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Abstract. We study in the inviscid limit the global energy dissipation of Leray solutions of
incompressible Navier-Stokes on the torus T¢, assuming that the solutions have norms for Besov
space BS'*°(T%), o € (0, 1], that are bounded in the L3-sense in time, uniformly in viscosity. We
establish an upper bound on energy dissipation of the form O(v(37=1/(e+1)) 'vanishing as v — 0
if o > 1/3. A consequence is that Onsager-type “quasi-singularities” are required in the Leray
solutions, even if the total energy dissipation vanishes in the limit v — 0, as long as it does so
sufficiently slowly. We also give two sufficient conditions which guarantee the existence of limiting
weak Euler solutions u which satisfy a local energy balance with possible anomalous dissipation due
to inertial-range energy cascade in the Leray solutions. For o € (1/3,1) the anomalous dissipation
vanishes and the weak Euler solutions may be spatially “rough” but conserve energy.

1. Introduction

In a 1949 paper on turbulence in incompressible fluids [1], L. Onsager announced a result
that spatial Holder exponents < 1/3 are required of the velocity field for anomalous turbulent
dissipation (that is, energy dissipation non-vanishing in the limit of zero viscosity). Onsager’s
original statement and most subsequent work [2, 3, 4, 5| 16, [7, [8, 9, [10] have involved the
conjecture that the velocity field in the limit of infinite Reynolds number is a weak (distributional)
solution of the incompressible Euler equations. In this short paper we show that the arguments
employed to prove Onsager’s claim about weak Euler solutions apply as well to Leray’s solutions
of the incompressible Navier-Stokes equation and can be used to prove a theorem that “quasi-
singularities” are required in those solutions in order to account for anomalous energy dissipation.
In fact, such consequences follow even if the energy dissipation is vanishing in the limit of zero

viscosity, as long as it goes to zero as slowly as ~ v for some « € (0, 1). In that case, we show that

14+«

3o, Which are

the Navier-Stokes solutions cannot have Besov norms, above a critical smoothness
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bounded uniformly in viscosity. This observation is important because empirical studies (e.g. see
Remark 4 below) cannot distinguish in principle between a dissipation rate which is independent of
viscosity and one which is vanishing sufficiently slowly. Our results thus considerably strengthen
the conclusion that quasi-singularities are necessary to account for the enhanced energy dissipation
rates observed in turbulent flow. No assumption need be made in our proof about existence of
limiting Euler solutions, but weak Euler solutions do arise as v — 0 limits of the Leray solutions
if some further natural conditions are satisfied.

Let vw¥ € L°([0,T]; L*(T%)) N L*([0,T]; H*(T?)) for v > 0 be Leray solutions of the
incompressible Navier-Stokes equations satisfying

O’ + V- (v @u”) =-=Vp”" +vAu” + f, (1

V.-u” =0, 2)

in the sense of distributions on T¢ x [0, T'], with solenoidal initial conditions u" |;—o = u} € L*(T¢)
and solenoidal body forcing f* € L?([0,T]; L?*(T?)). A fundamental property of these solutions,
first obtained by Leray [11]], is the global energy inequality, which states that viscous energy

dissipation cannot exceed the loss of energy by the flow plus the energy input by external force.
This property may be reformulated as a global balance of kinetic energy:

T
/ / "I dedt = / |u0|2dx——/ |u” (- )|2dx+/ /u”-f” dzdt, 3)
Td 0 Td

for almost every 7" > 0, where the total energy dissipation rate is
e[u’] == v|Vu"|> + Du"] 4)

with D[u"”] a non-negative distribution (Radon measure) that represents dissipation due to possible
Leray singularities. See Duchon-Robert [4] and the proof of our Lemma 1. Our main result is then:

Theorem 1 Let v” € L>=([0,T]; L*>(T¢)) N L?([0,T]; H*(T%)) for v > 0 be any Leray solutions
of incompressible Navier-Stokes equations on T x [0, T| with initial data vl € B3> (T?), and
forcing f¥ € L*(|0,T); By*(T%)) for some o € (0, 1]. Suppose that:

/ /Td I dedt > v°L(v),  a€0,1) (5)

where L : R™ — R*" is a function slowly-varying at v = 0 in the sense of Kuramata [12], i.e. so
that lim,_,o L(Av)/L(v) = 1 for any X > 0. Then, for any ¢ > 0, the family {u"},~¢ of Leray
solutions cannot have norms HUVHLg([O7T};Bga+e,oo(Td)) with 0, := 3+2 € [1/3,1) that are bounded
uniformly in v > 0.

Theorem [I|follows easily from the following lemma:

Lemma 1 Let {u"},~¢ be a family of Leray solutions with o, uf, and f* as in Theorem Assume
that v¥ € L3([0,T]; By *(T%)) with all the above Besov norms bounded, uniformly in viscosity.
Then, for a.e. T' > 0, the energy dissipation is bounded for some v-independent constant C' by:

/ / Y| dzdt < Cv'oot . (6)
Td

Page 2 of 18
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To see that Theorem [I] follows from Lemma [I} note that if for any ¢ > 0, u” €
L3([0, T); B§**“°°(T%)) with norms bounded uniformly in viscosity, then the inequality (6)
together with (3)) implies:

a2
L(v) < Cvaraa, (7)

Since a € [0,1), the exponent in the power-law on the righthand side of (7)) is positive. This
obviously leads to a contradiction since lim, o v ?L(v) = 400 for L slowly varying at v = 0 and
for any p > 0.

In the context of Lemma |1} we note that that if o € [1/3, 1] then Theorem 6.1 of [5] implies
that D[u”] = 0 and energy dissipation arises entirely from viscosity. The proof of this fact for
o > 1/3 and fixed v > 0 follows easily by the Constantin-E-Titi commutator argument [J3]]
for weak solutions, after taking into account the Leray-Hopf regularity L2(0,7; H'(T?)). We
conjecture that our Theorem 1 is optimal for space dimensions d > 2 in the sense that, for some
a € [0, 1), there should exist sequences of Leray solutions of Navier-Stokes u” for v > 0 that are
uniformly bounded in L3([0, T]; B>~ “*°(T¢)) with any ¢ > 0 and for which the lower bound (3)
on dissipation holds as an asymptotic equality for v — 0. The case d = 2 is different, because
of the absence of vortex-stretching. This implies strong bounds on enstrophy for Leray solutions
in d = 2, even with initial vorticity wy € LP only for p < 2, and an essential improvement of the
energy dissipation bounds in our Lemma 1 for d = 2 [13]].

Remark 1 The main condition on uniform Besov regularity in Lemmal[T]is physically natural. The

Besov space B7>°(T?) is made up of measurable functions f : T¢ — R? which are finite in the

i g fe+r)—=f0)]|a
[ flBge(ray = | fllzo(rey + sup [t ) . Ol
re(0,1)4 7]

norm

®)

forp > 1and 0 € (0,1). See [37]], section 3.5. These spaces can be equivalently explained
in a way more familiar to fluid dynamicists by using structure functions. The pth—order structure
functions S} (r) of spatial velocity-increments 0u” (r; x,t) := u”(z+r,t) —u”(x, t) may be defined
as usual by S¥(r,t) := (|ou”(r,t)|"), where (-) denotes space average over = € T. The velocity
field belongs to the Besov space B> (T?) for p > 1, o € (0,1) at time ¢ if and only if

Cp
(I (- O) < Colt) s;;<r,t>s01<t>‘é VI < 4 ©)

with ¢, = op and then the optimal constants Cyy(¢), C;(¢) > 0 in these upper bounds define a norm
for the Besov space By>°(T“) by the identification ||u” (-, t)|| gz (pay := [Co(t) + C1(t)]"/?. E.g.
see [14]. Here any choice of length-scale ¢, > 0 defines the same function space Bg’oo(']I‘d) but
for a physical identification of the constant C(¢) as the “amplitude” of an inertial-range scaling
law, one must take ¢ to be the integral-length of the turbulent flow and independent of v > 0. The
uniform boundedness of the family {u"},~o in L?([0, T]; B3>°(T*)) is equivalent to the condition
that coefficients Cy(¢), C'(t) independent of > 0 should exist so that the bounds (9) are satisfied
fora.e. t € [0,7] and fOT dt [Co(t) + Ci1(t)] < oo. The Theoremand Lemmaapply a fortiori



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - NON-103119.R1

Onsager’s Singularity Theory 4

to solution spaces L?([0, T, B3>°(T?)) with any p > 3 and not only to p = 3. As a consequence,
energy dissipation vanishing with v — 0 as slowly as (5) (or possibly not vanishing at all for
a = 0), implies ¢, < (},:—2) p for p > 3 as a constraint on possible structure-function scaling
exponents in the inertial-range of any turbulent flow with enhanced dissipation of the form (5.
This inequality is a precise statement on “quasi-singularities” in the sequence of Leray solutions,
in order to be consistent with the observed slow decrease of energy dissipation as v — 0. The
Navier-Stokes solutions (barring possible true, Leray-type singularities) are spatially C'*° for any
v > 0, but they cannot possess smoothness of the form (9) that is uniform in viscosity. The primary
physical motivation of our result is turbulence in space dimensions d > 2, where a forward energy
cascade is expected. However our theorem has some implications even for d = 2. For example,
reference [13] considers Navier-Stokes solutions with initial vorticity wy € LP(T?), p € (1, 2] and
obtains an upper bound on energy dissipation of the form (const.)v* for o, := % € (0,1],
vanishing as v — 0. If this is the actual scaling of the dissipation for p < 3/2, the Onsager critical
value of p for d = 2, then our Theorem |[I| implies that the family {u"},~( cannot be uniformly

bounded in L*([0, T; B3 (T?)) with 0, = 22=2 € (1/2,1).

Remark 2 A small but useful technical improvement of Theorem [I] can be easily provided by
sharpening the spaces considered. First, recall that energy conservation for weak solutions of
the Euler equations holds provided that u € B§/3’““ (T%), a subspace of B§/3’O°(Td) that can be
defined as follow

7,C0 ) . ”f( + T) - f(')HLP(Td)
B (T%) = {f € LP(T?) : lim - =0, (10)
|r|—0 |T|
See [13)]. Note that B;f/po(Td) C By (T%) c B7>*(TY) for any o’ > 0. Define also
g - ’ q :LP
L0, T; B (T%)) = {f € L(0.T: L(T) - lim I7C+7) {<|)||L T _ o
r|—0 re
(11)

Theorem |l| then holds in a form in which one replaces all instances of B, with By
and the conclusion reads that the family {u"},~o of Leray solutions cannot have norms
[l L3 o,77; 8700 (pay) With 0o = st € [1/3,1). Note that the spaces B3 allow us to remove
the “€” appearing in the theorem statement. The proof is almost identical and therefore omitted.

We are grateful to the anonymous referee for this remark.

We emphasize again that we do not need to assume that any ‘“‘singular” or “rough” Euler
solutions exist in order to draw these conclusions. However, under reasonable additional
conditions, weak Euler solutions will exist as inviscid limits of the Leray solutions. For example:

Theorem 2 Let v* € L>=([0,T]; L*(T¢)) N L*([0,T]; H(T%)) be any Leray solutions of
incompressible Navier-Stokes equations with v > 0 on T? x [0, T}, for initial data v} € L*(T¢)
and forcing ¥ € L*([0,T]; L*(T%)), and assume either:
(i) For some o € (0,1 the family {u"},~o is uniformly bounded in
L3([0,T); BS™(T?)), and that f* — f strongly in L*([0,T); L*>(T?)) as v — 0F. Let u
then be any strong limit of a subsequence u”* € L3([0,T]; L3(T?)).

Page 4 of 18
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(ii) w’ € L3([0,T); L3(T?)) with norms bounded uniformly in viscosity and
furthermore, that weak convergence as v — 0 holds for a full-measure set of times:

W) S, (@Ee)(,0) = e, (8 = (1) aete[0,T]
(12)

Then u is a weak Euler solution which also satisfies, in the sense of distributions, the balance

O, (%W) + V- [(%W —i—p) u] =—Du]+u-f (13)

on T x [0, T, with D[u] the distributional limit of nonlinear “energy flux” for the Leray solutions:
P Rt v
Diu] := Dz_}(l)m Dylém Iy [u”]. (14)

See definition (@) below. In particular, D[u] = 0 and energy conservation holds if o > 1/3.
Furthermore, under the condition (i)
— 1 v
Dlu] = D,,_}%)m elu], (15)
where total dissipation measure c[u”] for Leray solutions is defined in (EI), and u €

L3([0,T); By ““(T%)) for any ¢ > 0. Thus, D[u] = 0 and local energy conservation holds when
o€ (1/3,1].

Remark 3 We owe the first condition of Theorem [2| to P. Isett [15], reproduced here with
permission. In particular, he pointed out that uniform boundedness of a family of weak Navier-
Stokes solutions {u"”},~¢ in L?([0, T]; By *°(T¢)) guarantees strong pre-compactness in L?(T9 x
[0,7]) by the Aubin-Lions-Simon Lemma (see also [[16]). Isett pointed out to us [17] that the
uniform boundedness assumed in Lemma|I|allows such an argument also for p = 3. In the physical
application this means that if energy dissipation is bounded below as in (5) but if also {u"},~ is
uniformly bounded in L3([0, T; By*~“*°(T?)) for any ¢ > 0, then a limit Euler solution u will
exist. Moreover, the limit will possess some spatial Besov regularity with exponent o, — € but not
a priori with a higher exponent o, + € for any € > 0. See Remark [6] below.

The second part of the theorem slightly generalizes recent results of Constantin & Vicol
[18] for wall-bounded domains €. There, it is proved that if v — wu weakly in L?(Q) for
a.e. t and if a second-order structure function S(r) defined as in our Remark 1 (but also time-
averaged) satisfies an inertial-range scaling bound like (9)), then u is a weak solution to the Euler
equations (see Theorem 3.1 of [18]). Recently, the condition on weak-convergence at a.e. time
t was removed in [31] in favor of assuming a structure function bound within a more precise
“inertial range”. Also, as pointed out in [18]], Remark 3.4, this condition may be removed by
assuming a bound on the space-time structure function defined by S)(r,s) = ((|ou”(r,s)[P)),
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where du” (r, s; x,t) = u”(x+r,t+s) —u”(z,t) are space-time increments and where ((-)) denotes
the space-time average over (x,t) € 2 x [0, T. Specifically, it is assumed in [18]] for p = 2 that

r

lo

S

p
(luPY) < Co Sy(r,s) <G { + . } , V) <r| <ty T(v) <s<t, (16)
0

with some (, > 0, v-independent constants Cy, C; > 0, and any scales 1(v), 7(v) converging
to 0 as v — 0. If the bound is assumed to hold for n(v) = 7(v) = 0, then is the
uniform regularity statement sup,,.q [|v”|| g3 xjo,r)) < 00 for some o € (0, 1) and compactness
in L*(Q2 x [0,T]) with the strong topology is immediately implied by the Kolmogorov—Riesz
theorem [[19]). Thus, subsequences v}, — 0 always exist for which u** — u strongly in L? and the
limit function u is automatically a weak Euler solution. We could likewise replace the condition
(i) at each time slice in Theorem 2] by the assumption that holds for p = 3, i.e. uniform third-
order space-time structure function bounds in the inertial range, and take u to be any weak limit
point of u” € L3(0,T; L3(T?)). Furthermore, the limiting Euler solution inherits the space-time
regularity u € B7*(Q x [0, T]) by an argument similar to that in Remark 6]

An earlier theorem giving conditions for convergence of Navier-Stokes solutions to weak
Euler solutions satisfying a global energy inequality is proved in the work of Chen & Glimm [20].
Their sufficient conditions involve the time-average energy spectrum, or p = 2, because all terms
of the energy balance that are cubic in the velocity vanish when integrated over space.

Remark 4 It is worthwhile to review briefly here the empirical evidence regarding the global
energy dissipation rate in boundary-free turbulent flow. Numerical simulations of Fourier-truncated
Navier-Stokes dynamics by pseudo-spectral method in a periodic box correspond mostly closely
to the conditions of our Theorem Free-decay simulations with body-force f* = 0 such as
[21, 22] do show a non-vanishing energy flux in the inertial-range, consistent with D[u] > 0 as
defined in (T4), but there seems to have been no systematic study of the dependence of space-
average (¢”(t)) upon v = 1/Re in such simulations. Forced simulations with very smooth (large-
scale) forces f [23| 24] provide the best evidence for a space-time average (¢”) which is nearly
independent of v = 1/Re as Re — oo. These simulations are nominally “long-time steady-states”
with 7" — oo, but in practice the time-averages are performed only over several large-eddy turnover
times, so that our Theorem |1| applies. Given the data plotted in Fig. 1 of [23] or Fig. 3 of [24] a
reasonable inference is that the dissipation rate does not vanish as Re — oo, or vanishes only
weakly with viscosity. Accepting this as an empirical fact, our Theorem [I|for p = oo implies that
Onsager’s prediction of Holder exponents 2 < 1/3 [1] remains valid as a statement about “quasi-
singularities” of Leray solutions. If any of the reasonable conditions in the Theorem [2] hold as
well, then Onsager’s conjecture on weak Euler solutions remains true, even if the dissipation rate
is vanishing weakly as v — 0. In the latter case the Euler solutions may be spatially “singular”
or “rough”, but conserve energy. It should be emphasized that the Euler singularities inferred
by this argument need not develop in finite time from smooth initial data. A standard practice
in such numerical simulations is the initialization u”(-,0) = u”'(-,T") of the simulation at high
Re by the final state at time 7" of a smaller Reynolds-number Re’ < Re simulation performed

Page 6 of 18
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at lower resolution, interpolated onto the finer grid of the Re-simulation (e.g. see p.L21 of [24]).
This practice of “nested” initialization means that initial conditions «” (-, 0) have Kolmogorov-type
spectra over increasing ranges of scales as v decreases and do not correspond to uniformly smooth
initial data.

Similar remarks apply to studies of dissipation rates in boundary-free flows by laboratory
experiment. The most common experiments study turbulence produced downstream of wire-mesh
grids in wind-tunnels or turbulent wakes generated by flows past other solid obstacles, such as
plates, cylinders, etc. [25, 26| 27]]. These experiments measure the time-averaged kinetic energy
(1/2)(Ju”(x,-)|*) at distances = down-stream of the obstacle. If the data are reinterpreted by
“Taylor’s hypothesis™ as space-averages (1/2)(|u”(-,t)|?) at times ¢t = /U, with U the mean flow
velocity, then these studies yield the space-average dissipation rate (¥ (t)) by time-differentiation.
The data plotted in 27] again provide corroboratory evidence that (¢”(¢)) is nearly
independent of v = 1/Re as Re increases. These experiments are obviously not in the space-
periodic framework of our Theorem [T} Ignoring the effects of walls in the wind-tunnel, at some
distance from the turbulent wake, these flows might be regarded as contained in some large box
with zero velocities at the wall (and thus periodic). However, the creation of the turbulence by flow
past solid obstacles implies that these experiments are closer to the setting of [18]], with vorticity
fed into the flow by viscous boundary layers that detach from the walls. Since the boundary
layers become thinner as v = 1/Re decreases, the initial data of these experiments also cannot be
considered to be smooth uniformly in v > 0.

Remark 5 In light of the discussion in Remark [} theoretically incorporating the effects of solid
confining walls is of great practical importance. The experimental observations are rather different
for wall-bounded turbulence, such as seen as in pipes, channels, closed containers, etc., than those
reviewed above for boundary-free flows. Energy dissipation in confined turbulent flows with rough
walls tends to constant values for Re > 1, whereas energy dissipation in flows with smooth
walls is generally observed to vanish with increasing Re, yet much more slowly than the laminar
rate ~ 1/Re. For example, see the study [28|] whose results are typical. Recently, there have
been a number of papers proving Onsager-type theorems on necessary conditions for anomalous
dissipation by weak solutions of the Euler equations on domains with solid boundaries [29| 32 30].
The statements of energy dissipation are slightly more involved due to the fact that assumptions
need to be made both in the interior and near the walls. The results of Drivas and Nguyen [32]],
which focus on vanishing viscosity limits of Leray solutions, may be modified to provide results in
the same spirit of our Theorem [l In particular, §2.4 of [32]] provides a connection between the
physical energy dissipation and coarse-grained fluxes as in Lemma 2} If one supposes that the
energy dissipation is lower bounded as in (3)) and introduces quantitative versions of the near-wall
assumptions (i.e. impose how rapidly the velocity itself of the near-wall dissipation vanishes within
a viscous boundary layer as viscosity tends to zero), then Theorem 2 and 3 of [32)] can translated
into constraints on uniform interior Besov regularity and boundary-layer behavior of Leray—Hopf
solutions. Detailed implications are left for future investigation.

The proof our Lemma [I| will be based on the same method employed by Constantin-E-
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Titi [3]] to prove the original Onsager statement for weak Euler solutions, by means of a spatial
mollification. Specifically, let G be a standard mollifier, with G € D(T9), G > 0, and also
Jpa G(r)dr = 1. Without loss of generality, we can assume that supp(G) is contained in the
Euchdean unit ball in d dimensions. Define the dilatation G(r) = £~?G(r /() and space-reflection
G(r) = G(—r). For any v € D'(T¢%), we define its coarse-graining at scale { by

oy = Gypxv e C(TY. (17)

Then, we have the following:

Lemma 2 Let initial data vl € L*(T?), forcing f¥ € L*([0,T); L*(T¢)) and u” be corresponding
Leray solutions of the incompressible Navier-Stokes equations on T x [0, T for v > 0. Then, the
following local resolved energy balance holds for any { > 0, for every x € T and a.e. t € [0,T]

) (%|Me|2) + VI = L] = vV () + (w)e - (), (18)

with

o |

= (G + ) W+ ), by =09 (S@02) . a9)

where the coarse-graining cumulant is defined by 7,(g,h) = (g®@h)y — §¢e ® hy for g,h €
L*(T? R%), the trace is denoted by 1,(g ; h) := Tr 74(g, h) and where

y[u"] = =V (u), : 7e(u”,u"). (20)

Furthermore, for a.e. T' > 0 and for any standard mollifier G and any { > 0, we have:

/ / "l dedt = //Hg dxdt+/ /1/|V (u”),|?* dzdt
Td Td Td

+ 5/ Te(u07u0)dx—§/wn( YT (+T))

T
+ / /Tg(u”;f”) dxdt. 21
0o Jrd

The key ingredient of the proof of Lemma [I] is a simple exact formula derived in [3] which
expresses the “energy flux” IT,[u”] in terms of velocity increments. Our relation can thus be
interpreted as an extension of the celebrated Kolmogorov 4/5th—law to infinite Reynolds-number
limits of Leray solutions.

2. Proofs

Proof of Lemma @ Any Leray weak solution u” of Navier-Stokes satisfies point-wise in z € T¢
and distributionally in ¢ € [0, T'] the coarse-grained equations

A(u”)e + V- [(ur @ u¥)] = =V (p¥)e + vA(u”)e + (f*)e- (22)

Page 8 of 18
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We use here the velocity-pressure formulation of Leray solutions, with pressure p” €
W=12(0, T; L*(T?)) (e.g. see Theorem V.1.4 of [33])). The d equations (22)) can then be obtained
by mollifying the Navier—Stokes equations with (non-solenoidal) test functions ;, 7 = 1,2,...,d,
of the form ¢;(r,t) := ¥ (t)Gy(r — x)e; where v € C5°((0,T)), G € C*(T?), and ¢; is the unit
vector in the ¢th coordinate direction.

We now show that the classical time derivative of mg(x, t) exists for every x € T? and a.e.
t € [0,T). See also Prop. 2 of [36]. Since Leray solutions satisfy u” € L>([0, T]; L?(T¢)), then

for every x € T¢

I 1
IV - [(w” @ u?)e)(2, )l ee o) < S IVG)elloollwllFoe o120y

— 14
A )o@, Y=o < 7 I(AG)elallull o122y (23)

by Young’s convolution inequality. The pressure-gradient term V@g(az, t) in is determined
using V - f¥ = 0 from the Poisson equation

—AV([(p) () = (VRV V) : (u” @u)(-,t) (24)

and the righthand-side belongs to C°°(T¢) for a.e. time ¢ and is bounded above by a constant of
the form (1/0%)[|(V @ V @ V)G)||o|lu(-, t)||%2(Td). The solution of the Poisson problem thus
satisfies a similar estimate as (23)), i.e. for some constant C' and every = € T%:

C
IV )o@, M=oy < FI(V @V @ V)G)lloo lullz 0 077,02 (ray- (25)

We thus see that, except for Wg(x, 1), every term in for the distributional derivative
Oi(u?)¢(x, ) belongs to L>°([0, T]). Since we assume that f* € L?([0,T]; L*>(T¢)), we have for
every x € T at least:

1(F)e(z, ) z2q0.17) < NGell2ll f7 1 220, 77;22 (7)) - (26)

It follows from Eq. ([@2) that 9, (u”)(x,-) € L*([0,T]), so that (u¥),(z,-) for every z € T¢ is
absolutely continuous in time and the classical time-derivative exists and is given by Eqn. for
ae. te€[0,7].

Taking the Euclidean inner product of with Wé(x, -) for each # € T¢ and writing
(W’ @u)y = (u”); @ (u”)e + 1¢(u”, u”) yields by the Leibniz product rule the “resolved energy”
balance:

00 () + 9 =~} ~ 9T+ - @)
with
ot = (SR + G ) @+ W mta ) =o% (SR @
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which, again, holds for every z € T? and a.e. ¢t € [0, T] (and thus distributionally in space-time as
well). Since |(u?),|*(x, -)/2 is absolutely continuous in time, upon integrating we have:

_ /0 ' [ )~ VP + @) (] (1) e (29)

for every T > 0 and z € T9 Since Leray solutions satisfy u* € L*([0,T]; L*(T%)) and,
consequently, p* € L/2([0, T]; L*/?(T%)) (see e.g. Proposition 1 of [4]), each term of the integrand
inside the square brackets in (29) is easily checked by the definitions (@D to belong to
L'([0, T); L' (T%)). The Fubini theorem then gives that [, fo V-J¢dtdz = fo Jpa V- JY dxdt =
0 by space-periodicity, so that integrating over T?, we obtain the global balance of resolved

energy:
%/TJme(x,T)de— 1/ |@g($)|2dl”+/T/WH€[uv] ded

//1/|V (u”),|* dzdt — // (u) - (f)e dadt = 0. (30)
Td Td

We now show that any Leray solution satisfies the global energy balance (3)) for almost every
T > 0. Duchon & Robert [4] prove a local version of (3), i.e. they show that Leray solutions

O <%]UV|2) +V- [(%|u”|2 +p”> W — UV (%|u”|2>} — el f 31)

in the sense of distributions on space-time. We smear (31)) with a test function of the form
o (z,t) = () xra(x), where 1¢(t) approximates the characteristic function of the time-interval

satisfy

[0, 7] and xa(z) is the characteristic function of the whole torus (the constant function 1). This
yields:

_/szﬂe/(/rdéwdx)dt /w/T dxdt+/ o [ faede. )

Recall that Leray solutions u” are right-continuous in time, strongly in L?(T¢), for a.e. ¢ > 0 and,
in particular, at t = 0, as a consequence of the energy inequality (see Remark 2 of [33]). To make
use of this one-sided continuity, let 0 < 1)(¢) < 1 be supported on the interval [0, T’ + ¢] and equal
to 1 on [¢, T']. The derivative ¢ (t) gives the difference of two bump functions, one supported on
[T, T + €] and the other supported on [0, €]. Taking ¢ — 0 we obtain by the right-continuity that:

00 1 1 1
o ([ gherar)ar s [ St npa- [ @i ae 720063
0 Td 2 Td 2 T4 2

The assumption f* € L%*([0,7T]; L*(T?)), a-priori estimate v’ € L>([0,T]; L*(T)) N
L*([0,T); H(T%)) and the fact that D[u"] is a Radon measure permit the dominated convergence

Page 10 of 18
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2 theorem to be applied to guarantee that as ¢ — 0
5
6 / / da:dt—l—/ 1/16/ Y. fdxdt — — / / d:(:dt—l—/ / Y. f dxdt.
7 T4 T Td T
8 (34)
9 Thus, the global energy balance (3)) is proved.
1(1) Adding to (3)) the resolved energy balance (30) gives, for almost every 7" > 0,
12
13 / / "] daedt = / / T, [u”] dadt + / V|V (u¥)|? dadt
14 Td Td Td
15 1 T Y 1 2 T (2
16 =5 L wCnP = @I P) et 5 [ (ol = ) ?) da
17 2 Td
18 w e )
19 / /T ; f = U ( )e) dxdt.
20
;; Since, for integrable g € L'(T%) one has [L, ¢(x)dx = [, g(x)dz, we arrive at identity @T). O
23
24 Proof of Lemma I} We first prove the upper bound on the total dissipation of Leray solutions. By
25 Lemma the global energy dissipation is given by the formula (21)). Note that |(u”),|? < (|u”]?),
;? by convexity and thus the contribution from 7(u” (-, T);u”(-,T)) > 0 in is non-positive and
28 we may drop it at the expense of an inequality:
29
30 )
31 Y| daedt < I, [u”] dedt + |V (u¥),* dadt
Td Td Td
32
33 - / To(ul;ub) da + / / To(u”; f¥) dadt. (35)
34 2 Td Td
35
36 The inequality @ then implies:
37
38
39 Y| dedt < HHg 1|l dt + VHV(u”) |5 dt
']I‘d
40
41 v v 12 v
i 2t il + [t £l 30
0
43
44 The energy flux-through-scale is bounded using the Constantin—E-Titi commutator estimate [3]:
45
46 3o—1 g v 3 30—1
o [ @i < ot [ 10l mat = 08 @)
48 0
gg Above, C is a constant depending on GG but not on /, v and the “big-O” notation denotes an upper
51 bound with a constant prefactor depending only upon GG and u. Next, using the nesting property
52 LP(T?) C L(T4), p > q, we bound the resolved energy dissipation term
53
54 T o T o T
s | AT < [ VTR de < o [ o) geede = OG0 ).
56 0 0 0
57 (38)
58
59
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The remaining terms in (36) are bounded using estimates for coarse-graining cumulants (see, e.g.
[3,134]):

ImeCes )l < CEE sup g oy = O(E), (39)

T
/ [7e(u”; f7)[[1dt < C 02 SUPHf HL2(0T] ;B> (Td)) SUPHU HL3 ([0,T); B> (T4)) = 0(520> (40)
0

Thus, combining the estimates (37), (38), (39) and @0) in the inequality (36), we find that:

/ / I dedt = O(£*7~1) + 0w V). (41)
']l‘d

Here a term O(¢%?) has been absorbed into O(¢3°~1) since for o < 1 it is always smaller as £ — 0.
Because ¢ > 0 in is arbitrary, we specify a relation between ¢ and v which optimizes the upper
bound by balancing the contribution of the non-linear flux with the resolved dissipation. This fixes
a relationship ¢ ~ v/(°*1) and yields the final upper bound:

/ / Y] dadt = O(v's1)
Td

as claimed in (B). It is worth remarking that £ ~ /*/(°*1) is the expected scaling in phenomenolog-
ical theory for the “dissipation length” where nonlinear energy flux and viscous energy dissipation
become comparable, when the velocity increments exhibit scaling du(¢) ~ 7. See [38],[39]]. U

Proof of Theorem @ We now show under either condition (i) or (ii) that u is a weak solution of
the Euler equations which satisfies distributionally the local energy balance:

1 1
2 (“UP) +V- [(—\UP +p> u} = —Dlul+u- f, Dlu] :=D'-1lim II,[u]. (42)
2 2 £—0
We prove these conclusions separately for condition (i) and for condition (ii):

Proof of Theorem 2(i): We apply the Aubin-Lions-Simon Lemma, stated as in Theorem I1.5.16 of
[33], withp = 3, r = 3/2, By = B3> (T¢), B, = L3(T?), and B, = Bg/; *°(T). The imbedding
of BY°(T?) in L3(T%) is compact by the Kolmogorov-Riesz theorem and L3(T%) = Fy*(T%),
a Triebel-Lizorkin space (see [37]], section 3.5), is continuously embedded in Bg /22 *(T?) (e.g.
Remark 3.5.1.4, [37])).
We now show that a distributional Navier-Stokes solution u € L3([0,T]; By *(T?)) has a
weak time-derivative in the sense of Definition I1.5.7 of [35], which is given by
du”
dt
with IP’ the Leray projector. To see this, choose smooth test functions of the form ¢(t,z) =
P(t)o(z) with v € C5°((0,T)) and ¢ € C(T¢, RY), giving

</ Oyt (t)u(t)dt ¢> </OT¢(t)[—IP’V.(u®u)(t)+,/Au(t)+fy(t)}dt’¢>, 44)

= —PV - (v @ u") + vAu” + f* € L¥*([0,T]; B ,*>(T%)), (43)

Page 12 0of 18
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where (-, ) denotes the usual pairing between elements of D’(T?) and D(T?) = C*°(T?). We next
observe that each term inside the square bracket on the righthand side of the previous equation
belongs to L3/2([0, T'; Bg/f’oo(’]l‘d)) with norms uniformly bounded in v. First, by the Calderon-
Zygmund inequality we have for some constant ¢, depending only on space dimension d the

estimate

[PV - (u” ® ul/>‘|L3/2([0,T};B§/_22’°°(’]1‘d)) < oollu”’ @ uyHL3/2([0,T];B§/_21’°°(Td)) < COHUUH%3([O,T];Bg’°°(11‘d))'
(45)
On the other hand,

HAUV||L3/2([0,T];B§/;2’°°(Td)) < ClHuy||L3/2([0,T];B§/';°(Td)) < arl[u”l| s,y (ray).  (46)

Finally, because the sequence f“ is strongly convergent, it is uniformly bounded in
L2(0,T]; L3(T%)) and

W zraqo,my 2o rayy < M7 N2 o sz cnay)- (47)

These bounds imply that the element of D’(T?) which is paired with ¢ on the right side of (@4)

in fact belongs to Bg/;2’°°(Td). Moreover, fOT o) (t)u(t) dt € B3> (T?) on the left side of (@4).

Since there is the Banach space duality (Bg_“l(Td)), = Bg/—;m(ﬂrd) and D(T?) is dense in
B3~ 7'(T?) ([37], section 3.5.6), we can extend the relation @) to ¢ € B; 7' (T%) by continuity

and this implies the equality

/OT Op(t)u(t)dt = — /OT WY(t) [ —PV - (u®u)(t) + vAu(t) + f”(t)] dt, (48)

as elements of Bg/f’oo(']l‘d). It follows that (d3)) holds in the sense of Definition I1.5.7 of [35].

By the estimates (45)-(47), one has furthermore

In view of our assumptions (i) in Theorem [2| the family of weak time-derivatives {du”/dt},~o

is uniformly bounded in L*2([0,T); Bg/f’oo(’ﬂ‘d)). The conditions of the Aubin-Lions-Simon

Lemma are therefore satisfied, so that {u”},~ is relatively compact in L3([0, T], L3(T?)). Sub-

du?
dt

< collw” |7 qo.r7;m7% (rayy + verlu”ll s qory 3o ey
L3/2([0,T);BF > (1))

+ HfVHL2([0,T};L2(Td))' (49)

sequences v, — 07 thus always exist so that u** — wu strongly in L?(T¢ x [0, T). For any such
subsequence, we can apply the arguments of [4] to obtain the statements (13)),(14)),(15). O

Proof of Theorem 2(ii): First we show any limit u is a weak Euler solution. Recall our assumptions
(I2): Forv — 0

) 2ul ), (@ @u)) = @R, [0 ) aete0,T] (50)
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These conditions imply that (f*), — (f),, (v*), = (u), and (v* ® u”), — (u ® u), pointwise
in space, a.e. t. Integrating the coarse-grained Navier-Stokes equations (22) against an arbitrary
solenoidal test function ¢ € D([0,T] x T?) yields:

— (Op, (u")g) = (Vep, (w” @ u”)e) + v(Agp, (u”),) + (@, (f*)e)- (51

To show convergence as v — 0, we obtain uniform bounds for all the integrands in and
apply Lebesgue dominated convergence. Such bounds are easily obtained by applying Young’s
inequality for convolutions:

|(@)e(a, )] < NGellspalle” (5 0)lls S w5 0)lls, (52)
|(w” @ u”)e(z, )] < ||Gellsllu” @ w” (-, )lls2 S lu” ¢ 1), (53)
((Fela, )] < NGellall 7 Ct)ll2 S 11l (54)

where the notation < indicates an upper bound with constant prefactor depending on GG and /, but
not on v. By our assumption v € L3([0,T]; L*(T%)) and f* € L2([0,T]; L?*(T%)) with norms
uniformly bounded, all of the upper bounds (52)—(54)) are in L!(T¢ x [0, T]) uniformly in v > 0.
Note that the term in (51)) with viscosity as a pre-factor vanishes as v — 0

v(Ap, (u”),) < VHA90H2HUVHLOO([O,T];LQ(W)) y——>o) 0. (55)

We may therefore apply dominated convergence to obtain from for fixed ¢ > 0 that in the
limity — 0

- <at50>af> = <V(707 (u ® u)€> + <90a L7€>

The argument is completed by taking the limit / — 0, using the fact that mollification can be
removed strongly in LP. Taking the limit of equation (56) thus shows that u is a weak Euler
solution.

The energy balance (42) is proved by a very similar argument. Smearing the resolved energy
balance (I8) established in Lemma |2 with an arbitrary test function ¢ € D([0,T] x T¢) yields:

{0, S WNP) = (Yo, Plu)) — (B, 2, )
+ (o, =T’ = V|V () o* 4+ (u”)e - (f7)e) (56)

where J{[u”] is the inviscid part of the energy current .J,[u”] defined in (19), or

BT i= (SR + T ) @+ Wl

First note that the terms involving viscosity as a pre-factor vanish pointwise in space-time:

v

vV (el O < SI VGl e o200y 552 0 (57)
V —= v v
@) (@ )1 < SNGl 1w Wooe 0,12 ey 7753 0- (58)

Page 14 of 18
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The above bounds follow from Young’s inequality for convolutions. Thus, the contribution from
these terms will vanish in (56) for v — 0 and we must now argue that the remaining terms
converge.

In addition to the pointwise-in-x convergence of the mollified quantities discussed above, we
have similarly that 7,(u”,u”) — 7,(u,u) pointwise in space for a.e. ¢t. Moreover, by general
theory of Calderén-Zygmund operators, the map u” & u” — p” is strongly continuous in LP(T¢)
for p € (1,00) (see e.g. [4]). In particular, for p = 3/2, the assumption on weak convergence of
v’ ® u in (50) implies that p* — p weakly in L3/2(T9) a.e. t. Thus, all of the following terms
converge pointwise in space, for a.e. t:

|(u),|* = %|ﬂ€|27 J[u] = Jul, g[u’] = ofu],  (u)e- (f")e— e fo (59

since they are made up of products of objects which converge pointwise.

Once again, convergence in the sense of distributions follows if integrable bounds can be
obtained that allow us to infer limits of the smeared terms in (56) by dominated convergence.
Recall by our assumptions that v” € L3([0,T]; L3(T%)) and p* € L*?2([0,T]; L*/?(T%)) not only
for each v > 0 (as holds for every Leray solution) but also with norms bounded uniformly in
v > 0. Using Young’s inequality for convolutions and Holder’s inequality, we have pointwise in
space-time:

— 1
V(w)ez, )] < ZI(VG)ellspzllw”C)lls < llw”C 1)l (60)

[me(u”, w”) (@, )] < [1Gellsll(u” @ w”) (- )llaj2 + I Gellsollu” Gl S w505 (61)
Likewise we have for the terms appearing in (56)) that

L —— v v v v v

sl (@ 0, S Colls, W)@ O S Ml GOl + 197 Co B)llp2llv (5 D)ls,

e[w”)(, )] < llu” (- 1)ls, [)e(, 8) - (f)e(, O] S NGOl C D2, (62)

Since all of the latter upper bounds are in L!(T¢x [0, T]) uniformly in » > 0 under our assumptions,
we can apply dominated convergence theorem to obtain from (56)) for fixed ¢ > 0 that in the limit
v—0

1 -
O (§|Ué|2) + V- T u) = —Tfu] + @ - fo, (63)
in the sense of space-time distributions. We note in particular that
D'- l%m Iy [u”] = Hyfu) == =V (u), : 7o(u, u). (64)
v—

The argument is completed by taking the limit £ — 0 of and showing that holds
distributionally. This fact is proved in [4] using a somewhat different regularization. For all terms
except IT[u], distributional convergence follows directly from the strong continuity of shifts in L?
since u € L3([0,T]; L3(T%)) and p € L3/%([0,T); L*?(T%)). In particular, the term i, - 7¢(u, u)
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in J[u] vanishes by the commutator identity for 7;(u, u) in [3]. Convergence of the flux IT,[u] is
then inferred from the distributional equality:

— D;-_)l(i)rn IIy[u] = o (%luP) +V- {(%MQ +p) u} —u- f:= D[u]. (65)

Under condition (i), the limiting Euler solutions u € L3(T? x [0,7]) have additional space-
regularity. The uniform boundedness condition in (i) of Theorem sup,~o l|lu” || 3(o,1); B (Td)) <
0o, implies that

||UV||L3(de[0,T}) <0, |+, - UV||L3(de[07T]) < Clr|°. (66)

with constants C;, C” independent of viscosity. The inequalities are preserved under strong
limits in L3(T¢ x [0, 7)) and thus the limiting Euler solutions u under condition (i) satisfy them
as well. This yields immediately v € L*([0,T], BS *°(T¢) for any o’ < o, with definitions as in
Remark 2] Finally, D[u] = 0 for o € (1/3,1] follows from the additional space-regularity by the
results of [15]].

O

Remark 6 Although not stated in the theorem, the inequalities (66) are again preserved in the
limit if we add to condition (i1) the assumption that holds with constants C, C’ independent of
viscosity. Weak lower-semicontinuity of the L?(T%)-norm and of

[u”(- ) = (-, t)]ls = S [(w(- = 7) —w,u”(,1))] (67)
w 3/2:1
and Fatou’s lemma in time, together with the assumption (606)), guarantees that limiting Euler

solutions u under this strengthened condition (ii) satisfy the same bound. This is analogous to
Remark 3.5 in [[18]].

Acknowledgments

We are grateful to Philip Isett and Lazslo Székelyhidi Jr. for useful conversations during the IPAM
“Turbulent Dissipation, Mixing and Predictability” workshop of January 2017. We also thank
Susan Friedlander and James Glimm for informing us of their earlier related results. Research
of TD is supported by NSF-DMS grant 1703997. The paper was completed during G.E.’s
participation in the program “Geometrical and Statistical Fluid Dynamics,” October 2017, at the
Simons Center for Geometry & Physics, whose funding for his stay is happily acknowledged.

References

[1] Onsager, L.: Statistical hydrodynamics. Il Nuovo Cimento (Supplemento), 6: 279-287 (1949)

[2] Eyink, G. L.: Energy dissipation without viscosity in ideal hydrodynamics I. Fourier analysis and local energy
transfer, Physica D 78: 222-240, (1994)

[3] Constantin, P. , W. E, and Titi, E.: Onsager’s conjecture on the energy conservation for solutions of Euler’s
equation. Comm. Math. Phys. 165: 207-209 (1994)

Page 16 of 18



Page 17 of 18 AUTHOR SUBMITTED MANUSCRIPT - NON-103119.R1

; Onsager’s Singularity Theory 17

i [4] Duchon, J. and Robert, R.: Inertial energy dissipation for weak solutions of incompressible Euler and Navier-

5 Stokes equations. Nonlinearity 13.1: 249-255, (2000)

6 [5] Cheskidov, A., Constantin, P., Friedlander, S. and Shvydkoy, R.: Energy conservation and Onsager’s conjecture

7 for the Euler equations, Nonlinearity 21: 12331252 (2008)

) [6] De Lellis, C. and Székelyhidi Jr., L.: The Euler equations as a differential inclusion. 170: 1417-1436 (2009)

9 [7] De Lellis, C. and Székelyhidi Jr., L.: On admissibility criteria for weak solutions of the Euler equations. Arch.

10 Ration. Mech. and Anal. 195: 225-260, (2010)

11 [8] De Lellis, C. and Székelyhidi Jr., L.: The h-principle and the equations of fluid dynamics, B. Am. Math. Soc. 49:

12 347-375, (2012)

13 [9] Isett, P. A proof of Onsager’s conjecture. Annals of Mathematics, 188: 871-963 (2018).

14 [10] Buckmaster, T., De Lellis, C., Székelyhidi Jr., L. and Vicol, V.: Onsager’s conjecture for admissible weak

15 solutions, Comm. Pure Appl. Math. LXXII: 229-274 (2019)

16 [11] Leray, J.: Sur le mouvement d’un liquide visqueux emplissant I’espace, Acta Math. 63: 193-248, (1934)

1; [12] Bingham, N., Goldie, C. and Teugels, J.: Regular Variation Cambridge University Press, (1989)

19 [13] Cheskidov, A., Lopes Filho, M. C., Lopes, H. N., and Shvydkoy, R.: Energy conservation in two-dimensional

20 incompressible ideal fluids. Comm. Math. Phys. 348: 129-143, (2016)

21 [14] Eyink, G. L.: Besov spaces and the multifractal hypothesis, J. Stat. Physics 78: 353-375, (1995)

22 [15] Isett, P..: Comment on the talk of G. Eyink at the workshop “Turbulent Dissipation, Mixing and Predictability”,

23 Institute for Pure & Applied Mathematics, UCLA, January 2017.

24 [16] Isett, P.: Nonuniqueness and existence of continuous, globally dissipative Euler flows, https://arxiv.

25 org/abs/1710.11186

26 [17] Isett, P.: private communication, (2017)

27 [18] Constantin, P., and Vicol, V.: Remarks on high Reynolds numbers hydrodynamics and the inviscid limit. J.

28 Nonlin. Sci. 28.2 (2018): 711-724.

29 [19] Hanche-Olsen, H. and Holden, H.: The Kolmogorov—Riesz compactness theorem. Expositiones Mathematicae

2(1) 28.4: 385-394, (2010)

32 [20] Chen, ?.-Q. and Glimm, J. Kolmogorov’s theory of turbulence and inviscid limit of the Navier-Stokes equations
in R®, Commun. Math. Phys. 310: 267-283 (2012)

gi [21] Borue, V. and Orszag, S. A.: Self-similar decay of three-dimensional homogeneous turbulence with

35 hyperviscosity Phys. Rev. E 51: R856-R859 (1995)

36 [22] Touil, H., Bertoglio, J.-P. and Shao, L.: The decay of turbulence in a bounded domain, J. Turb. 3: N49 (2002)

37 [23] Sreenivasan, K. R.: An update on the energy dissipation rate in isotropic turbulence, Phys. Fluids 10: 528-529,

38 (1998)

39 [24] Kaneda, Y., Ishihara, T., Yokokawa, M., Itakura, K., and Uno, A.: Energy dissipation rate and energy spectrum in

40 high resolution direct numerical simulations of turbulence in a periodic box, Phys. Fluids 15: L21-L.24 (2003)

41 [25] Sreenivasan, K. R.: On the scaling of the turbulence energy dissipation rate, Phys. Fluids 27: 1048—-1051 (1984)

42 [26] Pearson, B. R., Krogstad, P. A., and van de Water, W.: Measurements of the turbulent energy dissipation rate,

43 Phys. Fluids 14: 1288-1290 (2002)

Zg [27] Djenidi, L., Lefeuvre, N., Kamruzzaman, M. and Antonia, R.A.: On the normalized dissipation parameter C. in

46 decaying turbulence, J. Fluid Mech. 817: 61-79 (2017).

47 [28] Cadot, O., Couder, Y., Daerr, A., Douady, S. and Tsinober, A.: Energy injection in closed turbulent flows: Stirring

48 through boundary layers versus inertial stirring, Phys. Rev. E, 56: 427-433 (1997).

49 [29] Bardos, C., and Titi, E.: Onsager’s conjecture for the incompressible Euler equations in bounded domains. Arch.

50 Ration. Mech. Anal. 228.1 (2018): 197-207.

51 [30] Bardos, C., Titi, E., Wiedemann, E.: Onsager’s conjecture with physical boundaries and an application to the

52 viscosity limit, preprint arXiv:1803.04939, (2018)

53 [31] Drivas, T. D., and Nguyen, H. Q.: Remarks on the emergence of weak Euler solutions in the vanishing viscosity

54 limit. Journal of Nonlinear Science (2018): 1-13.

55 [32] Drivas, T. D., and Nguyen, H. Q.: Onsager’s conjecture and anomalous dissipation on domains with boundary.

g? SIAM Journal on Mathematical Analysis 50.5 (2018): 4785-4811.

58

59


https://arxiv.org/abs/1710.11186
https://arxiv.org/abs/1710.11186

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - NON-103119.R1

Onsager’s Singularity Theory 18

[33] Heywood, J.: Epochs of regularity for weak solutions of the Navier-Stokes equations in unbounded domains.
Tohoku Math. J., 40.2: 293-313 (1988)

[34] Drivas, T. D., and Eyink, G. L.: An Onsager singularity theorem for turbulent solutions of compressible Euler
equations. Comm. Math. Phys. 359: 733-763 (2018).

[35] Boyer, F. and Fabrie, P. Mathematical Tools for the Study of the Incompressible Navier-Stokes Equations and
Related Models. Applied Mathematical Sciences, vol. 183, Springer (2013).

[36] Drivas, T. D.: Turbulent cascade direction and Lagrangian time-asymmetry. J. Nonlinear Science 29: 65-88
(2019)

[37] Schmeisser, H.J. and Triebel, H., Topics in Fourier Analysis and Function Spaces, Wiley (1987).

[38] Paladin, G. and Vulpiani, A.: Degrees of freedom of turbulence. Phys. Rev. A 35 1971-1973 (1987).

[39] Frisch, U., Turbulence: The Legacy of A. N. Kolmogorov, Cambridge University Press (1995).

Page 18 of 18



