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Abstract
Standard heatmachines (engine, heat pump, refrigerator) are composed of a system (working fluid)
coupled to at least two equilibriumbaths at different temperatures and periodically driven by an
external device (piston or rotor) sometimes called thework reservoir. The aimof this paper is to go
beyond this scheme by considering environments which are stationary but cannot be decomposed
into a few baths at thermal equilibrium. Such situations are important, for example in solar cells,
chemicalmachines in biology, various realizations of laser cooling or nanoscopicmachines driven by
laser radiation.We classify non-equilibriumbaths depending on their thermodynamic behavior and
show that the efficiency of heatmachines powered by them is limited by the generalized Carnot
bound.

1. Introduction

Quantum systems are rarely completely isolated from their environment, whose influence, positive or negative,
should be considered. The theory of the open quantum systemwas developed [1–7] to achieve this goal and in
particular to open theway to the study of quantumheatmachines, such as engines and refrigerators [8–16].
Thesemodels generally assume the interaction between a system and an environment composed of several
baths, each in thermal equilibrium, thereby termed heat baths. The efficiency of thesemachines is limited by the
Carnot bound, requiring at least two baths at different temperatures in order to extract work.

Nevertheless, there aremany examples in naturewhere at least part of the environment is not in thermal
equilibrium, such as sunlight, continuous laser radiation, biological cells, etc. Our goal is to establishmaximum
efficiency bounds, as well as to determine the output (work power or cooling power) of quantumheatmachines
operatingwith non-equilibriumbaths. Because the bath is not at thermal equilibrium, the second law does not
demand the presence of a second bath for work extraction.

We study amicro-ormesoscopic externally driven quantum system, theworking fluid, coupled to a large
environment. On the relevant time-scale, which is longer than the scales of driving and ofmicroscopic
irreversible processes, the basic parameters of the reservoir are constant, hence the reference state of the
environment is a stationary state. Such non-equlibrium stationary systems arewell known inmacroscopic
thermodynamics and are usually described in terms of local equilibriumwith space-dependent temperature,
density, pressure, fluid velocity etc [17].

However, there are important situationswhere the non-equilibrium character of the environment state is
not related to spatial non-homogeneity but rather to some internal properties of its state. For example, sunlight
at the Earthʼs surface is a rather homogeneous environment; the shape of its spectrum roughly corresponds to
the Planck distribution at the Sunʼs surface temperatureTs, but the photon density ismuch lower than the
equilibriumone, and the absorption in the atmosphere creates ‘holes’ in the spectrum.

Another example is a laser radiation [18] in a continuouswave operationmode. For the idealized single
mode situation it can be treated as a single quantumoscillator or even a classicalmonochromatic wave. For the
multimode casewith strong phase diffusion it acts on optically active centers like a non-equilibriumbath.
Biologicalmachines also provide examples of systems coupled to non-equilibriumbaths either of a chemical
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nature or consisting of photons or different types of excitons. Non-equilibrium effects are also found in strongly
coupled heatmachines. Both the hot and cold baths undergo amixing interaction, caused by their strong
coupling to the system, and effectively produce a non-equilibriumbath [19].

In section 2 a general theory of non-equilibriumquantumheatmachines, under the assumption of fast
periodic driving is presented. The theory is based on theMarkovianmaster equations (MMEs) derived using the
Davies idea of weak coupling limit [1] and Floquet theory [20]. This theory is consistent with thermodynamics
and yields aCarnot-like bound for the efficiency. In section 3 the physically important examples of stationary
non-equilibriumbosonic baths are given and their local temperatures for linear interactions are computed. In
thefinal section heatmachines based on two-level systems (TLSs) are studied. Different examples of non-
equilibriumbaths are given and they are classified according to their effects on heatmachine operation.

2.General theory of non-equilibriumquantumheatmachines

We study a large class of open quantum systemswith physicalHamiltonian t= +( ) ( )H t H tS S under the
assumption that the perturbation frequency p tW = 2 is comparable to or higher than the relevant
Hamiltonian Bohr frequencies. Such fast driving is typically provided by a strong coherent laser field and appears
in the thermodynamical approach to the theory of lasers [18, 21–23], various types of laser cooling [24, 25],
optomechanical devices [26], etc. Potential applications include new light harvesting systems, both of a
biological nature orman-made devices.

The theory of such systems, including the derivation ofMMEs and thermodynamical analysis, has been
presented in the unpublished tutorial [27] for the case of reservoir consisting of several independent heat baths.
The idea of extending these results to non-equilibriumbaths characterized by local temperatures has been
proposed in the unpublished note [28] referring to the ‘violation of Carnot bound’ for non-equilibriumbaths
discussed in [29]. Here, we present a complete theory of such systemswhich are used tomodel quantum
machines for the case of general stationary non-equilibriumbaths. In particular, the laws of thermodynamics are
derived and theCarnot-type bounds are obtained.

2.1.Master equations
Webeginwith a presentation of the canonical construction of theMarkovian dynamics for an open system
weakly coupled to a stationary, but generally non-equilibrium, environment. The special case of a periodically
driven quantumoptical system coupled to a photon bath at the vacuum state has already been discussed in [5].
The general theory has been developed in [30, 31] and applied in [13, 25, 32–35].

The system is assumed to be ‘small’ and described by the periodic in time physicalHamiltonian
t= +( ) ( )H t H tS S under the assumption that the perturbation frequency p tW = 2 is comparable to or

higher than the relevant temporal Bohr frequencies.We assume that theHamiltonian of the system already
contains all Lamb-like shifts induced by interactionwith the environment.

The system-bath interaction is parametrized as

å= Ä
a

a a ( )H S B , 1int

where aS and aB are hermitian operators of the system and bath, respectively.We sumover all the interactions
between the system and the bath. The environment (bath) is assumed to be a large quantum systemwith a
practically continuousHamiltonian spectrum. The initial state of the bath is stationary, r =[ ¯ ]H, 0,B B therefore
it is invariant with respect to the free dynamics of the bath generated by theHamiltonianHB. Equilibrium states,
r µ b-¯ eB

HB are just a subset of the stationary states. To justify theMarkovian approximation themulti-time
correlation functions of relevant observablesmust satisfy certainGaussian bounds [1] and a technical condition
á ñ =aB 0B holds, where á ñ B denotes the average over the bath state.We assume also, for simplicity, that the
cross-correlations between aB and bB vanish for a b¹ .

Applying the Floquet theory, one obtains the following decomposition of the associated unitary propagator
(we put  = 1)

 ò= - = -{ }( ) ( ) ( ) ( )¯U t H s s P texp i d e , 2
t

S
Ht

0

i

where t= +( ) ( )P t P t is a periodic function taking values in the set of unitary operators.  is the time ordering
operator [36] and H̄ is the averagedHamiltonian satisfying

t = t-( ) ( )¯U e . 3Hi
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The Floquet operator t( )U , and the averagedHamiltonian H̄ possess common eigenvectors f{ },k i.e.,

 f f t f f= = t-¯ ¯ ( ) ( )¯H U, e , 4k k k k k
i k

where { }k are called quasi-energies of the system. These properties imply a particular formof the Fourier
decomposition

å wº =a a
w

a
w-( )

{ }
( ) ( ) ( ) ¯ ( )†

¯

¯S t U t S U t S e , 5q
ti

q

q

where

  w w w= + W = - Î }{ } { } { } { }¯ ¯ ¯ ¯ ¯ ( )q q; , , 6q k l

i.e., it is a set of all sums of the relevant Bohr quasi-frequencies and allmultiplicities of themodulation frequency.
By w +{ ¯ }q wedenote the subset of w{ ¯ }q with non-negative relevant Bohr quasi-frequencies w̄.

The operators wa ( ¯ )S q are subject to relations

⎡⎣ ⎤⎦
w w

w w w

= -

=-

a a

a a

( ) ( )
( ) ( )

¯ ¯

¯ ¯ ¯ ¯ ( )

†
S S

H S S

,

, . 7

q q

q q q

Physically, the harmonics Wq correspond to the energy quanta which are exchangedwith the external periodic
driving.

Repeating the standard construction of theweak coupling generator in the interaction picture, one obtains

 å å=
a w

w
a

+
{ }

( )
¯

¯ , 8
q

q

with a single termdefined as

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

 r w w r w w r w

w w r w w r w

= +

+ - +

w
a

a a a a a

a a a a a

{
}

( )
( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

¯ ¯ ¯ ¯ ¯

¯ ¯ ¯ ¯ ¯ ( )

¯
† †

† †

G S S S S

G S S S S

1

2
, ,

, , . 9

q q q q q

q q q q q

q

The bath coupling spectrum is defined as

òw =a
w

a a
-¥

¥
( ) ( ) ( )G B t B te d , 10t

B
i

where =a a
-( )B t Be e .H t H ti iB B

For a given coupling spectrumone can introduce the notion of local temperature wa ( )T –a function of the
frequencyω and the observable aB defined by the formula (weput also ºk 1,B hence angular frequency, energy
and temperature have the same units)

w
w

º
-w w a

a

- a
( )
( )

( )( ) G

G
e . 11T

Notice that only in the case of the thermal bath the local temperature does not depend on the frequency and
the choice of aB and corresponds to the standard notion of temperature with the relation (11) being a direct
consequence of theKubo–Martin Schwinger (KMS) condition. The local temperatures can bemeasured by the
‘thermometers’with a single working frequencyω like, for example, TLSs or linearly coupled harmonic
oscillators. Upon ‘equilibration’with the non-equilibriumbath, the ratio between consecutive state populations
is r r = w w

+ +
- a ( )e .j j jj

T
1 1

Due to (7) and (11), the structure of the local generator (9) is the same as the generator obtained in theweak
coupling limit for the case of the systemwith theHamiltonian (w w¯ ¯ )H̄q coupled to the heat bath at the
temperature wa ( ¯ )T q [4, 5]. Hence, the corresponding local stationary state of the system possesses aGibbs-like
form [1]

r =w
a w w w- - a( ) ( )¯ ( )¯

¯ ¯ ¯ ¯Z e , 12H T1
q

q q

with the local temperature wa ( ¯ )T q corresponding to the coupling channel a w( ¯ ), .q The ‘renormalizing’ term w w¯ ¯q

in front of H̄ in theGibbs-like state takes into account the total energy exchange including Wq corresponding to
the external driving device. The properties (7) imply also that the generator (9) transforms independently the
diagonal and off-diagonal elements of ρ computed in the eigenbasis of H̄ .

3
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TheMME in the Schroedinger picture possesses the following structure

r
r= -

( )
[ ( ) ( )] ( )

t

t
H t t

d

d
i , 13S

sch
sch

where  r r=( ) ( ) ( )†t U t U t .Avery useful factorization property for the solution of (13)holds

 r r=( ) ( ) ( ) ( )t t e 0 , 14t
sch sch

which allows us to discuss separately the decoherence/dissipation effects described by  and the unitary
evolution ( )t .

2.2. The laws of thermodynamics
The structure ofMMEs derived above and the introduced notion of local temperatures allowus to formulate the
first and second law of thermodynamics in terms of energy, work, heat and entropy balance. The basic tool is the
following inequality valid for any LGKS generator with a stationary state r̄ [7] and arbitrary ρ

⎡⎣ ⎤⎦ r r r-( )¯ ( )Tr ln ln 0. 15

This inequality is used to showpositivity of entropy production under the assumption that the physical
entropy of the system S(t) is identifiedwith the vonNeumann entropy of its state in the Schroedinger or
interaction picture

r r= -( ) ( ( ) ( )) ( )S t t tTr ln . 16

The early application of (15) to derive the laws of thermodynamics for an open systemwith a constant
Hamiltonian coupled to several heat baths appeared in [7]. This ideawas extended to heat engines with slow
driving in [8] and recently to fast driving in unpublished notes [27]. Theseworks do not analyze the case of baths
out of equilibrium.

2.2.1. Entropy balance and local heat currents
In the case of fast driving there is no obvious definition of the temporal internal energy of the systembecause a
fast exchange of energy quanta Wq between the system and the external source of drivingmakes a temporal
partition of energy between both systems ambiguous. The situation is different for the entropy balance because
the entropy change is due to irreversible processes which are slowunder theweak system–bath coupling
assumption. Theweak coupling scheme yields the coarse-grained in time effective dynamics described by the
MME (13). This suggests the following definition of the local heat current wa ( ¯ )J q

⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥* r

w
w

w
w

r= =w
a

w
a

w
a( ) ( )( ) ( )

¯
¯

¯ ¯
¯

¯ ( ) ( )¯ ¯ ¯J t t H H tTr Tr , 17
q q

q q q

where r ( )t is the systemdensitymatrix in the interaction picture and according to (13) given by

r r=( ) ( ) ( )t e 0 . 18t

The local heat current is the energyflowbetween the system and the environment composed of the bath and the
external driving. It is themean value of the time derivative of the energy operator, exclusively due to the given
coupling channel. This action is described by theHeisenberg formof the relevant generator *w

a
¯q

applied to the

renormalized averagedHamiltonian
w

w
¯
¯

H̄
q

which takes into account the energy supplied or extracted by the

external driving. The fact that the state of the bath is stationary prevents thework exchange between the system
and the bath, which requires the change of the bath state.

The definitions above allowus to formulate the second lawwhich is again a consequence of (15) applied to
each single coupling channel

å å å å
w

s- =
a w

w
a

a a w
w
a

+ +
( ){ } { }

( )
( )

¯
( ) ( )

¯

¯

¯
¯t

S t
J t

T
t

d

d
0, 19

qq

q

q

q

where sw
a ( )¯ t 0

q
is an entropy production caused by a single coupling channel a w( ¯ ), q given by

⎡⎣ ⎤⎦ s r r r= -w
a

w
a

w
a( )( ) ( ) ( ) ¯ ( )¯ ¯ ¯t t tTr ln ln 0. 20

q q q

For the case of an environment composed of several independent heat baths, the equation (19) reduces to the
standard formof the second law for open systemswith usual temperatures.
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2.2.2. Steady state regime
Under natural ergodic conditions and due to (13), any initial state tends towards a limit cycle (orfixed point in
particular cases), i.e.,

r r r r t r = = + =( ) ¯ ( ) ( ) ¯ ( ) ¯ ( ) ¯ ( )†t t U t U t t , where 0. 21sch sch sch sch sch

Then the entropy r( ¯ ( ))S tsch is constant and in the formula for heat currents (17) the time dependence disappears
leading to the following expression


w
w

r=w
a

w
a( )¯ ¯

¯
¯ ¯ ( )¯ ¯J HTr . 22

q
q q

The second lawnowpossesses a simplified form

å å
wa w

w
a

a
+

( ){ }

¯

¯
( )

¯

¯J

T
0. 23

qq

q

The averaged internal energy of the system is constant in the limit cycle, and hencewe can use the total
energy conservation towrite thefirst law in the form

å å= -
a w

w
a

+
{ }

¯ ¯ ( )
¯

¯P J , 24
q

q

where P̄ is the stationary power and if it is negative, it is supplied to the source of external driving.

Remark 1.Each w
a
¯q
transforms diagonal (in the H̄ basis) elements of the densitymatrix into diagonal ones, and

the stationary state r̄ is diagonal. Therefore, the expressions for the stationary local heat currents and power
involve only diagonal elements and the ‘classical’ transition probabilities between them.

2.3. Carnot bound at steady state
In the steady state regime the incoming and outgoing heat currents can be defined as follows

⎡⎣ ⎤⎦å å= = -
a w

w
a

a w
w
a+

>

-

<w
a

w
a

+ +{ } { }{ } { }
¯ ¯ ¯ ¯ ( )( )

¯ ¯
¯

( )

¯ ¯
¯

¯ ¯

J J J J, . 25
J J, ; 0 , ; 0q q

q

q q

q

In the standard situation of hot and cold heat baths, the heat current alwaysflows from the hot to the cold one. In
contrast, here different coupling channels to a single non-equilibriumbath can produce incoming or outgoing
heat currents.

We can also introduce effective ‘hot/cold bath temperatures’ by averaging the inverse local temperatures
with theweights proportional to incoming/outgoing heat currents

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥å åw w

= =
a w

w
a

a a w

w
a

a
+

>
+ -

<
-

w
a

w
a

+ +{ } { }

¯
¯ ( )

¯
¯ ( )

( )( )
{ } ¯

( ) ( )
{ } ¯

( )T

J

J T T

J

J T

1 1
,

1 1
. 26

J q J q, ; 0 , ; 0q q

q

q q

q

Combining now (23)–(26) and the standard notion of efficiency of a heat engine one obtains the generalized
Carnot bound

h =
-

-
+

-

+

¯
¯ ( )( )

( )

( )
P

J

T

T
1 , 27

which again coincides with the standard one in the case of an environment composed of twoheat baths.

Remark 2.The derivation of theMMEpresented above is consistent only for the case of a stationary bath, i.e.
being in the reference state commutingwith the bathHamiltonian. This condition corresponds to the postulate
of random phases often used in quantum statisticalmechanics [37]. This postulate seems to bewell justified for
large bathswith various additionalmechanisms of phase diffusion usually not included in the simplified
HamiltonianHB (e.g. nonlinear effects in quantumoscillatormodels). However, if the experimental setting
allows us to control at least initial phases of the bath, a direct injection of work from the bath is possible, but this
effect is not included in the presented formalism.

Remark 3. In the derivation of theMMEwe assume that the bath average á ñ =aB 0 for all bath operators
entering the system–bath interactionHamiltonian. This can always be assumed for stationary baths becausewe
can replace aB by - á ña aB B and add the term á ña aB S to the systemHamiltonian (this is themean ‘external
potential’ produced by the bath). If the bath is in a time-dependent state, then the additional external potential
á ña a( )B t S can also be time-dependent and cause exchange of workwith the system.
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3. Examples of harmonic oscillator non-equilibriumbaths

Baths like electromagnetic radiation or vibrationmodes of amaterial are just a collection of independent
quantumoscillators with a quasi-continuous spectrumof frequencies [5]. Baths could also be composed of
fermions (e.g., spin-baths), but even then by suitable transformations (e.g. Holstein–PrimakoffHamiltonian)
they can often be approximated by bosonic baths. The bosonic bath freeHamiltonian is given by

⎡⎣ ⎤⎦åw d= =+ + ( )H b b b b, , . 28B
k

k k k k l kl

Inmost applications the bath operator that couples to the system is linear in creation and annihilation operators

å= + +{ }¯ ( )B g b g b . 29
k

k k k k

The state of the bath is assumed to be stationary and hence diagonal in the particle number basis. Then, the
coupling spectrum yields

⎧
⎨
⎪⎪

⎩
⎪⎪

⎫
⎬
⎪⎪

⎭
⎪⎪

å

å
w

d w w w

d w w w
=

+ - >

- <

( )
( )

( )

( )
( )G

g n

g n

1 , 0

, 0
, 30B

k
k k k

k
k k k

2

2

where r= +( )n b bTrk B k k is the k-mode population, and the upper (lower) line in (30) is the emission
(absorption) rate. The local temperature is given by

⎡
⎣⎢

⎤
⎦⎥

w
w

w
w

=

-

( )
( )

( )

( )T
G

G
ln

31B
B

B

or

w
w

=
+

w w- ( )
( )

( )( ) n

n
e

1
, 32TB

where w = å
å

d w w

d w w

-

-
( )

∣ ∣ ( )
∣ ∣ ( )

n
g n

g
k k k k

k k k

2

2 denotes the average population number for the frequencyω.

Aswe showbelow, the frequency dependence of the local temperature determines whetherwork can be
extracted from the single non-equilibriumbath.

3.0.1. Sunlight
The Sun is a thermal source, emitting thermal radiation at =T K6000 .s Due to geometrical considerations
[38, 39], just a small fraction of the emitted photons reach the Earth, reducing the effectivemode population and
thereby w l= -w -( ) [ ]n e 1 ,T 1s where l = ´ -2.5 10 5 is a geometric factor equal to the angle subtended by
the Sun seen from the Earth. Effectively, sunlight on Earth is out of equilibrium, and systemswith different
frequencies, will ‘equilibrate’ to different temperatures. Figure 1 shows the equilibration temperature, as a
function of the thermometerʼs frequency.Moreover, the atmosphere acts like afilter and produces amore
complicated shape of w( )n withmany ‘holes’.

Figure 1. Local temperature of a TLS coupled to sunlight. The continuous line corresponds to the case of thermal radiation at the
temperature of the Sunʼs surface T K6000 ,s while the dashed line relates to sunlight out of equilibriumdue to a geometrical factor,
l = ´ -2.5 10 5 (seemain text).
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3.0.2.Multimode laser radiation
Amultimode laser radiation in a continuouswave operationmodemay bemodeled as a bosonic bath at the
phase average, r̄ ,B of themultimode coherent state r ,B

r = ñá ñá = Ä∣ ∣ ∣ ∣ ( )†U Uvac vac , vac vac 0 0 , 33B z z
k

k k

where †Uz is the displacement operator

w= - ( ) ( )†U b U b z . 34z k z k k

Wenow average over the phases,

år r=
   

¯ ( )i i i i 35B
i

B

where ñ


∣i is just the energy basis of the bath freeHamiltonian.Notice, that in order to compute the local
temperaturewe do not need to compute explicitly the state r̄B but it is enough to compute the average
population number w( )n .k Therefore, we apply the unitarymap (34) to the particle number operator †b b ,k k

neglect the termswhich are not invariant with respect to phase rotation (called gauge transformation) and
compute the average of the remaining oneswith respect to the initial coherent state. The bath in this stationary,
phase averaged state, will not exchangeworkwith the system andwill drive the thermometer, with a single
working Bohr frequencyω, to aGibbs statewith the local temperature

w
w

w
=

+ -( )( )
∣ ( )∣

( )T
zln 1

, 36B
2

as follows from equations (31) and (32). For large w∣ ( )∣z (36) yields

w w w( ) ∣ ( )∣ ( )T z . 37B
2

Therefore, for a constant shift, z, for all themodes, the local temperature is a linearly increasing function of the
frequency.

3.0.3. Squeezed thermal bath
The state of a stationary squeezed thermal bath is the phase average (comparewith [29, 40]where a non-
stationary squeezed bath is used), r̄ ,B of the following densitymatrix

r = - - ( )†Z S Se , 38B r
H

r
1 TB eq

where Sr is the squeezing unitary operator defined by

w w= + +( ( )) ( ( )) ( )†S b S r b r bcosh sinh , 39r k r k k

and w( )r is the squeezing parameter for themodeω.
As for themultimode laser state, we assume that the bath is in a phase averaged state, see equation (35).

Similarly, we do not need to compute explicitly the state r̄B but only the average population number w( )n k

applying (39) to †b bk k and leaving the gauge invariant terms only. The local temperature is given by the
expression

⎡⎣ ⎤⎦
w

w

w w w
=

+ + +
-{ }( )

( )
( ) ( ) ( ( ))

( )T
n n rln 1 2 1 sinh

, 40B

eq eq
2

1

where w = -w -( ) [ ]n e 1 ,T
eq

1eq is themode populationwithout squeezing. In the high temperature limit,
w  1,

Teq

w
w+

( )
( ( ))

( )T
T

r1 sinh
. 41B

eq

2

Applying this result to amodifiedOtto cycle, where the hot bath is in a thermal squeezed state, the efficiency
bound (equation (27)), found in [29, 40] is recovered. For large r (40) reduces to

w
w

w + ( )( ) ( ) ( )T n
4

2 1 e . 42B
r

eq
2

The notion of local temperature explains themeaning of ‘violation of Carnot bound’ for the engine with a
squeezed hot bath observed in [29] (see [28]).
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4. TLS heatmachines coupled to different baths

In order to illustrate the particular properties of heatmachines powered by non-equlibrium stationary baths we
discuss the simplest implementation: a TLS-based systemdriven by the the diagonal periodic perturbation.We
compare different examples of baths and discuss various scenarios of work extraction.

Theworking fluid (TLS)Hamiltonian is the following

⎜ ⎟⎛
⎝

⎞
⎠w w

s
w

p
w= + +

W
=( )( ) ( ) ( ) ( )H t t t t

2
,

2
43o

z

with Paulimatrices s =i x y z; , , ,i and the conditions

 òw w =
p W

( ) ( )t t0, d 0. 44o
0

2

The coupling to the bath is combined in a single term

s= ( )H B 45xint

with a single coupling spectrum w( )G .
The averagedHamiltonian of the system coincides with the unperturbed one

w s=¯ ( )H
1

2
46o z

and therefore (compare Remark 1), to analyze the stationary case it is enough to use the rate equation for the
diagonalmatrix elements in theHo basis. The rate equation has the form

år w r w r w w= - - º + W
Î

( )˙ ( ) ( ) ( )P G G q, , 47ee
q Z

q q gg q ee q o

where rgg and r r= -1ee gg are populations of the ground and excited state, respectively. The probability

distribution x= =- ∣ ∣P Pq q q
2 is obtained from the Fourier series åò x=w- ¢ ¢

Î
- W( )

e e .
t t

q Z q
q ti d i

t

0

It follows immediately that the steady state population, r =˙ 0,ee ratio reads

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ 



å
å

r
r

w

w
= =

-
Î

Î

¯
¯

( )

( )
( )w

P G

P G
48ee

gg

q q q

q q q

which is just the expression for the detailed balance population for driven states. The local heat currents and
power defined by the general formulas (22), (24) reduce to

w
w w=

+
- -( )¯ ( ) ( ) ( )J

P

w
G G w

1
, 49q

q q
q q

å= -
Î

¯ ¯ ( )P J . 50
q Z

q

In (49) wq is the energy quantum exchanged between the bath and the system and the driving. The rest of the
equation is the rate of population flow.

Classification of non-equilibriumbaths
The functional dependence of w( )TB can be used to classify non-equilibriumbaths. It depends on the coupling
channel composed of the bath state, coupling to the system and frequency. Using equations (48) and (49)we can
write the expression for power supplied to the system as


å w w= - W -w w w w-

> Î

- -( ) ( )
{ }

¯ ( ) ( ) ( )( ) ( )P z q q P P G G e e , 51
q q

q q q q
T T1

1 2
q B q q B q

1 2

1 2 1 2
2 2 1 1

where

⎡⎣ ⎤⎦


å w= + w w

Î

-( ) ( )( )z P G 1 e . 52
q

q q
Tq B q

A sufficient condition

w w w w> >{ }( ) ( ) ( )T T q q, for , 53q B q q B q 1 22 2 1 1

assures that <P̄ 0 and hence the engine extracts work from the bath.
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4.0.4. Non-equilibrium but passive

Wedefine the passivity function as w w wº
w

( ) ( ( ))f T .B
d

d
According to (51) if for all frequencies w >( )f 0, no

work can be extracted.We term such coupling channels as passive. This is in analogy to passive states [35, 41–43]
which do not allow forwork extraction by unitary transformations. Here, the transformation is non-unitary due
to the presence of a bath; nevertheless, work extraction is still not allowed. Previous examples, based on linear
coupling to bosonic baths, are passive if we consider only frequency independent deformations of a thermal bath
(constant filtering, displacement or squeezing). From equation (51)we deduce that work extracted from a single
non-equilibriumbath depends on the coupling spectrum shape and requires the passivity function w( )f to be
negative in some ranges of frequencies.

4.0.5. Two equilibrium baths as a single non-equilibrium one
As afirst example of a non-passive bath, we consider the TLS quantumheat enginewhere theworking fluid
interacts with two independent baths at equilibrium (hot and cold). The coupling operator = +B B Bh c is a
sumof two termswith negligible cross-correlations. Due to a generic cross-talking between baths induced by the
system–bath coupling, we can treat them as a single non-equilibriumbathwith a continuous local temperature
function obtained from the coupling spectrumbeing a sumof two bath spectra. Therefore, the local temperature
of this composed bath satisfies the following relation

 w
w w

w
w w

w w w=
+

+
+

= - +w w
w w

w w-
- -

- -( )
( ) ( )

( )
( ) ( )

( ( )) ( ) ( )( ) G

G G

G

G G
m m me

e e
e 1 e , 0 1,T

T h

h c

T c

h c
T TB

h c
h c

wherewe use the fact that both baths are in equilibrium and the standardKMS condition holds. The effective
Boltzmann factor is aweighted average of twoBoltzmann ones, where theweights depend on the strength of the
workingfluid coupled to each bath at the given frequency. Therefore,  w( )T T T .h B c For the sake of
simplicity, we assume that the bath coupling spectrumoverlapswith only two harmonic frequencies
(w w>q q1 2

). As shown in [34] this condition is required in order to achieve high efficiency.Work extraction

requires the hot bath being coupledmore strongly to the high frequencymode ( w w( ) ( )G Gh
q

c
q1 1
) and the

opposite for the low frequencymode ( w w( ) ( )G Gh
q

c
q2 2

) [34]. The efficiency of the engine is given by the
Carnot-type formula

h
w

w
= - -

( )
( )

T

T

T

T
1 1 .

B q

B q

c

h

2

1

The extreme case, where the engine reaches themaximumefficiency, theCarnot bound, is when the baths are
spectrally separated, i.e. w ( )T TB q h1

and w ( )T TB q c2
. This example, called in [34] universal quantum

machine, provides the closest analog to the standard heatmachine alternately coupled to a hot and a cold bath.

4.0.6. An example of a non-equilibrium and non-passive bosonic bath
As shown above, frequency independent deformation of a thermal bosonic bathwith linear coupling, creates
passive baths. Therefore, work extraction requires the use of ‘selective’ transformations. As an illustrationwe
analyze the case where the deviation from equilibrium is obtained through selective filters. This scenario can be
implemented in optical setups, where the photon bath is ‘filtered’with the use of opticalfilters. Other possible
deviations from equilibriummay be obtained by other transformations, such as displacement or squeezing, but
its detailed analysis is beyond the scope of this work. In order not to contradict the second law of
thermodynamics, which forbids work extraction from a single thermal bath, this selective filter should involve
the presence of other baths, non-equilibriumprocesses or a hiddenwork injection.

Assume a single bosonic bath at the equilibrium temperatureTeq and linearly coupled to the system. If a
selectivefilter, l w( ), is applied, the local temperature satisfies

l w w
l w w

=
+

w w- ( ) ( )
( ) ( )

( )( ) n

n
e

1
, 54T eq

eq

B

with w = -w -( ) ( )n e 1 .T
eq

1eq What are the conditions required for thisfilter to allowwork extraction?
Consider again the bath coupling spectrumwhich overlaps with only two harmonic frequencies w w,q q1 2

with >q q .1 2 Assume thatwe reduce the population of themode w l w <( ( ) )1q q2 2
, andwe do notfilter the other

mode l w =( ( ) )1 .q1
In order to allowwork extraction ( <P̄ 0, see equation (51)), thefilter should satisfy the

following condition

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

l w < <W
w

w

-( )
( ) e 1.q

sinh

sinh

q q

T

q

T

q

T

2

2 1

2 eq

2
2 eq

1
2 eq
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As paradoxical itmay sound, by reducing a specificmode population, we can extract work froma single thermal
bath! Thefiltering lowers the effective temperature w( )T ,B q2

reducing the excitations that are emitted to this
mode, and ‘saving’ energy, which is ultimately transformed intowork. The efficiency of thismachine is bounded
by a generalizedCarnot limit

h
w

=
-

-
¯

¯
( )P

J

T

T
1 ,

H

B q

eq

2

whereTeq and w( )TB q2
play the role of the effective hot and cold bath temperature, respectively.

4.0.7. Deviation from equilibrium of an engineered bath
Using the selective filtering introduced in the last section, we can engineer a non-equilibriumbosonic bath from
an equilibriumone, and characterize its deviation from equilibriumby the parameter

l w= - ( )D 1 .q2

For the equilibriumbathD= 0, andwhenwe start reducing the population of themodes with frequencies
around w ,q2

the bathwill go away from equilibrium, producing somenon-equilibrium effects, such as frequency
dependent equilibration temperature. Nevertheless, work extractionwill be possible only when the bath is far
enough from equilibrium, i.e.

w> -w w( )( ) ( )D n e e . 55q
T T

eq
q q

1
1 eq 2 eq

When the deviation from equilibrium increases, the local temperature of the lower frequencymode reduces and
the efficiency of the quantumheat engine rises. For <D 0 the bath is also out of equilibrium. But, in this case,
instead of themode population reducing, it is being increased by some externalmechanism (for example,
selective concentration of light). The equilibration temperature of the systemwill depend on the frequency, but
for <D 0, work cannot be extracted. Again, paradoxically, the increase of energy in ‘incorrectmodes’ reduces
the possibility of work extraction. The bath is taken away from thermal equilibrium, but in the ‘opposite
direction’ to that leading towork extraction.

5. Conclusions

We showed that quantummachines weakly coupled to a single non-equilibrium stationary environment, and
subject to fast periodic driving bywork reservoirs, can be described by the thermodynamical principles and
boundswhich are very similar to the standard ones if only the definitions of the basic notions, which are
consistent with thermodynamics, are used. In particular, the notion of local temperaturewhich depends not
only on the state of environment but also on the formof system–environment coupling is crucial.

The developed non-equilibrium theoretical frameworkmay be used also to describe the standard heat
enginemodel with two thermal baths including cross-talking effects. Suchmachines can be effectively treated as
coupled to a single non-equilibriumbath.

Starting from a bosonic thermal bathwe showed how to obtain non-equilibriumbaths by using different
engineeringmethods such as filtering, energy concentration, displacement or squezeeing operations.We
discovered that such non-equilibriumbathsmay be divided into two different types: (i)Passive, which equilibrate
systems to different temperatures depending on their working frequencies but cannot drive heat engines. Such
baths can be obtained by frequency independent transformations of equilibriumones. (ii)Non-passive, which,
besides producing local equilibration temperatures, allowwork extraction froma single bath and, in the case of
bosonic reservoirs, can be engineered by frequency dependent transformations of equilibrium states. They are
also farther away from equilibrium than passive baths.

A casewhere a non-equilibriumbath is not stationary but, for example, is also perturbed by an external
periodic driving is another interesting topicwith possible applications. A natural example is a spin-1/2 coupled
to a spin-bath, both periodically perturbed by an externalmagnetic field. It seems that the theory presented
above can be extended to these cases aswell.
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