Journal of High Energy Physics

You may also like
An exceptional algebraic origin of the AdAS/CFT " Thomas Quela and Volker Schomerus
Yang'an Symmetry - Universal blocks of the AdS/CFT

scattering matrix
G. Arutyunov, M. de Leeuw and A. Torrielli
To cite this article: Takuya Matsumoto and Sanefumi Moriyama JHEP04(2008)022 - Weakly coupled = 4 Super Yang-Mills and
= 6 Chern-Simons theories from u(2|2)
Yangian symmetry
Fabian Spill

View the article online for updates and enhancements.

This content was downloaded from IP address 18.190.156.80 on 02/05/2024 at 21:12


https://doi.org/10.1088/1126-6708/2008/04/022
https://iopscience.iop.org/article/10.1088/1751-8113/46/49/494010
https://iopscience.iop.org/article/10.1088/1126-6708/2009/05/086
https://iopscience.iop.org/article/10.1088/1126-6708/2009/05/086
https://iopscience.iop.org/article/10.1088/1126-6708/2009/05/086
https://iopscience.iop.org/article/10.1088/1126-6708/2009/05/086
https://iopscience.iop.org/article/10.1088/1126-6708/2009/03/014
https://iopscience.iop.org/article/10.1088/1126-6708/2009/03/014
https://iopscience.iop.org/article/10.1088/1126-6708/2009/03/014

PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: March 15, 2008
ACCEPTED: March 28, 2008
PUBLISHED: April 7, 2008

An exceptional algebraic origin of the AdS/CFT
Yangian symmetry

Takuya Matsumoto and Sanefumi Moriyama

Graduate School of Mathematics, Nagoya University,
Nagoya 464-8602, Japan
E-mail: m05044c@math.nagoya-u.ac. jg, moriyama@math.nagoya-u.ac.jg

ABSTRACT: In the su(2|2) spin chain motivated by the AdS/CFT correspondence, a novel
symmetry extending the superalgebra su(2|2) into u(2|2) was found. We pursue the origin
of this symmetry in the exceptional superalgebra 0(2,1;¢), which recovers su(2|2) when
the parameter ¢ is taken to zero. Especially, we rederive the Yangian symmetries of the
AdS/CFT spin chain using the exceptional superalgebra and find that the e-correction
corresponds to the novel symmetry. Also, we reproduce the non-canonical classical r-
matrix of the AdS/CFT spin chain expressed with this symmetry from the canonical one
of the exceptional algebra.
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1. Introduction

Symmetry algebra always plays an important role in physics. The AdS/CFT correspon-
dence is no exception, which relates the anomalous dimension of operators in N’ = 4 super
Yang-Mills theory with Hamiltonian of string states on the AdSs x S® spacetime. On the
super Yang-Mills theory side, whose description is valid in the weak ’t Hooft coupling re-
gion A = g%,MN & 1, the perturbative dilatation operator was mapped to the Hamiltonian
of an integrable spin chain model where infinite conserved charges lead to solvability.
On the string sigma model side, valid in the strong coupling region A > 1, flat connection
which implies infinite symmetries was also constructed [f. It was then expected that we
can interpolate these two regions by integrability and solve the theory completely. See
reviews [{] for a summary of current progress and a list of references.

This expectation was made more concrete in the subsequent analysis. The N’ = 4 super
Yang-Mills theory has a global symmetry of the Lie superalgebra psu(2, 2|4), which is broken
down to two copies of su(2|2) algebra once we fix a vacuum. The spin chain model with
this su(2]2) symmetry, which interpolates the two coupling regions, was constructed in [f].
To take care of the off-shell trace operators, the centrally extended su(2|2) superalgebra
was considered, which contains not only the center of su(2|2), €, whose eigenvalue is the
energy of the spin chain, but also two additional centers, 8 and K, whose eigenvalues
correspond to the momentum and should vanish on the on-shell trace operators where
the total momentum vanishes. In other words, this spin chain has the psu(2[2) x R3
symmetry. A remarkable property is that the S-matrix S on the fundamental representation



is determined uniquely by the Lie algebraic symmetry up to an overall phase factor. It was
also checked that this S-matrix satisfies the Yang-Baxter equation as the S-matrix of an
integrable spin chain model is expected to.

In order to clarify the full symmetry structure, it is an important subject to study the
universal R-matrix & = [IoR that does not depend on the representation. Here II denotes
the graded permutation operator. The first step to investigate the universal R-matrix is
to study its classical limit Ris = 1 4 hria + O(h?). It is known that a canonical form of
the classical r-matrix
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(1.1)
is a solution to the classical Yang-Baxter equation, where ’2'192 is the two-site Casimir op-
erator of the Lie algebra g and u is the spectral parameter. This fact is the starting point
for the classification of solutions of the classical Yang-Baxter equation, as well as for the
study of the symmetry structure [B, fi].

In the case of the AdS/CFT spin chain, however, the relevant Killing form of the cen-
trally extended Lie superalgebra psu(2|2) x R? is degenerate. Hence, the quadratic Casimir
operator 7% commuting with all generators (and the corresponding two-site Casimir op-
erator 7;%) does not exist in the strict sense. To cure the degeneracy of the Killing form,
several different regularizations were proposed. The first one [fI] is to consider the excep-
tional superalgebra 9(2,1;¢) which recovers psu(2|2) x R? when the parameter ¢ is taken
to zero. In the exceptional algebra 0(2,1;¢), the generators €, P8 and 8 are not central but
form the usual su(2) algebra. The second one [ is to couple the central charges to the
su(2) outer automorphism, which has a similar origin as the above case. In [{], to find an
expression for the classical r-matrix similar to ([L.1)), another regularization was adopted by
introducing a new generator J which complements the original superalgebra su(2|2) into
u(2]2) and couples to the center of s1(2|2). Subsequently, the corresponding coproduct and
antipode of this new generator J at level-1 were proposed [f]

o~ ~ h ~ ~
AJ=781+187+3 QU ®&% + 6% U ©Q%), SO)=-T+2re, (1.2)

(with % related to the ’t Hooft coupling A by 1/A = g = v/A/4xr) and found to be a
symmetry of the fundamental S-matrix. However, it is still mysterious what the origin of
this novel symmetry is.

Though the original proposal of the classical r-matrix is complicated, an elegant ex-
pression was found by [[L0]

TE' - TrD @D - D 7T"D!

T2 =

z'(ul — UQ)
TR = (u/up) TP @ € — (up/up)C @ TPHE ! (1.3)
- i(ul — ’LL2) ’ '

where 7P is the quadratic Casimir-like operator of psu(2|2) and 7;5" is the corresponding

two-site operator. In the above expression ® comes from the classical limit of the centers



P and £ and relates to € by ® = 2u~'¢. The Casimir-like operator 7P takes the opposite
sign on bosons and fermions

1 1
TPg0) = —710%), TPUuR) =+l (14)

and serves the same role as J. Interestingly, it was further noted that the eigenvalue of
the new generator J and the composite operator 7P¢ ! coincides and that both the
composite operator 7P**¢€~! and the Cartan generator of the su(2) outer automorphism
2B = B — B2, satisfy similar commutation relations.

The above classical r-matrix ([[.3) implies a beautiful Lie bialgebraic structure. Es-
pecially, the classical cobrackets of all the generators, including the new one J, were con-
structed. This analysis indicates, among others, the Yangian symmetries of the generator
J of all levels. However, unfortunately, aside from the level-1 Yangian symmetry ([.9),
we cannot show that they are exact quantum symmetries of the fundamental S-matrix.
We believe that this unsatisfactory fact stems from the non-canonical form of the classical
r-matrix ([.3), or in other words, the degeneracy of the Killing form of psu(2[2) x R3.

In this paper we would like to pursue the origin of this novel generator in the exceptional
superalgebra 9(2, 1;¢) and interpret the symmetry J as the e-correction of the generators
¢, P and K. We first investigate the Yangian coproducts of €, 8 and K in the exceptional
superalgebra (2, 1;¢) and show that the non-trivial coproduct of J ([.9) coincides with the
e-correction of the coproduct of €. Secondly, we shall reproduce the classical r-matrix ([[.9)
by taking the ¢ — 0 limit in the canonical classical r-matrix of the exceptional superalgebra
0(2,1¢):

0
T

o —wa) |0’ -

2 =

where T, is the two-site quadratic Casimir operator of 9(2,1;¢). Since the generators €,
B and R in 9(2, 1;¢) are not central, the action on bosons and fermions is slightly different.
As we shall see later, this is the origin of J in the exceptional algebra 0(2,1;¢).

In the next section we first review the exceptional superalgebra 9(2, 1;¢) and the su(2]2)
spin chain model. In section 3, We proceed to studying the Yangian coproducts of all the
psu(2]2) x R3 generators from the superalgebra (2, 1;¢) and find that the non-trivial co-
product of the symmetry J coincides with the e-correction of that of €. Then we reproduce
the non-canonical AdS/CFT classical r-matrix from the canonical one of 9(2, 1;¢) in section
4. Finally in section 5, we conclude with some discussions.

2. Review of the exceptional Lie superalgebra

In this section we would like to review the exceptional Lie superalgebra 0(2,1;¢), the
limit which recovers the symmetry psu(2|2) x R? and the AdS/CFT spin chain with this

symmetry [@] .



2.1 Exceptional superalgebra 0(2,1;¢)

The exceptional Lie superalgebra d(2, 1;¢) is given by three orthogonal sets of su(2) triplet
bosonic generators R%,, £93, €% and an octet of fermionic generators §*“*. The non-trivial
commutation relations between the su(2) bosonic generators are given by

[, Ra] = 65R% — 03RSy, [€95, £75] = 038% — 05875, [€%, €% = 55€% — 63€%,
(2.1)

while the fermionic generators transform in the fundamental representation of each su(2)
as

9, 3] = BT SAET, (£, 57 = 433 20387,

€%, 87 = 6557~ S0 (2.2)
Also, the anti-commutation relation between the fermionic generators is

(3900, FU90) =k BabRY, | Geabear abal | o cabaB atgh, (2.3)

where the constants «, 3, v have to satisfy a + 3+ = 0 due to the Jacobi identity. Since
the overall rescaling does not change the algebraic structure, the only one parameter which
characterizes 9(2,1;¢) is ¢ = —y/a. The Killing form of this algebra is non-degenerate,
and therefore, this algebra has a well-defined quadratic Casimir operator,

1
= (—amabmba — B8, — oyt — eabeaﬁeabsmgbﬁb> . (2.4)

To reproduce the centrally extended superalgebra psu(2[2) x R3, let us choose
a=-1, f=1-¢, y=¢, (2.5)

and take the limit € — 0. To avoid the singular behavior and match the convention with
the usual one used in psu(2|2) x R3, let us further rewrite the last bosonic su(2) generator
¢% and the fermionic generator §*“% as

Eak «a
<¢>%=§<_¢ﬁ i) = <§’“) - 26)

In the new convention, the anti-commutation relations between the fermionic generators
become

{Qam Qﬁb} = Eaﬁﬁab‘B’
{60, 68"3} = ?eaph,
{Q%,, 6%} = 05R% + (1 —)0h L% + 5500¢, (2.7)

while the commutation relations involving the last bosonic su(2) generators are

[Qty "B] = 5"137 [Q:7 R] = _€ﬁ7 ["Bv ﬁ] = _2567
(€, Q%] = +(e/2)Q%, [P, Q%] =0, [R, Q%] = e, &',
[€,6%] = —(£/2)6%,  [PB,6%] = —ec®e,3Q%, [],6%]=0. (2.8)
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Figure 1: Root lattice of (2, 1;¢) and the limit to reproduce psu(2|2) x R3. Here we have defined
R = (9{11 - 9‘{22)/2 and £ = (Sll - £22)/2.

The rest commutation relations involving the other two su(2) generators :, and £%3 do
not contain the parameter €. These commutation relations are easily identified with those
of psu(2|2) x R3 in the limit ¢ — 0. Note that, among others, €, 8 and R become central
in this limit.

The root lattice should be helpful in understanding the ¢ — 0 limit intuitively. (See
figure 1.) As we will see in subsection 4.2, the additional dimension of the d(2,1;¢) root
lattice plays an important role in constructing the representation of 9(2,1;¢). In the next
subsection let us recapitulate the representation of psu(2[2) x R3 first.

2.2 Fundamental representation of psu(2[2) x R3

The algebra psu(2|2) x R3 has a 2|2-dimensional representation, which is called the fun-
damental representation. The states in the representation space are labeled by two bosons
|¢p*) and two fermions [1)%).

This representation has a physical meaning in the su(2|2) spin chain model motivated
by super Yang-Mills theory. In the model, the vacuum state is identified with the infinitely
long trace operator

0)=|2Z---2) & TH(ZZ-- Z), (2.9)

where Z corresponds to one of the complex scalar fields in super Yang-Mills theory. This
identification of the vacuum state breaks the original global psu(2,2[4) symmetry into
two copies of the su(2]2) symmetry. Hence, the excitation of the original super Yang-
Mills theory is expressed by two excitations in each su(2|2) spin chain. The excitation
x € {¢%, ¢?[1!, 9%} in the su(2|2) spin chain form the fundamental representation of su(2|2).
We shall consider the K-magnon asymptotic state where the excitations are well-separated:

IX1Xh - Xe) = Z PPN L PRI | Z L ZN B XL E ENE - 2
n1 <K<K KNK
(2.10)



Figure 2: Weight lattice of the fundamental representation of psu(2|2).

with n; denoting the site of the k-th excitation xj;. Here, the excitation yj; carries the
momentum pg on the spin chain.
The two sets of su(2) bosonic generators 8%, and £%g act kinematically on the states:

1 1
R|0%) = G50k — 3010k),  £plvg) = G3I0R) — 551 - (2.11)
Let us postulate the generic action of the fermionic generators Q%, and &%, as

Q% |h) = ay, 8| 2T 2Ry, Q% [1) = by, e¥Pey| 21200
G loh) = ck €®eas| 27 ) &%) = dy, 851271248 (2.12)

(See figure 2.) Here Z+1/2) stands for insertion or removal of (half of) the Z field. This
is important when we consider the action on the multi-magnon state. If we stick to the
convention of placing the extra Z fields on the most left, a braiding factor U, = e'P+/2
will emerge in moving the Z field to the left as in |xxZ™) = UZ"|Z"xy). This effect can
alternatively be interpreted as the inclusion of a braiding factor Uy, = e#/2 in the tensor
product such as coproducts and two-site Casimir operators [[L]. The power of the Z field
n, which depends on the generators, is called grading and corresponds to the eigenvalues
of € in the adjoint representation (B.§) (in the unit of ).

The consistency condition with the algebra, especially (B.7) in the limit € — 0, requires
the coefficients ag, by, ¢ and dy to satisfy the relation

akdk — bkck = 1, (2.13)

as well as determines the action of centers €, 3 and K

1 _
Clxk) = §(akdk +oeer)Xk) s Blxw) = axbrl Z27xn) . Blxa) = cedil 27 xn), (2.14)

where Yj is an arbitrary k-th excitation. The coefficients ay, by, ¢ and dj are expressed
by parameters x,f, v and a constant a:

J’- . J’_ —_
(6 x 1 X X
ar = /9%, br=+9— <1 - —;) , Gk = \/E—Wi , de =g <1 - —i) . (2.15)

Vi k oz, i’yk



where the parameters xff relate to the momentum of the k-th excitation by

+
Tk — eire(= U2) (2.16)
Ly,
and obey the constraint
1 1
i + T, —— = - 2.17

Note that we have required the extra central charges ‘3 and £ to vanish on the on-shell
states where the total momentum vanishes. This is why the parameter o has to be a
constant independent of the excitations.

The constraint (P.17) can be solved explicitly [

xi:x — 1 ¢ . .
¢ ’“<\/ : [zq(xk—xgl)Pi2g<:ck—x,;1>> (218)

In the classical limit g — oo, the coefficients ag, by, ¢ and dy can be expressed as [1J]

a 1 i\@%x_l 1 T,
(%

= - — ., = , dp=— — . (2.19)
iIk T — ) g NG

ar = /9, bk

To keep all the variables finite in the classical limit, we assume that - scales as 1/,/g.
Note that in the classical limit, the braiding factor reduces to Uy = 1.

3. Yangian coproducts from 9(2, 1; )

After reviewing the superalgebra 9(2, 1; ) and the limit leading to the symmetry psu(2|2) x
R3, let us turn to the subject of this paper. We shall reproduce the coproducts of the
generators in psu(2|2) x R3 from those in (2, 1;¢). In the derivation, we will see the first
sign that the novel generator J [§—[I]] can be interpreted as the e-correction of the last
su(2) generators €%,

A model is solvable if it has an equal number of conserved charges and degrees of
freedom. For a solvable field-theoretical model with infinite degrees of freedom, we expect
infinite conserved charges. In the field-theoretical model the scattering process between
incoming and outgoing states is described by the S-matrix. For the solvable model, it is
often the case that multi-body S-matrix factorizes into the product of two-body S-matrix.
To see the symmetry of the S-matrix, we have to specify how the symmetries J4 act on
two-body states, which can be non-local. The mathematical words for this action is called
coproduct AJ4. The R-matrix R = IT o S of the rational type has a symmetry called
the Yangian algebra [AJ4,S] = 0, besides the Lie algebraic symmetries [AJ4,S] = 0. In
general, the Yangian algebra Y'(g), associated with Lie algebra g, is a kind of the universal
enveloping algebra U(g[u,u™1]) of the loop algebra glu,u™1].



In [[4], the level-1 Yangian symmetry 34 = gt (on the evaluation representation)
associated with psu(2]2) x R? is obtained from the standard formula [f]

~ ~ ~ h —~
A‘TA — 314 ®1 +u[A] ®3A + §f§033u[0] ®3C7 S(‘TA) —U- [4] <~A fA BC~D> ,
(3.1)

where [A] is the grading charge and the abelian generator U is the braiding factor (2.14).
The first formula of the coproduct can be reexpressed as

AR = Ft o1+ UM o 3+ MTg i o 30 - 3t 1), (32)

which is very useful in calculation.
The two-site Casimir operator of the superalgebra 0(2,1;e) can be read off directly

from (R.4) as
TS =R @R, — (1-)L% % + Q% U ' 0 &%, — 6"U* @ 2%, — %71%7 (33)
with ’2'1% being the Casimir operator of the last su(2) generators
TS =—PUPRAR+20QC - AU QP . (3.4)
Using this two-site Casimir operator (B.3), we find without difficulty that
ARY =R% @1+ 10 RY, + g [iﬁ“c ® M — N © R,
— 8 U, - QU ® B + %5{; (SUQ  +Q U ® 607)] :
AL =% @1 +10 L% + g [ —(1-e) (8%, @87 — £ LY)
+ QU ® 6% + 68U ® Q% — %5;; QU6+ 65U DVC)} :
AQ%, =0% @ 1+U 0% + g [eaﬁeab (‘,Bu—l ®6% - 65U @ m)
- (5gmba+(1—5)532aﬁ+5355¢)u ® 2%+9%@ (5gmba+(1—5)53£ag+5gag¢)] ,
AG% =6 @ 1+U ® &% + g [ — e (Ru ® Q% - % U ﬁ)
+(5gmab+(1—5)5gsﬁa+5gag¢)u—l®6bﬁ—6b5® (5§mab+(1—5)5g25a+5g5§¢)] ,
AC=C@1+10C+ - [iBLI‘ DR AU P+ = 5 (9% U'e e, +6“QU®Q%)] :
AP =P ® 1+u2®£ﬁ+h[— U QP+ PoC+ %e“beagﬂ%u(&ﬂﬁb] :

AR=R®1+U QR+ h[w—2 RR-—ARC+ geaﬁeabes“au—l ® 61’5} . (3.5)



The antipode is also recovered, S(§A) = —L{_[A}ﬁA, if we assume the counit vanishes,
(3 = 0.

When we plug the Casimir operator of 9(2,1;¢) (B.3) into the coproduct formula (B.9),
the last term in (B.d) seems divergent in the limit ¢ — 0 at the first sight. However, the
divergence is canceled by € on the right-hand-side of (P.§), which makes €, 9 and K central
in the limit ¢ — 0. Now it is easy to see that we recover the previous coproducts in [@
after taking the limit ¢ — 0. Note that the e-correction of A€ in (BH) is exactly the non-
trivial part of the symmetry AT (L2). Hence, it is natural to regard the secret symmetry
J as the e-correction of the generator €.

In 4] the coproduct of psu(2[2) x R3 was found from the su(2) outer automorphism.
There is an interesting way to reproduce similar commutation relations and Casimir oper-
ator used in the derivation with the su(2) outer automorphism. Let us separate the last
su(2) generators €% of 9(2,1;¢) into

1_
Q:ab = EQ:Q[] + %ab, (36)

where €% is interpreted as the center of psu(2|2) x R? and B°, is their difference. Then,
the whole commutation relations involving €%, can be reproduced by the commutation
relations' at each order of e:

[€%, €] =0, [€%, B] + [B, €] = 6,€% — 53¢, (B, B = 0;B% —65B %,

1
(€%, 3] =0, (B, §7 = 553”“—555%0“ : (3.7)
and the two-site Casimir operator (B.3) reduces to
T3 =Ry o R, — £ e 28, + Q4 06t - 6% e 0°%,
1_ _ _ _
— TR - T @B~ B+ Ofe), (3.8)

(where we have dropped all the braiding factors U for simplicity). Note that the second
equation of (B.7) is not conventional and in the two-site Casimir operator (B.§) we have an
extra term of (1/£)€% ® €, compared with [[4]. The effect of these two differences adds
up to the correct coefficients of [[4].

4. Non-canonical classical r-matrix from 0(2,1;¢)

In the previous section, we have seen that the coproducts of the Yangian generators can be
reproduced from the exceptional superalgebra 9(2,1;¢), which implies that the AdS/CFT
spin chain has an origin in the exceptional superalgebra 9(2, 1;¢) and the symmetry J can
be regarded as the e-correction of the last su(2) generators €%,. Here, we would like to
reproduce the non-canonical AdS/CFT classical r-matrix ([[.3) from the canonical classical
r-matrix of this exceptional superalgebra.

!Note that the second equation is not the commutation relation of the usual Lie algebra. Therefore, the
generators €%, and B, do not satisfy all the Jacobi identities. We are grateful to N. Beisert for pointing
this out.



4.1 Observation
The classical r-matrix of the su(2|2) spin chain was obtained in [§, [L{]
TR - TriD—l gD — D @ Trup!

i(ul — ’LL2)

T12 = s (41)

where TP is the Casimir-like operator of psu(2|2) and 7,5 is the corresponding two-site

operator:
1
7o — o (R, — £258% + 276" — 69597, |
TE =My @R, — L% e 7, + QU @60, — &%UT @97, . (4.2)
This classical r-matrix takes, however, a non-canonical form, where the numerator of ([L.1)
is not the Casimir operator of the symmetry algebra. Our goal in this section is to derive
this non-canonical classical r-matrix from the canonical r-matrix of the exceptional algebra
0(2,1;¢) by taking ¢ to zero:
75

(ur — ua) (4.3)

T2 =

)
e—0

where 7% is the two-site Casimir operator (B.3) of 0(2,1;¢),
1
TS =R 0N, — (1-)L% 0 P, + QU 0 6%, - &%°Ut @ Q°, — 571%, (4.4)

with the last su(2) part being 7;5 = —PU 2 @ A+ 2¢ @ ¢ — AUT? @ P.
The good property of the Casimir-like operator 7P, which appears in the non-
canonical r-matrix ({.1]), is that it takes the opposite sign on bosons and fermions,

1 1
’]'Psu’(ba> — _Z‘¢a>7 Tpﬁu’wa> — _’_Z’wa>7 (45)

and plays the role of the generator J. This property is realized in the exceptional super-
algebra 9(2,1;¢) as the difference of the action of €%, on bosons and fermions, since the
generators €, P and K are no longer central in 9(2,1;¢). The precise meaning of this will
be clarified when we consider the representation in the following subsection.

Note that, although it is easy to see that the first four terms of 7% in (-4) reduces
to 75" in the limit ¢ — 0, the final term 7;$ /e looks singular and may not have a smooth
limit in € — 0 at the first sight. This problem is solved as follows. We shall evaluate this
term on the representation of 9(2, 1;¢), and expand the result in &,

éflg — O(1/e) +0(1) + O() + - -- . (4.6)

Then, we will find that the most singular term is constant which is independent of the
states in the representation space. This means that we can interpret it as an overall phase
factor of the S-matrix, which is not relevant in our present analysis. On the other hand,
the higher terms of O(e) simply vanish after we take the limit ¢ — 0. Therefore the
only relevant contribution is the O(1) term. We shall see that this term reproduces the
non-canonical terms of the su(2|2) classical r-matrix (f.]).

— 10 —



4.2 Representation of 9(2,1;¢)

Of course, it is better if we can show that the generator J is the e-correction of €%, at the
algebraic level without referring to the representation. However, we cannot find so far a
rigorous argument for this statement. For this reason, let us construct the representation
of 9(2,1;¢) first and evaluate the contribution of the O(1) term in ([.6).

In the case of psu(2]2) x R3, the fundamental representation 2|2 consists of two bosons
and two fermions. It is surprising that in the case of 9(2,1;¢) there is a representation,
tantalizingly similar to this fundamental representation 2|2 [[§].? The only difference is
that the root lattice of 9(2,1;¢) has one additional dimension, which requires the state to
have an additional index n labeling the weight in this dimension (related to the grading).
Here, 8 and R raises and lowers the weight by one unit, while Q%, and &%, raises and
lowers by half of it. Therefore, it is natural to assume that the representation of the
fermionic generators takes the following indices:® (n € Z)

Q%60) = an 63105, 1) Q%[ 1) = bneenén).
&%a|0h) = cneeaglty_4), &%alty, 1) = dn 03165) (4.7)

Note that the index n should not be confused with the previous one k in the representation
of psu(2[2) x R3 (2:19), which stands for the k-th excitation in the spin chain. For the con-
sistency with the commutation relations, especially (R.7), we have to impose the following
conditions,

1=apd, —bpc,, 1—c=and,—bpiiCnit, (4.8)

as well as determine the action of bosonic generators as follows:

Blon) = anbn+1’¢g+1> ) ‘BW&.Q = an+1bn+1‘wz+%> )
1 1
Cloy) = §(andn + bncn)|dn) €|¢3+%> = §(andn + bn+lcn+1)|¢3+%> )
R165) = a0t 1), RIS, 1) = endali_)) (1.9

Note that the indices in the above actions of €, 8 and K are slightly different between
bosons and fermions. This fact already implies the appearance of the generator J.

Comparing this representation with the previous su(2|2) spin chain, we can assign a
physical interpretation to the current representation. Since the grading in the su(2|2) spin
chain denotes insertion or removal of the vacuum field Z, it is not difficult to imagine that
the index n can be interpreted as the position of the excitation on the spin chain. This
interpretation will be helpful in reproducing the non-canonical terms of the AdS/CFT
classical r-matrix later.

*We are grateful to A. Torrielli for valuable discussions on this reference. See also [E]

3In this convention, the indices of bosons are integers while those of fermions are half-integers. Also,
the index of each coefficient coincides with that of the boson. Though this convention makes the following
calculation simple, of course the final results do not depend on the convention.

— 11 —



The reader may wonder how to reproduce the AdS/CFT classical r-matrix without
the position index from the representation of the exceptional superalgebra 0(2,1;¢) with
the position index n. A naive guess is to sum over the states, which makes states blind
to the position index. Actually this idea is realized in some sense.? Speaking in a more
sophisticated way, we will diagonalize the action of (1/¢)7;$ by Fourier-transforming the
above coordinate (site) picture into the momentum picture as in the asymptotic state (2.1().

From the first constraint in (@), we can solve ay, by, ¢, and d,, by parameters -, and
z, and a constant o:

« i\/g'yn 1 1
Qp, \/§7n ) n Z\/§7n n Cp, a Ty n \/g’)/n Tnlin, ( )

where D,, = 1/(z,—z;,') and /g, scales as a constant in the limit g — oo. This expression
is, of course, inspired by the su(2|2) spin chain (2.19). Here we have also exploited the
physical input that « is constant. The second constraints in ([.§) implies
-1 1
x x
ntl T g, (4.11)

—1 —1
T+l — Tpyy  Tn— Tn

which means the difference of x, is of O(e). If we define dx,, = x,+1 — x,, the above
relation at O(g) reduces to

0xy, = —%an;2 . (4.12)

As we will see later, the effect of O(g) will cancel the singular coefficient 1/e of the
Casimir operator 7;% in ([.4) and give a finite contribution. Therefore, the difference in the
indices is very important. For this reason, although originally fermions have the indices of
half-integers, if we want to compare fermions with bosons, we have to interpolate the indices
into integers.> Note that fermions with integral indices do not exist in the representation
space. We only introduce these states virtually for the comparison between bosons and
fermions. (See figure 3.)

After interpolating the index of fermionic states into integers, the action of the bosonic
generators reduces to

. ) )
Blo2) = 5| 1= 2] (Dat an-+aah) ) dhan) o B = F (Dat Sanban)) ).
1, 1
€l65) = 5 (on + ") Dalefl) €)= 5 (wn + ") Dale),
T 5 n — a o ) — o
8lo5) = < [14222] (Da—eay ) g5) 8l5) = = (Du=Zantaz ) ) lusy)

n

(4.13)

where we have defined dv, = Y41 — V-

1We are grateful to H. Kanno for discussions on this point.
5The important thing is to balance the bosonic indices with the fermionic ones. We can alternatively
interpolate the bosonic indices into half-integers as another convention.
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Figure 3: Virtual fermionic states with integer indices (Red). The other two dimensions of the
weight lattice in figure 2 are omitted.

If we take the unitarity condition [[] into account, the variable =, is related to z, by

V9 = VanDn, (4.14)

which means d7,, /v, = ex;; D1 /2. In this case, the action of 3 and R is slightly simplified:

Plos) = 5 (D + San) I65), Rlds) = = (Do — S ) 1050) (4.15)

4.3 Classical r-matrix

After we constructed the representation in the previous subsection, let us reproduce the
non-canonical terms of the classical r-matrix (f.I)). We evaluate the singular term ([L§)
explicitly on a two-site state |x,X},), defined by a tensor product |x,)1 ® |x,)2:

1
glflg‘XnX;r) = Tn’Xﬂ+1X;n—1> + Sn‘XnX;n> + tn’Xn—lX;n+1> ) (4'16)

with r,, s, and t, being some appropriate coefficients. In general, we find the action of
T,$ generates a linear combination of the states with different position indices. Comparing
with the asymptotic state (R.10) which is a momentum eigenstate, it is not difficult to
convince ourselves that we have to consider the eigenstate of 7,5. Therefore, let us solve the
infinite-dimensional eigenvalue problem. Note that the reality condition of the eigenvalue
is guaranteed only when the infinite-dimensional matrix (§.16) is symmetric. This is the
case if we impose the unitarity condition ([L.14).

Since generally a matrix has plural eigenvalues, we have to specify which eigenvalue
or eigenstate we want to perturb from. In the classical limit ¢ — oo of the su(2]2) spin
chain, (R-I§) gives #* = = which implies the excitation has the zero momentum p = 0
from (R.16). Hence, the asymptotic state (R.1() is simply the summation of states with
excitations at each site with weight one. Motivated by this su(2|2) spin chain, we are led
to studying the perturbation theory from the eigenstate summing up all the states with

weight one,

> Xn-iXomtt) (4.17)

l=—
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The solution to this eigenvalue problem is well-established in the perturbation theory
of quantum mechanics [[[7]. In a system with Hamiltonian H® +eH® where H© is solved
exactly to have the eigenvalue Eéo) with the eigenstate ‘9020)% the first-order deviation of

the eigenvalue Eél) is given by a famous formula,
1 0 0
B = (0" |[HO o)) . (4.18)

In our present case where the eigenstate before the perturbation is a summation of
weight one, the first-order deviation is simply given by summing up the matrix elements
indiscriminately with weight one:

1
TSI a) ~ (T S0+ Bn) X0 Xin) - (4.19)
After the calculation, we find (independently of dv/~)

1 1

1 a — — a
g7—1€2:|¢1¢g> = ET 3 (Dy'Ds + D1 D, 1)} 685,

1 1
STgiuted) = |27+ o] luguf).

1 a,/o _1 1 — a, /o
~TSl650s) = | =T — 5D 1Dz} ERENE
3 L€ 2
1 C| o a -1 1 -1 aa
;712’1/11 <Z52> = ET - §D1D2 ’1/11 <Z52>= (4-20)
where T is a quantity of O(1),
1
T = —(:El + l‘l_l)(l‘Q + $2_1)D1D2 —2D1D>, (421)

2
and we have dropped higher order terms of €. Since the variables associated to the 1-st
and 2-nd excitations always have the position indices n and m, here we have used the
“wavepacket” indices 1 and 2 instead of the position indices. By subtracting the average
of the right-hand-sides, we can normalize the classical r-matrix as

1 ¢ .a [ 1 1o 1]

g713|¢1¢g> = _ZD1 1D2 - ZD1D2 ! |¢1¢l2)>,

1 ¢y a0 1 —1 1 —1_ o, B

51712‘¢1¢2> = +1D1 D2+ZD1D2 [Ty )

1 ¢ a, o [ 1 —1 1 —1- a, o

g’712\¢1¢2> = _ZDl D2+ZD1D2 |p195)

1 ¢ aa [ 1 —1 1 —1- o a

5712|¢1 P3) = +1D1 Dy — ZD1D2 VT 03) . (4.22)

This is nothing but the non-canonical terms of the AdS/CFT classical r-matrix (f.1)).
Since we are solving an infinite-dimensional eigenvalue problem, it is safer to present

the eigenstates as well, instead of simply applying the formula ({.1§) from the perturbation

theory. For this purpose we have to know that r,, s, and t,, appeared above satisfy

1
Sp41 — Sn = —ur D1 +uaDa,  rpp1 — 1 =tppr —ty = §(U2D1 —u1Dy), (4.23)
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with the spectral parameter u = x+xz~'. This recursive relation is independent of the states
in the representation space, because it comes from the universal singular term 7" (£.21)). If
we assume the eigenstate to be

o)

|X1X/2> = Z (1 + 5fn—l)|Xn—lX;n+l> ) (4'24)

l=—

we will find a recursive relation for f, independent of bosons or fermions:
Frv1 = 2fn+ foo1 = fr = 2fo+ fo1 + nlug —w)(D7' + D3 (4.25)

The recursive relation can be solved by

n? -1 1
fn = g(uz —u1)(Dy+ Dy ), (4.26)

with suitable initial conditions. It is easy to reproduce the above eigenvalues from this
eigenvector. We thus complete our solution to the eigenvalue problem.

5. Conclusions

In this paper, we have investigated the AdS/CFT spin chain with the symmetry psu(2|2) x
R3 using the exceptional Lie superalgebra 9(2,1;¢). In our analysis, we have obtained two
results. First, we have rederived the coproducts of the level-1 Yangian generators from
0(2,1;¢). In the derivation, we find that the non-trivial part of the secret symmetry J
appears as the e-correction of the last su(2) triplet generators €%, in 9(2, 1;¢). Secondly we
have reproduced the non-canonical AdS/CFT classical r-matrix ([.J) from the canonical
r-matrix of 9(2,1;¢). The non-canonical terms of the classical r-matrix come from the
differences of the action of €%, on bosons and fermions.

Originally, as we explained in the introduction, three regularizations were adopted to
cure the degeneracy of the Killing form: superalgebra 9(2,1;¢), su(2) outer automorphism
and superalgebra u(2]2). The su(2) outer automorphism does not look intrinsic to the
su(2|2) spin chain model. In our analysis, we have given an interpretation to all these
regularizations in 0(2, 1; &) and made the outer su(2) automorphism look more intrinsic to
the model.

Let us conclude by listing several further directions.

e The super Yang-Mills theory does not have the symmetry 9(2,1;¢). At this stage,
pursuing the Yangian symmetries in 9(2,1;¢) is a purely technical tool to access
various results of the Yangian algebra with the non-degenerating Killing form and to
study the secret symmetry as the e-correction. However, considering the success of
the off-shell formalism with the centrally extended su(2|2) algebra and the naturalness
of reproduction of this algebra from 9(2, 1;¢) in the limit ¢ — 0, it may be eventually
possible to assign a physical meaning to the exceptional superalgebra (2, 1;¢) in the
super Yang-Mills theory (or its deformation).
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e Although our derivation of the AdS/CFT classical r-matrix from the exceptional
superalgebra 9(2,1;¢) fully makes sense from the viewpoint of the representation
theory, it is not easy to assign a physical interpretation to the 9(2,1;¢) spin chain.
Especially, it is not very clear whether the mathematical tensor product of the single-
excitation states really corresponds to the physical picture of a spin chain state with
multi-excitations. Since the representation of 0(2,1;¢) has the position index, mak-
ing full sense of the 9(2,1;¢) spin chain may be helpful in understanding the finite
size effects [1§]. Also, since we have subtracted the overall shift to derive the non-
canonical expression of the classical r-matrix, we expect the (2, 1; ) spin chain gives
an implication to the overall phase factor [L9].

e In section 3 we have reproduced the non-trivial coproduct of the symmetry J as the e-
correction of the generator €, while the non-canonical term of the AdS/CFT classical
r-matrix seems to be reproduced directly from the e-correction of the generators
P and K in section 4. We believe that the difference is “convention-dependent”,
though we cannot make this statement more clear. A similar question whether we can
construct a secret symmetry with the non-trivial coproduct being e“beagﬂo‘au o0k,
or €PeyG U ® Gbg [[d] remains unanswered.

e Though various deformations are introduced to investigate the su(2|2) spin chain [R0],
our work suggests that we can lift the question of the universal R-matrix of the
AdS/CFT spin chain into that of the exceptional superalgebra 0(2,1;¢). Work on
the universal R-matrix of 9(2,1;¢) [R1] seems promising in finding the universal R-
matrix of the AdS/CFT spin chain.

e As we have mentioned in the introduction, two possible viewpoints can be assigned
to the secret symmetry J: as the su(2) automorphism and as the composite operator
TP¢~L, In lifting the AdS/CFT spin chain to the 0(2, 1;¢) model, we believe we have
given both J and B¢, a nice picture as the e-correction of the last su(2) generators
¢%. However, it is still unclear how the interpretation as a composite operator is
consistent from the 9(2, 1;¢) viewpoint. Understanding the meaning of the composite
operator interpretation may help us in deriving the non-canonical classical r-matrix
from 0(2,1;¢) at the algebraic level without mentioning to the representation.

e It is always interesting to study various aspects of this spin chain model from the
string worldsheet theory. Recent works [R2] may give a clue in this direction.
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