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ABSTRACT: Stationary, supersymmetric supergravity solutions in five dimensions have
Kahler metrics on the four-manifold orthogonal to the orbits of a time-like Killing vec-
tor. We show that an explicit class of toric Kahler metrics provide a unified framework
in which to describe both the asymptotically flat and asymptotically AdS solutions. The
Darboux co-ordinates used for the local description turn out to be “ring-like.” We conclude
with an ansatz for studying the existence of supersymmetric black rings in AdS.

KeEywoRrbDS: Black Holes in String Theory, Black Holed.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep112007060/jhep112007060 .pdf


mailto:bacharya@cern.ch
mailto:suresh@physics.iitm.ac.in
mailto:cgowdige@ictp.it
http://jhep.sissa.it/stdsearch

Contents

=

=

Introduction and summary

[V

Toric Kahler metrics in Darboux co-ordinates

B. Flat space metric in Darboux co-ordinates
B.] Flat space metric in C-metric co-ordinates
B3 ACG-quadratic metric

B.d C-metric co-ordinates <  Darboux co-ordinates

M. AdSs in ring-like co-ordinates
B3 The ACG-cubic Metric
M3 AdsSs

The Kahler structure of susic flat solutions

An ansatz for a supersymmetric AdS ring?
b.] An ansatz for the AdS ring Kihler metric
.9 An ansatz for w

& EEE

fl. Conclusion

[Al. The Fubini-Study metric as an ACG-cubic metric

B. The Gutowski-Reall black hole Kihler metric and weak self-duality

[l

1. Introduction and summary

Black holes can have non-spherical horizons in more than four spacetime dimensions. In
five dimensions, one encounters the first example of a non-spherical horizon, S? x S!, a
black ring.! Emparan and Reall constructed the first black ring solution as a solution
to vacuum gravity [f[l. Solutions in five dimensions can have two independent rotation
parameters, call them Jy and Jg. The Emparan-Reall ring rotates only along the direction
of the ring, J, = 0. Subsequently, black-ring solutions with J, = 0 but Jy # 0 were
discovered [f], again in vacuum gravity. A black ring solution to Einstein-Maxwell theory
was constructed in [f].

Asymptotically flat supersymmetric black rings were constructed first in Elvang et
al [B], though they had been conjectured to exist earlier in [d]. We will refer to this

!For a review, see [E]



solution as the flat susic ring. The flat susic ring has both the rotation parameters turned
on, Jy # 0,J45 # 0. This solution fits into the classification scheme for supersymmetric
solutions to five dimensional minimal supergravity, discovered by Gauntlett et. al. [f].
According to this classification, there are two classes of solutions, corresponding to whether
the Killing spinor bilinear €+* ¢, which is always a Killing vector, is time-like or null. In
this paper we will only be interested in the time-like class; choosing the time co-ordinate,
7, along the orbits of the time-like Killing vector, the metric takes the following stationary

form:
1

f

where f is a function, w is a one-form and ds?\/[4 is a four-metric on the space transverse

ds* = —f? (dr +w)* + ds?m (1.1)

to the orbits of the Killing vector. M, will be referred to as the base-space. It was shown
in [d that supersymmetry requires f to be a function on My, w to be a one-form on M,
and that the base-space be a hyper-Kéhler manifold. These quantities must also satisfy
the following p.d.e’s.
4

dGt =0, A(l/f):§|G+|2, (1.2)
where
I
2

and A is the Laplacian for functions on the base-space. For the susic flat ring solution of [f,

G == (dw + *xdw) (1.3)

the base-space is just flat-space; however, Euclidean coordinates are not so useful here and
one writes the flat-space metric in special co-ordinates that will be referred to as C-metric
co-ordinates. In these coordinates, the above equations become simple to solve [[J]. There
are other supersymmetric black ring solutions which involve more non-trivial hyper-Kéahler
base-spaces: the Gauntlett-Gutowski rings [[f, ] that have a Gibbons-Hawking base-space.

An interesting question is the existence of supersymmetric black ring solutions in AdS
space, i.e. ring solutions to gauged supergravity theories. The theory of supersymmetric
solutions to gauged supergravity was first worked out by Gauntlett and Gutowski in [[[(],
henceforth referred to as the Gauntlett-Gutowski theory, for the minimal case and sub-
sequently for the U(1)? case in [[[4]. Again there is a time-like class of solutions, whose
metric takes the form ([L.I]) and as in the asymptotically flat case, f is a function on the
base-space and w is a one-form on the base-space. But now supersymmetry requires, both
in the minimal and U(1)? cases, that the base-space My be a Kihler manifold.

We will import a class of U(1)? invariant Kéhler metrics from the mathematics litera-
ture [[[1]]. The metrics are given in Darboux or symplectic co-ordinates; in these co-ordinates
all the metrics in the class have the same Kahler form, whilst the complex structures can
be different. We find in this class two important metrics: 1. the base-space metric for
the susic flat ring and 2. the base-space metric for AdSs, i.e. the Bergmann metric. The
parameter that deforms the first to the second is precisely the cosmological constant.

1. For the flat-space metric, we find that the Darboux co-ordinates are “ring-like”: the
co-ordinate ranges of the Darboux co-ordinates in the co-ordinate directions orthog-
onal to the U(1)? directions are identical to the corresponding C-metric co-ordinates



and the flat-space metric in Darboux co-ordinates is isometric to the flat-space metric
in C-metric co-ordinates. We give the explicit co-ordinate transformations.

2. We show that a certain metric in the class of metrics [[L1]] is the Bergmann metric. The
co-ordinate region in which this form of the Bergmann metric is defined is exactly
the same as the co-ordinate region in which the flat-space metric is defined. We
thus obtain the Bergmann metric and hence AdSj5 in ring-like co-ordinates. We give
the explicit co-ordinate transformation between the polar co-ordinates in which the

Bergmann metric is usually expressed and the “ring-like” Darboux co-ordinates.

Since in the Darboux co-ordinates, the Kéahler form takes such a simple form, the
underlying Kéhler structure of susic flat solutions becomes prominent when we express
them in these co-ordinates. We find that the one-form w of the susic flat ring takes the
following simple form:

w=pdp+k QY (1.4)

where Q) is a one-form whose exterior derivative is the Kéhler form, ¢ is the co-ordinate
along the ring and p, k are functions. Apart from the susic flat ring, there are other
U(1)? invariant asymptotically flat supersymmetric solutions known. These describe a
supersymmetric black hole placed in the centre of a susic flat ring [, B, [2, [J. We
describe these solutions in ring-like coordinates and show that the one-form w also takes
the form ([L.4).

Recent work [R4] suggests that supersymmetric black rings do not exist in AdSs. Our
ansatz provides a framework for addressing this interesting question further.

This paper is organized as follows. In section two, we reproduce all the necessary
definitions, theorems from the math papers that we will need for our work. In section three,
we consider flat-space in Darboux co-ordinates, describe in what sense they are “ring-like”
and describe the relation between Darboux and C-metric coordinates. In section four, we
elaborate on the properties of a certain U(1)? invariant metric that allows us to conclude
that it is the Bergmann metric, and obtain AdS5 in “ring-like” co-ordinates. In section five,
we co-ordinate transform various flat supersymmetric solutions from C-metric co-ordinates
to the Darboux co-ordinates to find the form ([[.4) for the one-form w. In section six, we
make Ansétze for the metric and the one-form of the AdS ring and conclude with directions
for future work.

2. Toric Kahler metrics in Darboux co-ordinates

The expectation that a supersymmetric AdS ring should have a U(1)? isometry, similar to
the susic flat ring, leads us to look for Kihler metrics preserving a U(1)? isometry. Such
metrics have appeared before in both the math and physics literature and are referred
to as toric Kdahler metrics. More precisely, a toric Kéhler metric is a Kéhler metric
admitting commuting holomorphic Killing vector fields which are independent. There exists
a description of such metrics in local co-ordinates in the symplectic geometry literature.
One thinks of the Kéahler form as a symplectic form; in symplectic geometry, one uses



local co-ordinates, called symplectic or Darboux co-ordinates, in which the symplectic
form takes a standard form while the metric and the complex structure are described by
non-trivial tensors. The study of Kéhler metrics in symplectic co-ordinates is attributed to
the mathematicians, Guillemin [I4] and Abreu [[[5]. Symplectic co-ordinates also appear
naturally in the context of the gauged linear sigma model [[[f]. Here, we reproduce the
relevant proposition from [[LT].

Proposition 1. Let G;; be a positive definite 2 x 2 symmetric matriz of functions of
2-variables x1 and xo with inverse GY. Then the metric

Z (Gijdxidxj + Gijdtidt]‘) (2.1)
2

is almost-Kahler with Kdhler form

Q =dzxy Ndt1 + dxg A dity (22)

and has independent hamiltonian Killing vector fields 0/0ty, 0/0ts with Poisson-commuting
momentum maps r1 and xo. Any almost-Kdhler structure with such a pair of Killing vector
fields is of this form (where the t; are locally defined up to an additive constant), and is
Kabhler if and only if G;j is the Hessian of a function of x1 and 2.

The function of two variables is known as the symplectic potential. The Kéhler metric
that appears in the above proposition is still quite generic, being specified by an arbitrary
function of two variables. Note that the two-form 2 takes a simple form in symplectic
co-ordinates while the metric (and complex structure) are non-trivial. The authors of [[L1]
define a sub-class of toric Kahler metrics viz. ortho-toric Kdhler metrics.

Definition 2. A Kdhler metric is ortho-toric if it admits two independent hamiltonian
Killing vector fields with Poisson-commuting moment maps (§ +n) and £n such that d§
and dn are orthogonal.

In other words, an ortho-toric Kéhler metric is a toric Kahler metric, which when
expressed in the &-n co-ordinates does not contain cross-terms (g <" = 0.)

1 =&+, T2 =E&n. (2.3)

One of the virtues of the £&-n co-ordinates is that there is a symmetry under the exchange
& < 1, which simplifies computations and allows for compact expressions. This feature is
shared by the z-y part of the C-metric coordinates, about which we will elaborate later.
We will henceforth refer to the {,¢,7, 2} co-ordinates as the Darboux coordinates, even
if that term strictly should mean the {z1,t, z9,2} co-ordinates. We will now quote the
following proposition from [[[4], which provides a local form of ortho-toric Kéhler metrics
in the &-n coordinates.



Proposition 3. The almost-Hermitian structure (g, J,Q) defined by

NG AV L e
5= €= (g~ G ) + oy (PO +nde)? — Gl + €2, 2

_ P __Sd ndn
Jd¢ = g_n(dt—l—ndz), Jdt e G’
_ Gn) S dn
Q=dE+n) Ndt+d(En) Ndz (2.6)

is an ortho-toric Kahler structure for any functions F,G of one variable. Fvery ortho-toric
Kahler structure is of this form, where t, z are locally defined up to an additive constant.

The following one-form Q(!) whose exterior derivative gives the Kéhler form (2-6) will
appear later.
doW =0, Qb = (E+n)dt+ (1 +En)dz (2.7)

It is worth re-emphasizing that all the Kihler metrics in (R.4) and (R.1]) have the same
and QW) as given in (2.§) and (B.7).

We will refer to the metrics (.4) as the ACG metrics. The authors of [[LT] derive
their motivation to consider co-ordinates (2.J) and to focus on the ortho-toric sub-class of
toric Kéhler metrics from their study of what are called weakly self-dual Kéhler metrics.
A weakly self-dual Kéhler metric is a Kéhler metric whose anti-self-dual part of the Weyl
tensor is harmonic, (after having fixed the underlying orientation to make the Kéhler form
self-dual.) A weakly self-dual Kahler metric has many important properties, one of which is
that two particular functions built out of the metric are Poisson-commuting holomorphic
potentials (a holomorphic potential is the moment map of a hamiltonian Killing vector
field.) Poisson-commutation ensures that the corresponding hamiltonian Killing vector
fields commute, though they need not be independent. The two functions in question
are the normalized Ricci scalar,? s, and the pfaffian of the normalized Ricci form,? p.
Furthermore, when expressed in coordinates related to the holomorphic potentials,

s=&+n, p=£&n, (2.8)

it turns out that a weakly self-dual Kihler metric does not contain cross-terms, i.e. g &7 = 0.

One can consider a ortho-toric weakly-self dual Kahler metric, i.e. a weakly self-dual
Kéhler metric for which the two Killing vector fields (whose moment maps are s and p)
are independent and commuting. From the fact that they are ortho-toric, they should take
the form (2:4) and the weak self-duality condition should pick out specific forms for F(£)
and G(n). It turns out that for the following choices of F'(¢) and G(n),

Fz)=ka*+12°+ Az? + Bo+C1,  G(z) =ka' +12°+ Aa® + Bx +Cy, (2.9)

2This turns out to be % of the Ricci scalar. The numerical factor is important while defining the
co-ordinate transformation (@)
3The normalized Ricci form is the two-form % po+3€2, where po is the traceless Ricci form; and the pfaffian

of a two-form v, pf(v)), is the function that multiplies the volume form to give ¥ A1, i.e. ¥ A = pf(¥) vol.



where k,1, A, B,Cy, Cy are constants, the ortho-toric metric (2.4) is weakly self-dual [[L1)].
The two cases of interest to us are when we have a quadratic polynomial for which the
weakly self-dual metric is just flat space and when we have a cubic polynomial for which
the weakly self-dual metric is a Kéhler Einstein space. The former is the base-space for
the full solution of a supersymmetric flat ring (more on this in section three) and the latter
is the base-space for AdSs (more on this in section four). Therefore we see that these
coordinates will be useful in the description of several known, important examples.

3. Flat space metric in Darboux co-ordinates

In this section, we will first gather various facts about the C-metric co-ordinates {z, ¢, y, ¢},
which will be relevant for the discussion on and comparison with the flat space metric in
Darboux co-ordinates in the later subsection.

3.1 Flat space metric in C-metric co-ordinates

Following is the flat-space metric in C-metric co-ordinates,

1 dz? N 1,92 dy?
1_—
(x —y)? 1—x2+( x)d¢+y2—1

ds? = + (y? — 1)dy?| . (3.1)

The co-ordinate ranges for the z and y co-ordinates can be inferred from (B.]) by requiring

that the metric be positive definite:
-1<z<1, —co <y < —1. (3.2)

The metric (B.1]) is thus defined in the region of the # — y plane, shown in figure f]. The
following nice physical interpretation of the C-metric co-ordinates was given in [J. In flat

space, given in the usual polar co-ordinates,
ds® = dr} + r2d¢?® + drs + r3dy?, (3.3)

a circular string of unit radius stretched along the v direction, i.e. at r{ = 0,9 = 1, acting
as an electric source for the three-form field strength H = dB, produces a field with only
the following non-zero two-form potential:

1 L+7f + 73
B = — (1- FHLE2), (3.4
where
S=1/(1+r}+r3)2 - 413 (3.5)

and the two-form field strength dual to H has a one-form potential (xH = F = dA) whose
only non-zero component is

1 1— 2 _ .2
Ag=—3 <1+#>. (3.6)
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Figure 1: The region in the z-y and &7 planes, where the metrics (B.1), (B:1d) and ([£d) are
defined. Thus the supersymmetric flat ring and AdS5 are defined in this co-ordinate region.

If one were to define new co-ordinates
1—1r2—13 L+72 413
S S I SR

then constant Ay surfaces would be constant x surfaces and constant By, surfaces would

(3.7)

be constant y surfaces. These new co-ordinates {z, ¢,y,1} are nothing but the C-metric
co-ordinates. The metrics (B.J) and (B.1]) are isometric which can be explicitly verified
with (B.7) and it’s inverse:
V1 — 22 V2 —1
rn= ——, rQo = ——. (38)
T —y x—y

We thus see that the C-metric co-ordinates are “ring co-ordinates,” adapted to describe
the fields set up by a charged ring source.

3.2 ACG-quadratic metric

Choosing the same quadratic polynomial for F'(§) and G(n) in the most general ortho-toric
metric given by (2.4),

F(z) = G(z) = 1— 22, (3.9)
we get the following flat metric on R*, which we will refer to as the ACG-quadratic metric:
de? dn? 1
2 (e ) 2 2 2
ds® = (£ —n) [1_52 +172_1 +€_17 [(1=&)(dt +ndz)” + (n° — 1)(dt + £dz)?] .

(3.10)



Requiring that the metric (B.10) be positive definite constrains the ranges of the &-n co-
ordinates to:*

~1<¢<1, —oco<n<-—1, (3.11)

which is exactly the same region in the £ — 7 plane as the one occupied by the C-metric co-
ordinates, see figure . We can work out the explicit co-ordinate transformations between
the polar {ry, ¢, r2,%} co-ordinates and the {&,t,7, 2} co-ordinates.

=V EnTE+n), -2
ro= V20 +En—E—), p="" (312)
The inverse of the above are:
g=Sorion t= 6+,
0= 5”8%”%, = ¢ (3.13)
where
E= \/(8 + 7?2 +1r2)2 - 32 r2. (3.14)

3.3 C-metric co-ordinates &=  Darboux co-ordinates

From (B.11) and (B.2), it is clear that both the metrics (B.1) and (B.10) are defined in the
same region (figure [ll) of the x-y/&-n plane. Furthermore, the two metrics (B.1) and (B.1()
are isometric to each other, which can be checked using the following explicit co-ordinate

transformations between the {&,t,7, z} co-ordinates and the {z, ¢, y, 1} co-ordinates, which
can be worked out from (B.§) and (B-13):

A+ +1 ttz
T = A bl ¢_ 2
s+ —1 t-z
_ — 1
Dol p="1% (315)
where
A =+/1—-8(1+&n)+16(€ +n)2. (3.16)
The inverse of the above are:
r+y+7T
=, t: + 9
: 8(z —y) oy
z+y—T_T
= z2=¢ —1, 3.17
-y P - (3.17)
where
T=\4+28(1—xy)+7(z—y)? (3.18)

4We have made the choice £ > n; the other choice ¢ < 7 just interchanges ¢ and 7.



We will need the above in section five to co-ordinate transform various asymptotically flat
solutions known in C-metric co-ordinates to the Darboux co-ordinates.

Both the C-metric and the Darboux co-ordinates share an exchange symmetry = < v,
& < n, which simplifies computations and allows for compact expressions. We want to
think of the Darboux co-ordinates as “ring-like” co-ordinates because they are so closely
related to the C-metric “ring co-ordinates.” A compelling reason to consider flat space
in these Darboux co-ordinates is that we can simply deform the metric and the complex
structure while keeping the Kéhler form fixed to arrive at the base-space of AdSs, as we
will show in the next section.

4. AdSj5 in ring-like co-ordinates

4.1 The ACG-cubic Metric

Choosing the same cubic polynomial for F'(§) and G(n) in the most general ortho-toric
metric given by (£-4),

|
—~
N
~—
I
P
—~
N
~—
I

(1—22)(1+ap—zp), (4.1)

with @ > (p — 1)/p and p > 0 real constants, we get the following K&hler metric which we
will refer to as the ACG-cubic metric:

_ dg? dn?
dsicG—cabie = (€ =) [(1 A rap—tp) AP +ap 7729)} (4.2)
b G- ap— g 4 gy

—(1 =) (1 +ap—np) <dt+gdz>2]

We find that for the co-ordinate ranges (B.11]), the ACG-cubic metric is positive defi-
nite. Thus the ACG-cubic metric is defined in the same region of the & — n plane as the
ACG-quadratic metric (figure [l)). Furthermore, setting p — 0 gives us back the ACG-
quadratic metric. Some properties of the ACG-cubic metric are:

(i) The ACG-cubic metric is a Kéhler-Einsten metric. When one chooses a cubic poly-
nomial as above, we are assured (by a consequence of propositions 4 and 11 of [[L1])
to get a Kéhler-Einstein metric. One can compute and verify that the ACG-cubic
metric is a Kéhler-Einstein metric with —6 p for it’s Ricci scalar,

3
Ry, = —7179“”. (4.3)

(ii) The ACG-cubic metric has constant holomorphic sectional curvature. A K&hler met-
ric with a constant holomorphic sectional curvature is the Kéhler geometry equivalent
of a maximally symmetric metric in Riemannian geometry. The Riemann tensor can
be decomposed into three pieces: the fully traceless Weyl tensor (W), a partially



traceless part that can be written in terms of the metric and the traceless Ricci ten-
sor (call it P) and a trace that involves only the Ricci scalar (call it ). A metric
with constant sectional curvature corresponds to having W = P = 0, which leads to

the usual expression for a maximally symmetric metric:
R
Rijii = Siji = =1 (9ik 91 — i1 Gjk) - (4.4)

In Kéhler geometry, employing the extra symmetries of the Riemann tensor, one can
similarly decompose again into three pieces (section 2.63 of [R()): a fully traceless
part (called By in [20]), a partially traceless part that can be written in terms of the
Kéhler form and the traceless Ricci form (call it P’) and a piece that involves only the
scalar curvature (call it S’.) A metric with constant holomorphic sectional curvature
corresponds to having By = P’ = 0, which leads to the following expression for the
Riemann tensor:

Rijii = Sijrr = —70—— (it 9jt — Git Gjk + 2 Lij Ut — Qa Ui + Ly Qi) - (4.5)
43(3 +1)

One can see that a metric with constant holomorphic sectional curvature is not max-
imally symmetric. The ACG-cubic metric ([.2) satisfies equation ([L.F), which we can

verify explicitly.?

(iii) The ACG-cubic metric is holomorphically isometric to the Bergmann metric. The
Bergmann metric is a Kihler metric defined for the unit ball B4 ¢ C? (section 3.2
of [I)) in complex co-ordinates

0 ietv) 0  ie—
zlzrcos—e(¢;rw, P2=rsing e T (4.6)
2 2
using the Kéahler potential:
2
K =—"log(1— |2 = |2*F), (4.7)

where the real co-ordinates in ([.6)) are the radius r and the Euler angles. The explict

form of the metric is:
4 dr? r2 r2
2 _* 2, s p2 7,2 2
dSBergmann = b =) +4(1—r2)(d0 +sin 0°d¢ )+74(1—7"2)2 (dip+cos 0 do) }
(4.8)

The Bergmann metric has a constant holomorphic sectional curvature. There is

a theorem in Kéahler geometry that says that any two simply-connected complete
Kahler manifolds with constant holomorphic sectional curvature are holomorphically
isometric to each other (see for example [R1]], page 179.) We can invoke this theorem
to conclude that the ACG-cubic metric is holomorphically isometric to the Bergmann
metric.

5We were informed by Harvey Reall that he and his collaborators were able to arrive at a closely related
version of the ACG-cubic metric by imposing constant holomorphic sectional curvature on a certain class
of Plebanski-Demianski metrics.

,10,



(iv) The ACG-cubic metric has a constant Kretschmann scalar, i.e.
Riji R A 0q—cubic = 12p%. (4.9)

This is an indication that the metric is a homogeneous metric.® Given that the
Bergmann metric is known to be a homogeneous metric, it being the metric on the
S%(é’)l), this adds further weight to the conclusion that the ACG-cubic
metric and the Bergmann metric are holomorphically isometric to each other.

coset space

So far we have given various arguments towards concluding that the ACG-cubic metric
is isometric to the Bergmann metric. In appendix A, we provide an explicit co-ordinate
transformation between the polar co-ordinates and the ring-like Darboux co-ordinates.

4.2 AdSs

With a base space that is Kéahler-Einstein, we can get a solution to the Gauntlett-Gutowski
theory i.e. a solution in the time-like class to minimal gauged supergravity by choosing
f =1 and the one-form w as (section 3.2 of [I],)

wadss = /P [(E+n) dt + (1 +&n) dz]
= /p oW (4.10)

where Q) is the one-form that is natural to the Kihler structure given in (B77). We can
check by an explicit computation that the metric,

d52 = _[dT + WAdS5]2 + dSiCG—cubic' (411)

is a maximally symmetric metric with Ricci scalar —5p. To confirm that this is indeed
AdSs space, we can invoke the following theorem proved by Gutowski and Reall in [[[7]: the
only maximally symmetric solution in the time-like class to minimal gauged supergravity is
AdS5 and the base space is locally isometric to the Bergmann manifold.

To reiterate, in this section, we have obtained the Bergmann metric and AdSs5 in
ring-like co-ordinates in the same co-ordinate region as the susic flat ring.

5. The Kahler structure of susic flat solutions

In this section, we will first co-ordinate transform known U(1)? invariant asymptotically
flat susic solutions to the ring-like Darboux co-ordinates.

For the supersymmetric flat-ring solution [fj], the f and w are given in C-metric co-
ordinates by

1 2 2
F=1+ ey - L @ ) (5.1)
and w = wy do + wy, dip, with
wp = —2(1=2)3Q — B+ +y) (5:2)
wp = 04y + 10 P)BQ - PB4+ ) (5.3

5We thank Toby Wiseman for suggesting this test for a homogeneous metric.
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where @ is the charge of the ring and ¢ it’s dipole charge. Using the co-ordinate trans-
formations (B.19), the flat-ring solution takes the following form in the ring-like Darboux
co-ordinates.

1 Q- ¢ 2§+
7 =1+ A —4q A2 (5.4)
where A is given in (B.16). The one-form w is now w = w; dt + w, dz, with
_ 3q 3¢ 3¢ (Q - ¢?) 8¢° 2
we= o +dn - 1)+ o (Ekm) = (€ +n) (5.5)
_3q 3¢ 3Q(Q—q2) 8(13
we == At -1+ o A +en) = o5 (E+n)d+En). (5.6)

It is possible to describe a supersymmetric black hole in the background of the supersym-
metric black-ring by a simple modification of the % of the solution [[i, B, [, [[§]. The
black hole by itself has a SU(2) x U(1) isometry and doesn’t disturb the U(1)? isometry
of the ring on its own. The modification involves adding the following harmonic function,
harmonic with respect to the Laplacian on R?,

1 Qpu (*—y Q- ¢ 9 o
?—1— 16 <x+y>+ 5 (m—y)—z(az —y), (5.7)

where Qg is the charge of the black hole. The one-form w for this system is given by

9 1 1
wp = —2(1—a?% [3Q—q2(3+m+y) - aBHHy +2Km} (5.8)
3 9 1
wy = 7‘1(1+y)+%(1—y2) [3Q—q2(3+x+y)— Q4BHx+y QKW} (5.9)

where K is a constant proportional to the rotation of the black hole. Co-ordinate trans-

forming to the ring-like Darboux co-ordinates, we have,

1 Qa1 Q-¢ 2 &+
=1 —4 5.10
7 64 c+n A 7 (5.10)

and the one-form w is:
9qQBu Kq

= — 1
WET WO T Tean T 320 1) (5-11)

9¢Q@pul+&n  Kq(l+&n)
g — 5.12
TR0 TN fan | 32(E )2 (5.12)

where wy(g) and w, () are the expressions for pure black ring (i.e. without the black hole)

as given in formulae (5.5) and (f.6).

We first note that the w for the supersymmetric flat ring (5.5), (5.0) can be written in

the following suggestive manner:”

dt —d &,
iz | 56
= ol v+ " g, (5.13)

w = p(&,n) [(€+n) dt + (1 +£&n) d2]

It is perhaps not irrelevant to note that the w for the non-supersymmetric flat ring of [ﬂ] also is of the
form (p.13) with (&, 1) = 0; of course, the stationary form of the metric is not as simple as ([L.1).
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Base-space of susic flat ring 5 Base-space of susic AdS ring
P —+
ACG-quadratic D E— Toric D ACG D ACG-cubic
w=pdp|+kQ0 w=pdp|+kao
A 4 k 4
Susic flat ring Susic AdS ring 777

Figure 2: A schematic representation of our approach to obtaining a supersymmetric AdS ring.

where QM) is the one-form natural to the Kéhler structure given in (2.7). For the flat ring,
the functions p and k are pg and kg given by,

po(&,m) = 32—q (1 + %) (5.14)
ro(&,m) = 34(Q — ¢°) —8q3£+T77. (5.15)

The w for the black hole in the background of the flat ring also takes the above form (b.19),
for which the functions p and &

p(fan)BHinaRing = PO(fﬂ?) (516)

2
’%(Ean)BHinaRing = KO(E,’U) — %L + @ < A > . (517)

32 &+n 32 \{+7n

This form for w (5.13), ([.4) seems to encode in it the fact that there is a ring (through
the dv term), the underlying Kahler structure (through the term Q1)) and the U(1)?
invariance (because all known U(1)? invariant solutions take this form.)

6. An ansatz for a supersymmetric AdS ring?

Our approach to a susic AdS ring is summarized schematically in figure f.
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6.1 An ansatz for the AdS ring Kahler metric

As summarized in the box below, we have many classes of U(1)? invariant Kihler metrics
from which to pick an ansatz for the AdS ring.

Weakly self-dual ortho-toric € ACG ortho-toric C Toric Kéhler metrics.

The first class, i.e. weakly-self-dual ortho-toric, has the most explicit classification; it is
completely determined by the quartic polynomials (R.9). To decide if we can make an
ansatz for the AdS ring with a weakly self-dual ortho-toric K&hler metric, we checked if
the Gutowski-Reall black hole [I7, [[§] Kihler metric is weakly self-dual and found that it
1sn’t. The details of this can be found in the appendix. Hence, we rule out a weakly-self-dual
ansatz.

The second class i.e. the ACG metrics (R.4) admit a less explicit classification; there
are two arbitrary functions in the game. The functions are functions of one variable,
which is a simplifying feature, giving total derivatives rather than partial derivatives for
the connections and curvatures. The third class i.e the toric Kéhler metrics (R.1]) admit an
even less explicit classification; the metric involves functions of two variables. One could
simplify things a bit by working with a single function of two variables, the symplectic
potential. It remains to be seen which of the two classes of metrics will contain the AdS
ring. We will report further progress in this direction in future work [R6]. Both classes
of metrics include the two limiting cases viz. the asymptotic ACG-cubic metric and the
p — 0 limit, i.e. the ACG-quadratic metric.

6.2 An ansatz for w

The form (§.13) for the one-form w seems to capture some crucial features that we desire
for a supersymmetric AdS ring, viz. Kihler structure, U(1)? invariance etc. Since the
asymptotic AdSs metric and the full AdS ring Kéhler metric ansatz share the same Kéhler
structure (i.e. both Q and QM) we can happily make the same ansatz (§.13) for the w of the
supersymmetric AdS ring. We also have the following information for the ansatz functions
p and k. At asymptotic infinity, p — 0,k — |/p A% And as p — 0, p — pg, k — Kko. The
observation that x(&,7n) is a function of the combination HT" should also be useful.

We now need to plug these Ansédtze into the Gauntlett-Gutowski theory. The
Gauntlett-Gutowski theory of supersymmetric solutions works somewhat differently to the
theory of supersymmetric solutions to gauged supergravity. First, the % of the solution
gets completely determined by the Ricci scalar of the base-space Kéahler metric and sec-
ond, the GT of the solution gets completely determined by the traceless Ricci form of the
base-space Kéhler metric. These two facts constrains our Ansdtze above. Finally the G~
of the solution is determined by a first-order p.d.e which itself is determined fully by the
base-space Kihler metric.® We will leave this for future work [26].

$We would also need to take care of the addition to the Gauntlet-Gutowski theory given in @], which
ensures that the dw thus determined is indeed closed.
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7. Conclusion

Starting from the requirements of U(1)? isometry and a Kihler base, which are natural to
supersymmetric AdS ring solutions, enabled us to get some insight into the supersymmetric
solutions. Coordinates (related to the) moment maps of the two U(1)’s turn out to be
“ring-like.” We have described AdS5 and other solutions in these ring-like co-ordinates
and have given an Anséatz for the supersymmetric AdS ring solution and a strategy for
obtaining it (figure []). Since [p4, B§ casts doubt on the existence of supersymmetric
AdS rings, our ansatz provides a context for addressing this question further. Recently
a non-supersymmetric black ring solution in de-Sitter space was constructed [2§]. This
is encouraging because it suggests that non-supersymmetric black rings can exist in AdS.
The toric almost-Kihler? metrics of (B-1]) provide a metric ansatz to start with for non-

supersymmetric AdS rings.
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A. The Fubini-Study metric as an ACG-cubic metric

The ACG-cubic metric (f.3) has two parameters, a and p while the Bergmann metric has
only one parameter p. To conclude that the two metrics are isometric, we need to show
that a is a co-ordinate artifact or even better display an explicit co-ordinate transformation
that settles this issue. We do this in the context of Fubini-Study metric on CP?, which
is the compact version of the Bergmann metric. It can be simply obtained by replacing
(1 —72) — (1 +7?) in (E§). More precisely, it is the Kihler metric obtained from the
Kahler potential,

2
K = 2log(1+ |22 + |:22), (A1)
p
which takes the explicit form,
4 dr? r? r?
2 _ 2 2 i 02,942 2 A9
dspg p (1+r2)2+4(1+r2)(d0 +sin6 d¢)+4(1+r2)2(dw+0089d¢) , (A.2)

in the complex structure

e (A.3)

The Fubini-Study metric is also a Kahler-Einstein metric with constant holomorphic sec-
tional curvature. In this appendix, we will show that the Fubini-Study metric can be
described as an ACG-cubic metric. First consider the following general ACG-cubic metric,

F(z) = G(x) = —p (& — br) (@ — ba) (& — by). (A4

9An almost Kéahler manifold is not a complex manifold and hence not Kéhler.
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Either by direct computation or using the results of [[1], one can ascertain that this is a
Kahler-Einstein metric of Ricci scalar 6 p. We can also directly compute and verify that
the above ACG-cubic metric has constant holomorphic sectional curvature. Under the
co-ordinate transformation

T :§+777 Z2 :5777 (A5)
§= % (901 +4/af - 4962) ) n= % (951 Y v} — 4952) (A.6)

to the moment map co-ordinates, the ACG-cubic metric takes a certain form which we
won’t reproduce here. But more importantly, this metric can be derived from the following
symplectic potential,

To — byx] + b1 2(1‘2 — bz + 62) 1

p (b1 — b2)(b3 — by p(br —bo)(bg — by) |

To9 — boxy + b2 log [ 2(:62 —boxy + b2) 7
p(ba —b3)(b1 — b2) p(ba —b3) (b1 — b2) |

T — b3x1 + b% [ 2(1‘2 —bsxy + 62) 1

p (b3 — b1)(b2 — b3 L (b3 — b1)(ba —b3) ]

GS($1,~’U2) - - )l g

(A7)

log
)

using the formula (R.T]). We will not go into the details of how we obtained ([A.7]) from the
ACG data (A4). For the complete theory of symplectic potentials for the ACG metrics
and every other consideration in this appendix, we refer the reader to [RJ]. From the
work of Guillemin [[4], it is known that the above symplectic potential (A.7) encodes in it
the co-ordinate singularities of a toric manifold whose moment polytope is the convex set
enclosed within the lines,

li=xy— bz +b7 =0, i=1,2,3. (A.8)

In the 1 — x5 plane, [; = 0 is a line with slope b; and zs-intercept equalling —b?. The
intersection of the lines are:

lhiNliy: (bl + bo, by b2), lbNlg: (bg + b3, by bg), 3Nl : (bg + by, b3 bl) (Ag)

We thus have that the moment polytope of the ACG-cubic metric (A.4) is a triangle with
vertices (A.9) and edges (A.g).

At this stage, we have used up all the local properties of the Fubini-Study metric,
namely Kahler-Einstein and constant holomorphic sectional curvature, and we still have
three undetermined constants in the ACG-cubic metric (A.J) viz. by, b, b3. The Fubini-
Study metric (A.2) has no free parameters apart from the Ricci-scalar (~ p). We will
have to use the global features of the Fubini-Study metric and CP? to fix the parameters
b;. Global considerations specify the size and shape of the triangle which in turn fixed

the b;’s. Before we do this, we give the co-ordinate transformation between the Darboux
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co-ordinates and the polar co-ordinates:

2 b1 (by — b3) —babz + ({ +1) b3 — &n
b3 — (£ +n)bs + &n ’

(b3 — (€ + 1) by 4 En)(bs — by)

(b3 — (€ +mn) by 4 &n)(ba — bs)’

¢ = —g (bl —bg) (t—i-bgz),

b = %’ [(2b3 — by — bo)t — (2b1by — bybs — babs)2] (A.10)

and the inverse,

. 2(b1 + bg) + (bl + by + 2[)3)7“2 — (bl — b2)7“2 cos 0

§+m = 2(1+1r2) ’
~ 2b1bo + (b1 + b2)b3 72 — (by — by)bz 12 cos f
&n = 2(1+172) ’
; (2b1by — babs — b3b1) + (babs — bsby )

p (b1 — b2) (b — b3) (b3 — b1) ’
(203 — by — b2)p + (b1 — b2)¥
°T p (b1 —b2) (by — b3) (bs — by1) (A.11)

To get the above, one first goes from symplectic co-ordinates to complex co-ordinates by a

Legendre transform [[4, [§]. The Legendre transform also provides the Kihler potential.
Then one matches with (AJ)) and (A3). It is clear, especially from (A.I0), that the
parameters b; appear only in the co-ordinate transformation, and hence do not carry any

local co-ordinate invariant information.

Global considerations. Now, we can fix the parameters b; by the following two facts
that carry global information of the Fubini-Study metric and CP2.

(i) The moment polytope of CP? is a right-angled isosceles triangle.
(ii) The volume of CP? is fixed once one specifies the Ricci-scalar. For (A.9), it is 8})%2

The easiest way of seeing (i) is to note that in the GLSM description of CP?, there is one
D-term constraint, |¢1]? + |¢2|?| + |#3]? = %, which is solved by

2
|¢1]* = @1, 2| = @2, |¢3]” = p T (A.12)
The moment polytope is then given by the region

|¢1]> >0,  |go|*>0,  |os|* >0, (A.13)

which is clearly a right-angled isosceles triangle of area 1%'

Let us choose the right angle to be at the intersection of I; = 0 and Iy = 0. We then

have the following (two independent) constraints:

bl—bg b3—b2
b1 by = —1 — =1 —F =1 A.14
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This allows us to fix two of the parameters in terms of one free parameter, say bs:

_1+b3
1 —bg’

C1-by
1—|—b3

b1 9 = (A.15)
Now we will impose the volume constraint. In the symplectic co-ordinates, by virtue of the
fact that the four-metric is of a block-diagonal form (R.I)) with two 2 x 2 matrices which
are inverses of each other, the determinant of the metric is just 1. Hence, the volume of
the manifold is just the product of the Euclidean volumes of the moment polytope and the
angular torus. From ([A.9) and from ([A.15), we can compute the Euclidean volume of the
moment polytope in terms of b3. To compute the volume of the angular torus, we need the
co-ordinate transformation (JA.11)). Using the ranges of the angles 0 < ¢ < 27, 0 < v < 47
and the second two equations in (JA.11]), we can compute the Euclidean volume of the
angular torus. Putting everything together, we have

472 (2 — b3)(1 + 2b3)
VOlACchubic = p—2 1+ b%

(A.16)

Now, requiring Volpacg—cubic = Volgp2 = SPL;, we get a quadratic equation for b3 with two
roots b3 = 0, %. The two roots suggest that we have two different ways of realizing the
Fubini-Study metric as an ortho-toric ACG metric. One of the solutions, b3 = 0 gives us
co-ordinate singularities which are “ring-like.” Using ([A.1§), we then have,

by=1, by=-1, by=0, (A.17)
so that the polynomials occuring in the ACG-cubic metric are
F(z) = G(z) = (1-2%)(p2). (A.18)

The explicit co-ordinate transformation is now much simpler:

2 1+¢&n 2 1+&n+(E+n)
re = — ) tan“6/2 = , = —pt, =pz;
&n / L+&n—(E+mn) ¢ v
r2cos 6 1 10) P
_ - -7 ==, (Al
E+n=—7"175 §n=—12 t==0 2= (A19)

In this appendix, we have been able to show the explicit isometry between the Fubini-
Study metric and a compact ACG-cubic metric by deriving an explicit co-ordinate trans-
formation between the polar co-ordinates of the form and the “ring-like” co-ordinates of
the latter. A similar co-ordinate transformation relates the Bergmann metric to the ACG-
cubic metric; the co-efficient of the cubic has the opposite sign reflecting the sign of the
scalar curvature. However, one free parameter remains as Bergmann space is non-compact.

B. The Gutowski-Reall black hole Kahler metric and weak self-duality

In the recent past, many researchers have constructed various supersymmetric AdSs black

holes [[[7-[[9, 3, R3], but we will only need to consider the first ones and the simplest
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of them, the Gutowski-Reall black hole. The Kahler metric of the Gutowski-Reall black

holes [[L7, [Lg] is

ds? = dr? + a*((o1)* + (07)°) + (2ad')*(0})?, (B.1)
where a(r) is
a 1 . \/ﬁr
a(r) 1 + p sin 5 (B.2)

with « is a constant and o} are the right-invariant one-forms on SU(2), which can be
expressed in terms of the Euler angles (6, ¢,1) as

U}J = sin ¢ df — cos ¢ sinf di,
0?2 = cos¢ df +sin¢ siné d,
03 = d¢ + cosf di. (B.3)

This metric (B.])) is Kihler with the Kéhler form
Q= d(a*c}) = 2ad dr Ao} — a® or No? (B.4)

In the orientation with Vol = 2a3a’ sin § dr Ad Ad¢ A dap, the Kihler form (B.4)) is self-dual.
We can check for the weak-self-duality property of a given Kéahler metric in atleast two

ways [[L1].

(i) The defining property of a weakly self-dual Kéhler metric is that the anti-self-dual
Weyl tensor is harmonic, i.e. §W ™~ = 0 where § acts on W™ as on a two-form with
values in anti-self-dual two-forms. On the other hand, the Weyl tensor on a Rie-
mannian four-manifold is linked with the Cotton-York tensor, sW* = C*. Hence,
vanishing of the anti-self-dual Cotton-York tensor implies the weak self-duality of a
given Kihler metric (see definition 2 in [L1].)

The Cotton-York tensor is defined in [, Cx y(Z) := (Vyh)(X,Z) — (Vxh)(Y, Z),
where h is the normalized Ricci tensor given by h,, = %RW — I—%QW/. Define it’s
components by Cx y(Z) := CkijZkXin and we get

1
12 (gzkv iR — g]kv R) (B'S)

The indices i, j are anti-symmetric and one is supposed to think of the Cotton-York

1
Chrij = 3 (VjRi, — ViRji) —

tensor as a co-vector-(the index k)-valued two-form, C7§2), 09(2), C((;), Cl(f). Plugging

in (B.1)) into (B.H), we get

c® =0,
09(2) :—a;lé_co \/g drAdH—l—ﬁ(l—i-T) cosh2\/_ sin @ do A diy,
C(;Q) = a3\8/47 ( Tp) cosh? \/ﬁ coth \/2_ dr A o3
a1\2/8_ < ) osh® \/— L AL
o = ... (B.6)
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Computing the anti-self-dual parts of the above two-forms gives us,

C, =0,
__ \/ ap’ ap 2 \f
C, = coth 2 dr A df —|— 281 (1 + 1 ) cosh sin @ do A di,
C; = 192 ( 1 ) cosh? \/_ coth \/_ dr A o?
L ap 2 VP
192 ( 1 ) cosh O’L Ao?,
C, = (B.7)

We thus find that the anti-self-dual part of the Cotton-York tensor is non-vanishing
for the black hole Kahler metric, thus making it not weakly self-dual. Note that
for a = 0, the Kahler metric is weakly self-dual, which is as it should be because it
corresponds to the Bergmann Ké&hler metric.

(ii) On a complex two-dimensional K&hler manifold (g, J, ;) with orientation chosen so
that the Kéhler form, €, is self-dual, a property of the traceless Ricci form, pg, is that
it is anti-self-dual. Any anti-self-dual two-form can always be written as a functional
multiple of an anti-self-dual Kéhler form of some other (needn’t be integrable) almost-

complex structure, pg = A Qp, where (g, I,27) is an almost-hermitian structure. One

of the many defining properties of a weakly self-dual Kahler metric is that (% =1, S;Q )
is Kéhler (see lemma 2 and lemma 4 of [L1].)
For the Kéhler metric (B]), the traceless Ricci form is
O—bdr/\aL—i—sla}J/\a%, (B.8)
where b(r) is
br) — 40+ Sadla —daT o’ (B.9)
This pg can be written as A 7 with ’
Qr = 2ad dr Nod + a® or No? (B.10)
and .
A(r) = S (B.11)

It is easy to see that €7 is anti-self-dual and one can construct the almost complex
structure I ~ g=! Q; and verify I? = —Id. For the Kihler metric (B.1) to be weakly

self-dual,
Qr

which amounts to the following fourth order non-linear o.d.e:

a/2a6 ! 2a/3a3
<b—2> + T =0. (B.13)

But, the black hole Kihler metric (B.9) does not satisfy the above o.d.e, hence not
weakly self-dual.

,20,



References

1]

R. Emparan and H.S. Reall, A rotating black ring in five dimensions, |Phys. Rev. Lett. 8§

(2002) 101101 [hep—th/011026(].

=)

P. Figueras, A black ring with a rotating 2-sphere, JHEP 07 (2005) 03 [hep-th/0505244]].

R. Emparan, Rotating circular strings and infinite non-uniqueness of black rings, JHEP 03

(2004) 064 [hep-th/040214].

I. Bena and P. Kraus, Three charge supertubes and black hole hair, |[Phys. Rev. D 70 (2004)

046003 [hep-th/0402144].

H. Elvang, R. Emparan, D. Mateos and H.S. Reall, A supersymmetric black ring,

Lett. 93 (2004) 211309 [hep-th/0407065|.

J.P. Gauntlett, J.B. Gutowski, C.M. Hull, S. Pakis and H.S. Reall, All supersymmetric
solutions of minimal supergravity in five dimensions, |Class. and Quant. Grav. 20 (2003) 4587
[hep-th/0209114].

J.P. Gauntlett and J.B. Gutowski, Concentric black rings, |Phys. Rev. D 71 (2005) 025019
[hep-th/040801(]].

J.P. Gauntlett and J.B. Gutowski, General concentric black rings, |Phys. Rev. D T1 (2005)

045002 [hep-th/0408124].

[10]

[11]

[12]

R. Emparan and H.S. Reall, Black rings, [Class. and Quant. Grav. 23 (2006) R169
[hep-th/0608012.

J.P. Gauntlett and J.B. Gutowski, All supersymmetric solutions of minimal gauged
supergravity in five dimensions, |Phys. Rev. D 68 (2003) 105009 [Erratum ibid. D 70 (2004)
089901] [hep-th/0304064)].

V. Apostolov, D.M.J. Calderbank and P. Gauduchon, The geometry of weakly selfdual Kdihler
surfaces, Compositio Math. 135 (2003) 279 [math.DG/0104233].

I. Bena and N.P. Warner, One ring to rule them all ... and in the darkness bind them?,

Theor. Math. Phys. 9 (2005) 667 [hep-th/040810§].

[13]

I. Bena, C.-W. Wang and N.P. Warner, Sliding rings and spinning holes, JHEP 05 (2006)

079 [hep-th/0512157).

[14]
5
6]

[1

[1

[17]

[18]

V. Guillemin, Kdhler structures on toric varieties, J. Diff. Geom. 40 (1994) 285.

M. Abreu, Kdhler geometry of toric varieties and extremal metrics, lg-ga/9711014.

E. Witten, Phases of N = 2 theories in two dimensions, |Nucl. Phys. B 403 (1993) 159
[hep-th/9301042).

J.B. Gutowski and H.S. Reall, Supersymmetric AdSs black holes, |[JHEP 02 (2004) 006
[hep-th/0401049].

J.B. Gutowski and H.S. Reall, General supersymmetric AdSs black holes, JHEP 04 (2004)

04§ [hep-th/0401124].

[19]

[20]

H.K. Kunduri, J. Lucietti and H.S. Reall, Supersymmetric multi-charge AdSs black holes,
JHEP 04 (2006) 036 [hep-th/060115§].

A. Besse, Finstein manifolds, Springer-Verlag, New York U.S.A. (1987).

— 21 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C101101
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C101101
http://arxiv.org/abs/hep-th/0110260
http://jhep.sissa.it/stdsearch?paper=07%282005%29039
http://arxiv.org/abs/hep-th/0505244
http://jhep.sissa.it/stdsearch?paper=03%282004%29064
http://jhep.sissa.it/stdsearch?paper=03%282004%29064
http://arxiv.org/abs/hep-th/0402149
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C046003
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C046003
http://arxiv.org/abs/hep-th/0402144
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C211302
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C211302
http://arxiv.org/abs/hep-th/0407065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C4587
http://arxiv.org/abs/hep-th/0209114
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C025013
http://arxiv.org/abs/hep-th/0408010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C045002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C045002
http://arxiv.org/abs/hep-th/0408122
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C23%2CR169
http://arxiv.org/abs/hep-th/0608012
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C105009
http://arxiv.org/abs/hep-th/0304064
http://arxiv.org/abs/math.DG/0104233
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C667
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C667
http://arxiv.org/abs/hep-th/0408106
http://jhep.sissa.it/stdsearch?paper=05%282006%29075
http://jhep.sissa.it/stdsearch?paper=05%282006%29075
http://arxiv.org/abs/hep-th/0512157
http://arxiv.org/abs/dg-ga/9711014
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB403%2C159
http://arxiv.org/abs/hep-th/9301042
http://jhep.sissa.it/stdsearch?paper=02%282004%29006
http://arxiv.org/abs/hep-th/0401042
http://jhep.sissa.it/stdsearch?paper=04%282004%29048
http://jhep.sissa.it/stdsearch?paper=04%282004%29048
http://arxiv.org/abs/hep-th/0401129
http://jhep.sissa.it/stdsearch?paper=04%282006%29036
http://arxiv.org/abs/hep-th/0601156

[21]

[22]

23]

[24]

[25]

F. Zheng, Complex differential geometry, American Mathematical Society International Press
U.S.A. (2000).

Z.W. Chong, M. Cveti¢, H. Lii and C.N. Pope, Five-dimensional gauged supergravity black
holes with independent rotation parameters, [Phys. Rev. D 72 (2005) 041901|
[hep-th/0505112.

Z.W. Chong, M. Cveti¢, H. Lii and C.N. Pope, General non-extremal rotating black holes in
minimal five-dimensional gauged supergravity, [Phys. Rev. Lett. 95 (2005) 161301|
[hep-th/0506029].

H.K. Kunduri, J. Lucietti and H.S. Reall, Do supersymmetric anti-de Sitter black rings
exist?, JHEP 02 (2007) 026 [hep-th/0611351].

H.K. Kunduri and J. Lucietti, Near-horizon geometries of supersymmetric AdSs black holes,
lrXiv:0708.3694.

B.S. Acharya, S. Govindarajan and C.N. Gowdigere, work in progress.

P. Figueras, C.A.R. Herdeiro and F. Paccetti Correia, On a class of 4D Kdhler bases and
AdS5 supersymmetric black holes, UHEP 11 (2006) 036 [hep-th/0608201]].

C.-S. Chu and S.-H. Dai, Black ring with a positive cosmological constant, |Phys. Rev. D 75

(2007) 06401¢ [hep-th/061132§].

A K. Balasubramanian, S. Govindarajan and C.N. Gowdigere, Symplectic potentials and
resolved Ricci-flat ACG metrics, arXiv:0707.4304.

- 292 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD72%2C041901
http://arxiv.org/abs/hep-th/0505112
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C95%2C161301
http://arxiv.org/abs/hep-th/0506029
http://jhep.sissa.it/stdsearch?paper=02%282007%29026
http://arxiv.org/abs/hep-th/0611351
http://arxiv.org/abs/0708.3695
http://jhep.sissa.it/stdsearch?paper=11%282006%29036
http://arxiv.org/abs/hep-th/0608201
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C064016
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C064016
http://arxiv.org/abs/hep-th/0611325
http://arxiv.org/abs/0707.4306

