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Abstract

We perform a reduced phase space quantization of gravity using four Klein—
Gordon scalar fields as reference matter as an alternative to the Brown—Kuchar
dust model in Giesel and Thiemann (2010 Class. Quantum Grav. 27 175009),
where dust scalar fields are used. We compare our results to an earlier model
by Domagala et al (2010 Phys. Rev. D 82 104038) where only one Klein—
Gordon scalar field is considered as reference matter for the Hamiltonian
constraint but the spatial diffeomorphism constraints are quantized using
Dirac quantization. As a result we find that the choice of four conventional
Klein—Gordon scalar fields as reference matter leads to a reduced dynamical
model that cannot be quantized using loop quantum gravity techniques.
However, we further discuss a slight generalization of the action for the four
Klein—Gordon scalar fields and show that this leads to a model which can be
quantized in the framework of loop quantum gravity. By comparison of the
physical Hamiltonian operators obtained from the model by Domagala et al
(2010 Phys. Rev. D 82 104038) and the one introduced in this work we are
able to make a first step towards comparing Dirac and reduced phase space
quantization in the context of the spatial diffeomorphism constraints.

Keywords: loop quantum gravity, Dirac observables, reduced phase space
quantization
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1. Introduction

In the last years several different models describing the dynamics of loop quantum gravity
(LQG) have been introduced [1-4]. A common property of all these dynamical models is
that they introduce additional matter fields which serve as reference matter for either only the
temporal coordinate or the temporal and spatial coordinates respectively. In the first case one
needs one matter reference field, whereas in the latter one needs four of them, i.e. one matter
field per constraint. In the framework of the relational formalism [5-7] these reference fields,
also often called clocks, are used to construct Dirac observables with respect to either only
the Hamiltonian or the Hamiltonian and spatial diffeomorphism constraints that are present
in the ADM formulation of general relativity. In case only a partial reduction with respect to
the Hamiltonian constraint is performed, the remaining spatial diffeomorphism constraints



Class. Quantum Grav. 36 (2019) 145002 K Giesel and A Vetter

are quantized using Dirac quantization as done in [2]. The main difference between Dirac
and reduced phase space quantization is that for a reduced phase space quantization only the
reduced phase space involving only the physical degrees of freedom, but no gauge degrees
of freedom, is quantized. Hence, after quantization one obtains directly the physical Hilbert
space. On the other hand for Dirac quantization one quantizes the kinematical phase space,
where the constraints under consideration have not yet been reduced and the corresponding
gauge degrees of freedom are still present. After Dirac quantization one obtains the so-called
kinematical Hilbert space. On this Hilbert space the vanishing of the classical constraints car-
ries over to the requirement that physical states are annihilated by the associated constraint
operators. Note that the notion kinematical might be misleading in case we consider a model
where constraints are handled partially by Dirac and partially by reduced phase space quanti-
zation because the kinematical Hilbert space obtained is in general different from the one
where all constraints are treated via Dirac quantization. Though in both cases we apply Dirac
quantization and therefore we still end up with an intermediate kinematical Hilbert space
which is not a physical Hilbert space yet. An example where a combination of Dirac and
reduced quantization has been used and the corresponding Hilbert spaces have been analyzed
in detail is the model in [2].

Following [8] these models can be classified as type I and type II models. Models of type
I are characterized by containing two pairs of four scalar fields and are usually a second
class system. If one reduces the system with respect to the second class constraints one pair
of the four scalar fields can be expressed in terms of the remaining degrees of freedom and
one ends up with a first class system for which the remaining four scalar fields can be used
as reference matter. This first class system is then the starting point for the reduced phase
space quantization. Thus, a full reduction with respect to the Hamiltonian and spatial dif-
feomorphism constraint is possible. An example for such a model is the Brown—Kuchar dust
model, that has been introduced by Kuchar et al in their seminal papers [9—11] and has been
used in [1] to perform a reduced phase space quantization of loop quantum gravity. On the
other hand for models of type II only a partial reduction can be obtained for the reason that
these models include only one reference field usually used as reference matter associated with
the Hamiltonian constraint. An example for a model of type II that has been applied in the
context of loop quantum gravity is the model in [2], where one Klein—Gordon scalar field has
been considered as reference matter. The motivation for this model came from loop quantum
cosmology where in the Ashtekar—Pawlowski—Singh (APS) model introduced in [12] also one
Klein—Gordon scalar field is used as a clock. The model in [2] can be understood as a gener-
alization of the APS-model to full loop quantum gravity.

Now, when going over from the cosmological setting to the full theory, we have to decide
how we deal with the spatial diffeomorphism constraints. In [2] these have been treated using
Dirac quantization. In this work we want to extend the class of models of type I in such a way
that we can consider a model for the full theory with four Klein—-Gordon scalar fields as refer-
ence matter which allows in contrast to [2] not only to apply for the Hamiltonian constraint
but also for the spatial diffeomorphism constraints a reduced phase space quantization. In
this sense we can understand the model presented here as the corresponding model of type I
associated with the type II model presented in [2]. Likewise to the model in [2] the model pre-
sented in this work can also be seen as an equally justified extension of the APS-model to full
loop quantum gravity. Particularly, analyzing the dynamical operators of the model presented
here as well as the model in [2] yields the possibility to get a first insight on possible differ-
ences in the quantum theory when either Dirac or reduced quantization is used for the spatial
diffeomorphism constraints.
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We will start with the most naive model of type I associated with the model of type Il in [2]
that involves the Einstein—Hilbert action and four additional Klein—Gordon scalar fields. As
we will show in section 2 this yields to a reduced model with a physical Hamiltonian which
cannot be quantized using the loop quantum gravity representation. A Hamiltonian in the
context of Dirac observables is called physical, since it generates the dynamics of the Dirac
observables. The reason why our first physical Hamiltonian is not quantizable is the way
how combinations of the observable corresponding to the geometric part of the spatial diffeo-
morphism constraints denoted by C;*°, that involves the contribution from the gravitational
degrees of freedom only, enter into it. It turns out that this leads to a term, namely 6/ ngeo e,
which cannot be quantized because the infinitesimal generators of the spatial diffeomorphism
constraints C]geo do not exist at the quantum level due to the lack of weak continuity for finite
spatial diffeomorphisms in the loop quantum gravity representation, see also the end of sec-
tion 2.4 for more details. As a consequence, comparing this naive model with the one in [2] we
get very different results. The model where spatial diffeomorphism constraints are treated via
Dirac quantization works, whereas the corresponding reduced model cannot even be quanti-
zed in the context of loop quantum gravity. Hence, the conclusion of our work is that the naive
model is not appropriate for performing a reduced phase space quantization using the usual
loop quantum gravity representation.

With this result given we will consider in section 3 a slightly generalized model of the four
Klein—Gordon scalar field case along the lines of other dust models of type I. The model in
section 3 can be understood as model involving seven scalar fields. Likewise to other models
of type I, this yields to a system that has second class constraints. We perform the reduc-
tion with respect to the second class constraints that reduces the three additional degrees of
freedom and end up with a system that involves next to gravity one conventional and three
(generalized) Klein—Gordon scalar fields and which has first class constraints only. The reason
why we do not consider 8 scalar fields from the beginning as it has been done in in the dust
models of type I in [9-11] is that we want to be as close as possible to the model in [2] and
therefore want to choose for the reference field associated with the Hamiltonian constraint the
same in both models. Thus, we only generalize the Klein—Gordon scalar fields that play the
role of reference fields for the spatial diffeomorphism constraints. As we show in section 3
the corresponding reduced model leads to a physical Hamiltonian that can be quantized using
loop quantum gravity techniques. There the physical Hamiltonian involves a contribution of
the form Q*C¥*°CE™. Tt is exactly the appearance of the inverse spatial metric ¢ which
makes it possible to quantize this physical Hamiltonian in the loop quantum gravity repre-
sentation. In section 3.5 we present the details of the regularization and quantization of the
physical Hamiltonian corresponding the generalized model in the usual loop quantum gravity
framework as well as in the algebraic quantum gravity (AQG) model from [13]. Furthermore,
we compare the physical Hamiltonian operator obtained in the model presented here with the
one from [2]. This provides the possibility to make first steps towards the comparison of Dirac
and reduced phase space quantization in the context of the spatial diffeomorphism constraints
at the level of the dynamical operators.

For the reason that we perform a reduced phase space quantization for both models the one
in section 2 as well as the one in section 3, we briefly summarize the main three steps that need
to performed in this approach below:

e Step 1: construction of observables

First, we need to perform a reduction with respect to the constraints of the system. Since
loop quantum gravity is based on a formulation of general relativity in terms of Ashtekar
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variables this includes the Hamiltonian, the spatial diffeomorphism as well as an addi-
tional SU(2) gauge constraint. Note, that in all current available models the latter is solved
by Dirac quantization and therefore not considered in the reduction of the classical theory.
We will follow the same line in our work here and derive the partially reduced phase
space with respect to the Hamiltonian and spatial diffeomorphism constraint and solve
the Gauss constraint via Dirac quantization at the quantum level. The classical reduction
is obtained using the relational formalism that, given a set of reference fields, provides a
formalism to construct observables.

e Step 2: dynamics of the observables on the reduced phase space
As a second step we have to derive the dynamics for the constructed observables. Since
by definition they Poisson commute with the Hamiltonian and spatial diffeomorphism
constraints their dynamics is no longer generated by the canonical ADM Hamiltonian.
This is also called the problem of time in the context of general relativity. We will denote
the generator of the dynamics of the observables physical Hamiltonian because, as we
will discuss below, it has similar properties than the Hamiltonian in unconstrained sys-
tems.

e Step 3: reduced phase space quantization

Finally, given the reduced phase space, we want to obtain the corresponding quantum
theory via canonical quantization. For this purpose the algebra of observables needs to be
computed and one has to find representations thereof. In general the algebra of observa-
bles can be more complicated than the corresponding kinematical algebra. However, for
the existing models as well as for the model discussed here, the chosen reference matter
has the feature that the associated algebra of observables is isomorphic to the kinematical
algebra. Hence, to find a representation of this algebra, that corresponds to finding the
physical Hilbert space, is not more difficult than quantizing the kinematical theory.
Furthermore, we are only interested in those representations for which the dynamics
encoded in the physical Hamiltonian, can be implemented as a well defined operator on
the physical Hilbert space.

The paper is structured as follows:

In section 2 we will discuss a model that includes four Klein—-Gordon scalar fields and we
perform the first two steps of the reduced quantization program in sections 2.2 and 2.3 because
as mentioned above the physical Hamiltonian obtained in the second step cannot be quantized
using loop quantum gravity techniques. We discuss the latter result in section 2.4. In section 3
we will generalize the four Klein—Gordon scalar field model by adding in addition three more
scalar fields. As we will show for this generalized model the reduced quantization program
can be completed. After an analysis of the dynamics of the generalized model in section 3.2
the steps 1 and 2 of the reduced quantization can be found in sections 3.3 and 3.4 respectively.
In section 3.5 we present the technical details of step 3 involving the regularization and quanti-
zation of the physical Hamiltonian operator of the generalized model. Finally in section 4 we
summarize our results and conclude. In addition we have moved longer calculations into the
appendix. This involves a comparison between the reduced model and a corresponding gauge
fixed model along the lines of the discussion in appendix H of [14], as well as details about
the construction of the observables and some details on the stability analysis of the constraints
in the generalized model.
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2. Four Klein—Gordon scalar fields as reference matter

The first model we want to discuss here is general relativity with four additional reference
fields. This model can be understood as the natural type I model associated with the one scalar
field model in [2] which originally was considered because it is the full loop quantum grav-
ity generalization of the Ashtekar—Pawlowski—Singh (APS) model introduced in [12]'. We
assume that each of the reference fields is a Klein—Gordon scalar field. Thus, the action of the
total system under consideration is given by

1
Sleoo') = [ axyaRY 3 [ axaoe il =5 4 5%

where g,,,, is the space-time metric, g := | det(g,,,,)|, R denotes the four-dimensional Ricci
scalar, u,v =0, - - - , 3 are space-time indices and I,J = 0, - - - , 3 1abel the four Klein—Gordon
scalar fields. Note that the latter index is just an internal one labeling the reference matter
fields and has no relation to the space-time indices. We choose our signature convention for
the space-time metric tensor g, to be (=, 4,4+, +). We restrict our discussion to the ADM
variables here. Since all the obtained results here can be straightforward carried over to case
of Ashtekar variables. Applying the ADM formalism, where dot denotes the derivative with
respect to the time parameter ¢ in the ADM frame, we end up with the following canonical
action

S[qap> p®s 1, po %, par @’ s = / dt/ &x (i]abp“b + ¢y 4+ p + py — [nc'ol +nc™ + vz + l/“za]) s
X

R

with primary Hamiltonian

3 3 tot tot
Hprimary = / d xhprimary = / d’x (nco + nacao +vz+ VaZa) s
X X

with
=D, Zai=Ppa =0 4 ¥, =080 4 Y
and
et = L <q 4t — asd d) pp — \/gR®
- ac a Ct 9
Va 2
5”7'&'171’] 1
(" - (S ab, I  J
¢ 2\/& + 2\/21 g gp,a@,b»
K“ngzeo _ _anCDbpbc’
- @1

here kK = 16mG where G is Newton’s gravitational constant, D, is the torsion free metric
compatible connection with respect to the ADM metric and g := det(g,p), n and n* denote
the lapse function and shift vector respectively and v, v* are Lagrange multipliers associated
with the primary constraints z and z, respectively. To analyze the time evolution of the primary
constraints z and z, under the primary Hamiltonian we notice that the non-vanishing Poisson
brackets on the phase space are given by

! More recently a model by Dapor and Liegener [15] was introduced that derives the dynamics of the cosmological
model using cosmological coherent states from full LQG.

6
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{Gea(x),p™ ()} = £60.655% (x, ), 2.2)

{n(x).p()} = 6% (x.y), 2.3)

{n"(x).pa(y)} = 630 (x.), 24)

{¢'(@).m ()} = 6769 (x,y). (2.5)
The analysis of the stability of the primary constraints shows that ¢**' and ¢! are the secondary
constraints of the system.

= {Z, Hprimary} = {P» Hprimary} = _Cmt, (2.6)

Za= {Za, Hprimary} = {pa, Hprimary} = _CEIO[- 2.7

No tertiary constraints arise, since we are in a similar situation as in [14], for a prove see appen-
dix B there. As expected each of the four reference fields ¢! contributes to the Hamiltonian
and diffeomorphism constraint with the standard expression of a Klein—Gordon scalar field.
The set of constraints {z, z,, ¢'®, ¢} is first class. Now we go to the reduced ADM phase
space for which z~ 0 and z, =~ 0 and in this phase space we can treat lapse and shift as
Lagrange multipliers. Before we actually discuss the construction of observables in 2.2 we
will briefly review the general formalism in the next subsection, where we will very closely
follow the presentation in [16].

2.1. Brief review on observables in the context of the relational formalism

The relational formalism provides a framework in which the dynamics of general relativity
can be formulated in terms of Dirac observables. Their evolution is governed by a so called
physical Hamiltonian. In the following we will briefly summarize the main ideas of the for-
malism and introduce the notation necessary for the work done here. For a more detailed
introduction we refer the reader for instance to [16].

The starting point is a system with a set of first class constraints denoted by {C,} labelled
by an arbitrary index /. In order to obtain for each C; a quantity that is at least weakly canoni-
cally conjugate to it, we introduce reference fields 77, one per C; and these need to satisfy
{T!,C;} = N} with N being an invertible matrix. This allows to define a set of equivalent
constraints that are weakly Abelian and given by

C; = EJ:(N_I){CJ (2.8)

that obviously define the same constraint hypersurface and for which we have {T7, C}} ~ §%.
As reviewed in [16] given the set of Abelian constraints we can define a map that sends each
phase space function f to its gauge invariant extension also called Dirac observable as

o[£

n=0

’ (2.9)
pB=1—T

where we introduced the following sum of Hamiltonian vector fields Xz = > g’X; and X;

denotes the Hamiltonian vector field associated with C}. Furthermore, X5-f = {IC@ of }(ny» With

Cp = > B'C;and {.,. }(» denoting the iterative Poisson bracket defined through {Cg,f } 0y = f
T

7
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and {Cg.f} () = {Cs,{Cs.f}(n—1)}*. The interpretation of this map is that it returns the val-
ues of f at those values where the reference fields 77 take the values 7/, where we suppressed
the index at the 7s and 7/’s.

Let us briefly list the main properties of these Dirac observables that have been proven in
[6,7,17]:

(i) O¢(7)is a Dirac observable, that is {Oy(7), C;} ~ 0 for all 1.
(i) For a given phase space function f where we denote the elementary variables with (¢*, p4)
we have

Or(7) = f(Oy,, Opr)(7). (2.10)

(iii) One can show that the Poisson bracket of two observables is weakly equivalent to the
observables of the Dirac bracket of the corresponding gauge variant functions, that is

{07(7), Og(1)} = {04(7), Og(T)}" = O3+ (7)), .11
with the Dirac bracket defined by

(1.8} = {f.8) = > _{fr e} (M) (5.8}, 2.12)
1J

where ¢; denote the constraints of the system and we have the invertible so-called Dirac
matrix My := {¢;, ¢,}. In our case the set of constraints is given by the commuting
reference fields 77 and the constraints C,;. Then the Dirac bracket becomes

{f.8g} ={f.g} —{f. CHN"YH{T . g} + {g. CHN AT .f}.  (2.13)

The second point tells us that it is sufficient to construct observables of the elementary phase
space variables and the last point will particularly be important when we consider the quanti-
zation of the reduced observable algebra.

In the special case of deparametrization, that will be also relevant in our work, the situation
simplifies. In that case the phase space can be divided into two sets of canonical pairs one for
the reference fields (77, P;) and the other for the remaining variables (¢¢, p,) with the property
that the set of constraints can be rewritten as

Cr = Pr+ h(q®,pa), (2.14)

that is linearly in the reference field momenta and the constraints are independent of the refer-
ence fields 7'. Note that this might be also obtained only partially that is for a subset of the
constraints C;. In the fully deparametrized case we have

{T',C;} = 6. (2.15)

In addition due to the fact that constraints are linearly in the clock momenta they form an
Abelian algebra and this carries over to the associated Hamiltonian vector fields and they
commute and in this case here not only on the constraint surface but on the entire phase space.
As consequence all weak equalities mentioned above become strong equalities. For a phase
space function that is independent of the reference field degrees of freedom the observable
map simplifies to

2 The additional factor (—1)" in the definition of the map comes from the fact that we use {g*, pz} = 4 here, in
contrast to [14] where {g*,pg} = —d4 is used.
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Op(r) =) (_1,)nX§'- £, (2.16)

n.
n=0

where X is the Hamiltonian vector field of the function

H. =) (7'~ TH, 2.17)
1
where H; := O, (7) denotes the observables associated with /;. Using the property in (ii) we
obtain Hyas H; = Oy, (1) = hy(Q%, P,)(7). For deparametrization h; = H; is already a Dirac
observable because we have {h;, C;} = 0. Let us denote the observable associated with all
non-reference field degrees of freedom (¢, p,) by Q°(7) and P,(7). Then considering the fact
that they commute with all 7"°s we obtain for their algebra

{Q(7) Po(7)} = {0ge(7), Op, (1)} = Oge ) (1) = Oy (7) = &5 (2.18)

Hence, in this case the Poisson algebra of the Dirac observables agrees with the algebra of the
gauge variant quantities for these degrees of freedom.

For an observable Of(7) associated with a function that depends only on ¢“ and p, the
time evolution for Oy(7) can be described by the change of Oy(7) with respect to 7° since
this encodes how Oy(7) varies with time 7° if we choose 7° as the reference field referring to
physical time. As shown in [7] this can be written in form of a Hamilton’s equation of motion
given by

90,(7)
37'()

= {0¢(7), Ho}, (2.19)

where Hj := f d3x0h0 is a time independent Hamiltonian in the case of deparametriza-
tion. In what follows we call the generator of the dynamics of the observables Hj physical
Hamiltonian. Here we restricted our discussion to the case of deparametrization, but as has
been shown in [8] and will be also important for the models discussed in this paper if the sys-
tem does not deparametrize but the function /o depends on the partial derivatives of 7° only,
then the final physical Hamiltonian H, will be still independent of time.

2.2. Step 1: construction of observables

Now we will use the formalism introduced in section 2.1 and apply it to the four scalar field
model in order to construct observables with respect to the Hamiltonian and spatial diffeomor-
phism constraint. For this purpose as a first step we have to rewrite the Hamiltonian as well as
the spatial diffeomorphism constraint in an equivalent form such that the set of resulting con-
straints becomes weakly Abelian. To achieve this we will use the same strategy as in [14], that
is firstly solving the four constraints for the four reference field momenta 7; and then apply
the so called Brown—Kuchai mechanism in order to ensure that the final physical Hamiltonian
is given in deparametrized form.

2.2.1. Weakly Abelian set of constraints. We start with the spatial diffeomorphism constraint
¢t and want to solve it for ;. In order that the scalar fields gof with j = 1,2, 3 serve as good
reference fields we have to assume that ¢ : y — S is a diffeomorphism, where S denotes
the scalar field manifold consisting of the values the fields ¢/ can take. We denote by ©f the

inverse of 90;’;, such that <,0J”-’<pjl'7 =47, gaﬁgo;’;, = 6,{ . Using this we can solve for 7; and get
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+ m0%Y) =t —hi(qar. 0. ¢°, 7, mo) =t —h;.

tot geo

=0 e me (2.20)

tot ; tot

Further, we want to solve ¢*" for 7. Considering the explicit form of ¢* in (2.1) multiply ¢

with 2, /g and reinsert the result for the momenta 7; from (2.20) into it, where the last step is

known as the Brown—Kuchat mechanism. Note, that we apply the Brown—Kuchaf mechanism
g (5 +mj0h) (" +mi0))

notin its standard form here because then we would replace g*>¢ agp b by p~ ,
0

but here we use the spatial diffeomorphism constraint to replace 7;. The advantage of this is
that we get at most a quadratic equation in 7y and not a fourth order one as in [2] yielding
in general to a more complicated form of the final physical Hamiltonian. These steps lead to

—2/qe¥* = mo? + 67 (e + mowl) @i (6 + mowl) + adikq™ 0ol
This is a quadratic equation for the scalar field momentum 7y and can be rewritten as
0=(1+ 6jk<pfcp2g0%g0?b) mo* + (5’7‘90‘»’902 (c2°pf, + 5% mo
+ 0k q" Pl + O G PleEO T + 2 /qet.

Let us define the following abbreviations

a:= (1 + (5jkgoj‘-’<,02<pf)a<pf)b)
b= 6%} (5005, + ) s
= 615JK61”b<PJa<PI§ + 5jk<Pj ‘Pkcgeo b+ 2\/qc*°,

then solving for 7y yields

2
o = _ﬁ + <b> - E = _h(Qab’pab’ @0’ 90]) =: —h. (221)
2a 2a a

Note, that the application of the Brown—Kuchai mechanism in its standard way does not result
in a form of the Hamiltonian constraint that can be written linearly in 7y and a function that
does not depend on the remaining scalar field momenta ;. In order to ensure later on that the
physical Hamiltonian density is positive we choose the plus sign in the definition of 7. Now
we will use the results in (2.20) and (2.21) to write down an equivalent set of constraints that
is linearly in the scalar field momenta. We obtain

oot . o +h(CIab, ab’wo s0./')

0 (2.22)
=7 + hi(qap. p*. %, 7).

where we used my = —h to obtain from hj a function h; that no longer depends on the momen-
tum 7. Note, that this result also coincides with [30], where a model with eight scalar fields
was considered to implement the harmonic gauge condition. This second class model can be
reduced to a first class model with four remaining scalar fields of the Klein—Gordon type. We
realize that neither the new Hamiltonian constraint nor the spatial diffeomorphism constraint
is in deparametrized form for the reason that the function % as well as the functions h; still
depend on the scalar fields. However, as pointed out in [8] in case these functions depend only
on spatial derivatives of the reference fields the final resulting physical Hamiltonian will still
be time-independent and this is exactly the case for the present model as we will show in the
next subsection. In contrast to the old constraints the constraints shown in (2.22) are weakly
Abelian and can thus be used to construct observables for the geometric degrees of freedom

10
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using the four scalar fields as reference fields. In the following we will construct the observ-
ables in two steps. First we reduce with respect to the spatial diffeomorphism constraint and
afterwards with respect to the Hamiltonian constraint.

2.2.2. Explicit construction of the observables. For the construction of the observables we
can closely follow [14] where four dust reference fields are used. Likewise to the case of the
dust reference fields, we will construct the final observable in two steps. First, we derive spa-
tially diffeomorphism invariant quantities. For this purpose, as in [14], we define the smeared
constraint

Kg, = / &x Bl (2.23)
X
Observables with respect to K, are given by
0(1) (U)—i(_l)n |:{K 1} :|
e} - 1l Bis (n) Blf.:aifgof. (224)

For the dust reference fields in [14] an explicit form of the inductive Poisson bracket {Kg,,f} (n)
in terms of vector fields v; acting on a scalar g by v; - g(x) := S¢g, was derived, where §
denotes the reference dust fields and Sf‘ the inverse of S’{l . All the steps used [14] in order to
prove the explicit form of the inductive Poisson bracket go through also for the scalar field
reference fields (/. We just have to replace S7 by ¢f. For the benefit of the reader we have
reviewed the proof in the appendix in appendix B. Using this result we consequently obtain
for the case that f'is a scalar, e.g. some function g : x — R on x

(Ks,,8(0) Yy = [B".-BI"v),..0;, - 8] (%) (2.25)

with v; - g(x) = ¢fg.4(x). Hence the spatially diffeomorphism invariant quantity for g is given
by

(=1 , , .
Opton(0) =8+ Z} ( n!) [0 = ][0 — "]y, - . (2.26)

We have v; - o = ¢, = §F. In equation (B.8) in appendix B we calculated the action of the
©)] ‘

oo} (o). The result is given by

vector field v, on O

e n
4% 0;}{)¢j}(0) = Z ( nll) .8 [Uk(fj} 00j,...0;, - &. (2.27)
n=1
As explained in the appendix we are allowed to choose any ¢/ and a convenient choice is o/ to
be constant. This requires that ¢/ is invertible for j = 1,2, 3 which is an assumption entering
the whole construction and means that ¢/ : y — S can be understood as a diffeomorphism,
where we denote with S the scalar reference field manifold. Hence, for a scalar g on x we
therefore obtain the following explicit integral representation for the spatially diffeomorphism
invariant expression

Oty (@) = / dx | det(dp?/0,)|0(7 (x), 07 g (x). (2.28)
X

Now, as introduced in [14] for the quantities that are no scalars on y we use the (¢/) 7! : S y
to pull back tensors that become scalars on y but tensors of same rank on S where we denote

1
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the physical space being the range of o/ within S. Explicitly, we construct for all variables
that are not reference fields for ¢ using the abbreviation J := | det(¢//d,)| the following
quantities

¢, mol), g = qweiel. P =pPelel /), (2.29)

where J is used to transform the scalar/tensor densities of weight one 7o and p® into true sca-
lars/tensors. The integral representations of the corresponding observables are then given by

P =00 ,,(0) = / x| det (0! /0,)|3(7 (x), o) (),
X
Foim 0 (o) = /X Ex3(07 (x), 0)mo (x),
=0 () = / &x | det(D7 /0,)[6(5(x), o) un (),

Ex (7 (x), o) lipkp™ (2), (230)

A
=
PN
%
=
=
S
I
T

where we will denote spatially diffeomorphism invariant quantities with a tilde. For the
degrees of freedom that adopt the role of a reference field for c“" we get

1= 00 0) = [0 )] ko, = = / &x | det(9p? /0,)] (¢ (x), o) (x),
= 07(71){50’}( )= /d x ‘ det (0’ /0,) ‘5 I(x), o) mi(x). (2.31)

For the spatially diffeomorphism invariant version of the constraints ¢ and ¢ thus we
obtain:

¢t =Ty + h,
~ . _ " ~ (2.32)
E} =T+ h =7 —|—~ge° — h(ﬁg =T — 2‘1j€kakE - h&‘},
where we used that
1 ; ; N j
0%(0) = [ dx|det(d0!/0,)[5(0 (0.0 gt = 5] 233)
: X

and likewise Og,;?(o) = 5}‘ and with

~ 1
. S P
14 P08

oy [ - (1 2peon) v + dn@a (G134 + o)+ 37E0]),

1 1 .
~geo __ ~ ~ _le Njk~£m —~ o~ 2.34
== @ (q,eqkm zq,kqem)p P — /det(q)R(q). (2.34)

12
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Next, we will continue with constructing full observables that are also invariant under ¢**. As
before we denote the smeared Hamiltonian constraint as

Kp, = / d*o 5,7 (2.35)
S
Then the observables are given by the power series

—_n®
Op (o (9:7) = 02 _(0)(7)

oo _1 n - .
- ; % [{Kﬁz’f}(”)]ﬁzﬂ—w
Fio)
+ Y UL [@aiie = 20D, [ @oifr - B o) e To)..).
" (2.36)
.

Again we want [g o (1 — §°(0))h(c) to be spatially diffeomorphism invariant. This
requires a constant 7. We will denote full observables by capital letters, explicitly

Il
~

Qik(0,7) := Oy (40,9} (0. T) = Oy (o). 0>
ij(O', 7') = pah){¢0’wj}(0, T) = 05,1:(0),(50,
Ho(O’, 7') = OWO’{LPO,SDj}(O-, 7') = 0;;0(,,),(50,

Hj(O’, 7') = 07rj,{<p°,<pf} (0’, T) = O;j(a)@@. (237)

Note, that I, and II; are no independent observables because using the constraints in (2.22)
these can be expressed in terms of O and Pji. Furthermore, we have

00 (o003 (0,7) =T and O 00y (0,7) = ol (2.38)

2.3. Step 2: dynamics encoded in the physical Hamiltonian

Likewise to the dust case in [14] this power series for Oy {0 i} (0, T) cannot be written down
in closed form. However, what is more important is that we know an explicit form of the phys-
ical Hamiltonian Hppys generating the evolution with respect to the physical time 7. Hence,
we could derive equations of motion for Oy ;0,3 (o, 7). Solving these equations yields a
possibility to obtain an explicit expression for observables. When choosing dust fields as
reference fields it could be shown that Hppy is the (physical) space integral over S of the
observable associated to the function 4 in ¢*, see [14] for more details. The proof that Hohys
generates T—evolution uses the property that ¢*' deparametrizes for the dust reference fields.
Nevertheless, as we will show now also in the scalar field case where deparametrization is
not present Hppys can be expressed as the integral over the observable associated to 4. Let us
consider phase space functions f that are independent of the reference field degrees of freedom
used for ¢*°* that is f is not allowed to depend on ¢ and/or 7. Then by considering the explicit
power series for observables in equation (2.36) we have

13
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d
706 (_1)n 3 3 s gtot( t ~tot( /\ T — 3! -3
=3 oy Lt [ E R ) ) Fe)) = )~ ()

o (n—1)!
_ - (71)n 30/ 30/ ot (o ot o
-5 @t [ En @) ).
([ #E )T} = Bl = B0
S
=0

s #oe (o) (0}, (T)
= 0y, oo (o112 (T)
= =04/, #oi(onF()} () ()

= 7{00(1) /(a),(ﬁo(ﬂ)(T)’OO;BJ(U)@O(”)(T)}

Iy B )0
= {05, wwnw) fe0.011 (7), Op 00y (0, 7)}
= _{Ofs dj’a’ﬁ(v’),{go",zp’}(T)’ O (40,13 (0:7)}

=—{ /S 0" 010,13 (0'7), Op (0,03 (0, 7)} = { /s Fo'H(0',7), Op g0y (0, 7)}

= —{Hphys(7), Of 10413 (0, 7)}
= {0,140, (0, 7), Hpnys (1) }. (2.39)

In the third line we used that ¢*'(¢o’) mutually commute and in the fifth line that fis by assump-
tion independent of ¢ that allows us to replace ¢ by h. Furthermore, we could use the
Poisson bracket instead of the corresponding Dirac bracket because f (by assumption) does
not depend on the reference field momentum 7y. Consequently all terms in the Dirac bracket
additional to the Poisson bracket vanish. The Dirac bracket here has the following form for the
spatial diffeomorphism invariant quantities

GFY =G - [ &0 (20N 80) - .20 WF.2°0)})
S (2.40)
and for the unreduced case

3
(Y =11} - / Ex > (L OHA W) - 1 @HAY WY 24
X J=0

with ¢ := ¢™". In the last before the last line we used the linearity of the observable map and
introduced the abbreviation H(o, ) := Oy(0o, 7). Thus, the physical Hamiltonian in case of

the Klein—Gordon scalar field reference field is given by the following expression

Hppys = / d’o Oﬁ(a)«zﬂ(a’ T) = / &’ H(o,7), (2.42)
s s

here we denote the (full) observable associated to & according to our notation by H and the
latter is explicitly given by

H(o) = \/ - (Zx/det(Q)Cgeo + det(Q)Q* & + 5/’kcfe°c,%e°> (2.43)

and does not depend on the physical time 7 where

14
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1 1 .
ceeo T (ngka _ Eijng)Pkae — /et (Q)R(Q) + 21/det(Q)A,

ngeo = *ZngDkPke. (244)
The reason why H includes less terms than I in equation (2.34) and looks less complicated
is that all terms involving spatial derivatives of the reference field 3° can be dropped because
053_,@0 (0,7) = dr/do’ = 0. A side effect of this is that H,,ys although involving still explicit
reference field variable dependence @, is nevertheless a time independent Hamiltonian since
only derivative terms occur. However, the additional explicit dependence on the reference
fields @/ survives because their derivatives give a contribution in terms of Kronecker deltas.
From the first impression it sound astonishing that although we started with a full covariant
theory, we end up with a physical Hamiltonian that looks not covariantly due to the occurring
Kronecker deltas. However, we should keep in mind that the index j in the equation above
refers to the label of the scalar reference fields and is no spatial index of a space-time index.
Thus, the non-covariance of the physical Hamiltonian refers to the manifold S associated to
the spatial reference fields o/ and there is no guarantee that Hppys might be covariant there
even if we start with a covariant action on .

Furthermore, in contrast to the deparametrized dust case here we cannot conclude from the
fact that the ¢**"’s mutually commute that also the 4’s do. For this reason it is more compli-
cated to understand in the scalar field case what precise symmetries Hppys possesses. This will
be discussed more in detail in future work.

2.4. Step 3: reduced phase space quantization

Finally, we would like to complete the quantization program and find a representation of the
observables algebra whose non-vanishing Poisson brackets are given by

{Q'ik(o, ) Pom(0,7)} = 555:‘"5(3) (0,0).

For the reason that we want to apply the quantization used in loop quantum gravity, we form-
ulate the geometry phase space in terms of su(2) connections and canonically conjugate fields
(A4, E3), also known as Ashtekar variables, rather than in terms of the ADM variables 0%, Py,
where A is an su(2) index. This describes the geometrical sector of the phase space as an SU(2)
Yang—-Mills theory. As mentioned above, as a consequence we obtain next to the Hamiltonian
and spatial diffeomorphism constraint the so called SU(2) Gauss constraint on the (extended)
phase space. If we perform a symplectic reduction with respect to the Gauss constraint we get
back the usual ADM phase space. Now in the context of Ashtekar variables the observables
constructed in section 2.2 describe a partially reduced phase space (only with respect to the
Hamiltonian and spatial diffeomorphism constraint) on which we still have to solve the Gauss
constraint given by

Ga == O, + e{z APEL.

The introduction of Ashtekar variables allows to rewrite general relativity in terms of the lan-
guage of gauge fields and this suggests to formulate the theory in terms of holonomies along
one dimensional paths and electric fluxes through two dimensional surfaces, likewise to the
case when one applies Dirac quantization in unreduced loop quantum gravity. For the unre-
duced case a uniqueness result [ 18, 19] showing that cyclic representations of the holonomy—
flux algebra which implement a unitary representation of the spatial diffeomorphism gauge
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group Diff(x) are unique and are unitarily equivalent to the Ashtekar—Isham-Lewandowski
representation [20, 21]. In our case, that considers the (partially) reduced phase space, we
do not have the diffeomorphism gauge group but rather a diffeomorphism symmetry group
Diff(S) of the physical Hamiltonian Hpy. This is physical input enough to also insist on
cyclic Diff(S) covariant representations and correspondingly, like in [1] we can copy the
uniqueness result. Hence, we choose the background independent and active diffeomorphism
covariant Hilbert space representation of loop quantum gravity that becomes the representa-
tion of the physical Hilbert space here. Thus, Hphys = L>(A, par) can be understood as the
space of square integrable function over the set of generalized connections with respect to
Ashtekar-Lewandowski measure, for more details and a pedagogical introduction, see for
instance [22-28] and references therein. We solve the remaining Gauss constraint by simply
restricting to the gauge invariant sector of that Hilbert space. This can be achieved by choosing
appropriate intertwiners for the vertices of the so called spin network functions that provide an
orthonormal basis in Hpys. For more details see also [1].

As mentioned earlier we are only interested in those representations that also allow to
implement the physical Hamiltonian Hypys as a well defined operator. However, looking at the
particular form of the physical Hamiltonian density in (2.43), we realize that it is exactly this
point where the reduced phase space quantization cannot be performed. Let us explain this in
detail: due to the fact that in the loop quantum gravity representation used for Hppys the spa-
tial diffeomorphisms are not implemented weakly continuously, only finite diffeomorphism
exists at the quantum level, but the associated infinitesimal generators cannot be defined as
operators on Hphys. In our model this carries directly over to ngeo. As a consequence the
expression §XCF*°CE* under the square root cannot be quantized and this implies that the
physical Hamiltonian Hpp,ys cannot be implemented as a well defined operator on Hppys. This
shows that the four Klein—Gordon scalar fields model is an example for a model where Dirac
quantization and reduced quantization yield very different results. In case we would use this
model and apply Dirac quantization we would meet no technical problem in implementing the
constraint operators on the kinematical Hilbert space that also involve the contribution from
the Klein—Gordon scalar fields. Therefore, a formulation of the quantum Einstein equations in
the context of Dirac quantization would be possible, although the final physical Hilbert space
would still need to be derived. However, in the case of reduced quantization, we are able to
construct the physical Hilbert space Hpnys, but then on Hpys the dynamics encoded in the
physical Hamiltonian cannot be formulated as a well defined operator. Therefore, the quanti-
zation program cannot be completed in the reduced case. This implies that four Klein-Gordon
scalar fields do not provide an appropriate set of reference fields in order to obtain a reduced
phase space quantization of general relativity.

Let us close this section with a few remarks.

1. One could ask the question why such issues are not present in any of the other currently
available reference matter models. The reason for this is that in all current available
models the generator C;** occurs only in the combination Q/*C¥*C;* and it is exactly
this combination that can again be quantized in the usual loop quantum gravity represen-
tation [1] used for Hppys here.

2. In [29] a lot of progress was made to formulate an operator that corresponds to infinites-
imal spatial diffeomorphisms at the classical level. However, because this work requires a
particular phase space dependent form of the shift vector, the techniques developed there
cannot be applied here in order to find a suitable quantization of Hpnys 0n Hphys.
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3. One could take the point of view that this negative result does only occur because we
require the theory to be quantizable within the representation used in loop quantum
gravity. However, if we drop this requirement and consider for instance Fock quantiza-
tion, then we could not implement the original constraints and quantities like the volume
operator as well defined operators on Fock space. Therefore the situation is even worse in
that case.

In summary, we conclude that the four Klein—Gordon scalar fields model cannot be used as
a natural extension of the APS-model [12] and the one scalar field model [2] to obtain the
corresponding reduced quantum theories associated with these models. In the next section we
will demonstrate that a slight generalization of the four Klein—Gordon scalar fields model is
sufficient enough to get a model for which the dynamics can be implemented and thus the
reduced phase space quantization program can be completed.

3. Generalized model with four Klein-Gordon scalar fields

In this section we want to extend the former model with four Klein—Gordon scalar fields in
order to obtain a model that is suitable for completing the quantization program in the reduced
case. The seminal models [9, 30] have a common property, namely that at first they introduce
more than the necessary four scalar fields in addition to general relativity. It turns out that then
these models describe a system with second class constraints. A symplectic reduction with
respect to the second class constraints results in a first class model with only four additional
scalar fields. For the generalization of the four Klein—Gordon scalar field model we want to
follow a similar line. We will introduce three additional scalar fields in a particular way such
that the final physical Hamiltonian can be quantized on Hyys. The model we want to consider
can be described by the following action

; 1 ) 1 Lo
Slo.oeh i) = [ 0y = [ atwvae it - [ v el
M M M

= se0 4 59 4 59,

3.1)

here p, v runs from O to 3 whereas i, j runs only from 1 to 3. In principle we have introduced
9 new degrees of freedom sitting in a not further restricted arbitrary matrix M;; in three dimen-
sions. However, we will assume further properties of this matrix and this reduces the number
of independent degrees of freedom down to three. Note, that we also could have considered
a model with a 4 x 4 matrix M};. However, then the reference field for the Hamiltonian con-
straint would no longer be a standard Klein—Gordon field and since we would like to compare
our model to the one in [2], we will only work with a spatial matrix here. The first assumption
we make is that Mj; is a symmetric matrix which reduces the number of degrees of freedom
from 9 to 6. Further, we restrict our model to diagonal matrices for the reason that this is only a
minimal generalization from the former Klein—Gordon scalar field model that can be obtained
by choosing M;; = d;;. As we will show this extension is already sufficient to get a quantizable
model. Thus, the form of M;; that we work with is

M]] (X) 0 0
0 M22 (X) 0
0 0 M33 (x)

and thus we have three additional degrees of freedom sitting in Mj;(x).
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3.1 Equations of motion for the generalized model

We start with the equations of motion that follow from the Euler—Lagrange equation for the
variables Mj; and obtain for each j =1,2,3

oS 1 o
22 0= —= I

5M; V88" el (3.2)
If we define for each j = 1,2,3 a four velocity Uf‘j) = g‘“’gafu then the equation above can

be rewritten as
(N B i _
Uiy = Lo’ =0,

where [,U(,.) denotes the Lie derivative with respect to U 6’)' Thus, the reference field goj is con-
stant along the flow of the vector field Ué‘j). A similar property can be found in [9], however
there the four velocity is not constructed from one scalar field (/ only but it is constructed
from 7 scalar fields T, W;, S/ where j runs from 1 to 3. Next we discuss the equation of motion
for <p0 which is, as expected, the standard Klein—Gordon equation as can be seen from

o s i} } }
= g 50 = O (VEALE™) = VEVL (80)) = VEE Ve, = VEOWe = 0@ =0,
SH

here V,, defines the torsion free covariant derivative metric compatible with g, ) the
d’ Alembertian operator and we used how covariant derivatives act on tensor densities. Finally,
we consider the equations of motion for ¢/. In the former model discussed in section 2 the
dynamics of o/ was also described by a Klein—-Gordon equation. This will be modified in the
generalized model here. We obtain for each j = 1,2,3

0 oS i v v j v j
0= T sl O (VEaM05,8") = \/8Vu (8" Mjjpl,) = /88" V u(Mj03,)
W
as before no summation over repeated j indices is considered here. Hence, the equations of
motion for each ¢/ are given by

MyEOW0) + VE(V,My)g" o), =0, (33)

where again no summation over repeated j indices is assumed. For the reason that the canoni-
cal momenta associated with the M;’s vanish and the M;;’s themselves enter only linearly
into the action, the equations of motion do not determine Mj; completely. As we will see in
the Hamiltonian framework the equation of motion for M still include arbitrary Lagrange
multipliers. Depending on the choice of these Lagrange multipliers the fields 7 satisfy the
generalized Klein—Gordon equation shown in (3.3). Comparing with the Brown—Kuchat dust
model in [11] the role Mj; plays in our model is taken by the scalar fields p and W; in the
Brown—Kuchai model. As discussed later, it is exactly this modification for the spatial refer-
ence fields that leads to a reduced model whose physical Hamiltonian can be quantized using
loop quantum gravity techniques. In the next section we will show that the model is second
class and can be reduced to a first class model with only four instead of seven additional scalar
fields.
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3.2. Constraint stability analysis
Given the action in (3.1) we introduce the following canonical momenta

(‘]ab,Pab), (n’p)’ (nu’pd)’ (‘)DJ’ 7T]) (‘]‘4}]’ Hjj)

Considering the fact that M;; in diagonal form is invertible we obtain the following primary
constraints

A= 95 0,
oM;;
N
i =p = % = 0,
oS

=0.

o= Pa=
a

The action in canonical form reads

S(qabs P, 1, P, 0 Py ©°, 0, 07, 7r,,M,,,H’}

3
/dt/d3 ( GasD” +<p°7ro+2¢j7rj+ﬁp+ﬁ“pa+ZM,~,~H’7
=1 =1

3
nct°t+n"cta°t+1/z+l/”za+§ /ijjA]] >
j=1

Note that here we write down the summation over repeated j-indices explicitly for later con-
venience. The associated primary Hamiltonian is given by

3
3 3 tot tot ji
Hoprimary = / & Mprimary = / &Ex | nc®™ + nt + vz + vz, + E wiiA?
X X j=1
with
R o jo._ i tot .__ _geo tot .__ .geo
2:=p, Zg:=ps N =17, =50+ %, K=+ cf

and

N 1 1
K& = — <‘Iacq17d - 2qachd> PabPCd - \/‘?R@)a

\/6?

Wimm, 1 P
¥ = f+ N °e@%+z< ! +2\/t?1"1]yq“b<p,{l<p,’b>,

Hcieo = _2QacDbpbc7

0 '
f = moel, + Y Mok
j=1

(3.4)
The non-vanishing Poisson brackets are given by
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{ea(x),p™ ()} = £00.656%) (x,y),
{n(x),p(")} = 69 (x,),
{n"(x). po(y)} = 6367 (x. ),
{£°(x). m()} = 6@ (x.),
{07 (x). m(y)} = 6169 (x. ),

{M;(x). T ()} = 6£6D) (x,y).

As a first step we need to analyze the stability of the primary constraints under the dynamics
of the primary Hamiltonian. For z and z, this can be easily computed and we obtain

z= {Z, Hprimary} = {P, Hprimary} = *Cmt’ (35)

Za = {Za’Hprimary} = {p(u Hprimary} = *Cflm- (36)
In order to ensure that z and z, are stable we require ¢'" and ¢ to be secondary constraints
and these are the Hamiltonian and diffeomorphism constraint. Next we consider the three
constraints A¥. Under the primary Hamiltonian A/ evolves as
(MM e

Va
here no summation over repeated j-indices is assumed. We realize that we obtain three more
secondary constraints that we denote by ¢’ given by
n [(M_l)jk(M_l)jewkm
2 Va
tot

We obtained a set of secondary constraints {c', ¢!, ¢#}. Now we need to compute whether
these constraints are stable or whether tertiary constraints occur. The details of the calculation
can be found in appendix C, here we summarize only the results. When computing the stabil-
ity in the case of ¢! all non-vanishing contributions are proportional to either ¢* or ¢'. Thus,
we can conclude

{C;ma Hpﬁmary} ~ 0

Further, for ¢** we have a similar situation. There all non-vanishing contributions are propor-
tional to ™, ¢ or ¥ respectively. Hence, also here we have

{Ctol’ Hpﬁmary} ~ 0

Finally, we consider the stability of ¢/. Here we consider the individual contributions of the
primary Hamiltonian separately. We have

/ Ey{e?(x), (aA*) )} = —p;

n

Ajj = {Ajj, Hprimary} =3 |:

5 - Vaq® wi,w,’,,] :

ol =

- \/c’zq“bs@,’as@,’;} :

%ﬂf((M")j"ﬂ (3.7)

again no summation of j is assumed here. The non-vanishing contributions that are not again
proportional to already existing constraints come from

/ Ey{ci(x), (c®)(y)} £0  and / Ey{ed (x), (1) (3)} £ 0.

20



Class. Quantum Grav. 36 (2019) 145002 K Giesel and A Vetter

However, we do not need to compute these contributions in explicit form because the result
in (3.7) involves the Lagrange multipliers p; in linear form. Therefore, although we have
non-vanishing contributions from the Poisson brackets also on the constraint hypersurface
we can solve {c pnmary} = 0 for the Lagrange multiplier ;;; and likewise in the cases
Jj = 2,3 where we can solve the corresponding equations for u,; and us33 respectively. As
a consequence, the stability is also ensured for ¢/ and thus the model contains no tertiary
constraints and the constraint algorithm stops here. The final set of constraints is given by
{2, 24, ', ¢, Adi | ¢J} . Now we need to classify the constraints into first and second class. We
define the following linear combination of constraints

Z;zot — IOt +M i aHjj +nap + (Er'ip)a = CZOt + A/Ijj,aAjj +nqz+ (‘Cﬁz)a .

The constraints ¢* are the generator of spatial diffeomorphisms on the phase space with
elementary varlables (qup> P 1, p, n®, pa, Mj;, T1¥) and thus the constraints ¢ are first class

Ji>
constraints. For the constraint ' we consider the following linear combmatlon
E“’t = CtOt + ﬂjjA]]

and determine 3; such that ¢ and ¢ have vanishing Poisson brackets up to terms propor-
tional to the constraints for all j = 1,2, 3. We have

71'2 !

{e (). (y)} = {" (%), 7 (y ”*511\[(1\4],)3 =0

Solving this equation for 3;; yields

)3 ..
51) = = [ g @ ),

In order to check whether §;; is well defined we need to compute {c"'(x), c¥(y)} explicitly. A
rather lengthy but straight forward calculation presented in appendix D shows that

1 (M;)? “ _ M3
Fix) =3 (%)qubp beb(x) + vl -
J

( ) a (Mj) a
(rvarrct) o+ ) () o
On the constraint surface ¢/ = 0 the expression for §;; reduces to

Bjj(x)m"‘\/a@;’,’l(p,jbpa (7-[-2) (x) + ( ]j (n\[qab ]) (x) + (ZZ)( ]j\[qab J)a(x).

J

(x)

Given this choice of 3; also ¢ is a first class constraint. The remaining constraints A¥ and ¢/

build three second class pairs (c'!, A1;), (¢??, A») and (c*3, As3). Let us shortly summarize.
We have extended the four Klein—Gordon scalar fields model by 6 additional degrees of free-
dom (Mj;, I17). The constraint analysis showed that our model has four first class constraints
¢ and ¢ and six second class constraints ¢/, A#. Therefore, if we reduce with respect to
the second class constraints and consider this partially reduced phase space, we also reduce
exactly the six additional degrees of freedom because each second class constraints reduces
one degree of freedom in phase space. This partially reduced model consists of gravity plus
for scalar fields that we will use as reference fields later in order to derive the reduced phase
space with respect to ¢ and ¢©. To perform the reduction with respect to the second class
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constraints we need to compute the associated Dirac bracket. For this purpose we define the
following set of constraints ¢; with I = 1,---,6 and {¢;}/=1,... ¢ = {¢¥,A¥]|j =1,2,3} and
introduce the matrix

it = = (0 757

where A (x,y) = {c/(x),c* ()} Bu(x,y) = {e/(x), A%(»)}, Cielx,y) = {AV(x), M (y)}
and we used that { A% (x), A% (y)} = 0. We have

2
{c¥(x), A ()} = —% ( @,)36"15<3><x,y>

and {c¥(x),c*(y)} = 0 for j # k and as a consequence all 3 x 3-matrices A, B, C are diago-

. : . U,
nal matrices. The inverse matrix (N ~1)" is given by

tiy) = 0 (€71 (x,)
YA B R ry) —(BTIACT ) (xy) |

The associated inverse matrix satisfies

JK

W

/ 2N (2, 2) N () = 69 ()57
X
Given the inverse matrix, we can write down the Dirac bracket that is given by

(f.8}" = {fog) - / &y / Ex ({f, eIV K () {ex (). €})
—{fog) - / &y / @ ({f, e (1) HC)* (e, ) {A(y), ¢}
[y / Er{ £, M) HB) () {H (), g}

v [ @y [ Sl AN ACT ) (405}

For the reason that the constraints A# = IT# are equal to the canonical momenta of M;; we can
immediately conclude that the Dirac bracket for the subset of variables g, p*®, ©°, o, ¢/, T
coincides with the usual Poisson bracket because each of the variables commutes with A%,
Hence, the Dirac brackets affects the variables (Mj;, I17) only. The algebra for this subset has
the form

{Mji(x). Mu(y)}* = —(B~'ACT) (x.y),  {I7(x). 1% (y)}* =0, {M;(x). II%(y)}* = 0.

To obtain the partially reduced phase space we can set A4 = II/ = 0 and express M;; in terms
of the remaining variables using ¢/ = 0. We get

; 1 .
=———— for j=1,2,3
cii=0 \/6 q”btp,jatpj,; 3.8)

Mj/

and as usual no summation over repeated j’s is considered here. On this partially reduced
phase space the constraint ¢** has the following form
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E::lot _ C;ot + Nz + (E;[Z>a.

In order to rewrite the constraint ¢** on the partially reduced phase space we use M;; in (3.8)
leading to

3
~tot o8 4 ab 0 0 ab _j o]
e \/ + 5 f 44" + Y NAMia "l

3

—cg0 L 0 fqab %‘pob + Zﬂj /qabw,{z@jl;

f ]=1 ’
3

SRR f g — > (s + mopl)\ gk
Now as usual in the context of the ADM formalism we go to the reduced ADM phase space,
that is the one where a reduction with respect to the primary constraints z and z, has been
performed. In the reduced ADM phase space we can treat the lapse function n and the shift
vector n as Lagrangian multipliers. On the reduced ADM phase space we have ¢' = ¢
Summarizing, starting from the model whose action is given in (3.1), we end up with a reduced
ADM phase space with elementary variables (g, p“b s cpo, o, gof s 7Tj) which is a model con-
sisting of gravity and four scalar fields and a set of first class constraints given by

tot €0
Pt = ¢k —|—7ro<pa+7r]<pa,

3

o e T LA~ 3 e + o bl 69)

j=1

In the next subsection we will discuss the construction of observables for this model.

3.3. Step 1: construction of observables

Here we will follow very closely the presentation in section 2.2 because most of the steps
performed for the four Klein—Gordon scalar fields model carry over to the generalized model.
Again we start by rewriting the constraint in Abelianized form.

3.3.1 Weakly Abelian set of constraints. For this purpose we start with ¢ in (3.9) and solve
it for the reference field momentum my. We get3

3 3
mo =m0 | 2va D e a il | + a0 — 20 PieE a el el 4+ 2/qe*° = 0
j=1 j=1

We define the following abbreviations:

3We would like to point out that the formula for ¢'® on page 347 in [31] needs to have a minus sign in front of the

fourth term that carries over to the definitions of b and ¢ and finally leads to a plus sign in front of the second term
in Hppys in equation (4.1) on page 348 so that the results in [31] and ours here agree. Moreover in the notation of
[31] the functions /& and A; differ by an overall minus sign to notation used here.
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3
bi==2vg> ol q oo,
f

3
c = qq o0’ — 27 Y IO gl ot + 20/4cE,
=1

then solving for the momentum 7y yields

b b\’ 4
To = —5 + (2) o= _h(QabaPab’ 900’ (pj) =: —h. (310)

As before, in order to ensure that the final physical Hamiltonian is positive, we choose the plus
sign here in order to define 4. The spatial diffeomorphism constraint ¢! can as in the former

model be solved for m; using the inverse ¢ of go’/; leading to

M = = (5% + m0pl) = —hi(qar- P> @, ") = —h;. G.11)

Likewise to the model discussed in section 2 we can write down the following Abelian set of
equivalent constraints

¢ = 7o + h(qap P, ©°, 7)),

tot .

. . (3.12)
¢ =T+ hj(qah,p b’@o’soj)’

where h and h; are the functions defined in (3.10) and (3.11). We consider this set of Abelian
first class constraints in the section where observables with respect to these constraints are
constructed.

3.3.2. Explicit construction of the observables. We can apply the same procedure as was in

detail presented in section 2.1. Hence, we will first construct observables with respect to the

spatial diffeomorphism constraint c;"‘ and afterwards with respect to the Hamiltonian con-

straint ¢'®. Since we have explained the individual steps of the construction in section 2.2 and
these can be carried over to the generalized model here, we will just present the results here.
As before for all but the reference fields ¢/ we construct the following quantities:

¢, m/l. g =qweion. P =pCelel /. (3.13)

where J := | det(’/d,)]is, as before, used to transform scalar/tensor densities into real sca-

lars/tensors. Then the observables with respect to c]t»"t are given by

P = 0, () = [ x| det(@p/00]5(07(0.07) )
X

Foi= 00y (0) = [ Ex(eT )07 mo()
X

=00 (o) - / & x| det (97 /0|30 (1), ) e un (),

Phi= 00, (0) = / (! (x),07)pliphp™. (3.14)
X

Here we used the integral representation for the observables introduced in section 2.1. For the
reference fields the observable map leads to:
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(1) Ks, ]
=00y (0) = [0 (0N kL, =0
7= 00, (0) = / &%2] det(97/8,)[6(¢ (x), o)y (x). 3.15)
X

The spatially diffeomorphism invariant observables of the constraints are given by

oot = o -I—Z
~ - ~ (3.16)
R ]

where we used that

©a

0" (o) = / @] det(D /0,)|5(o7 (). o) ot = 6 317
X

and likewise O! )( )= 5" The observables with respect to the diffeomorphism constraint

associated with h denoted as /2 can be easily obtained by using the property of the observable
map. This implies that i = h(gjx. p’*, ¢/, 7). Using this we obtain

2
= ViR || (VI a ) @ 2va ch“ N

= VB35 + (\/5953 ’éfkéjk) ~ G +2V/q Z GG 2o,

(3.18)
Next, we want to derive the observables with respect to ¢*** and also here we can exactly fol-
low the construction discussed in section 2.2. For this generalized model the full observables
that we as before denote with capital letters are given by

~tot

Qik(0.7) := O,y 140,94 (0. T) = Oy (o). 0>
P]k(O' 7') pah’{woyip_i}(a, T) = Oﬁjk(g)@o,
Ho(O’ T) 7"0 {¢", gof}(a 7') = O%O(U)@o,
(o, 7) ==

Note, that also here Il and II; are no independent observables for the reason that these can
be expressed in terms of Q/f and Pji using the constraints in (3.12). Furthermore, for the four
reference fields we have

(3.19)

= Or, {0051} (0,T) = Oz (0).3v-

OWO,{LPO#JJ'}(O', 7') =7 and in_i!{cpo,wj}(o', 7’) =0’ (3.20)

Hence, the elementary variables of the reduced phase space are (Qj, P/¥). This finishes our
discussion on the full observables and in the next section we are going to derive the physical
Hamiltonian that is generating their dynamics on the reduced phase space.

3.4. Step 2: dynamics encoded in the physical Hamiltonian

We have already shown in section 2.2 that even if the constraints do not deparametrize the
physical Hamiltonian density is given by the full observables associated with the phase
space function / that occurs in the rewritten version of the Hamiltonian constraint in (3.12).
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The same applies to the generalized model considered here. Using that the physical Hamiltonian
is as before given by

Hphys := / d300~( Y o(o,7) = /SdSUH(U, 7), (3.21)
here we denote the (full) observable associated to & according to our notation by H. Now

looking into (3.18) and using the property of the observable map we get for the physical
Hamiltonian density

3
H(o) = | -2/0C= +2/0>" \/W (). (3.22)
=1

We realize that the final physical Hamiltonian density is independent of the physical time 7
because the reference field $° occurred only via spatial derivatives and as pointed out already

in [8] and also discussed in section 2.2, we have Oz (0, 7) =d7/do/ = 0. Therefore, all
terms that involve @ jn I in (3.18) will be vamshlng at the observable level. Let us compare
the form of the physical Hamiltonian density in the four scalar field model shown in (2.43).
First let us check that the density weight is correct in both cases. Each of the terms under the
square root has density weight two and hence the physical Hamiltonian density is of weight
one as it should be. The same is true for the physical Hamiltonian density in (3.22) of our
generalized model. The main difference between the two models is that the term 67/ CF* Cg™
that occurred in (2.43) and that prohibited the completion of the reduced quantization pro-
gram in the case of the four Klein—-Gordon scalar fields model, is no longer present in (3.22).
Instead the physical Hamiltonian density for the generalized model contains terms of the form
QUCFC for j = 1,2,3. As we will discuss in the next subsection, it is exactly this feature
of the model that allows to complete the reduced quantization program.

3.5. Step 3: reduced quantization

Given the fact that we want to quantize the reduced theory using techniques from loop quantum
gravity, we will reformulate the reduced phase space in terms of Ashtekar variables (AA E! 1)

Also in the generalized model the observable algebra of the elementary variables (AA EJ 1) is
isomorphic to the kinematical subalgebra of (A, E}) and as discussed in detail in section 2.3
because of this we can use the usual Ashtekar-Lewandowski representation of loop quantum
gravity to obtain the physical Hilbert space Hpys of the generalized model. As before the price
to pay when working in the connection formulation instead of the ADM formulation is an
additional SU(2) Gauss constraint. However, this can simply be solved in the quantum theory
by restricting to only gauge invariant spin networks in Hpnys. In the previous attempt with four
Klein—Gordon scalar fields the reduced quantization program could not be completed because
the physical Hamiltonian Hpp,ys could not be implemented as an operator on Hppys. Now the
situation is different. The individual terms that occur under the square root of the physical
Hamiltonian density in (3.22) can all be quantized on Hppys using loop quantum gravity tech-
niques. Let us consider the first term, that is —2+/0C#®°. The two individual contributions of
v/O and C#° will be quantized as individual operators. The first one, v/Q can be quantized
by means of the volume operator [32-34]. The observable associated to the geometric part of
the Hamiltonian constraint C#°° can be quantized using the techniques introduced in [35, 36].

For the quantization of the second term 2,/0 Z;: /0 ijJgeo ngeo , we will promote the entire
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term to an operator at the quantum level and this can be done using the usual quantization for
holonomies and fluxes in loop quantum gravity. Note, that the quantization used in [1] for the
Brown—Kuchai' dust model does not carry over to this model because here the second term
does not involve a covariant contraction of the spatial indices between the observables associ-
ated with the metric Q" and the geometric part of the spatial diffeomorphism constraint C5*°.
As a consequence, a different regularization procedure needs to be considered.

We start from the classical expression of the physical Hamiltonian given by:

3
Hopnys = / o, [-2,/0Ce +2:/0) "\ /QICECE (o). (3.23)
S =

Likewise to the volume operator or the physical Hamiltonian in [2, 37] the classical expres-
sion involves a square root. From the classical point of view, the physical Hamiltonian density

. . . o 3 R —— .
is real and this is only true if _3,/§cee 4 2,/0 S /Q”Cj C¥ >0 In deriving the

form of Hyys we restrict to the part of the phase space in which C#° < 0. Moreover, from the

classical Hamiltonian constraint equation we get
3 — 3 —
m—mo | 2va > et adoiel | +ag el — 20/a D et/ qtephph + 23/qe = 0.
j=1 j=1

Applying the observable map to the equation above yields
2 = H(0), (3.24)

where IIj denotes the observable associated with 7y and H? (o) is the square of the physical
Hamiltonian density H(o), that is the expression under the square root in (3.23). Note, that
we applied the observable map with J := | det(9¢//8,)| > 0. Considering (3.24) we realize
that on the physical part of the phase space we have that H?(¢) is non-negative due to the rea-
son that certainly IT3 > 0. However, this does not ensure that the quantized version of H? (o)
is non negative. In principle, we can achieve this by implementing H?(c) as a self-adjoint
operator and project onto the positive part of the spectrum for every o. The practical problem
that arises here is that we do not know the spectrum of the physical Hamiltonian and hence
we cannot follow this way. Therefore, we choose the same strategy as in [1] and consider an
absolute value under the square root and quantize

3
Hppys = /3 Fo, || —2/0C=0 +2,/0) 1 /QICECE|(0). (3.25)
=1

In the classical regime the expressions for Hpnys are identical, since we know that
|—2\/0CE° + 2\@2;1 \JQICECF| = —20/QC*° + 2\/@23;:1 \/QICFCE =2 0 and in
the quantum theory we ensure a well defined expression under the square root by taking
the absolute value. The general strategy for the quantization within LQG one follows is to
introduce a regulator by means of which a regularization of Hppys can be found. Afterwards
one shows that in the limit where the regulator is removed one ends up with a well defined
expression for the physical Hamiltonian operator ﬁphys. As mentioned before in contrast to
other physical Hamiltonians that have been quantized so far, in our case Hpyys is no longer
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covariant at the observable level because the summation is performed outside the square root
in Hppys and thus we need to introduce a different regularization procedure here. As far as the
first term under the square root is considered, we can quantize it by applying a regularization
that has already been discussed in the literature for the Hamiltonian constraint in [35] and for
the volume operator in [33]. To quantize the second term under the square root as a first step
we rewrite it in terms of densitized triads. This results in

3 3 3 I L Mk gt
- - Q8KEJE]FLFY EXEL,
YO SNCTERGEED SIS o
j=1 =1 =1 Q
=> \/ EJELFEFYESE, 0K = \/F].L,(E}E,’iF%E{(EﬁcVK
j=1 j=1

3
=Y "y/o o s, (3.26)
j=1

where we introduced the quantities 0§j ) = F]LkE}Ef (no summation over j) and we used that
. JK i o

Qi = “T’E", Q(E) := det(Q;(E)), C¥*° = FjE[ with scalar field manifold indices i,j, . ..

and su(2) Lie algebra indices I,J, . ... At the classical level the order of the curvature F and

the densitized triads E is irrelevant, but at the quantum level it is important that F is ordered to
the left in order to avoid the creation of infinitely many loops at the vertices of a given graph
when the operator acts on the corresponding cylindrical function. In the next section we will
discuss the regularization of the physical Hamiltonian in detail.

3.5.1. Regularization of Hpnys. For the regularization of Hyy,ys we will introduce a point split-
ting regularization along the lines of [22] where it was applied to quantize the volume operator
of LQG. For this purpose we need to introduce a characteristic function associated with some
geometrical objects that we denote by v. In principal we can make an arbitrary choice for
such geometrical objects, however usually in the existing literature cubes or tetrahedra have
been chosen. The only difference between different choices for y will be a constant global
factor, called the regularization constant c4. This constant is involved in the volume of the
considered objects, i.e. vol(¥) = c*63, where € > 0 is the basic length of the object under
consideration. For example, for a cube denoted by [J we have cg = 1 and for a tetrahedron
denoted by A we get ca = g To keep our presentation simple and to be able to compare
our results with already existing results we will use tetrahedra in the embedded LQG case and
cubes for the AQG framework. The reason for these choices is that then we can carry over
already existing quantization techniques for C&°° [1, 22] to the case of our physical Hamilto-
nian. Before we perform the point splitting, we write Hppys as

3
Hoo = [ |- 2v/@C% + 23" /00 05 ().
S 3
J=1

where p := o denotes the points of the scalar manifold S from now on. For the regularization
of 051 ) we will consider a point splitting regularization for the two densitized triads and the

curvature similar to the case of the volume operator where a product of three densitzed triads
is involved. Later we will reexpress the curvature in terms of holonomies as usually done in
LQG. Let us discuss the individual steps in detail. For simplicity we discuss the case forj = 1
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first, the remaining three cases work similar. Applying the point splitting we regularize 051)

as follows

(1 : 1 3 , M 1 3 k
0 (p) = Jim | o [ xa () FEOIED) [ Exva (B

. (1) /
=: AIIZHLOOJ (p, A, 1)

Here xa(p,x) denotes the characteristic function of a tetrahedron A with the limit

lima 0 Xvﬁl EZ ’)“) 53) (p,x)- Due to the Poisson algebra of the Ashtekar connection and the

densitized triad which has the form {A!(x), Ej(y)} = %55 6563 (x,y) the operator corre-
sponding to Ej(x) can be represented by

. N4

E}(x) = EéAJ( )

(3.27)

with the Planck length ¢p = v/hik and we set 8 = 1 for simplicity. Given this, we can define
a regularized flux operator by

B (p.2) = oz [ rxalp B

_ 61 /d ()
T T2 vol(a) Js XA ATy

(3.28)

Then, we reexpress the regularized operator o' ;) ( p, N, A)as

A (1) / _(_i)zgélt 1 / 3 M 4 /3
0, (p, &, L) = 4 Vol Wol(A) Sd yXa (p,y)Flk(y)ﬁA{(y) sdxXA(p’x)éAka(x)'

What we still have to analyze is whether the limit in which the regulator is removed leads to
a well defined expression for Hpyys. For this purpose we will discuss in detail the action of
051) (p, ', A) on cylindrical functions and how the limit can be performed.

3.5.2. Action of O ) (p, &', A\) on eylindrical functions. For analyzing the action of the regu-
larized operator 0(’ )(p, A, A) on a generic cylindrical function f,, we first compute the

action of the regularized flux operator on f,. Afterwards we will discuss how the curvature
can be regularized and expressed in terms of holonomy operators. We obtain for the action of
the regularized flux operator on a generic cylindrical function f,

o 31 dhe 0
B 20D = =5 iy [ @oxe(pod s oh
2
_ 52 Vo]EA Z / drxa(p.e(t) ef() Tr ([hg(O,t)Tjhe(t,l)] 76}1[(50,1))}%’

€E(v)

(3.29)
where we parametrize an edge e by e : [0,1] = S, 7+ e(t) and 77 = ioy with oy, J = 1,2,3,
being the Pauli matrices. We used the notation f, = f- (h.[A]) to emphasize the dependence of
a cylindrical function on the holonomies and the dependence of the latter on the connections.
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Now we can also apply the second part of the regularized operator leading to an action of
051) (p, A, A) on f, given by
(+)25 1 1

4 vol(4A’) vol(A)

O (p, A, ), =

{ / dt/ dt Fi (€' (1) Xa (o' (1) xa (r ()" (1)" (1)

e’ €E(y)
1

2Ty ([he' (0, )ryhe (¢, 1)] ﬁ) Tr <[he(0, H1mhe(t, 1)] %)

- / at / dr' Pt (e(1)) X (pa ()X (s e(0))é! ()2 (1)

e€E(Y)

N

Bew, )Tr (wo, {)7she(t's 1) 7he (1, 1) ﬁ>

+ %@(t, {)Tr ([he(o, O7ahe (8,8 )Tk (£, 1)) %)] }fw, (3.30)

where we again stick to the case j = 1 here and E(+y) denotes the set of all edges of the graph
. In the next step we will discuss how the curvature term can be regularized. For this purpose
we write it in a more convenient way by introducing for an associated tangent vector of a given
edge e'(¢) the following notation:

el = oe' (o). (3.31)
This has the advantage that we can express the curvature as
Fi (¢ (1)) (¢)e" (1) = Fy (¢ (1))ef (1)&" (1) (3.32)

and similarly for the remaining cases j=2,3. Considering this we can rewrite
Oy)(p,A,A’)f,y as

')224 1 1
vol(A') vol(A)

{ / ar / dt FY (&' (1)) X (€ (1)) X (s e(0)) ()67 (1)

e’ €E(y)

%Tr ([he’ (0,7)77he (£, 1)] m) Tr ([he(O, 1) uhe(1,1)] %)

£y / i [ EA ) o e D (et (000

e€E(7)

H@(t OTr ([h (0, Y7o (¢ D) raghe (2, 1)]

O‘s])(p, A/, A)f’y — (

1)
7 0, 1))
+ %@(r, )Tr ([he(o, O7ahe (8,6 )10 (', 1)) %)} }fw, (3.33)

where again no summation over j is taken into account.

3.5.3. Regularization of / QC9° and its action on cylindrical functions. As discussed above
for the first term under the outer square root that involves the volume 1/Q as well as the geo-
metric part of the Hamiltonian constraint C#*° we will carry over existing results from the
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literature where the quantization of both operators has already been presented. In order to be
able to perform the limit for both parts of the regularized Hypys we will use the same strat-
egy that was for instance followed in [2]. We introduce the following regularized quantities
VO(p, N) and C&°( p, /") defined through

Vp) = Jim VO(p.2) = Jim o [ de /00 (p

ce=(p)

1
: geo N — 1 3 geo , .
Jim €2 (p, A) Ah,rgoivol(m)/d yC¥°(y)xa(p.y)

The action of their corresponding regularized operator product on cylindrical functions yields

—

~ , 1 = €0
VO(p. A)CE(p, ) £, = m/dax/d3)’XA(P»X)XA'(P,y)\/§xC§ s

where \/Q,, E’;geo denote the usual regularizations of the volume and the geometric Hamiltonian
constraint that can for instance be found in [35] and [33]. In the next section we will discuss
in detail how the limit of this regularized operator can be performed and how this can be used
to finally define an operator for the physical Hamiltonian Hyys.

3.5.4. Performing the limit of the regularized physical Hamiltonian. Let us start with discuss-
ing the limit for the regularized operator O)(p, A/, A). Due to the characteristic functions
that are involved in the regularized operator, we realize that the first part of the operator
involving the sum ), , will only contribute if e, ¢’ have a point of intersection that we denote
by p. In case they do not intersect, we can shrink AA’, 2\ appropriately to some small but finite
region and both characteristic functions have support only in a neighborhood of p. Hence, if
the edges do not intersect the first part vanishes identically. Let us assume that p is the point of
intersection of e, ¢’ at parameter values f, #;,. For the reason that by assumption the edges are
not self-intersecting 7y, , are unique. We parametrize the edges as

e(t)=p+clt—t) €{)=p+{—1n),

where ¢, ¢’ are analytic functions which vanish at 7 — 7 = 0, respectively ¢ — #;, = 0. Since
e, ¢/ must intersect at p it follows that p = v = e N ¢/ must be a common vertex of the edges.
By assumption edges can only intersect at their beginning or final points. Without loss of
generality we are able to choose an adapted graph -y in such a way that it will be possible to
classify each edge as an edge of either type up or type down, respectively either type in or type
out. If this is not directly given we can subdivide edges appropriately such that we are in this
situation. Further, we divide the edges in such a way that they all have outgoing orientation
with respect to a vertex v, which is also equal to the intersection point, such that the flux opera-
tors can entirely be expressed in terms of right invariant vector fields. In this case the edges
intersect in their beginning point and thus the unique value of #y, #, is given by fo = 1, = 0.
The general structure of the individual terms in the action of O(f)( p, AN, A) is of the form
J dr [ df' g(¢')h(z) f-, for appropriately chosen functions g and /. Taking the discussion above
into account in the limit where the tetrahedra A\ become smaller and smaller we can expand
the individual terms in the action in powers of € according to:

2

/0l dt/ol df'g(")h(t) fy = (g(o)h(o)il +0(62)) IS

31



Class. Quantum Grav. 36 (2019) 145002 K Giesel and A Vetter

where the limit A — 0 corresponds to € — 0 because vol(A) = cae’. Note, that the factor
of 7 is due to the fact that [ dr5(0,1) [ dr'6(0,1') = 7. Additionally, we assumed that the
functions g, 4 have only support in an interval € which is given due to the characteristic func-
tions involved. If we apply this kind of expansion to the action of o) (p,AN',A\) we end up
with
+H)2p 1

4  cpcne®

0P (p, &, ) f, =

62
{ S S (FIE0) xar (1€ (0))xa (pre(0))é(5 (0)2(0)

e’ €E(y)

1 5 5
;T <[nhe/(o, 1] m) Tr ([TMhe(o, 1)] m))
* Z ( (e(0)) xar(p.e(0))xa(p,e(0))éf ;) (0)e"(0)

e€E(Y)

ETr ([T,TMhe(o, 1] ﬁ)
+ %Tr <[TMT,he(o, 1)] %)ﬂ +o(ez)}f7, (3.34)

where we used that ©(0,0) = 1as well as /,(0,0) = Lgy(s). For the approximation of the int-
egrals we did not compute the terms of order €* or higher explicitly here because these terms
will vanish anyway in the limit where the regulator is removed. We can rewrite the second
sum over the edges in a more compact form if we introduce the anti-commutator {7y, 7a} +
and obtain

(+)2p 1
4 CATCA €0

62
{ S (R ©0) xar(p € (0)xa (P e(0)éf) (0)27(0)

e.e’ €E(Y)

O (p. N N fy =

1 ([Tjhe/(o, D) ﬁ) Tr ([Tth(o, )] ﬁ))

+ Z ( (e(0)) xar(p,e(0))xa(p,e(0))éf ) (0)e"(0)

e€E(y)
T (1 0.0 )| ot
(3.35)

Our next steps involve to replace the curvature by appropriate holonomy operators and to use
the properties of the Pauli matrices to rewrite the anti-commutator in a convenient way. From
our discussion above we know that e¢(0) = ¢’(0) = v thus the curvature is evaluated at the
vertices v in all terms. Similarly, we can replace ¢(0), ¢’ (0) by v in all characteristic functions.
Using the expansion of a loop a,r( ;). in powers of € we have

~

. T,
ha , = ]]-SU( ) + € F ( )el(‘;) (O)eb(o)i

+ o0 €
“Wh° 2 (<)
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and it is simple to show that the following identity holds:

. . 1
Fy(v)ef (0)eP(0) = _:2Tr (ha%j)aTM> .
The anti-commutator satisfies {77, 7as} + = —2d;11gy(2). Reinserting both into (3.35) we end
up with

(i +1)2¢4 1
05”(,,, NN = (+)*e

4 CA'CA 66
{ e’ €E(v)

%Tr ([T,he/ (0,1)] W?(n)) Tr ([TMhe(O, 1)] <WzT(501))>

+ (—U%(Tr (haemeTM) xar (P, )xa(p,v)
e€E(7)

(—1)%(Tr (haez”;@ xar(p,v)xa(p,v)

[(—l)iTr (]lsu(z)(sthe(O, 1)(%(50,1)” + 0(62)} £y
(3.36)

To further rewrite the action of the operator we introduce the right invariant vector fields X
and Xj associated with an edge e by

. o
XQ =Tr (Tohe(o, 1)5hT(Ol)> 5

X{:=Tr (TLhe<0, 1)6}15(50,1)) ,
where L runs from 1,...3, and we also include the 2 X 2 unity matrix og = lgy(2), that is
70 := i0p. Then, 79 and 77, J = 1,2, 3, are the generators of the group U(2), since every ele-
ment of U(2) can be written as the exponential of a Hermitian 2 x 2 matrix which is equal to
exp (aoo + b’o;) with a,b” € R. In this context we can understand X, X{ as right invariant
vector fields associated with U(2).

For the reason that the edges have to intersect in a common vertex v, we can rewrite both
sums over edges as a sum over all vertices and a sum over all edges meeting at these vertices.
Hence, the action of O§J ) (p. 4, A)on f, reads

(+)25 1

05") (P AN D) fy = 4 cacnes

1 !’
{R > Y xa(po)xal(p.o)Tr (hae;v)fM) X9 X,
J.

veV(y) eNe’=v

+ éd,M Y Y xapoyxalpo)Tr (haﬂ(i)BTM) X¢ + o(€) } £, (3.37)

veV(y) b(e)=v
In order to obtain the final operator for I:Ip[lyS we need to consider the limit where the regulator is
removed explicitly, thatis the limit in which the volume of all tetrahedra shrinks to zero or equiv-
alently € tends to zero. Without loss of generality we can choose A = A’ = A" = A =1 A
where A, A, A", A" denote the tetrahedra associated to the regularization of the individual
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operators involved in ﬁphys and perform all limits simultaneously. Then we can just consider
the limit e — 0. Formally, we have

Hpnysfy 1= 11_{% Hppyofy-

With our discussion above, the total regularized physical Hamiltonian is given by

) : X P7
Hipnyofy = 113(1) / &p [2‘ A 66 2 \f Cgeo

CACA
3 . 4
(+i)264\* xA(p.0)
e L
=1 vev(y) 4 N
1 / i T
(R ST (haez_);M> X5 X+ g Y Tr (hae(j)eTM) X8+0(62))
eNe’=v ! b(e)=v
1 ua 1 i "
(E Z Tr (hae,,!e,,TM) Xy Xy + %61(1\; Z Tr (h%/', F,,TN) X ) —1—0(62))
e''Ne’""=v o b(e')=v “
1 1
2|12
511(] ] £ (3.38)

where we chose the operator ordering of 051 ) (p, A, A) and its adjoint in such a way that the
square of this operator does not create an infinite number of holonomy loops at the vertices.
This is the usual operator ordering that is chosen also for the quantization of the Hamiltonian
constraint in [35] and the physical Hamiltonian in [1].

Now in the limit € — 0 only at most one vertex will contribute because in this limit at most
one vertex is contained in the volume of A if these A’s are sufficiently small or equivalently
if € is small enough. Given this, we can take the powers of the characteristic functions first out
of the inner square root and afterwards out of the remaining square root. In case we further use
that these characteristic functions become d-functions in that limit and also that all o(e?)-terms
vanish we finally obtain

Hphys 1/ = / d3P ﬁphys,'y(P)f v

with

hphys,“/(p) = Z 5(3)(p, v)ﬁphys,v,v,
veV(7)

where we added an extra index ~y as a reminder of the graph dependence and chose a sym-

metric ordering of the term involving Cgeo

A 1= ()2
hphys,'y,v = |:2‘ — E (\/@’Y‘UC%CS Cgeo J[\/>,y v) + Z |:( ) 5JK

after performing the limit e — 0. So hphyg ~,v reads

j=1
1 / i T
(E S T (o, ™) X5 X5 + som D T (o, ™) ‘)
ene’=v b(e)=v
1 M 1 1’ i N e// % %
<T6 Z Tr (hae”/(/‘)z”,r ) X[e( XIEV + géKN (Z) Tr (hat’”(/')ﬂ”T ) XO ):| :| .
!N’ =p b(e'")=v

(3.39)
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We will postpone a discussion about the action of the individual parts of this physical
Hamiltonian operator to section 3.6 where we combine this discussion with a comparison to
the physical Hamiltonian operator of the one Klein—Gordon scalar field model in [2]. Before
doing so we will discuss some aspects of graph-modifying versus graph-preserving quantiza-
tions and afterwards show how the operator can be quantized using the framework of algebraic
quantum gravity [1].

3.5.5. Remarks on the application of the LQG framework. There is a conceptual difference
when we perform an unreduced or reduced quantization of LQG as far as the spatial diffeomor-
phism group is considered. In the case of the unreduced quantization spatial diffeomorphism
are understood as gauge transformations and one eliminates them via a Dirac quantization
procedure. Now in the case of the reduced quantization we look for representations of the
observable algebra whose elements are Dirac observables carrying tensor indices of the scalar
field manifold. As a consequence, in the reduced case the spatial diffeomorphism group is no
longer a gauge group, but should be understood as active diffeomorphisms and hence a sym-
metry group, for more details see the discussion in [1]. Now due to the fact that the observable
algebra can also be represented by the standard Ashtekar—Lewandowski representation in the
reduced quantization the representation of the physical Hilbert space is chosen to be the stan-
dard kinematical representation used in the Dirac quantization approach. As shown in [38]
spatially diffeomorphism invariant operators can only be implemented in a graph-preserving
way in this representation. In [1] the physical Hamiltonian is also on the dust manifold a spa-
tially diffeomorphism invariant quantity and this led the authors of [1] to the conclusion that
the resulting physical Hamiltonian in this model must be quantized in a graph-preserving way.
However, this constraint is absent in our model because as far as the scalar field manifold is
considered Hppys is not spatially diffeomorphism invariant and therefore needs not necessar-
ily to be quantized graph non-changing. If we would additionally require the operator to be
graph-preserving and implement this by introducing similar projectors as has be done in [1]
then we are in a situation where all contributions of the unusual second term are trivial for the
following reason: in cases where the edge e does not point into one of the j-directions the way
the loop is attached will change the underlying graph -y and hence these contributions will be
projected out. If e points in one of the j-directions then as discussed above the loop operator
hae(j)e become the identity operator and thus the trace involving this loop operator vanishes.
Therefore, for a graph-preserving quantization the unusual second term does not contribute to
the final action. A similar property can be found for the quantization of Hyy,y, in the context of
algebraic quantum gravity that will briefly discussed in the next section.

3.5.6. Quantization of the physical Hamiltonian in the AQG framework. The idea of the alge-
braic quantum gravity (AQG) framework is to quantize the dynamical operators completely
at the algebraic level where no information about the embeddings of the graphs into the spa-
tial manifold is known. This information is encoded in semiclassical states that can only be
defined for a given but arbitrary choice of an embedding. Given these semiclassical states the
classical limit of the dynamical operators can be computed and their algebraic quantization
has to be chosen in such a way that their semiclassical limit has in lowest order in 7 the correct
classical limit of canonical general relativity. Hence, here this will be the guiding principle for
choosing an operator at the algebraic level and as far as the semiclassical limit is concerned
we use the former results of [1] to define the corresponding AQG operator for the four scalar
field model analyzed in our work here. As in [1] we consider an AQG model of cubic topology
which consists of an infinite algebraic graph with six valent vertices. We choose the orienta-
tion of all edges in such a way that all edges have outgoing orientation with respect to a vertex
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v. Using a similar notation to the one that was introduced in [37] we label the six edges by
€7 (v), here o stands for the positive o = + or negative direction o = — and j = {1,2,3}
denotes the edge e whose tangent vector points into the jth direction. Furthermore, we choose
{e1, ez, e3} to be right oriented with respect to the orientation of the field manifold S. Note
that although we use the same symbol the coordinates o/ of the dust manifold and the o here
are completely unrelated. In order to implement a quantization of the loop operator at the alge-
braic level in a graph-preserving way we use the notion of a minimal loop introduced in [1].
For this purpose we further define ej =e¢j(v)and e, 1= ¢;(v — — J) where v —  is a translation
of the point v along one unit of the j-axis while the other two directions do not change. Here
we will parametrize the minimal loop « by i, 0,j,0’ and v denotes the vertex the minimal
loop is attached to. Having introduced the definition of the edges above we can then obtain a
minimal loop by the composition of the edges in the following way

U(iojonyw) = € (0) 0 € (0+0ai)o () (v+af)o(ef ) (v).  (3.40)
The holonomy along the minimal loop is then given by

ha{(zzaxzxa'),v} = hi)0 0 h(j-a’)»vﬂn h(z o)o+o’] h(w’) o = hag- (3.41)
For a visualization of the notions for an AQG graph, see figure 1.

Notice that here £ still denotes a SU(2) holonomy. With this graph-preserving quantization
we immediately realize that that the contribution of the second unusual term in the embedded
case has a trivial contribution in AQG and therefore does not need to be considered in the final
form of flphys. This also synchronizes well with the fact in the AQG framework the operators
are supposed to be embedding independent. In order to illustrate this point more in detail we
consider in figure 2(b) as an example the following minimal loop

AU(riney = ¢ (@) oely @+ o(gh) T 0+ o (ef;)) ™ (0) =1d, 3.42)

where Id stands for the identity map, so that the holonomy along this loop becomes
ha (s ayey = Lsu(a)- Thus, we realize that in case of a cubic algebraic graph and a graph-
preserving quantization the edges eE’j) and 7 can always be identified. Hence, the operator in
the AQG framework at each vertex takes the following form:

b= o3 (V0 (02) V) + [ (U8 ) o ()
( > (Tr (ha«,-.ou.s).v}TM) XJ.{<1:o'>,v}XM,{<i,a>.v})T

eNe’=v

2

] : (3.43)

(Tr (ha{(,,a,,,_k_a,,).v}TN) XK,{(k,a”’),v}XN,{(Z,a”),v})}

where the right invariant vector fields are given by Xz = X;’U = Xk {(i.0)0} and we have

geo _ 11 _ijk —1 Y
VU - 2452 Z Z ooo e Tr (ha{(xxw‘,o’m}hf{(k.a”)vv} [he{u,a”),v}’ V’Y’v])
ijk o0 0=+
(3.44)

with ‘77,7, the volume operator for a graph -~y , see also [1], given by

A 5 1 ;
Vio = V0, , = d\/‘zxg DD Y 00 KX (10) } Ko (oo} Kk (ko) |

ijk I.JK o,0',0""=+
(3.45)
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Figure 2. Action of the first and the second term in (A)y ) on a cubic AQG graph. (a) First

term. (b) Second term.

Then the physical Hamiltonian operator becomes

Hihysfy = Z hphys -

vEV(7)

This finishes our discussion on the quantization of the physical Hamiltonian in the AQG

framework.
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3.6. Comparison of the physical Hamiltonians of the model from [2] and the generalized
Klein—Gordon scalar field model presented in section 3

Let us briefly discuss to what kind of contributions the operator in the LQG framework will
lead if it acts on a generic spin network function. This also allows us to compare it to the
physical Hamiltonian in [2] and analyze their differences in detail.

The first term under the square root in equation (3.39) involving the volume operator as
well as the geometric part of the Hamiltonian constraint operator is similar to the contrib-
utions that occur in the one Klein—Gordon scalar field model introduced in [2]. For that model
an additional term which involves Q/*CF*°C¥™ at the classical level is neglected because in
that model the spatial diffeomorphism constraint is solved via Dirac quantization and thus
the physical Hamiltonian needs to be implemented on the spatial diffeomorphism invariant
Hilbert space Hqyr. The operator version of the neglected term is expected to vanish on spa-
tially diffeomorphism invariant states. The final physical Hamiltonian one works with in [2]

is of the form:
Hopnys = / d*x\/ —21/ OCe=0 (x). (3.46)

Let us now compare our physical Hamiltonian operator shown in equation (3.39) to the one
in [2] displayed above in equation (3.46). A comparison of both models is possible accord-
ing to the similarity of the first term under the square root in both models, despite that in our
model the situation is different, since after the reduction with respect to the second class con-
straints we are left with four reference fields for all constraints instead of one Klein—Gordon
scalar field as a reference field for the Hamiltonian constraint. At the classical level the term

2./0 21‘3:1 \/QUCF°CF* can be understood as a contribution to the physical Hamiltonian

density associated with the momentum density of the reference fields o/ which would be
absent in case we only consider one instead of four reference fields. Thus, the fingerprint of

the spatial reference fields encoded in 2,/Q Z;’:] \/QUCFCF° at the classical level, caused

by the dynamical coupling of this reference fields, also carries over to the quantum theory
and yields to the remaining terms under the square root in equation (3.39) corresponding

the the quantization of the classical term 2+/Q 23:1 \/ O ngeOCJgeo. Now the operator @5’ )

whose square occurs under the second square root consists of a combination of right invariant
vector fields and a loop holonomy operator. For a given vertex v of a graph ~ associated to
a given spin network function, there are two different contributions. The first one considers
every pair of edges e, ¢’ at v and acts with two right invariant vector fields Xj/X,‘h onto them
and afterwards attaches a loop along the edges ¢ and ¢’ to the graph ~, see figure 3(a). The
second contribution involves for each vertex v and every edge e attached to it an action of one
right invariant vector field X§ . In this case the loop that acts afterwards goes along the edges
e and the edge that one obtains by projecting the edge e onto the jth tangential direction, as
can be seen in figure 3(b). Note that this second contribution depends crucially on the embed-
ding of the individual edges and is a contribution to the operator that is rather unusual. This
can for instance be seen in the specific case where the tangent vector to e has a non-vanishing
contribution only in one fixed j-direction. In this case the 1oop hq, ), is just the identity and
since Tr(7™) = 0 the contribution of the second sum just vanishes identically. However, for
a generic embedding of the edges with a tangent vector that has non-zero components in all
Jj-directions the contribution from the second sum will in general be non-zero.
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(a)

Figure 3. Action of (A)g] )on LQG spin network functions. (a) Action of the first term in

O§j ) (b) Action of the second term in 051 ),

Similar expressions occur in the regularization of the volume operator in [22] and would
also be involved in a point splitting regularization of the area operator. However, in these
cases due to the specific structure of the volume and area operator, in particular both involve
only covariant contractions, all terms of these kind vanish in the limit when the regulator is
removed. For our physical Hamiltonian this is no longer true and the reason for this seems
to be its non-covariant form at the level of observables, that is with respect to the scalar field
manifold indices. At first glance this seems unusual, but, as we show in appendix A, this is
caused by the particular choice of gauge fixing associated with this model. As can be seen in
the presentation in appendix A the induced shift vector associated with the choice of clocks in
this model has at the observable level the form N* = h(Qli,P) ijl VO @5}" which naturally

explains the second embedding dependent term in the physical Hamiltonian.

Finally, let us mention that as in the models in [1, 8, 16] the observable nge(’ is a constant
of motion with respect to the reference time 7, as can be seen by using the properties of the
observable map. We have:

aCE
d; _ {ngeo(g, 7), Hphys } = {Og}ﬁo, 0%’2;0} = Oi%)'ﬁ}* = 0({2?/)'5} =0.
Furthermore, in the limit of vanishing momentum density of the reference fields ¢/ as expected
the model in [2] and our model here posses the same physical Hamiltonian and in this sense the
generalized model introduced in this section can be understood as the corresponding four scalar
field model associated with the model introduced in [2]. In the context of cosmology it can also
be understood as the natural full loop quantum gravity generalization of the APS-model in [12].

4. Conclusions

In this paper we discussed the reduced phase space quantization in the context of Klein—Gordon
scalar fields as reference matter. Such models can be understood as a natural generalization of
the the APS-model [12] in the framework of loop quantum cosmology to full loop quantum
gravity. The first model that was derived as a generalization along these lines is the model in
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[2], for which only one Klein—Gordon scalar field was considered. This allows to deparam-
etrize the Hamiltonian constraint and use this Klein—Gordon scalar field as reference matter
for the Hamiltonian constraint, whereas the three spatial diffeomorphism constraints are dealt
with using Dirac quantization. If we instead choose to consider the spatial diffeomorphism con-
straints also in the context of a reduced phase space quantization, we need three more additional
reference fields. For this reason we presented in section 2 a model where we couple gravity to
four Klein—Gordon scalar fields. We derived the reduced phase space of this model in terms of
the corresponding Dirac observables and also computed the associated physical Hamiltonian
which generates their dynamics. We have shown in section 2 that for such a model the reduced
quantization program cannot be completed because we obtain a physical Hamiltonian which
cannot be quantized in the context of loop quantum gravity. The main reason for this is that
infinitesimal spatial diffeomorphisms ngeo cannot be implemented as well defined operators in
the standard loop quantum gravity representation. They occur in the combination §/*C;*° C¢™
in the physical Hamiltonian that cannot be promoted to a well defined operator. We have dis-
cussed the technical details of this aspect at the end of section 2.4.

If we compare the model in section 2 to the one in [2], we realize that this is an example
for a case where Dirac quantization and reduced quantization lead to very different results.
If we chose to quantize the spatial diffeomorphisms via Dirac quantization following [2], the
quantization can be completed. In contrast if we just add three more Klein—Gordon scalar
fields to the model and aim at performing a reduced phase space quantization, this quantiza-
tion program cannot be completed because we cannot quantize the dynamics on the physi-
cal Hilbert space using the usual loop quantum gravity representation. Hence, the quantum
Einstein equations of such a model cannot be formulated.

Given this negative result for the four Klein—Gordon scalar field model, we generalized
this model in section 3 with the purpose to obtain a quantizable model where the spatial dif-
feomorphism constraints are treated via reduced phase space quantization. Likewise to the
seminal dust model introduced in [9, 11] we considered a model that contains next to the
four scalar fields that we want to use as reference fields for the spatial diffeomorphism and
the Hamiltonian constraint three further scalar fields. As discussed in detail in section 3.2 this
model possesses second class constraints. When we reduce with respect to the second class
constraints, we obtain a model with only first class constraints that involves gravity and four
additional scalar fields. The reference field for the Hamiltonian constraint ¢° is a standard
Klein—Gordon scalar field likewise to the model in [2]. However, the dynamics of the spatial
reference field o/ describe a generalized dynamics, since they are coupled to three additional
scalar fields, whose degrees of freedom are reduced when performing the reduction with
respect to the second class constraints. In sections 3.3 and 3.4 we derive the corresponding
reduced phase space and present the explicit construction of Dirac observables as it was also
done in sections 2.2 and 2.3. It turns out that this generalized model has a physical Hamiltonian
that can be quantized using techniques of loop quantum gravity, which is discussed in more
detail at the end of section 3.3. For the reason that the resulting physical Hamiltonian has a
form which slightly differs from the one in [2] and the one in the Brown—Kuchai dust models
from [1], we present in section 3.5 in detail the regularization and quantization of the physi-
cal Hamiltonian operator. As can be seen from equation (3.22) at the end of section 3.3 the
physical Hamiltonian density consists of two main contributions. One involves the gravita-
tional part of the Hamiltonian constraint C#°° and for this term we used the already existing
quantization in the literature. In the context of a usual loop quantum gravity quantization we
used the results in [35] and for the algebraic quantum gravity framework we considered the
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results from [1]. For the second contribution, whose form is determined by the choice of one
conventional and three generalized Klein—Gordon scalar fields as reference matter and that
involves the geometrical part of the spatial diffeomorphisms ngeo, no quantization was availa-
ble before. In section 3.5 we present a regularization for this second contribution, discuss how
the regularized operator acts on spin network function and show that we obtain a well defined
operator on the physical Hilbert space when the regulator is removed. It turns out that the final
operator depends on the particular embedding of the graph. Furthermore, we also illustrate
how this second contribution can be quantized in the framework of algebraic quantum gravity
(AQG) [1] as a corresponding algebraic graph-preserving operator. Interestingly, the possible
problematic unusual term which explicitly depends on the embedding naturally becomes the
identity operator in a graph-preserving quantization and therefore the quantization within an
AQG model is straightforward.

As a consequence, including the generalized model, we have two models available that
can be understood as equally justified generalizations of the APS-model to full loop quantum
gravity. Their main difference lies in the fact how the spatial diffeomorphism constraints are
handled. The first one from [2] is obtained in the Dirac quantization program as far as the spa-
tial diffeomorphism constraints are concerned. The model presented in section 3 on the other
hand uses a reduced phase space quantization either in usual loop quantum gravity or in the
AQG framework. By comparison of their physical Hamiltonians, as done in section 3.6, we
get a first hint towards the question in which sense the final models will differ, if we either use
Dirac or reduced phase space quantization to handle the diffeomorphism constraints. A next
step is to work with these models and analyze how the different quantization procedure might
influence physical properties of the dynamical models. Due to the technical complexity in the
full theory, such an analysis is planed at the level of symmetry reduced models beyond the
level of homogeneous and isotropic models for which the second contribution in the physical
Hamiltonian, involving the spatial diffeomorphism constraints, just vanishes. This will be a
topic for future research and might also give new insights on the role of chosen reference mat-
ter (clocks) in the context of a reduced phase space quantization of quantum gravity. As far
as the discussion in [8] is concerned the new model introduced in this work extends the pos-
sible models of type I and can be used to formulate another dynamical model of the quantum
Einstein equation in the context of loop quantum gravity.
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Appendix A. Comparison of the reduced model with the corresponding gauge
fixed model

In this section we want to compare the reduced generalized four scalar field model with its
associated gauge fixed model. In case that we start on the partially reduced phase space with
respect to the second class constraints (¢, A7), then the four gauge fixing conditions associ-
ated with the Hamiltonian and spatial diffeomorphism constraints read

G'=1"—¢ Gl=cl— ¢l (A.1)
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Similar to the Brown—Kuchai dust model in [14] we assume that 7° = 7°(#) does not depend
on the spatial coordinates and we assume o/ to depend on the spatial coordinates only.
Considering this and the form of the Hamiltonian and spatially diffeomorphism constraint
on the partially reduced phase space the stability requirement for the gauge fixing conditions
yields

dG® 1 9
() - ~0= =Ty,
dr ot NZi

G/

(i) 3~ = 0=—n\/q bl — o). (A2)

The lapse function and shift vector induced by this kind of choice for the gauge fixing are
given by

Q-

—1

or° h 0 : -
vl e = V) R R VA Ll B
ot va ,:Zl J A

3
67’0 jgl (wj\/a q 90 sﬁd)

~ o 3 ——\ (A.3)
(—h - % Zl (wj‘\/?] q‘%i-%))
j=
where we used that my =~ —h. At the observable level these weak equalities simplify to
%Y

0, hn=— — =:N(Q,P

Ae0pi} (ij Pk (0.P)

3
k k

O (0,01} = WO, ij Z V0V 0iisk =: N¥(Q, P) (A.4)

with

3
Qi PF) i= | =2/0C +2,/0 Y~ Joilciocs™. (A.5)
j=1

Let us denote the corresponding quantities in the gauge fixed theory by no(q,p), n&(g, p) and
h(g, p) respectively whose explicit form is given by

Va
nO(Q»p) ( )

n6(q.p

Jj 8
q+-9;

3
hgp) = || ~2v/@c0 + 27 ) \Jal 0. (A.6)
j=1

This result is also consistent with the condition following from equation (3.2) for the gauge
fixing chosen above. Given this we obtain for the dynamics of a function f that does not
depend on the clock degrees of freedom in the gauge fixed theory:
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9
dr

o\ o
ot dr G:O,e:ckzo,n:no,nk:né

(8—) 1 & (mlan) (. 0)

t

+ no(‘] Sy )}‘GJ:OC:CI(:O)

O,L‘:CkZO)
G/ =0,c=c;= 0)

G/ =0,c=cx

/d3y( P f,C[m(y)}‘Gf =0,c= ck—O Z\[\/qj 6]( f Ctm

=0,c=c,=0

3
Eys— a7 ({f —2,/gc"(y) {6 2vaV i ()5 ()}
j=1

Evgi (1 2vaem ) + (1Y 2vavate

j=1

:/d3y2h(;p) {f, =2/qc=°(y +22\f\/‘p5k geo

3
= [ rsitg | Uava 0 - a0y

3

:/d3y {f, —2\/(§cge°(y)—G—ZZ\/@/qJ’f'CJgCOCJgeO(y)} (A7)
=1

= {f,/d3yh(qp y

={f.H"}
with gauge fixed Hamiltonian
H = [ Eanla.p))

We realize that the dynamics of the observables and the dynamics of the gauge fixed theory
are identical.

Appendix B. Observable construction formula

If f is a scalar on phase space, e.g. some function g : x — R we claim

(Ks,,8(0) Yy = [B]"-BI"v),..0;, - 8] (%) (B.1)

with v; - g(x) = ¢fga(x). In order to proof the claim it is of advantage to use that the vector
fields mutually commute, that is [v;, ;] = O for all j, k. Using that spatial derivatives of 0

vanish we get 0 = 9,(8}) = d.(¢p]) from which we can derive the useful identity

o = —ololet. (B.2)
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The commutator of two vector fields yields

[0, 0] = O 0000k 06 — DiP}aOs
= 000 0i0p — 5 PLaOs
= 0700 — G170
—0.

We will proof the claim in equation (2.25) by induction. For this purpose it is of advantage to
express {Kg,, ¢ (x)} in terms of the vector fields v;. We have

{Ks, 90 (1)} =~ (x)) (1) {Kp, (1)}

=~ ()] (x) / EyBr ' (). 5 (0}

(B.3)

A0 [ EBOm0) + mO) 0}

X

X)) / EyBL0) (e (). ()}

X

= —t (x) el (1) [88] 5 ()
= 7@2 [Uj ’ ﬂﬂ oy

Here we used in the fourth line that /; is independent of the reference field momenta 7;. Now
we can prove the claim by induction. For n = 1 we get

{Ks,.8(0)}y = [B{¢ig.a(x) = Blv; - g(x). (B.5)

Suppose that the claim in equation (B.1) is correct up to order n, then
{Kp,,8(0) oty = BB {Kp,, 05,0, - 8(x)}

n
= Bljl "'Bljn (Ujl ---Uj, {KBI ’ g(x)} + Z Ujy-+-Uj {Kﬁl > 90]“15 }aaijl U, g(x))
(=1

n
j jn Jn Jn
= jlmﬁ] (vj]"'vjn 1 +IDjn+1 . g(x) - Zvjl"'vjk—lvjéﬁl +Ivjn+1vj£+1"'an . g(x))

=1
n
j jn Jn Jn
= Bljlﬁlj (Ujl ...anﬁl +l”()jn+1 . g(x) — Z Ujl...vj£710j251 +lUjZ+l...anUj"+] . g(x))
=1
j jn Jn Jn Jn
= ﬂ{lﬁf (Ujl...'()jn 1 +I'Uj”+1 . g(x) — ('Ujl...'an 1 T 1 +IUjl...an)Uj”+1 . g(x))

= Bljl {”*‘vj,...vjm . g(x)
(B.6)

In the third line we used equation (B.4), in the fourth line that the vector fields mutually com-
mute and in the fifth line the Leibniz rule.
Hence the spatially diffeomorphism invariant quantity for g is given by

(=1 . . .
Oplon(@) =8+ e n!) [0 — o] [0 — oIy, - . (B.7)

We have vj<pk = <pj‘?<pf‘a = 6]’-‘. Using the abbreviation ﬁf := 0/ — ¢/ we evaluate the action of
vy on the spatially diffeomorphism invariant quantity Og,l) (o)
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U - g{w}(g) = Ok 8+Ukz ) 51' 5110}1 Uj, - 8
n=1
-0 +Z Uﬂ] ﬁjl /Bn v - +ﬂ,6jl /Bjnv i D -
k-8 k 1 ja—1 " 8 o PP OG-y 8

. S .
=v- g+ [oB]v g+ Z - ﬁ{‘..ﬂ!”([vkﬂ{]vjvjl...vjn - g + Ukvj, .0, -g)
n=1

J jn j J
B ([vka/ - 6{]v,..05, - 8 + Vrvj,..0;, -g)

=ve- g+ [velo/ — )]0y g+ Y (_1')

) > (=1) . )
= [vo]v- g+ % B oo vy, - 8
=1
gy . ' . .
= Z 1 5{" [ka'j] 0;0;,...0j, - 8.
n=1

(B.8)

We realize that for constant o/(x) the expression vy - o) (o) vanishes meaning that

s{e/}
0;,1{) W}(a) does not depend on x at all as expected for a spatially diffeomorphism invari-
ant quantity. Consequently we have the freedom to choose any x in the expression for
Og, {¢’ }(1)(0). A convenient choice for which 02 {)W ;1 (o) extremely simplifies is to choose
X, such that ¢/(x,) = o/, since then only the n = 0 term in the whole summation survives.
This requires that ¢/ is invertible for j = 1,2, 3 which is true because in order that ¢/ qualifies
as a good reference field we have to assume that ¢/ are diffeomorphisms. For a scalar g on
we therefore obtain the following explicit integral representation for the spatially diffeomor-
phism invariant expression

0 (o) = / &x] det(Dp/0,)|5(¢7 (). 08 ). B9)

Appendix C. Constraint stability analysis

In the following we need to perform the constraint analysis in order to check whether the pri-
mary constraints are stable under time evolution with respect t0 Hpimary Or if secondary con-
straints arise. Recall that the non-vanishing Poisson brackets on the phase space are given by

{dea(0).p* ()} = w6766 (x, ),
{n(),p(»)} = 69 (x.),
{n"().ps(0)} = 5569 (x. ),
{P° (@), mo()} = 6 (x.y),
{@/ (@), m ()} = 5[0 (x.y),
{M(x), I (y) } = 6569 (x, ).
We calculate the Poisson brackets

= {Z’ Hprimary} = {P, Hprimary}y (C.1)
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Za = {Za» Hprimary} = {pa’ Hprimary}a (C.2)

A]] = {A]] prlmary} = {H Hprlmary} (C.3)

C.1. Secondary constraint z
We calculate

Z - {Z, Hprimary} - {P, Hprimary}
3

= / &x { P, hprimary } = / &Ex{pvz+ 1Pz + Z AT + nc® + nPc'.
X X j=1 (C4)
The single terms give rise to the contributions:
L. fx Ex{p,vz} = fx &Exv{p,p} =0
2. [ &x{p.v’n}t = [ Exv*{py.p} =0
3. [ &x{p, ZlejA”} = [ & ZI'“/‘J‘{P’ 7} =0
j= =

4. f d3x{p nctot} = _clot
5. f d3x{p,nbc‘°‘ _ fXd3X{P,n ( geo +Cb)} _ f d3xnb{p ngob} =0.

In summary we obtain the secondary constraint

= {P, Hprimary} = *Ctm- (CS)

C.2. Secondary constraint 2,
We calculate

za = {Za, Hprimary} = {Pa, Hpn'mary}
3

= / dsx{pm hprimary} = / d’x {pa, vz + Vb Zp + Z M]JAJJ + nc'® 4+ anZOt}'
X

j=1
(C.6)
The single terms give rise to the contributions:

L. f d3x{pa,yz}:f d3XV{Pa»P}:0
2. [, d3x{Pa,V =/, d3va{pa,pb}—0

3. f d3x{pa’ZU]JAJJ}_f d’x ZMJJ{pa’H }_O

4. f d3x{pa,nct°t} :f d3x{pa, (Cge"Jrc“")} =0
5. j‘ d3x{pa nctot} _ lol

In summary we obtain the secondary constraint

Zu = {pm Hprimary} = *C;0l~ (C7)
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C.2.1. Secondary constraint All.  We calculate

Aﬂ_{A” pnmary} {H Hprlmary}

/d3x {H s Aprimary } = /d3x{Hjj vz + bz, +Pk¢’k +ZukkAkk+nCtol+nbczot}'
X k=1
(C.8)

The single terms give rise to the contributions:
1 f Ex {17, vz} = [ Exv{ll7,p} =0
{7, v zb} = f dx v {114, pb} =0
3. fx {11, 3 A = [ 3 g {1,119 = 0
k=1 k=1

(M_])jj(M_])]jﬂ'/ﬂ'j

4. fx &Ex {T14, nc®'} = n [T - 3Va9" ¥, j}
5. [ Ex AT nPepy = [ dan {117, ¢ + el } = 0.
The calculation of the fourth term in detail is given by
{7 nc'®} = {T17,n (c° + ¢#)} = n {117, ¢&°} +n {117, c¥}
——

=0

ﬂ— p ’/Tk’/Tk 1
= 11?57 g °¢%+Z< +z\/‘7Mk“”5“05)}
2V4 Py
& T,
3 T ) 403 )
k=

—6,{5(3) (xy)

3
T TT _ _ " 1 b i
= —ny oo (MM (I My o fag e, 5 (1)

k=1 2\/6 i
—5160) (xy)
3 . .
(M= (M"imem, .
:n; NG 53 (x, y) *nix/t?qb ol 003 (x,)

(MM @b, } 5O (x
=n - qq aSO
In summary we obtain the secondary constraint

M DIM ) I mym Ly i
= 5Vaq" el | =l
24 2 ar,
(C.9)

Ajj - {HIJ prlmary} =n |:

C.3. Constraint stability analysis—tertiary constraints

In the next step we need to check the stability of the secondary constraints {c'!, ¢!, ¢/} with
respect to Hprimary. For writing comfort we define M .= (M *1)00 := 13 and I,J 0,1,2,3.

C.3.1. Tertiary constraint €'°'(n).  We define the smeared constraintc*®(n) := [, d*xn(x)c' (x)
and calculate
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t/ / y (390000 + (e (0.1 ) ()
+ / d3x/ d y{n tol Zﬂkk Akk
/ /&ﬂw>w><>wn+m>w>*m$m»

For the single terms we get the expressions:

L [ &x [ &y {n()c (@), v()z()} = [, Exv(x)c(x) = ()
2. [ & [ @y {n(x)e (x), v <><>}fo

(x)
Je!( 3
3ffﬂﬂﬁwmﬁ%hwﬁmk}:f&@xZw@W%%:%W)
4. [ [y {n()c (x). ' () ()} =

= [, 85 [, @y (n0)eE(n). () (1) + (1) (). ()e? (1)}
(e (9,0 ()0} -+ In(2)e (), () ()

5. J & [ &y {n(x)c (x). ' <>wm

= [, @ [ @y ({00, ()E ()} + (@) (). () ()}
+Hn(@)e? (). <>mmyum><>w@%@n.

Since the fourth and the fifth term are rather lengthy, we display them here separately divided
again into subterms

A1 [ @5 [, @y (=), 1 () 0)} = (e (n), =)} = 2 (¢~ [ndn’ — ' d])
42 [, @x [, @y ()0, e ()} = — [ P =P gup®

+ [, dxnn’ 4 4 Lz_:; ,J\ﬂpesof] p*
43 [, d3xf By {n(x)c? (x),n' (y)c&(y)} = J, dxnn’ —c“’qabp

—f dBxnn’ L {Z Mu\fgojegaj] p

44 [ &x [ Ey{n(x)c? (x).n'(y)e? ()} = [ Ex (nn), —n'ny) q*cf
=% (¢~ " [ndn’ — n' dn))

and
51 [, % J, &y {n()es ). () () = {5 (a), ()} = e (L)
52 & [,y {n()e= (). ()t (1)} = 0
53 [, @ [ @y ala)e? (" 0)E 0))
fox (5 S0y mm| (ade) + x5 5 Mo | £0 (vaa®)

54 [ &x [ Py {n(x)e? (x), " (y)cf ﬁ(y)}
= [, dx (ﬁﬁ, (; i(M h mz))ﬂ’ d3xnfq“’( ( ZMW wd>)~

The addition of 5.3 and 5.4 leads to —c¥ (Lzn).
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C.3.2. Tertiaryconstraint¢® (/). Wedefinethesmearedconstraint™ (ii = [, Pxn’(x)ey(x)
and calculate

[ @ [ & (09000000} + (00 0)00))
+/d3x/dy{n lot Zﬂkk Akk
[ @ [ & (0 W0 00 0) + @ @ () 0)))

x [ &y {n”(X)CE?‘(x),V(y)Z( )} =0
A\ U } f d3xV tOl(x) — E.‘tot(ﬁ)
3x [ &y {n (x)cl" (%), pue ()H""( )} =0
(), 1 (y)c (v)}
X ()& (x), 1’ (y)e2=° ()} 4 {n(x)cE™ (x), 7' ()c? (v)}
+{n*(x)c (x), ' (y ))cge"(y)} + {n*(x)cg (x), 7' (y)e? (v)})

“(
—f d3Xf &y ({n(x)ea™ (x), " ()c;™ ()} + {n (x)ca™ (x) 0" ()] (0) }
Hn(@)ef (x). 0 (1) ()} + {n? (¥)eg (x). 2 (V) ()}) -

Since the fourth and the fifth term are rather lengthy, we display them here separately divided
again into subterms

"(y)ee(y)} = {8 (n), & (n") } = & (Lan’)
‘ Mer)}

= _f d3 [ngl > (M~ JJ7TJ7TJ:| (ﬁﬁﬁ) — [ dx [ Z Myl } 7 (Vaq™)
43 [, d3xf 3y {n%(
44 [ Ex [ dy{n’(x

J=0
and
5.1 J P [ @y (A (), () S (3)} = (@0, ()} = 2= (L)
52 f d3xf &y {n(x)ea” (x),n" (v)ey (v)} = 0
5 3 f d’x f &y {n?(x)cf (x).n" (y)e; ()} = 0
] d3y {n?(x)cf (x).n" () ()}
= f d3x (n nbolmy —nn’ ol ) = f dx (nPnlg —n'ns) cf =3 (Lqit') .

The addition of 4 3 and 4.4 leads to ¢¥ (Lzn').

C.3.3. Tertiary constraint €(r). We define the smeared constraint c(r) := [, d*x j’ L ri(0) e (x)
and calculate
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{e(r), Hprimary}

3 3
=/&/&yGZv Je(x mww{mewmwwmm>

3
+ d3X/d3y{Zr )e¥(x Zukk A% ()}
X j=1

X

3

3
+/&/fyGZm®Mm wmmw{zmwMAWM#mﬂ
X X j=1

step by step. -
1f@UWﬂEm)WUvme
gt [§ [ ] o
=&&W>i R)CI) = (21)
2. [ dx [ d3y{§ i(0)ed (x), V7 (y)zp(v)} = 0
3fd%ffwim<w«>§mmmww}
-3 ) [
4ffwwy§muwm ) () #0

5. [ dx [ &y {Z rj(x)e? (x), " (y)ei* (v) } # O-
The terms 4. and 5. need not to be calculated explicitly, since we can get rid of them with the
help of the Lagrange multiplier j4;;.
In summary all contributions are proportional to ¢'®, &' (#), c(r) or can be eliminated with
the help of the Lagrange multiplier 1. Therefore, no tertiary constraints arise.

Appendix D. Calculation of 3;;

We calculate 8;; in more detail, starting from

)3 5
59 = = [ g B (e w) H)
)3
== [ @l (@00} + (.0
)3 .. o
= —\/51@ <—2\1@C” (P qu) — nplpl,p™

n7rj
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digr; ab, _j ab )
N
M o+ O [ t] o [

(P qw) + Va5 2 phep™
where we used the results of the calculations of the Poisson brackets, displayed in the
following.
First we calculate

(M)
2n7rj

/d3y{/£cge°(x),cﬁ(y)} :/d3y{ {7 <qacqbd éqahch) Pt — JGR® _1_2\/‘;1\} ),

n (MM o, e g
{2 2 N Vad «p,ngH W}
M0 for j=k

o [ o[ (= Joun)] 9 000775 0

(10550 )
= [y | Sz (st = Jawas )| @) (5003700 7m0

(p“% (), jzl<y>}+pvd<x>{pab<x>,;E;y)})

- [ [ g (e Jamaa) | 0 [3e4] 0

(P @a” P ). va)} +p () vao){p(x). 47 ()}
+p(x)g? M {p™ (0. vaO)} +p (x)vam){r® x).q7 ()})

= /Xd3y [\}é (qacqbd— ;%Mm)} (%) [g(M_l)ﬁ(M_l)'iiWﬂTj] ()
(p“%x)(—zlfq )0) (=655 (x3) +p“’<x><—7q ) (=5,35)5 (v >)
- / d’y [\}q (qacqbd - %Qab‘hd):| (x) [gw,’;s@ﬂ )
(1005 v a)0) (5,300 5) + 57400 VT 0) (- 8, 50 (1)
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+p“b(x)(*x/§qgeth )0) (k67,070 (6, 3) + p () (—vVag*a" ) () (— k(57 )5 (x,y))

§P=g" 1 1 noo i 1\ jj cd ab
= 7 7 qa(rqbd_EQachd |:§(M ) (M ) 7rj }(p q +p q )

1 ! n
+r5Va { e (Qacqw ZQachd>:| [Qw,’gwﬂ (p™q” ¢ + pq q)

—KVq [\}‘—1 <%c%d - %%chdﬂ {%P;Qwﬂ (r™q“q" + p“q“q”)
= n e (S I im] ()
244 12 -
Ty [EW @j} (*lp"”qabqef) T i [ﬁsoj soj} (=20 + P qug” )
Vg L2merd 2 Vg L2

L on (MM~ f i ol | o) b
. n +vaq? oLk | (P qa) — rnelelp
2\/212{ Va vad'eeey ) ot

1 y o
= —k——c¥ (p"bqab) — nngofagofbp“b.

2Vq

Next we calculate

[ @ternenon = [ {2 O VA +Z (L 1 v, @Zb)} ),

3 kﬂ' T, . P
[Z \/21 e \/aq“’sa,’cw,’dH (y)}
k=1
(Mﬁl)él’ﬂ'zﬂ'[

- /Xd3y{ [Z 2\/21] (x), [g\/éq“’so,’;@,’;,] (y)}
> e ()

1
Ex/ﬁMeeqabw{zsﬁ b

= [y [ ) 1 ) ) e, o))
Xd =1 2\/5 2
:3 n 3 M- j l)jk
+ / &’y Z VaMueq” ] { Z} el ()l (), me(y)me ()}
X Le=1 k=1

ab_ ba [3 (M*l)u n . .
T e |3 7 ]<x>, [5vaa™ | () 4o (0) {me ). 0 (0)}
X Le=1
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(3 . n (M) (M=)
—i—/xd3y ; Ex/l?Mzeq b} (x), {2;\@ (y) 4<p,éb(x)7rk()’){99i(x),wk(y)}
e
_ 3 (M ) Tne/aa 3 (x,
/xdy_@:l NG ]()[\/ch]( y)( 20 y))
-, X
+fa Z\/c’zMaq“”} ) [nZ( ] )b m0) (3 507 )
X =1 k=1

:/Xd3y {(Ml)jjﬂf} (x) [n\/c}q“’soﬂ ) <aac5(3)(x Y)>

+/dey [i \/ZIMkkqab<P{(b:| (x) [n(M—l)jk\(/A;—l)jkm} ) <£€C(5(3>( )>

—1\jk(pp—1)ikg
Z kakqab%} {nw ) % ) k]

M"\fq“” ’] [xf ,q“bw’b} ["—(M l)ﬂ\% )HW}

- [* e bl -
MI0 for j=k _ { (M—\?JJ
q
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