluid-mechanical problem. This problemwas considered elsewhere [18], in
this appendix we briefly summarise themain findings and discuss their validity, in order to identify the
conditionswhen the Abrahamandwhen theMinkowskimomentum appears.

The liquid is described by the density ρ, the velocity profile u and the pressure p. The liquid is
incompressible, ρ = const, fromwhich follows the equation of continuity

 =u· 0. (B.1)

The dynamics of the fluid is governed by theNavier-Stokes equation [44]

  
ρ

ν∂ + = − +( )u u u up p( · )
1

(B.2)t opt
2

where ν denotes the kinematic viscosity [44]. The equations ofmotion have one trivial solution:

= =u 0 p p, (B.3)opt

where thefluid is notmoving at all, but building up pressure due to the dipole force of the light. At the surface of
the liquid the pressure acts against the surface tension, creating an outward bulge, in quantitative agreement with
momentum transfer à laMinkowski (figure 2(a)).However, fluid-mechanical theory [18] predicts another
solution that agrees with the transport of the Abrahammomentum (figure 2(b)). This solution is valid in the
regime of a creeping flowwherewe can ignore the inertia of the fluid.Mathematically, we ignore the non-linear
term u u( · ) in theNavier-Stokes equation (B.2). In this regime, friction dominates the behaviour of the fluid;
due to friction a stationaryflow emerges in response to the optical gradient force. Onefinds in cylindrical
coordinates [18]






ϱ ϱ ζ

ϱ ϱ ϱ ζ

ρν π ϱ ζ

= −

=

= −

= −

ϕ

u K

u

u K K

p
d

K

2
( )cos ,

0,

( )
2

( ) sin ,

( )cos (B.4)

r

z

0

0 1

B 0

⎜ ⎟
⎛
⎝

⎞
⎠

in terms of themodified Bessel functionsK0 andK1 [43] and the dimensionless coordinates

ζ π ϱ π= =
d

z
d

r, (B.5)

with d being the depth of the vessel. One verifies that equation (B.4) describes an exact solution, with no-slip
boundary conditions, of the continuity equation (B.1) and the linearizedNavier-Stokes equation (B.2), except at
r=0.Here the light beam creates an additional localized pressure [18]

ρν δ ζ= rp d2 ( )cos . (B.6)L
(2)

The two-dimensional delta function in equation (B.6) for the localized pressure is identifiedwith the extension
of the light beam. Requiring that pL compensates the optical pressure popt at the bottomof the container gives

ζ= −p p cos . (B.7)L opt

Since pL changes sign the pressure at the surface is the exact opposite of popt: Abrahamʼs pressure. Integrating
equations (B.6) and (B.7) and using equations (5) and (A.4)with norm (A.3) gives the characteristic velocity


ρν

= − −
+

n

n

P

dc

1

1
. (B.8)

One can intuitively understand  as the velocity a viscousfluid is set intomotion by the optical pressure popt
over the depth of the container—equating the friction νρ with the integral of the force density p dopt of

equation (5) gives equation (B.8) apart from a factor of two. The solution described by equations ((B.4)–(B.8)) is
consistent with our experiment, but in other experiments [12–15] the fluid apparently remained at the trivial
solution of equation (B.3).Why do seemingly similar experiments show such differentmodes of behaviour?

Let us discuss the validity conditions for the regime described by equations ((B.4)–(B.8)). First, we need to
require that the light beam ismuch narrower than the characteristic scale of theflowpattern that, as we see from
equation (B.5), is πd . Otherwise wewould not be able to identify the localised pressure, equation (B.6), with the
pressure caused by the light beam, equation (B.7). In our experiment, the container was 10 cmdeep and so the
beamwas about 120 times narrower than πd . In the experiment by Astrath et al [15], the container was 8 mm

10

New J. Phys. 17 (2015) 053035 L Zhang et al



deep, whereas the beamwas 0.15 mmwide, only 17 times narrower than πd . Presumably, in this experiment
(and possibly also in the experiment by Sakai et al [13]) the container was too shallow for developing the flow
pattern described by equations ((B.4)–(B.8)). Instead, the fluid resorted to the trivial solution (B.3) that gives
rise to theMinkowski pressure, as was observed in the experiment [15].

Second, it is instructive to characterize the flow in terms of the Reynolds number [44]

 π
ν ν πρ

= = −
+

Re
d n

n

P

c

1

1
. (B.9)

2

TheReynolds number gives an overallmeasure for the ratio of friction to inertia in the fluid. LowReynolds
numbers characterize the laminar flow assumed by linearizing theNavier-Stokes equation:

<Re 1. (B.10)

In our caseRe ranges from0.15 to 0.3 for powers P from1W to 2.1W forwater with ν = −0.01 cm s2 1 [44],
which justifies the laminar regimewe assumed. In the experiment byAstrath et al [15] the Reynolds number
is 0.8.

Note that even for a laminar flowwith <Re 1, nonlinearitymust play a role, because the velocity uz of
equation (B.4) diverges at r=0, as there [43]

ϱ γ ϱ ϱ ϱ∼ − − ∼K K( ) ln( 2) and ( ) 1. (B.11)0 1

Wecan only neglect the nonlinear term u u( · ) in theNavier-Stokes equation (B.2) outside of a characteristic
radius rNL. To estimate rNLwe equate u u( · ) with  ν ρ= −u pB

2 1 in the linearised approximation. As

∼u 0r we only pay attention to theflow in the z-direction. Consider the ratio of ∂u uz z z and ρ ∂− pz B
1 .We see

from equation (B.4) that this ratio ismaximal for ζ →sin 0. Requiring it to be unity at rNLwe obtain from
equations ((B.4)–(B.9)) and the asymptotics equation (B.11) of themodifiedBessel functions

π
γ

π
γ

= − − + + +

∼ − − −

r
d Re Re

Re

d

Re

2
exp

1 1 2

2

2
exp 1

1
. (B.12)

NL

⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠

In our experiment, rNL ranges from0.02 mm to 0.47 mm. In the nonlinear regime, viscosity is still important for
establishing the flowpattern of equation (B.4): the viscosity of the fluidmust turn the gradient force of light that
acts in the radial direction into aflowpredominately in the z-direction. To estimatewhether this is possible we
define another Reynolds-type number

ν
=Re

u r
(B.13)L

L NL

where uL denotes the characteristic velocity induced by light. This is the velocity of afluid particle if viscosity and
pressure would not act upon it, only the optical forcewill.We obtain themaximal velocity u assuming that the
entire potential energy density popt at the peak intensity I0 is converted into the kinetic energy density ρu 22 .We
get from equations (5) and (A.15)

π ρ
= −

+
u

a

n

n

P

c

4 1

1
. (B.14)

1

As themaximal velocity amounts to a substantial overestimation of the characteristic velocity, we drop the factor
4 and obtain, using equation (B.9) for the Reynolds number,

ν=u
a

Re (B.15)L
1

and thus

=Re
r

a
Re . (B.16)L

NL

1

In our experiment, wherewe applied unfocused light, the spot size a1 is larger or comparable with rNL and so
⩽Re 1L . However, for narrow light beams [12, 14]ReL significantly exceeds unity, which indicates that the

viscosity of thefluid cannot turn the applied optical forces into a laminar flow. The only stationary solution is the
trivial solution of equation (B.3) where thefluid does notmove, but reacts to the light by increasing its pressure,
in agreementwithMinkowski. On the other hand, if the fluid is able tomove the pressure is lowered, in
agreementwith Abraham [18].
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