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CrossMark
Abstract

The focus of this paper is the study of the inverse point-source scattering prob-
lem, specifically in relation to a certain class of electric potentials. Our research
provides a novel uniqueness result for the inverse problem with local data,
obtained from the near field pattern. Our work improves the work of Caro and
Garcia, who investigated both the direct problem and the inverse problem with
global near field data for critically singular and 6-shell potentials. The primary
contribution of our research is the introduction of a Runge approximation result
for the near field data on the scattering problem which, in combination with an
interior regularity argument, enables us to establish a uniqueness result for the
inverse problem with local data. Additionaly, we manage to consider a slightly
wider class of potentials.

Keywords: local data, scattering, low regularity, uniqueness
1. Introduction

Along the paper, we will consider real potentials in dimension d > 3 that can be written as
V=V"4+++ado, (1)

where VO € LY?(R%R), do denotes the surface measure of a compact hypersurface I which
is locally described by the graph of Lipschitz functions, o € L>°(I'; R) and ~* is of the form

7 =x*D',

for some 1/2 <5< 1, g € L*(R%R), and y € C>°(R%][0,1]) is a cut-off function. Here D*
denotes the Riesz derivative, defined as ﬁ\ff(«ﬁ ) = |¢f(€). The supports of VO and y will be
assumed to be compact. In essence, this means that the whole potential V is compactly suppor-
ted. Note that the novel potentials that we introduce in this work are just those of the class of

© 2024 IOP Publishing Ltd
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+*, while V? and ardo are those introduced by Caro and Garcia in [4], which they call critically
singular and d-shell potentials, respectively.

The direct problem consists in finding the wave scattered by the potential, when an incident
wave is emitted at fixed energy by a point source away from its support. Mathematically, this
translates to finding u,. solving

{(Aﬂv)um(.,y) = Vit (+,y) inR9,

S
U (+,) satisfying SRC. ®)

Here, SRC stands for Sommerfeld Radiation Condition. A function u is said to satisfy SRC if

lim |x|T (x -V (x) —i)\'/zu(x)> =0 )
[x] =00 |x |

uniformly in every direction, and u;,(x,y) = ®(x — y) denotes the incident wave emitted from
the point y € R?\ supp V, where ® represents the fundamental solution for the Helmholtz
equation with SRC, which solves the distributional problem:

{(AH)@A&) in RY,

e F
®, satisfying SRC.

The SRC is classically introduced so that the solution to the Helmholtz equation is unique and
physically corresponds to a radiating wave [28].
In section 2, we will arrive to the following theorem:

Theorem 1. Suppose V is of the form (1). Then, there exists Ao = A\o(V,d) such that, for every
A = X, there is an unique solution us(,y) € X} to the problem (S) for every'y € RY\ supp V.
Moreover, the mapping Vi (+,y) — usc(s,y) is bounded from X to X5.

The spaces X, and X3 are introduced in [4] and their definition will be given at the beginning
of section 2. The elements in the space X3 can be thought of as functions with one derivative
in L? that exhibit a certain degree of integrability in frequencies || ~ /2 and X will be the
pre-dual of X3 . To prove the theorem, we will follow the argument in [4] and make use of many
of their results. In Caro and Garcia’s work, the first step was to deal with the critically singular
part of the potential by obtaining an inverse for the operator A 4+ A — V° via a Neumann-series
approach.

If we denote the inverse above by (A + A +i0 — V) ~!, it can be applied to both sides of (S)
to turn the problem into finding the inverse of the operator

= (A+A+i0—V°) " o(ado++').

The appropriate framework to study this operator is the Fredholm theory, due to the fact that the
operator defined as multiplication by (ado ++*) is compact from X3 to X . Fredholm altern-
ative assures the existence of such an inverse as long as the operator I — (A + A +i0 — V%)~ o
(ado + +*) is injective. Proving this injectivity will be equivalent to obtaining uniqueness for
the problem

(H)

(A+X=V)u=0 inR9,
u satisfying SRC.

The fundamental ingredient here is an unique continuation argument for the operator
A+ X — V. In our case, it will be based on a Carleman estimate proved by Caro and Rogers
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in [5] for a modified family of Bourgain-type spaces. They were themselves based on those
introduced by Haberman and Tataru in [14] to study the Calderén problem. As we will note
below, this Carleman estimate will prove to be crucial for the solution of the inverse problem.

Caro and Garcia applied this framework to invert the operator when « is in L>°(T"). We
noticed that there was a possibility to consider a wider range of potentials here. The idea is that
ado acts as multiplication operator from H*(§2) to H,, *(2) with s < 1, where € is any domain
containing the support of V. Then, the fact that X3 is related to H', along with avdo being
compactly supported, and the fact H'(§2) is compactly embedded in H*(2), give the necessary
ideas to prove compactness of the multiplication operator. In principle, one could hope to
consider o € L'(T"), with r > d — 1, since ado would still behave as a compact multiplication
operator form H' (Q) to Hy ' (). Nonetheless, the Carleman estimate does not seem to work in
that case, and therefore we did not manage to relax this condition in the solution of the inverse
problem.

On the other hand, we attempted to consider distributions of the form D’g, with s < 1 and
g € I’ (R%), hoping to find a class of such distributions that generalized those of the form ado.
However, in principle, the set of indexes (s, p) that made the Carleman estimate work for these
distributions did not allow them to see the hypersurface I'. Therefore, we opted to consider
potentials that could be decomposed as a sum of those of both classes.

The arguments to find the scattering solution via Fredholm theory can be found in section 2.
Here, the structure is akin to that in [4], but some proofs have to be redone in order for them
to work for our wider class of potentials.

Afterwards, in sections 3 and 4, we will devote ourselves to proving the following theorem
concerning uniqueness with partial data for the inverse problem.

Theorem 2. Consider d > 3. Let X1, % be two relatively open sets of dimension d — 1, separ-
ated from supp V, and that can be expressed as the graph of C* functions, and let V; and V, be
two potentials of the form described in (1). Let also u,.,1 and uy., be the scattering solutions
to the problem (S) with respective potentials V and V,. Then, there exists Ao = Ao(V,d) such
that, for all X\ > )y except for at most a countable set, it holds that

uxc71|21><22 = usc72|21><22 = Vi=V,.

From a physics perspective, we are stating that the identifiability of the potential is possible
by placing sources and detectors only in small pieces of hypersurfaces away from the support
of V. These sources will be emitting monochromatic waves with a fixed energy A. Note that
31 and ¥, could well be the same set, or be completely separate and non-intersecting.

We will prove this theorem via an orthogonality relation in the spirit of Alessandrini’s iden-
tity for the Calderén problem [2] and the construction of CGO solutions as in [5, 16, 30]. This
orthogonality relation will be proven in section 3. The main ingredient will be a Runge approx-
imation result, indexed as proposition 3.4, given in section 3.1. We will take a bounded open
domain , of class C%, whose boundary contains both 3; and ¥, and the Runge approxima-
tion will allow us to approximate solutions in {2 by single layer potentials with densities that
are supported in any subset . C 0€):

Sf(X): f(y) u,o(x,y) dyv
o0

where f € C(09), suppf C X. Here the total wave is defined as u, := u;, + us.. The result will
give an approximation in the L? norm of a smaller open domain €2’ strictly contained in {2 and
containing the support of V. The proof of this lemma was inspired by that of Isakov for the
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Calder6n problem for C? conductivities [20] and that of Harrach et al for the recovery of an
L scattering coefficient function in the Helmholtz equation [15]. Nonetheless, the argument
is slightly different, since we consider approximating solutions of a different kind. Also, there
are some technicalities concerning the singularities of the fundamental solutions, which have
to be treated with a little bit of care. This argument will allow us to extend an orthogonality
relation of the type

(Vi =Va)vi,m) =0, 3)

with vi,v, being solutions that only see X, to an orthogonality relation of this type for all
solutions to the equation.

However, the approximation in L? will not be enough, due to the low integrability of our
potentials. We will in fact need to approximate our solutions in an H' norm so that the solutions
can be integrated against the potential. Therefore, we will provide in lemma 3.5 with an interior
regularity result. In particular, for any u solution of (S), we will obtain

||“||H1(Q) S ||u||L2(Q/)7

as long as € is a domain strictly contained in 2" and also containing the support of V. We
will prove this inequality following an argument by Chen that appears in [6], who proved H?
regularity for second order elliptic equations with a degree of regularity that in our case would
ask for V € L*>°. We adapt the argument to work for our kind of potentials, which can be done
thanks to the fact that ado 4 +* acts as a bilinear form over H*, which is an interpolation space
between L% and H'.

Then, the obtention of the final orthogonality relation will be given in section 3.2.

Remark. It might be interesting to note that, in our case, the only sets that are given by the
problem and that have a clear physical meaning are the supports of the potentials and the
measuring sets >; and ;. We will construct ad hoc the domains in which we obtain the
orthogonality relation (3). To make the arguments work, we need the frequency A not to be a
Neumann eigenvalue for these domains. Since the set of Neumann eigenvalues in each domain
is countable, we can already assert that the proofs go through for all A\ > \g except for at most
a countable set, as in the statement of theorem 2. In [29], Stefanov used the monotonicity
of Dirichlet eigenvalues with respect to domain inclusion to prove that, for any value of ),
it is possible to construct a domain such that ) is not a Dirichlet eigenvalue. However, this
monotonicity does not seem to hold for Neumann eigenvalues for the Laplacian [11], and we
have no reason to think that it holds for —A + V. Because of this, we have not been able to
prove the existence of an appropriate domain for every value of A. Nonetheless, given the
amount of freedom that one has when choosing the domain, it would be reasonable to expect
that such a domain exists. The analysis of this question is left for a future work.

Finally, to end the proof of theorem 2, we will test the aforementioned identity with a special
type of solutions, the so-called complex geometric optics (CGO) solutions. This is a classical
method that goes back to Sylvester and Uhlmann’s work [30] in the Calderén problem. In our
case, these special solutions are of the form

vj (x) = 9 (1 +w; (x)),

where (; € C? are chosen such that (j - {; = —X and (; + (; = —i« for an arbitrary x € R and
the correction term w; vanishes in a certain sense when |(;| grows. Note that this choice of (;
can only be done in d > 3. In fact, the classical literature in elliptic inverse problems usually
separates the case d =2, see for instance [19, 25] for references on the planar case.
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To prove the existence of these solutions, we will follow the construction of both Caro and
Garcia in [4] and Caro and Rogers in [5]. The key ingredient again will be the aforementioned
Carleman estimate. In particular, applying the operator (A + A — V) to v; yields

(A+2G-V—=V)w; =V,

Therefore, to construct the CGO solutions it is enough to prove injectivity of the adjoint oper-
ator (A —2¢;- V — V), which can be done via a priori estimates. We will define a family of
Bourgain spaces X via the norm

_ §/2 ~
lullx, = [[(MIR )+ M |pel?) " a2
with M > 1, where R denotes the real part and
pc(§) =—l¢P+2iC-£+¢ ¢

The index s = 1/2 will play an important role. Realizing that the dual of Xiis X :2, if we want

to prove the existence of solutions in Xé/ * with potentials V € Xc_l/ 2, we will need to prove

the injectivity of the operator from X_ ]C/ *to XL/CZ . Therefore, the a priori estimate that we will
seek will be of the form

lullyrrz S (A =26V = V) ull -2

This will be done in section 4.

2. Direct scattering

In this section, we follow the strategy by Caro and Garcia to solve the direct problem for
the point-source scattering. As the name of the problem suggests, we consider an incident
wave emitted by a point source at fixed energy A > 0. This means that the spatial part of the
incident wave emitted at a point y € RY and measured at another point x € RY will be given
by ui(x,y) = ®(x —y), where @, is the radiating fundamental equation to the Helmholtz
equation, i.e. @, is the solution to the problem

{(AH)@A&) in RY,

e “
®, satisfying SRC.

We denote by (A + A+ iO)_1 the solution operator for the Helmholtz equation with SRC (2).
Under this notation, we can write ® = (A + X\ +i0) - &0, which for instance can be expressed
in terms of the Fourier symbol for the operator A + . If we denote the modulus of this symbol
by mx (&) = |A — [€[?], it can be checked that the fundamental solution @) is given, in the
distributional sense, as

1 7 ~
@)= [gig(l) / . Af_(%z st izt | Fas, (5)] C®

forfe .7 (RY). Here, Sy = {£ € R? : |¢] = A\!/2} is the critical hypersurface of the symbol 1y,
and dS) denotes its volume form.
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2.1. The free resolvent and Neumann series

As mentioned in the introduction, the scattering solution is constructed in certain spaces Xy
that were considered by Caro and Garcia in [4]. In those spaces, refinements of estimates by
Agmon and Hoérmander [1], by Kenig ef al [23] and by Ruiz and Vega [27] give us a good
estimate for the free resolvent (A + A +i0)~!. We are going to recall the definition of these
spaces. For this, we need to construct a partition of unity. Indeed, choose a function ¢ € .7 (R9)
supported in {& € R? : |¢] < 2} such that ¢(¢) = 1 whenever |£| < 1 and define, for k € Z,
Pr(€) = p(27kE) — p(27F+1¢). Note that vy is supported in {& € R? : 2k=1 L |¢] < 2K+11
and ), ., ¥x(§) = 1 for £ # 0. We define the Littlewood-Paley projectors as

Pef(€) == wn (€)1(8),
Pof(€) =Y Pf(€) = ¢ (27%) (). ©

Jsk

Now, for A >0, let k) € Z be such that 202~ < Al/2 < 2%x Then, the set of indices in the
projectors above that see the critical frequencies is

1= {k,\72,kk — 1k, k) + 1}

For simplicity, we will call P := Py, —3. Define now the space B and its dual B*, as in [1],
via the norms

Ifls =3 (2120l lulls- = sup (272 ullizny )

JEN J&No

with Dj={x e R?: 271 < |x| <2/} for j€ N and Dy = {x € R? : |x| < 1}. From now on,
denote by g, the end-point index for the Stein—Tomas trace theorem, 2/g, = (d—1)/(d+ 1),
by pa the end-point index for the H'-Hardy—Littlewood—Sobolev embedding theorem, 1 /pa =
1/2—1/d for d > 3, and by g and p their respective Holder conjugates. The space X can
be defined as the sum of two spaces, Y and Z, which are defined as elements in f € .’ (]Rd )
with norms

—1/2— _ —1/25
£, = lmy PP+ S ARG+ S my PP,
kel k>ky+1

and

—1/25 d(%f%) /2~
A1, =y PPl + D NN W P2, + > my PP

kel k>ky+1

The norm in X, will be the usual for the sum of normed spaces:
= inf h .
7l = inf Ll + lallz.}
The spaces above have respective dual spaces Y3 and Z3 defined by the norms

1/25 1/2 57
lully = llmy 2 Pfife + S NP+ > [mi Pl
kel k>ky+1
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and

1/2 1/2 757
[ ||m/P<zfl|u+ZA i) |1Pefls + ST mY 2P,

kel k>kx+1

Then, the space X3 can be defined as the dual space of X, which will be isomorphic to the
intersection of Y5 and Z}, with norm

2 1
lul3; = lmy P+ (””Pkﬂm +Gaam) e )
kel
1/2 57
+ 30 mY P ~ [lu

k>kx+1

%/; + [l %;-

It will be interesting to note that the Schwartz class is dense in all the above spaces with respect
to their corresponding norms [4]. We will now obtain an estimate for the solution operator X
and X3. However, let us first prove the following lemma.

Lemma 2.1. Let 1 < p < oo and s € R. Define D* as the Fourier multiplier with symbol |£|°.
Then, it holds that

1D Piflr ~ 25| Pifll-

Proof. Fix s € R. We have, by definition,

DP(E) = |EL e ()f(€) =2 <'§') (;)

If we take x to be a smooth cut-off function such that 0 < x < 1, x =0 around the origin and
x = | on supp ), then

DPif(€) = 25 (f))x (;) ¥ (;)?(5%

Note that the function p(§) := |€|*x(&) is compactly supported away from O and therefore
p € C2°(RY) for any value of 5. Now,

£

P =2 (&

) Pf(§),
and thus

D Pf ~ 25 [(Pf) x 24 (24)] .
Therefore, by Young’s inequality,

1D Pifllr < 2| Pifl

245 (25) | = 25| Pifll |l S 2%

)72

Now, to get the reverse inequality, observe that

P (&) = €5 |EPPf(€) = F [DT°D*Pif] (€)
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where F denotes the Fourier transform. Therefore,
1Pl ~ [ID7° D’ Pifllr S 275 (ID°Pif |1,
and thus

2°Piflr < ID°Pifllr-

We are ready now for the desired estimate.

Theorem 2.2. There exists a constant C > 0 depending only on d such that

(A +X+i0)"" fllxz

< CHf”X)\

for every fe 7 (R?).

Proof. In [4], Caro and Garcia proved the inequalities

(A +X+i0)"" /]

v; Sa llfllvss

and

(A +A+i0)"" /]

75 Sa llflzy-

Now, for the diagonal inequalities, note that Pi(A + X +i0)~1f = (A + X +i0)~'Pf and
therefore it follows that, for any k ¢ I,

(Pe(A+A+i0) ' fg) = — / PSEEE)
Re

(2m)*? —[¢?

since the frequencies of Pyf are separated from S. This implies, by Plancherel’s identity, that

I3/ F [P(A 42+ 10) 1] i = lmy 2P @

On the other hand, theorem 3.1 in [27] states that, for u € .7(R¢) a solution of (A + \)u =f,

10" 2ullp <g N Gimi) | 1

1947
where D'/? is the Fourier multiplier with symbol |¢|!'/2. By duality, we have that
dfL__ 1
10 s S0 XE 30D £

Note again that, if u solves (A + \)u =f, then (A + X\)Pyu = Pif, for any k € Z. Thus, for
k € I, we have that, since 2% ~ \!/2,

d 1L _ 1
N4 P ~a DV Pea <a 2G50 | s,
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where we have used lemma 2.1. This, along with (7) gives us the estimate

(A +A+i0)"" /]

zz Sa lfllvys

and, by duality,

(A +A+i0)"" /]

v; Sallfllzy-
Applying the definition of the spaces X and X3 gives us the desired result. O

Next, the compact support of the potential V° lets us split it into an L> component and a
L%/? component whose norm can be as small as needed, which allows for an estimate of the

type
||VO||L(X’;\,XA) S C()‘IM + ||]1FVOHLd/2) ;

where F = {x € R? : |V°(x)| > A!/#}. With this estimate, one can construct the solution oper-
ator (A + A +i0 — V%) ~! via Neumann series and prove its boundedness from X, to X3. All
this was done by Caro and Garcia in [4], and can be summarized in the following proposition.
Note that their work was done on a ball, but their argument would be identical for any Lipschitz
domain. Therefore, for the rest of the section, we will consider a bounded domain €2 such that
suppV C €.

Proposition 2.3 ([4]). Let Q) be a bounded Lipschitz domain. The operator defined by

(A+a+i0-v) =3 [((A+A+i0)—1 oVO)T—l ((A+)\+i0)_1f)

neN

for any f€ Xy is bounded from X, to X5. Moreover, u = (A + X +i0 — V) ~If solves the
equation

(A+)\—V0)u:ﬁan

and, if f is compactly supported in (), then u satisfies SRC (2).

2.2. The Fredholm alternative
Now we will construct the scattering solution u,.(.,y) as the solution of the equation

[1_ (A+A+i0— V)" o (v + ado)| g (+,y) = £(+,y)in R @)
with f(.,y) = (A + A +i0 — V)~ (Vi (,y)). Note that applying the operator (A + X — V?)

to both sides of (8) and making use of proposition 2.3, we can see that if uy.(.,y) solves (8),
then it solves the equation

(A4+X—=V) ug (+,¥) = Vg, (+,y)in RY.
Moreover, since

Uge (+,y) = (A+ A +i0— V0)71 (v + ado) ug (+,y) + Vi (-, )]
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and (7* + ado) ug(+,y) + Vi (o, y) € X\ is supported in 2, by proposition 2.3, we can con-
clude that uy(.,y) satisfies SRC (2).

Now, we will make use of the Fredholm theory to solve the equation (8). The Fredholm
alternative theorem states that if 7 a compact operator on a Banach space B, then (I —T) is
invertible in B if and only if (I — T) is injective. We will justify the use of this technique in the
following propositions by proving that, in essence, multiplication by V¥ :=~* + a:do defines
a compact operator from X3 to X . Start by proving the following:

Proposition 2.4. For any bounded open domain Q2 C RY, the restriction map

ro : X5 — H' (Q)
w—s il

is a bounded operator.

Proof. Let u € X3 and denote

u,zg Pru, uz\y=u—uy
kel

Note that rou = rqu; + rquz, ;, and therefore
lroulla o) < llraullm @) + llreuzllm o)

On the one hand, let o be a multiindex such that |a| < 1. Then, by triangle, Holder’s and
Bernstein’s inequalities,

10%u]| 20 < ZHanDk“HL2 Q)X Z”aapk“”L‘“ N Zz‘alkHPk””W

kel kel kel
1/2
L,, 1 _
SAZ fld (Z)\‘ 9d m |Pkqud> SA ||M‘X§\,
kel
while
leerllz gy < D IPrullze) < Y IPeullias Sx llullx,
kel kel
so that

lraurl| oy S lullx; -

On the other hand, by Plancherel’s identity and the triangle inequality,

1/2 1/2
izt oy < = 2)'2 gl = ([ (14 P) " izl 3

<+ P+ S I+ P)Y Peull
k>ky+1

S llmy 2Pl + > (lmy P2 <l
k>ky+1
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where we have used the fact that, since
supp <P/<Ft) C {éeRd IS )\}
and, for k > k) + 1,
supp (Fk\u> c{¢eR: 2Tl 2k+1}7

it follows that

]/2/\ ]/ —

— 1 2/\
(1+1€P) " Poju~my?(€)Pju and (1+|§|2)/Pku~m;/2(g)1)ku.

Clearly,

Ireunzllm @) < llunzllam e,
which proves the proposition. O
Corollary 2.5. Every u € X} belongs to H, (R9).

Recall now that, if for any s > 0 we define H*({2) as the space of restrictions of functions
in H*(R?) to £, we can then define H; *(£2) as the dual space of H°(2).

Proposition 2.6. For any bounded open domain Q2 C RY, the embedding
Hy' (9) L X

IS continuous.

Proof. We prove it by duality, using Hahn—Banach’s Theorem. Indeed, let ¢ € C5°(2), then
there exists u € X3 such that [3]

u, u, rou, [raullm @) 16ll -1
||¢HX>\ — < ¢> S)\ < ¢> — < Q ¢> < 0 ( ) — ||¢||H71(Q),
||”HX; [ra ”||H1(Q) e “||H1(Q) e “||H1(Q) 0

where we have used proposition 2.4. Now, C3° () is dense in H, ' (Q) (proposition 2.9 in [21])
and X, is a Banach space [4], so the proof follows by a standard density argument. O

Proposition 2.7. Let 1/2 < s < | and define VI := ~* + a.do. There exists C >0 such that,
for any u,v € S(R?), it holds that

(7 u, v)| S lgllzee (Jlu () ©)

where ) is any open domain such that supp V C Q. In particular, VF acts as a bounded multi-
plication operator from H*(Q) to Hy, *(2).

@) V@) + @) v

Proof. We will use the homogeneous fractional Leibniz rule [7, 24]. It is also known as Kato—
Ponce differentiation rule, since its inhomogeneous version was first given by Kato and Ponce
in [22]. Indeed, for u,v € S(R?), 1/r=1/p; +1/q1 = 1/p2 + 1/ and s < 1 one has

1D* ()|l S D ullin [Vl + [[ull 2 [ D*V| e (10)

1
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In particular, taking » =1, p; = q; = p2 = g2 = 2, one obtains

[(Y'u, v)| = |(X°D*g, uv)| = [(D*g, x uxv)|
=[(g, D" (xuxv))| < llgllze= [ID* (x uxv)||1
Sllgllzes (ID° Oxu) 2 Ix vl =+ [Ix ull 2 [1D* (x ) ll2) »

where we have used Holder’s inequality and the aforementioned Kato—Ponce rule. On the one
hand, since x is supported in €2,

Ixull S Nl e) S lllaso-

On the other hand, let any i € S(R?) be such that i|, = u|,. Using again the fractional
Leibniz rule we obtain

1D (x i) [[z2 SID X wos Nl 2 + [l oo 1Dl 2 S ]l -

Now, since y u = x i, we can take infimum to obtain

1D” (xw)l[z> < inf { [

il = ulg} = |lullg)- (11)

Therefore,

[, WIS Mgl (el o IVll2 ) + ullzzey [V lse)) - (12)

Note that in particular we have that

[V us V)| S Mgl ull s o) VIl ) s

while for the avdo term we have that

< lallzos oy 1l 2oy VIl 22 (-

|{adou, v)| = ’/uvada
r

Observe that, by the trace theorem for Sobolev spaces (see, for example, [32], section 4.4.2),
for any 1/2 < s < 1 it holds that

ull2y S Nlla-rr2ry S Nl
so that

[(VEu, )| S (l1gllze ey + el ry) 5 (13)
which ends the proof of the proposition. O

Proposition 2.8. The operator
(A+A+i0— V") "o (' +ado)

is compact in X3.

Proof. By proposition 2.3, (A + X +i0 — V%)~ is bounded from X to X%, so we only have
to show that V" is compact form X3 to X . All the necessary ingredients have been laid in the
previous propositions. Just recall that the inclusion

12
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HY(Q) <5 B (Q)

is known to be compact and H; *(£2) is continuously embedded in H, ' (2). We summarize the
argument in the following diagram:

) . . ) _
X: 2 H Q) b H(Q) Y HPQ) < H(Q) S X,

O

Now, to prove existence of the scattering solution, we are only missing the injectivity of the
operator

(A+A+i0— V") "o (' +ado).

With the reader’s consent, we will borrow a lemma that will be proved later in section 4, namely
lemma 4.2 concerning a Carleman estimate. This estimate works on a family of Bourgain
spaces defined by the following norm, for ( € C? and s € R,

_ s/2 ~
ullx, = (MR () > +M " pe?) ™"l 2, (14)

with M > 1, where R denotes the real part and
pe (&) =—IE +2iC-£+¢-C.

Lemma 4.2. Let Ry >0 such that suppV C Bg,={x€R?: |x| <Ro}. Take ¢¢(x)=

M@"‘”C» with (=70+iZ, 0 €S and T € R There exists C>0 and 9=
70(Ro, V, \) such that

||M||X1/2 < CR0||e“’< (A + A— V) (€_¢<M) fol/z
—¢ —C
for all for u € ./ (R?) with suppu C Bg, and T > .

Take Ry such that 2 C Bg,. Now, we can check that the spaces Xé/ * and H'(RY) are
equal as sets, and that, for every u € H'(R?) such that suppu C €, we have that e¥< (A +
A—V)(e~%<u) is in X:é/ > Therefore, by density, (48) also holds for every u € H' (R¥) such
that suppu C Q.

Lemma 2.9. Consider d > 3. If u € H}, (RY) is a solution of
(A+X=V)u=0inR?

that satisfies the SRC (2), then u has to be identically zero.

Proof. Let R >0 and call B= {x € R? : |x| < R}. On the one hand, the restriction of u to
R4\ supp V solves (A + \)u = 0. By theorem 11.1.1 in [17] this restriction is smooth, and we
have that

/|81,u7i)\1/2u\2d5:/ |0 ul® + Nul* +iN'/? (8,usi — Dyuu) dS, (15)
OB OB



Inverse Problems 40 (2024) 065004 M Canizares

where Z denotes the imaginary part and 9, = v - V the normal derivative with respect to the
vector v = x/|x|. Using Green’s identity in B \ {2 we obtain that

Oyuti — O uuds = — O, uti — O, uuds.
OB o0
Now, by the SRC (2), identity (15) yields
lim / B, ul® + Aul? =i\'? | d,uti — D,uuds.
OB o0

R—o0
Since the potential V is real-valued, Green’s identity in €2 gives us that
i Oyuti — OyuudS =0,
[219]
which implies that

lim AMu* =0,
R—o0 OB

and, consequently, by Rellich’s lemma, suppu C 2 and u € H'(RY). Then, we can apply
inequality (48) to v = e®<u, which belongs to H'(R¢) and is supported in §2:

||€L‘0<M||X|/2 < CR()H(?LP< (A+ A— V) u”X—l/Z,
—< —<

where Ry is such that {2 C Bg,. Finally, since (A + A — V)u = 0, we can conclude that u = 0.
O

With this last lemma, the Fredholm theory argument is completed. Therefore, we have
effectively proved the following theorem:

Theorem 1. Suppose d >3 and V is of the form (1). Then, there exists Ao = A\o(V,d) such
that, for every X > Ao, there is an unigue solution u(.,y) € X} to the problem (S) for every
y € R\ supp V.

Moreover, the mapping Vi (+,y) — use(+,y) is bounded from X to X3.

3. Runge approximation and Alessandrini identity

In this section, we aim to prove the following orthogonality relation, which is crucial to prove
the inverse uniqueness with local data result:

Proposition 3.1. Consider d > 3. Let V| and V, be two potentials of the form (1), and let
31,25 be two relatively open sets of dimension d — 1, separated from supp V, and that can be
expressed as the graph of C? functions. Choose a bounded open domain ) of class C? such
that ¥£1,%, C 0Q, suppV; C Q,j =1,2.

Then, there exists \g = A\o(V,d) such that, for every A = X\ except for at most a countable
set, it holds that

Use,1ls, x5, = Use2ls, w5, = (Vi —V2)vi, ) =0,

forall vi,vy € H' (Q) such that (A+X—V;)v;=0in Q.

14
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We will divide the proof of this proposition in two parts. We will prove that the orthogonality
relation is fulfilled for solutions that can be represented as single layer potentials with densities
supported in 3| and X, respectively, to then extend it to every solution by approximating them
by these single layer potentials. We will start by providing with a Runge approximation result,
that allows us to do this approximation in a L> norm. The ideas for the proof take inspiration
from [15, 20]. However, due to the low-regularity of the potential V, we need an approximation
in a space of higher regularity. Lemma 3.5 below will provide us with an estimate to make
the approximation in a H' norm. In this section, we will constantly refer to appendix. There,
we remember some classical results regarding layer potentials and their use in solving the
Neumann problem for the Helmholtz equation, which is a key ingredient in our proof or the
Runge approximation.

3.1. Runge approximation

We will start the section by providing with two technical lemmas that make the proof of the
Runge approximation more readable. The notation Q' CC  will mean here and throughout

=/ . ; . .
the paper that {3 C 2. Also, note that, given the nature of v*, the integration has to be under-
stood at times as a duality pairing.

Lemma 3.2. Let Vbe asin (1). Let Q' CC Q be two open bounded domains of class C* such
that suppV C S/, and let v € L*(SY) be also supported in Q'. Suppose that ¢ € H'(Y) is a
solution to

(A+A=V)p=v inQ,
O =0 on 0S.

Then, for every y € 0N, it holds that

/ () Dyt (1) AS (x) = — / (0 () V) +v() i (ry) dx. (16)
o ’

Proof. This lemma boils down to a careful integration by parts, analyzing the singularity of
uin(x,y) when x=y. Let By . be the ball of radius ¢ > 0 centered in y € 9. In appendix we
give the following expression:

auxuin ('xay) :G(yax) ‘x_y|2_da (17)

with G a bounded function on 9 x 9. This means that |0, u;,| is a weakly singular kernel
of order d — 2, which in turn ensures the absolute integrability of ¢ (s)d,, 1, (+,y) in S (see
lemma A.2 in appendix). Therefore, by the Dominated Convergence Theorem and Green’s
formula, we have

[0 B (x) a5 = tim [ (1= 1, () 9(3) 0 (.3) 45 )
o0 =000

e—0

—/ © (%) Oy uin (x,y) dS (x)) .
(98,0

= lim (/ © (x) Oy iy (x,y) dS (x)
O(Q\By,2)
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First, we will see that the second term is negligible. Indeed, we can use again the limiting
expression for 9, u;, in (17), that is |9, u;, (x,y)| < |x — y|>~¢ when x approaches y. Changing
to polar coordinates centered in y we obtain, for ¢ sufficiently small,

/ & (x) Dot (x, ) S (x)
(0B,..)N©

<= [ leolasio)
Sn (18)

Se sup Jp(x)| =50,

xEQ\Q/

where we have denoted by S ! the relevant half sphere in the change of variables, and we
have used the fact that, since ¢ solves (A + X)) =0in Q\ Q’, its restriction to that domain
is smooth by theorem 11.1.1 in [17], and therefore bounded. Next, we can use integration by
parts in 2\ B, . to obtain

[ o)) a6 = [ (0 (At A= V) () d
O(Q\By ) Q\B, .

- /Q\B‘ (A+X= V(@) (x) i (x,y) dx

+ / Oup (x) i (x,y) dS (x).
A(Q\Byc)

On the one hand, since d,¢ = 0 on 052, we have that
[t ase= [ aelm x) ).
A(Q\By.c) (8By,2)NQ
Now, observing that the limiting expression for u;, is
Uin (X,y) = F(yvx) Ix _y‘Z—d’

with F a bounded function on 92 x 9f2 (again refer to appendix), we can do an identical
argument as in (18) to obtain that

—0

==50.

/ 3o (x) iy (x,y) S ().
(0B,..)N

On the other hand, we have that (A, + A) u;, (x,y) = 0 for x #y, while (A + X — V(x)) p(x)
= v(x). Therefore, since both V and v are supported in 2,

/a 0 Dot (123) 45(3) = Jim | (=) V() = ()t (1.3)

e—0 O

However, the integral in the limit does not depend on ¢ in any way, and the lemma is proved.
O

Remember now that total wave is u;, = u;, + uy., and consider the single layer potential
with density f € C(9€2) as defined by (see appendix for details)

(8f) (x) = mf(y) U (x,y) dS(y), x€RY, (19)

16
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and the normal derivative operator as
NH ) = [ f) vty (x,y) dS(y), x€IN. (20)
o0

Lemma 3.3. Let V be as in (1). Let ' CC §Q be two open bounded domains of class C* such
that suppV C )/, and let v € L*(2) also supported in Q)'. Suppose o € H'(Q) is a solution to

(A+X=V)p=v inQ,
O,p =0 on 0f).

Then, it holds that
| nweasw=- [ v
o2 Q7

Proof. First note that scattering part uy. solves (A + \)uy(s,y) =0 in R?\ suppV as long
as y € R?\ suppV, so it is smooth away from the potential, by theorem 11.1.1 in [17], and
in particular it is smooth on 02. On the other hand, expression (17) means that |0y, u;,|
is a weakly singular kernel of order d — 2, which in turn ensures the absolute integrability
of ¢(.)f(0)0y,uin(+,0), and allows to use Fubini’s Theorem (see lemma A.2 in appendix).
Therefore,

/89 (N () o (x) dS (x) = /

Iol
= [ 500 ([ o) a ) a5 ) asi. @

Now, for any y € 0f) we obtain, by integrating by parts in {2 with respect to x,

o) ( £05) Burt (5,3 dS <y>) as (x)
Q o0

/ @ (%) Oy, Use (x,Y) dS(x):/<P(x) (Ax+ A= V(x)) use (x,y) dx
oN Q
—/(A+A—V)<P(X) s (x,y) dr
o (22)
+ [ 0up (x) uge (x,y) dS (x)
oN

= [ (000 V)t (3) = v () s (1)

In the last identity we have used that (A, 4+ X — V(x)) ttse(,y) = Vi, (+,y) in R, and also that
(A+X—V)p =vinQand d,p = 0on I, as well as the fact that both V and v are supported
in Q’. Joining (22) above with (16) in lemma 3.2 yields

/BQ © (%) Oy, (x,y) dS (x) = —/ / Vv (x) Ugo (x,y) dx.
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Applying this identity in (21) and using Fubini’s Theorem again yields

[ onememasw = [ v ([ r0)mnaso) e
:—/,v(x)(Sf)(x) dr.

O

Note that the single-layer potential Sf as defined in (19) belongs to H'(Q2) by lemma A.3
in appendix. Therefore, if we take two open bounded domains 2’ CC Q of class C?, and a
relatively open subset X C 052, we can define the following spaces:

X={ueH (Q): (A+X-V)u=0inQ}
X?={u=8feH" (Q) : f€C(09), suppfC X}
Xor={ulg, ueXy CH (Q)

Xg ={ulg, rueXx>} cH (Q).

Proposition 3.4 (Runge approximation). Let V a potential of the form (1). Let X be a rel-
atively open set of dimension d — 1, separated from supp V, and that can be expressed as the
graph of C* functions.

Choose a bounded open domain §) of class C* such that ¥ C 902 and suppV C Q, and let
Q' CC Q be a smooth domain such that suppV C §)', and such that 2\ Q' is connected.

Then, there exists Ao = Ao(V,d) such that, for every A > Ay except for at most a countable
set, XS%, is dense in Xq: under the L*(Q') norm, this is, any function in Xq+ can be approxim-
ated by functions in Xg, in this norm.

Proof. We will show that X C (X5,)+" = X3, where the orthogonal complement and
closure are taken with respect to the L?(2’) inner product. Indeed, let v € L*(Q2’), and let
¢ € H' () such that

(23)

(A4+X=V)p =Eyw inQ,
O =0 on 01},

where Eyv denotes the extension by 0 of v to 2. This ¢ will be guaranteed to exist as long as
A is not a Neumann eigenvalue for the operator —A + Vin Q. The set of these eigenvalues is
a countable set. For a proof of these claims, see appendix. Now, we have that

ve (X3)" = 0= (rguv)a = Ew)o = (u,(A+A—V)p)q, VuecX®,

Applying Green’s identity, and the fact that (A + X — V)u =0in Q if u € X,

ve (X3) = 0=(u,(A+A—V)p)g
=((A+X=V)u,p)a+ (U,000)00 — (O, P)oq, Vu€X.
<~ 0=(Dyu,p)oq, Yu e X>.
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Now, since u = Sf, we have that (see lemma A.3), for x € 052,

Ouu(x) = 3/ () + (N (),

with the operator A as defined in (20). Therefore,

1
v e (Xg,)L — 0= E(ﬁ@aﬂ + (Nf,0)oa, VfeC(09) s.th.suppfC 2.
Now, by lemma 3.3, we have that, for f € C(9S2) supported on ¥,
Nf.p)aa = —(Sfiv)ar =0,

since v € (X5,)* by assumption and Sf|,,, € X5, by definition. This yields

L

ve (Xg,) < 0={f,p)oqn, YfEC(ON) s.th.suppfC .

Consequently,
ve(X5)" < =0 on¥. (24)
Then, ¢ solves

(A+XN) =0 inQ\Q,
Op=¢p=0 onk,

which, by the Unique Continuation property for the operator (A — \) [18], implies that ¢ =0
in 2\ Q’. Also, since ¢ solves (A + X)p =vin Q\ suppV, its restriction to this set belongs
to H?(Q2\ supp V) which means that ¢ = 9,0 =00n 9Q’ C Q\ suppV.

Finally, let w € Xq/. We want to show that w € ((Xg/)L)l. Indeed, let v € (X5,)* and ¢
as in (23). Then, using Green’s Identity again,

<WaV>Q’ = <Wa (A+)‘ - V) ¢>Q’
(A+A=V)w,0)ar +(w,0up)o0 — (W, p)aq/
= <Wa 8,/§0>3Q/ - <8VW7S‘Q>BQ/ = 07

where we have used that (A + A — V)w =0 in Q. This proves that Xo C X3, which ends
the proof. O

As we commented above, we need to make the approximation of proposition 3.4 in a
stronger norm than L?. This will be clear later in the proof of proposition 3.1, but the main
reason is that the potential V does not act as a bilinear operator over L?, but over H'. The next
lemma is an interior regularity result, also called Caccioppoli inequality in the literature [12].
It will allow us to get H' convergence in a smaller set than the one in which we have proven the
L? approximation. Both the statement and the proof of the lemma are inspired by [6]. However,
due to the nature of our potential V, we will obtain less regularity, and we will need to use both
Sobolev embeddings and interpolation of Sobolev spaces to complete the proof. Note that the
condition d > 3 will be crucial here, as for the case d =2, the space H ! is not embedded in the
Lebesgue space with critical index p, = oc.
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Lemma 3.5 (interior regularity). Consider d > 3. Let V be a potential of the form (1). Let
Q' CC Q be two Lipschitz open domains such that suppV C Q2'. Then, if u € H'(Q) solves

(A+X—V)u=0 inQ, 25)
then it holds that
ullm @y S llullz)-

Proof. We will assume that u is a real function. For a complex u, both its real and imaginary
parts are real functions that satisfy (25), since V is real, thus the result will follow.
The weak formulation of equation (25) is

/ VuVe = / (V=N up, VopcH) Q). (26)
Q Q
Consider now a real cut-off function 7 between Q' and 9, namely, n € C§°(£2;R) such that

n=1in Q" and 0 <n < 1in Q\ Q. Consider then the test function ¢ = n?u € H}(2). With
this test function, equation (26) becomes

/|Vu|2772+/Vu277V77u:/(V—)\) un?.
Q Q Q

Therefore, since suppV C 2/,

/|Vu|2772 < ‘/ Vu217uV77‘ +‘/ Aun? /Vu2 .
Q Q Q Q

Now, let us analyze these three summands separately. For the second one we have, since 0 <

n<1,
/ Au2n2
Q

For the first one, set any 0 < € < 1. By Young’s inequality for products, we have that 2ab <
ea* + ¢~ 'b? for any two a,b > 0. This, along with Cauchy-Schwartz inequality gives

/Vu277uV77’ éa/ \Vu\znz—i—a_]/ |Vn|* u?
Q Q Q

2 _
<e / Dl 1P+ e VR o

+ 27)

Q

(29)

Finally, in the last summand of (27) we will analyze V° and V' = avdo + ~* separately:

/Vu2 / VOu? /VFM2

To estimate the second term, use (13) in the proof of proposition 2.7. Indeed, there exists K > 0

such that
’ / VEu?
Q

< +

< K(Hg”LOC(]R”) + Ha||L°°(F)) [|ul %p(nf)-

20
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Now, note that in a domain with smooth boundary, the fractional order Sobolev space H*(2')
is equivalent to the interpolation space between L?(£2") and H' (€2’) with interpolation index s
(see, for example, [31]), that is

2(1—s s
2o < lullFS o) ulZh o r)-

[

Also, if we take § > 0, using again Young’s inequality for products, we have that ab < 67 ‘;—p +

(5”/’;:, , for any a,b}Oand})—&—pi, = 1. Choosing p = ﬁ,p’: % gives

_ 1
%_Ir(ﬂl) S (1 —5)6 1—s

[ul ”Hizm/) +S51/x||“||12;11(9/)-

Therefore, since ||ul|;2(q ) < ||ul|2(q), we have that

/ VEu?

Now, to estimate the V° term, let N > 0 and consider the set

<K (llgllzoe rey + llell oo (ry) [(1 —5)6" T

F={xeR’: |V'(x)| >N},

and define E = R?\ F. Then, V* = 15V, + 1;Vy, with |[1zVp||z~ = N. Then, using Holder
inequality and the Sobolev embedding H' (") C 17¢(2’),

/Vou2 /Vo]lgu2 /Vo]lpu2
Q’ Q/ Q/

< NullZz g + 11V LEl a2 1l oy
<Nl 20y + CIVOLEl a2y 7 0 31)

< +

where C is the Sobolev embedding constant. Putting (28)—(31) in inequality (27) yields

(1=2) [ 1VuPsP < Culili + Callulry
where
o= A4 N+ [Vl oy + (gl + llallim o) (1 - 56775,
Co = K (|lgll e rey + el oo ry) $6'° + CIVO L a2 ry-
Therefore we have, again since 0 <7 < 1,
(1 =) lullfnqry < CrllullZ2iq) + Callullzn g,
so that
(1 —e=C)llullzn @y < CillullZaoy-

Finally, since we can take € and 9 as small as we want, and we can take N as big as needed to
make ||VO1£||,4» sufficiently small so that

Cr+e<1.

21
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Therefore, we can conclude that

HMHH‘(Q’) S H”||L2(Q)7

and the lemma is proved. O

3.2. Proof of proposition 3.1

To prove proposition 3.1 we will further need the following lemmas, whose proof can be again
be found in [4]. It might be of interest to note that, although we introduce a wider class of
potentials, the proof is based on working away from its support, and therefore it goes through
identically.

Lemma 3.6 ([4]). Let 2 be a bounded open domain of class C*. The scattering solution of (25)
satisfies the following reciprocity relation

Use (x,9) = e (v,x),  Vx,y € R?\ suppV.

In particular, the single layer potential S is symmetric, that is,

/ngdS:/ fSgdS, Vf,geC(99).
i) a0

The following lemma is also proved in the appendix, lemma A.3. From now on, when
necessary, we will denote by u the trace on 0f2 of M\Rd\ﬁ, and by u_ the trace on 92 of u/,.
As well, we will denote by 0, u, and 0, u_ the normal derivative of those, always with respect
to the outward-pointing normal vector of 02 (as seen from inside (2).

Lemma 3.7 ([4]). Consider d > 3, and let Q2 be a bounded open domain of class C*. Let f €
C(0R). Then, u = Sfis the unique solution in H}, .(R?) to the problem
(A+X=V)u=0 inR?\99Q,
Opu_ —Oyuy =f on 09,
u satisfying SRC.
After these considerations, we will proceed by first proving that the orthogonality relation

is fulfilled by solutions represented as single layer potentials with densities supported in 3
and 3,. The proof is similar to that of proposition 3.3 in [4].

Lemma 3.8. Considerd > 3. Let V| and V, be two potentials of the form (1), and let 331, % be
two relatively open sets of dimension d — 1, separated from supp V, and that can be expressed
as the graph of C* functions. Choose a bounded open domain 2 of class C* such that ¥1,%, C
O and suppV; C €, j =1,2,.

Then, there exists Ao = Ao(V,d) such that, for every X = Ao, it holds that

M‘YC,1|EIX22 = u‘vc,2|21><22 - <(Vl - VZ)VI7V2> = 07

forall vy, vy € H' (Q) such that v; = Sif;, for some f; € C (0Q) supported in 3.
Proof. Integrating in {2 and using Green’s identity gives

(Vi=Va)vi,vm) = / (v20yvi_ —viOyv2_) dS, (32)
a0

22
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while doing so in B\ 2, where B := {x € R? : |x| < R} gives
0=/ (A4 X)viva
B\Q

:/ (v20,v1 —v1Oyv2) de/ (v20,vi L —Vvi0yvay ) dS,
aB o0

since v; and v, are solutions to (A + A\)u =0 in R¢\ Q by lemma 3.7. Here, making R — 0o
and applying SRC (2) yields

/ (v28Vv1+ — V16VV2+> ds=0. (33)
o
Then, inserting (33) in (32),
<(V1 - Vz) V],V2> = / [V2 (al,m, — 8l,v1+) — V1 (81,1)2, - aVV2+)] ds. (34)
o

Now, since v; = S;f;, applying lemma 3.7,

(= Vi) = [ (Sipfi = Siifs) a5,
and, by lemma 3.6,

(Vi =Va)vi, ) = /{m (S, — Si]fifs dS.

Finally, since w1 = utsc2 in X; X X, by assumption, the kernel of S, — &) is supported in
(0Q x 90) \ (X1 x X,), but supp (f; ®2) C Xy X ¥y, so we conclude that

(Vi =Va)vi,1m) =0,

and the lemma is proved. O
Now, we are set for the proof of the orthogonality relation. We restate the proposition again:

Proposition 3.1. Consider d > 3. Let V| and V, be two potentials of the form (1), and let
1,20 be two relatively open sets of dimension d — 1, separated from suppV, and that can be
expressed as the graph of C? functions. Choose a bounded open domain QQ of class C* such
that 31,3, C 09, suppV; C Q, j =1,2.

Then, there exists Ao = Ao(V,d) such that, for every XA > Xy except for at most a countable
set, it holds that

uxc71|21><22 = usc'72|21><22 = <(Vl - VQ)V1,V2> =0,

for all vi,v, € H' (Q) such that (A+X—V;)v;=0in Q.

Proof. Now letv;,v, € H'(Q) be such thatto (A + X — V;)v; = 0in Q. Let '’ and Q' be two
open domains such that

suppV; C Q"' cc Q' ccQ, j=1,2,
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m) L(Q)

and let (v](m))meN C X%, j = 1,2, be two sequences such that ;" —— v;, which exist in

virtue of proposition 3.4, meaning that v](m) = ij;m) for some f;m) supported in 33;. Then,
(Vi = Va)viva) = (Vi = V2) (v =™ ) va) o+ (V1 = Va) o™ v =)

(Vi = Vo)™ i) (35)

By lemma 3.8, we have that
(Vi = Vo)vi™ W™y =0, VmeN. (36)

We will now show that the two first summands converge to zero as m — oo. Note first that, for
#,0 € H' ('), it holds that

(V7 6.0) <V llwarz I @llacarny 1oy S 16llm@on lelm@ .,

and

(V" ,0) < (I8l ey + lltlloe o) 1Ml 1Ny S Illm @ @l -

We have used in the estimates above the Hardy-Littlewood—Sobolev inequality and inequal-
ity (13) in proposition 2.7. Therefore, lemma 3.5 yields

(Vi =V2) (=" ) v2) S =" o Ivallim ooy S vt = lany. 6D

In the second summand we proceed as in the first one. Note that, since ng) are also solutions

in H'(Q) of (A+ X —V)u=0, by lemma 3.5,
V" Ny < I 2@y, VmEN,

and, since (vsm))meN is a convergent sequence, it must also be bounded. This is, 3C > 0 such
that

||V§m)HLZ(Q/) <C, VmeN.

Thus, we obtain

(V= Va)v™ vy — o) < [l — v

2(Q7)- (38)
By putting (36)—(38) in (35) we obtain

m— 00

(Vi = V)i, va)l S v = vl + vz = v ll20n 0,
which proves our statement. O
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4. CGO solutions and proof of theorem 2

Now that we have proved the Alessandrini-type identity in proposition 3.1, we can test it with
the CGO solutions. These will be solutions of the form

v (x) = €9 (1+w; (%)), (39)

for some (; € C. We will follow once again the arguments in [4, 5] for this section. In partic-
ular, applying the operator (A 4+ X — V) in (39) yields

(A42G- V4G GHA=VI)w=V=-A=(-(.
Now if (; are chosen such that (; - (; = —\, we obtain
(A+26-V—V)w;=V.

Therefore, to prove the existence of these solutions, it is enough to prove injectivity of the
formal adjoint (A —2¢;- V — V). This can be done via a priori estimates. This estimate will
be proved in section 4.1 in the relevant spaces, based on a Carleman estimate for the Laplacian
by Caro and Rogers [5], that can be perturbed to include the potentials V. The inequalities will
be analogous to those in [4, 5] but, besides adding the potential *, we will follow a slightly
different order in rotating the inequalities and adding the potentials.

Later, in section 4.2 we will end the proof of theorem 2. We will further choose (; to fulfill
(1 + G = —ik for an arbitrary x € R? -which is possible in dimension d > 3-, and the correc-
tion term w; will vanish in a certain sense when |(;| grows. Here the approach will be based in
[4,5,13].

4.1. Existence of CGO solutions

As we mentioned in the introduction, we will prove the existence of CGO solutions via a priori
estimates. For s € R and ¢ € C? we define the inhomogeneous Bourgain space X as the space

of distributions u € .#/(R?) such that % € L? .(R¢) and

loc
_ 5/2 ~
el = [|(MIR(Q) 1> +M |pe?)™ "l 2 < 0o,

endowed with the norm [[.||x; , with M > 1, where R denotes the real part and

pe(€) =—|¢P +2i-£4+¢- ¢

These spaces were originally considered by Haberman and Tataru in [14], then by Haberman in
[13], by Caro and Rogers in [5], and by Caro and Garcia in [4]. To prove the a priori estimate,
we draw from theorem 2 in [5]. From now on, set ( = 70 +iZ, with 7 >0, § € S*~!, T € R¢,
and ¢ - ¢ <0, and define

2
wc (x) zM(xéa) +x-C.

Then, theorem 2 in [5] is roughly equivalent to the following:
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Theorem 4.1 ([5], theorem 2). Take Ry > 0. There is an absolute constant C > 0 such that, if
M > CR(% then,

l[ull 12 < CRol[e?mr A (e_wm’“) [l 172
v

—Tepn

foru € 7 (RY) with suppu C Bg, = {x € R?: |x| < Ry} and 7 > 8MRy,.

We will transform the inequality to make it work for an arbitrary ¢. If for ( = 70 4 iZ as
above we take Q € SO(d) to be a rotation such that Qe, = 6, and denote by Q7 its transpose,
and by Q. its pullback, then it is easy to check that ¢, = Q.9 and p_,,, = Q.p_+¢. Thus,
if u € 7 (R?) with suppu C Bg, and 7 > 8MRy, we have

HMHX]_/,Z.G = ||Q*M||Xyie’x < CR()He‘/’-renA (e_SD're;x Q*u) ||X:L/£:

= CRO[[Q. [e77 A (e™#ru) I/ = CRo e A (e7#7"u)

en

”X:L/;,

where we have used theorem 4.1 and the fact that rotations commute both with the laplacian and
the Fourier transform. On the other hand, if ¢ = 76 + iZ and we denote by A7 the translation
operator by Z € R, it is again easy to check that p—¢ =Nzp_r¢. Therefore, keeping in mind

that N_zu(§) = ;I\'u(é“), we obtain
llul[ 1,2 = ||e_iI'u||X1/z < CRol|e?™" A (e #70 e~ Tu) [l —1/2
~¢ ~r0 —70 (40)

= CRylle” " e?< A (e #¢u) ||, 1> = CRo||e?* A (e~ #¢u) |

-1

—1/2.
X_¢

Now we can perturb this inequality with the term A — Vin the operator. The following inequal-
ities will be of interest during the whole argument. For any ¢ € C¢ such that (- ¢ <0 and u
compactly supported, we have the following

ull 2 < MVHR(C) \‘I/ZHullxgz, (41)
oz S M “2)

Inequality (42) is a direct consequence of Haberman’s embedding [13]

o S gy, @3)

[Ju

where the space XSC is defined by the norm Hu||xs< = |||pc|* ul| ;2. We are going to quantify (A —

V)u in Xgl/ ? by duality. Remember that in our case |R(¢)| = 7. Start by estimating Au with
S (RY). Let v € . (R?), then by Cauchy—Schwartz inequality,

[, < Al Va2 < A2 g ] (44)
Next, to estimate the term Vu, we can split the potential as in the proof of lemma 3.5.
Indeed, consider the set F={x € R : |[V'(x)| > N}, and define E=R?\ F. Then, V' =

1£Vo + 1pVy, with || 1gVy||1= = N, and therefore by Cauchy—Schwartz and Holder inequalit-
ies, as well as (41) and (42),

[(VOu,v)| < Nllull 2 [|vllz + [1L£ Vo

|L¢I/2||u VHLPd.

< (NM_I/ZT_I +MY2|[1,V,

Lra
(45)

152) Il vl
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For the term o do, we need to use the Besov space version of theorem 14.1.1 in [17], which
gives us a trace boundedness [|ul|z>(ry < [|ull; 12 Remember that the Besov spaces Bf,,q are

given by the following norms, using L1ttlewood Paley projectors as defined in (6):
1/q
lullg = (Z 2qu||Pkullu> :
kEZ

Indeed, by Cauchy—Schwartz and Holder inequalities,
[adorae )| < ooy ey Iy < Neloom oy el IV

Now, estimate separately high and low frequencies. Let k- € Z be such that k=l < 7 L 2k,

Then, if k > k, + 1, we have that 2"/2|Pku( )| ~ 27K 2 pe (€ )|1/2|Pku( €)|, so that for the high
frequencies we have that, by Plancherel’s identity,

> 2P~ YD 2 lpel PPl <7 2M Y ful e,
k>kr+1 k>kr+1

while for the low frequencies

} : 22| Pratl| 2 S TPl 2 < MVl 2.
<
k<41

Therefore, combining the previous inequalities, we have that there exist a constant C’ > 0 such
that

(adou,v)| < C'||a||pe(r) (M_1/2+T_1/2+T_]M1/2> [l y12][VIl1/2- (46)
¢ ¢

Finally, for v*, use proposition 2.7 to obtain
[V uv)| < C' gl (ID"ull 2 Vllz2 + lull 2 1DV 2) -

Split again in high and low frequencies:
IDule < [ EPR©OPE = [ e mEPE [ e P
R 130 [€1>7
On the one hand, for the low frequencies, clearly
/m« € (6) Pde < 7l < 7012 a2

while for the high frequencies, having in mind that we assumed s < 1,

J @ g [ 6P € a(e) de <7l

gz

<M
S
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Therefore, we have that
1Dl < (7720 M)
¢

which yields
)| < € gl (7'M 272 ) gVl 47

Now, sum inequalities (44)—(47), and choose M > CR} so that CROC’M’l/ZHaHLm(F) < 1/4,
then choose N such that CRyM'/?||17V°||,4/2 < 1/4, and finally choose 7 > 8MR, so that

CRy [(A+ M) M2 4 o qry (7712 4 7 M)

+C" gl (7'M 242 | < 14

With this previous discussion we can prove what is summarized in the following lemma:

Lemma 4.2. Let Ry >0 such that suppV C Bg,={x€R?: x| <Ro}. Take ¢c(x)=

M@ +x-(, with (=T10+iZ, 0¢ S and T € R There exists C>0 and 5=
70(Ro, V, A) such that

l[ull 12 < CRol[e?s (A+X—V) (e %¢u) (48)
—¢

HX:IC/Z
for all for u € #(R?) with suppu C Bg, and T > .

Next, note that
Ae ™ u)=e "“(A=2¢-V+(-Q)u,
and thus lemma 4.2 yields

(:0)?

(-6)%
||“||X1_/§<CR0||9M T (A=20-VH((+HA-Y) <e‘M : u)llx_yz.

.. . (-6)? .
Now we proceed to remove the remaining exponential factors. Take u =2 v with v €

(R?) supported in Bg,, then
02 00
||€ 2 VHXI/Z <CR0||e 2 (A*ZC'V+C'C+>\*V)V”X—l/z. 49)
e —¢

Additionaly, if we prove that

¢-0)?
[ xXwlyre S Wil (50)

it will follow by duality that

)

12
X_¢

(-0)?
eMTv”XL/é SIHA=2C-V+(-CH+A=V)v

while if
¢-0)?
: W||X1€/2 S ||W|\X1</z, (51)

le=
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then again by duality

G-0)?
2 V”x!é

Mgz 5 lle

Above x(x-0) = xo(x-0/R) with xo a cutoff C5°(R;[0,1]) function such that xo(¢) =1 for
|#] <2 and xo(¢) = O for |¢| > 4. Putting inequalities (49)—(51) we will obtain

”VHXI,/Z- < C/ROH(A_ZC'V—’—C'C_F)\_V)VHX:IC/Z,

with a new constant C’ > 0. To indeed prove (50) and (51) we draw next lemma from [5]:

Lemma 4.3 ([5], lemma 2.2). Let fc .7 (R) be a function of the x, variable. If u € ./ (R?)
and T > M > 1, then

futllyr 2 S WAl e Nl 2

where p(§) = (M~'[¢|+ 1)

As before, we can transform the inequality to make it work for an arbitrary ¢ as we did
above, and for a f that depends on the variable x - §, which can be represented as Q'f, with
6 = Qe,,. On the one hand,

10 lyr2 = WQutdl s < sy 1@ty = ooyl
while if ¢ = 76 + iZ, then
iy = el 2 7y el = Nl oy g

We summarize all this discussion in the following lemma:

Lemma 4.4. Take Ry > 0 such that suppV C Bg,. There exists C>0 and 179 = 10(Ro,V, \)
such that

lullys < CRON(A =2€- ¥ 4+C-C+ A= Vuly-vs

for all for u € ./ (R?) with suppu C Bg, and T > .

To prove the existence of CGO solutions we should introduce a couple of natural spaces.
Let €2 be a bounded open domain of class C? such that suppV; C ), j = 1,2, and, for ( € cH
and s > 0 define

X, () ={ulg:ueXi},
endowed with the norm

Jull (o = inf { Ivlx, : vl =u},
and

27C(§2):{u€X2L :suppu C Q},

29



Inverse Problems 40 (2024) 065004 M Canizares

endowed as well with the norm ||| x;(e)- The space X_¢ () is defined as the dual space of

X¢(€2), and it is easy to check that it can be identified with the space of distributions in X"
whose support lays inside €2. In this context, the a priori estimate in lemma 4.4 works in the
space X:Z 3 (€2), so that the solutions can be constructed in Xi./ 2(Q), as stated in the following
proposition.

Proposition 4.5. Consider d > 3, let Q be a bounded open domain of class C* and let Ry > 0
such that suppV C Q) C Bg,. There exist a constant 7o = 1o(Ro, V, \) such that, for every T >
70, and every ¢ = R(¢) +iS(¢) € C such that |R(C)| =71, |I(C)| = (72 4+ \)'/? and R(C) -
3(¢) =0, there exist we € XIC/Z(Q) so that v = eS*(1+w¢) is a solution to the equation
(A+A=V)ve=0inQand

wellyrz iy < IVl 1r2- (52)

4.2. Proof of theorem 2

With proposition 4.5, we can construct the kind of special solutions that we are looking for,
with ¢; - (; = — . Besides, we need (j to satisfy that (| + (> = —ix for an arbitrary given x €
RY. We can explicitly construct these ¢; by choosing 7,0 € SY~! such that -0 =n-k=0-

|s[?

x = 0. Now, for 7 > — )\ we can set

4
2\ 1/2
G =710+ —§+(72+)\—|’1|) n],
i} |K|2 12 (53)
42:—7'9"'1. _2—<7—2+>\—4> nl,

|s[*

which satisfy both (j-(;=—\ and (i + (> = —ix. Then, if we take 7 > max{m, ("5 —
)72}, these ¢ ; satisfy the conditions of proposition 4.5. Let then V| and V; be two potentials

of the form (1), and let v; be the CGO solutions corresponding to ¢; and V;, j = 1,2. If we
consider any extension of w; € Xé]/ () to Xéj/ ?, this extension will be in H'(R9). Then, wj

belongs to H'(£2) and so does v;. Therefore, we can apply proposition 3.1 and, plugging v
and v; in the orthogonality relation

(Vi =V2)vi,0) =0,
we get

(Vi = Va,e ™) = —(Vi = Va,e™ ™ wi) — (Vi = Va,e " wy)

. (54)
—{((Vi = Vo) wy,e”""Fw,).

We would like this terms to vanish. For the first two terms on the right hand side we have that,
by duality,
(Vi = Vo, e "™ wp) | < [|[Vi — V2||xg/_},/2(9) He_m'ijHxlgj@(Q)

(55)
S (T+[sD 1V = Vallyo 2 1Vill 12,
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where in the last inequality we have used that supp (V; — V,) C £2, inequality (52) and the
following:

||e_miij||xlgj/_2(g) S (1 + |/€|) ”WJHXICJ/Z(Q) (56)
On the other hand, the third term can be bounded again by duality as

(Vi = Vo) wi,e™ ™ wa)| < [|(Vi = Vo) wy HXC—zlygz(Q)||€7"”'XW2HX1<§2(Q)

S U [BD 1V = Vo) will o |[Vally-ve
2 2

where we have used again (52), (56) and the fact that supp (V; — V2)w; C Q2. Now, to keep
estimating this term, we need boundedness of the operator multiplication by V| — V, from

XI/Z(Q) to Xc_zl/z. In fact, let V be a potential of the form (1) and w € Xél/z Proceeding just as

q
in section 4.1, we obtain that, for ¢ € Xéz/ 2,

[V, @) S (IVOllzsrn + llellzoe oy + gl ) Naally 1l e,
1 2

where the implicit constant depends only on V and d, and u € X]C/ ?isan arbitrary extension of
w to R?. Taking the infimum over the norm of u gives us the desired boundedness, i.e.

[(Vi— Vz)W1||X£21/2 S \|W1||ch/]2(g)a
to estimate the last summand in (54) as

(Vi =V2)wi, e wa)| S (L[ w2 o V2l

(57)
S A+ 6D IVilly=12l1Vallg-1r2,
§] €}
where again we have used (52). Therefore, adding inequalities (55) and (57) gives
2 2
Vi = Vase ™) S (41D 3 Vil D Vil (58)
k m

jk=1 Lm=1

We now want to show that the right-hand side of (58) goes to zero in some sense as 7 grows.
This can be done in average, as showed by Haberman and Tataru in [14]. We state it in the
following lemma, almost identical to lemma 3.5 in [4], with the only addition of the new
component of the potential v°. We repeat the proof here just for the sake of completeness.

Lemma 4.6. Let V be a potential of the form (1) and fix v € S~ and r > 0. For € C? of the
form (53), denote ¢ = ((1,T) with k = rTv for some T € SO(d). Then for every s € (1/2,1)
and M > 1, it holds that

| oM . s
L, o Ve 9T a7 S0 372079 ([l + ).
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where
_J1/2 d=3
/4 d=4,
the implicit constant depends on V and d, and p denotes the Haar measure on SO(d).

Proof. First, for the critically singular part, if d > 4,

1Vl <21V S 77 2V g,
T,

since V? is compactly supported and d/2 > 2 for d > 4. In the case d = 3, by the dual inequality
to Haberman’s embedding (see corollaries 4.8 and 4.22 in [4]),

|V0 —1/4HV0

L4/2,

Ild N

VOl mre <77 d(1/pj—1/4;)
¢

since d/2 > qd for d = 3. For the remaining components, use lemma 5.2 in [13], which states
that for f€ H~!, it holds that

1 -
e O BV A G =y Va7 AN 7
M Jso() e

where LAf =1, 5‘<2M? and Hf = f— Lf stand the low and high frequencies of f, respectively.
Now, for every 1/2 < s < 1, we obtain

1/2M/ 2 —2(1=s) || £[|2
FI2- 0 dp(T) dr S M20=97112 ..
M [y so(d)H ”X«lr/fr) wih) 7

On the one hand, since supp (ado) C €2,

ladolf -, < lladolf- < llellzr) S lelli ),

where we have used the dual inequality of the usual trace theorem for Sobolev spaces, as well
as the fact that I has finite measure. On the other hand, since v* = x2D* g with supp x C Q, it
follows that for u € S(R9),

[ )| < llgllioe ey 1D (3Pu) 2 < llgloe eyl

where the last inequality comes by proceeding as in (11). Therefore,
1Y s S 8l ey,

which ends the proof of the lemma. O

To end the proof of theorem 2, we use an argument that Haberman [13] attributes to Nguyen
and Spirn [26]. Indeed, if we fix r >0 and v € S*~! and denote ¢ = ((7,7) as in lemma 4.6
above, we have that

C(T 7)

2M
lim / IVIE_.» du(T)dr =0,
50(d)
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and, for any e > 0, by simply restricting to B. = {T € SO(d) : ||T — I|| < £} with [ the identity
map, we get that

lim 7/ / VII>_., du(T)dr =0.

M—oo M (B:) Jy /5, | ”Xc(]r/,r) @

Now, take a sequence M = M,, such that M,, — oo as n — oo. Since the quantity in the limit
above is an average, we may choose sequences 7 ,, T, and d. , > 0 such that

||VHX*‘/2 < 5&,117

¢(TenTen

and such that §, , — 0 as n — oo. Therefore, going back to (58), we obtain

Y, —ike X 2
(Vi = Va(ken) | = (Vi = Va,e” ") <52,
where k. , = rT, ,v. Since B, is compact, there exists a subsequence T ,, converging to some
T.. Thus,

1 /_\ < 1i 2 =
Jim V) = V3 (Kew,) | S lim 02, =0,

and, since V; are compactly supported, V| — V is continuous, which means that

L —

Vi—=V,(rT.v) =0.

Finally, since necessarily 7. — I as € — 0, we conclude that

—

V1 —Vz(rV) =0

for any r >0 and v € S¢=! and, by Fourier inversion we obtain that V| = V,, which ends the
proof of theorem 2.

5. Conclusion

In this paper, we have managed to prove an identifiability result for rough electric potentials
using local near-field scattering data.

To do this, we first analyzed classical resolvent estimates from harmonic analysis to include
a class of potentials that arise as fractional derivatives of L> functions, and obtain scattering
solutions to the Schrodinger equation via a combination of Neumann series and Fredholm
theory.

Then, we have proved Runge approximation and interior regularity results that allow us to
extend a method for obtaining an Alessandrini identity with global data to our setting of local
data.

To prove the Runge approximation result, we had so solve a Neumann problem for
A+ X —V. This entails choosing, for a fixed frequency A, a domain such that X is not a
Neumann eigenvalue for the operator —A + V. It is left for future work to find a proof that
this can always be done.

Finally, we have used a Carleman estimate to prove the existence of CGO solutions that
allows to derive the desired identifiability from the Alessandrini identity.
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Appendix. Solution of the Neumann problem

Along this section, we aim to prove the following result, which is used in the proof of the
Runge approximation, proposition 3.4. Throughout this appendix, consider a bounded open
domain  of class C? such that supp V C Q.

Theorem A.1. Suppose \ > 0 is not a Neumann eigenvalue for the operator —/A + Vin Q. Let
f€ L*(Q) be such that suppf C . Then, there exist u € H'(Q) solving the problem

{(A+/\—V)u:f in Q, 59)

ou=0 on 0f).

Remember that we say that A is a Neumann eigenvalue for —A + Vin  if there exists ¢
not identically zero solving the homogeneous Neumann problem..

{(A+>\—V)¢:O in Q, )

d,0 =0 on Jf2.

These eigenvalues in fact form a countable set. To see this, define the unbounded operator
(Ty,D(Ty)) over L*(Q2) as Tyu = (—A + V) u, with domain

D(Ty)={uel*(Q): (~A+V)ueL*(Q), 39,u on 0 and d, u|,, =0} .

Observe now that a Neumann eigenvalue for —A+V on {2 will be an eigenvalue for
(Ty,D(Ty)). The domain D(Ty) is a separable Hilbert space, since it is a subspace of L*(2),
and Ty is symmetric over D(Ty), which ensures that the set of its eigenvalues must be
countable.

Indeed, suppose that there is an uncountable set of such eigenvalues. Let A and p be any
two distinct eigenvalues, and u# and v be corresponding distinct eigenfunctions. Then,

/\<M,V> = <TNMaV> = <u7TNV> = M<u7v>a

and thus u | v, which contradicts the fact that D(Ty) is separable.
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We will now prove theorem A.1 using the method of layer potentials. Most of the arguments
that we will follow come from [8—10]. The first step in the argument is to realize that, to
solve (59), we only need to be able to solve the following problem, for g € C*°(99):

(61)

(A+X=V)v=0 in{,
ov=g on 0f).

This can be done by taking a function w that satisfies the equation
(A4+X=V)w=f.

This function can be constructed in X3, for instance, by using the techniques in section 2 after
observing that, if f € L*(2), then its extension by 0 to R? is in X .

Also, since suppf C €2, we have by theorem 11.1.1 in [17] that w is smooth near Of).
Therefore, we can define its outward normal derivative in 02, which will belong to C*°(952).
Now, if we can solve problem (61), set g = d,,w, and denote by v the solution to this problem.
Then, it is easy to check that u = w| q — V solves the problem (59).

Note that w|,, € H'(2) by proposition 2.4, so we will only need to prove that v belongs to
H'(2) to conclude that u belongs too.

In this case it will be useful to think of the fundamental solution for the operator A + A in
R4, denoted by ®,, not in the distributional sense as in (5), but as a Hankel function. In fact,
@, will take the form

i )\1/2 d/2—1
%(x>=4< ) Hy) o (N21). (62)

2m|x|

where H,(,l) denotes the Hankel function of the first kind (or Bessel function of the third kind).
If we define u;,(x,y) = ®(x — y) and recall the limiting properties of the Hankel functions, it
is relatively easy to check that

Uin (x)y) = F(X,y) |X _y|2_da
Outtin (x,y) = G (x,y) [x =y~ (63)
az/y’/‘in (X,y) = avxuin (y,x) - G (y7x) |)C 7)"27‘13

with F and G being two bounded functions on 92 x 9€). Then, u;,, O, u;, and 0, u;, are, by
definition, weakly singular kernels of order d — 2 on 92 x 9f2. The following lemma is a
combination of those in [10], chapter 3B, and is an important piece to solve the problem (61).

Lemma A.2 ([10]). If we denote by T the integral operator over 0N defined by a weakly sin-
gular kernel K of order o on 9Q x 09, with0 < o« < d — 1, as

(T (x) = /a T(5) £0) 450).

then the following statements hold:

(1) T is compact on L*(092),
(2) T transforms bounded functions into continuous functions, and

(3) iff€ L*(09Q) and f+ Tf € C(ON), then f € C(01).
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Take now u;, = u;, + uy., where uy,. is the scattering solution defined in (S) and constructed
in section 2, and define for f continuous on 92 and x € R?\ 95 the single layer potential
with moment f as

(Sf) (x) = /a (53 0) 4S0),

and the double layer potential as

(D) (x) = /a Oty (5 ) 45 0).

Define further the operator NV, which is the adjoint of D over 92, as

V) () = /8 Dty (£)0) d5(), e 00

that must be understood as an improper integral. Now, we have the following lemmas, which
are similar to classical results as in [8§—10] for the Helmholtz and Laplace equations. We denote
by u4 the trace on OS2 of M|Rd\§’ and by u_ the trace on 0% of u|y,. As well, we denote by
Oyu4 and O,u_ the normal derivative of those, always with respect to the outward-pointing
normal vector of 02 (as seen from inside 2).

Lemma A.3. Consider d > 3. Let f € C(O)). Then, the single layer potential u = Sf is con-
tinuous throughout RY, and we have the limiting values

Dous () = (NN () F 5f(x), xe 9 (64)

where the integral exists as an improper integral. Consequently, we have the jump relation
Oyu_ — Oyuy = f on ). Furthermore, u it is a solution in Hl,.(R?) to (A+X—V)u=0in
R?\ 00 and fulfills SRC (2).

Proof. First, note that the single layer potential for the homogeneous Helmholtz equation

v(x) = /6 (e )() S

can be extended to the boundary, is a solution in HL_(R?) to (A + \)v = 0in R?\ 99, fulfills

loc
SRC (2) and has boundary values
1
Dyva () = /(‘3 D (1) ) 8S0) F (). x€ 09

which is a classical result, see for example [9]. Now, define

w(x) = /8 e (6)/() 45 ().

To see that w is in HL _(RY), take K € RY compact, and observe that, by proposition 2.4 and

loc
theorem 1,

||WHH‘(K) S sup Husc ('7y)HH](K) 5 sup HuSL' ('7y)
yEOIQ yeOQ

9

X5 S sup [[Vitin (+,9)[[x, -
yeON
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If we take a smooth cut-off function 7 such that » = 1 in supp V and n = 0 in 92, we have that
V(x)u,-n(x,y) = V(x)n(x)uin(x;y) and

Vatin (o) e S Mmoo 9) g S 1

where we have used that multiplication by V is bounded from X3} to X, as showed in
section 2, and that u;,(.,y) is smooth away from y by theorem 11.1.1 in [17], since it solves
(A + N)ug(s,y) = 0. This proves that w is in HL_(R?)

Moreover, since uy. solves the problem (S), it is easy to check that u = v+ w solves (A +
A—V)u=0inR?\ 99 and fulfills the SRC (2). Also, since for any y € 9%, uy.(.,y) solves
(A + N uge(sy) =0 in RY\ suppV, it is smooth in this set by theorem 11.1.1 in [17], and in
particular it is smooth near 0€). Therefore, the limiting values of w on the boundary are just

Byws (x) = /8 Dt (5 f0) 450 x€ 00,

and therefore (64) is fulfilled. O
Lemma A.4. Consider d > 3. Lef f € C(ON2). Then, the double layer potential u = Df can be
extended continuously to 05}, and we have the limiting values
1
ug (x) = (D) (x) = Ef(x) , x €09, (65)

where the integral exists as an improper integral. Consequently, we have the jump relation
uy —u_ =fon dQ. Furthermore, u a solution in H}, (RY) to (A+X—V)u=0in R¢\ 00,
it fulfills SRC (2) and O u_ — O, uy = 0 on 9N

Proof. The proof goes exactly as the proof of lemma A.3 above, we just need to make a
comment on how to prove the last statement. Indeed, the fact that the double layer potential
for the homogeneous Helmholtz equation

v(x) = auyl'iin (xay)f(y) dS(y)
o0

fulfills that 0, v_ — 9,v+ = 0 on 02 is classical (see for example [9]). Meanwhile, the function

W()C) = /6Q ayyusc (x;}’)f(y) dS(y)

is smooth away from supp V, since u.(,y) is smooth away from supp V as well. O

With lemma A.3, we can find an H' () solution to the problem (61) for g € L*>(92) if we
can find o € L?(09) solving the integral equation A/ + %90 = g. We will solve this equation
via Fredholm theory. For simplicity, define the operators

K=2D, K*=2N\,

and the equation we are trying to solve can be written as (K* 4 I) ¢ = 2g. Note that I* is the
adjoint operator of X and, by lemma A.2, both are compact operators over L?(992). To prove
the existence of a solution, it is enough to prove that the operator K* + I is surjective, which
by Fredholm alternative is equivalent to proving that C + I is injective. Indeed, we have the
following lemma:
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Lemma A.5. Suppose that X > 0 is not a Neumann eigenvalue for the operator —A + V in €.
Then,

ker (K +1) = {0}.

Proof. Let ¢ € ker(KC +I), which, by lemma A.2, will be continuous on 9f2. Now define v =
D). By lemma A.4, v is a solution to the problem

(A+XN)v=0 in RY\ Q,

vy =0 on 05,

v satisfying SRC.
Then,v=0inR?\ €2, by uniqueness of the exterior Dirichlet problem [8]. Therefore, 9, v, = 0
on 02 and, again by lemma A.4, J,v_ = 0. This means that v is as well a solution to the
problem

(A+X=V)v=0 inQ,
o,v_=0 on 012,

but, since A is not a Neumann eigenvalue for —A + V in (), we have that v=0 in (2, and in
particular v_ = 0. Finally, by lemma A.4, ¢ =v, —v_ =0, and the lemma is proved. O

With this last lemma, the proof of theorem A.1 is concluded.
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