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ABSTRACT: We consider a holographic model of QCD from string theory, a la Sakai
and Sugimoto, and study baryons. In this model, mesons are collectively realized as a five-
dimensional U(Nr) = U(1) x SU(Nr) Yang-Mills field and baryons are classically identified
as SU(NNp) solitons with a unit Pontryagin number and N, electric charges. The soliton
is shown to be very small in the large 't Hooft coupling limit, allowing us to introduce
an effective field B. Its coupling to the mesons are dictated by the soliton structure, and
consists of a direct magnetic coupling to the SU(Np) field strength as well as a minimal
coupling to the U(Np) gauge field. Upon the dimensional reduction, this effective action
reproduces all interaction terms between nucleons and an infinite tower of mesons in a
manner consistent with the large N. expansion. We further find that all electromagnetic
interactions, as inferred from the same effective action via a holographic prescription, are
mediated by an infinite tower of vector mesons, rendering the baryon electromagnetic form
factors completely vector-dominated as well. We estimate nucleon-meson couplings and
also the anomalous magnetic moments, which compare well with nature.
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1. Introduction

The recent development in applying the concept and the methodology of AdS/CFT dual-
ity [fl] to low-energy hadron dynamics, referred to as the holographic QCD or AdS/QCD,
brings out two related issues from opposite directions, one top-down from string the-
ory [B, ] and the other bottom-up from low-energy chiral effective field theory of mesons
and baryons [[—f].

From the string theory point of view, what one is interested in is to assess to what
extent the gravity theory in the bulk sector in a controlled weak coupling limit can address,
via duality, the strongly coupled dynamics of QCD and if so, how well and how far. In this
respect, the aim there is to “post-dict” what is established in low-energy hadron dynamics,
and try to reproduce what has been well understood in low-energy effective theories. The
principal goal here is to establish its raison-d’étre in the strong interaction sector. On the
other hand, from the low-energy effective theory perspective on which we will elaborate
in some detail below, the aim is, if it is firmly established that the holographic QCD has
definite connection to real QCD, whether it can make clear-cut and falsifiable predictions
on processes which are difficult to access by QCD proper.

A notable example of this sort is the prediction by AdS approaches of low viscosity-
entropy ratio [[j] and also of low elliptic flow in matter at high temperature above the
chiral restoration point [§], which is presumed to be observed at RHIC. Given the com-
plete inability of the QCD proper to handle this regime, this development gives a hope
that the holographic approach could provide a powerful tool going beyond perturbative
QCD and elucidate strongly interacting matter under extreme conditions that are oth-
erwise inaccessible, such as the phenomenon of jet-quenching [f]. Another outstanding
immediate challenge to AdS approaches is to identify and elucidate the degrees of freedom
figuring just below (in the Nambu-Goldstone phase) and just above (in the Wigner-Weyl
phase) T, the chiral transition temperature presumed to have been probed at RHIC [@]
At present, however, in the paucity of better understanding, it is not clear whether the
current “explanation” of the properties of quark-gluon plasma at RHIC reflects directly
certain specific properties of nonperturbative QCD or whether they are simply in a same
universality class unspecific to dynamics. For instance, recent works suggest that the pre-
diction of viscosity-entropy ratio could be common to all AdS-based models regardless of
details [[LT].

Another example of this sort is the exploitation of the conformal structure of AdS/CFT
to deduce the analytic form of the frame-independent light-front wavefunctions of hadrons
which could allow the computation of various observables that are found to be difficult to
obtain in QCD itself [[[2].

In this paper, we would like to zero in on a more specific set of problems that are
typically of strong-coupling QCD and are very difficult to access by established QCD
techniques, namely chiral dynamics of hadrons, in particular baryons, at low energy. Unlike
pions, which are relatively well-understood from the chiral Lagrangian approach to QCD,
baryons remain more difficult to pin down. This may account for the reason why in the
chiral lagrangian approach, baryons are either put in by hand as point-like objects or



built up as solitons (i.e., Skyrmions) from mesons. The former suffers from the lack of
theoretical justification as a local field when the energy scale reaches the inverse of its
Compton wavelength as evidenced in the growing number of unknown parameters, while
the latter in its simplest approximation does not fare well in phenomenology. Attempts to
marry the two pictures are often difficult, given the relatively large size of the Skyrmion.

This work was motivated by an astute modelling of chiral dynamics within the frame-
work of AdS/CFT by Sakai and Sugimoto [P] that correctly describes the spontaneous
breaking of chiral U(Ng)r x U(Np)g to the diagonal subgroup U(Ng)r4+r. For our pur-
pose, the most salient feature of the holographic model of Sakai and Sugimoto (SS for
short) is that the entire tower of vector mesons plus the pions are built into a single U(Ng)
gauge field in five-dimensions, immensely simplifying possible interaction structures among
mesons, and eventually with baryons as well. This also implies that the low-energy chiral
dynamics incorporating the “hidden local gauge symmetry” (HLS) is manifest in five di-
mensions. The U(Ng) gauge field is supported by N D8 branes compactified on S* while
the strongly coupled SU(N,) dynamics is hidden in the background AdS-like geometry.

The effective chiral theory, defined at a KK scale, Mxk (commensurate with the chiral
scale Ay ~ 4mfr) is valid and justified in the limit of large 't Hooft coupling constant
A= g%(MNC and large N.. Surprisingly even in this limit, the SS model has been shown to
possess the power to reproduce rather well most of the low-energy hadron properties in the
meson sector that are highly non-perturbative, such as, for example, soft-pion theorems,
KSREF relations, various sum rules etc. Most notable among what has been obtained is that
all hadron processes involving mesons, both normal (e.g., m-7 scattering) and anomalous
(e.g., 70 — 27, w — 37 etc), are vector-dominated with all the members of the infinite tower
participating non-trivially in the process, including the well-established vector dominance
of the pion EM form factor.

Now given an effective theory that captures the physics of the meson sector, one imme-
diate question is how the baryons figure in the story and how well the picture approximates
static and dynamic properties of baryons. A related question is whether or not the vector
dominance which holds naturally in the meson sector also holds with baryons. This ques-
tion has a bearing on the concept of “universality” that has played an important role in
the history of vector dominance in hadron physics. As described in detail in what follows,
a baryon in the SS model is a soliton with instanton-like configuration in a five-dimensional
Yang-Mills action, which encodes the winding number of the four-dimensional Skyrmion
made up not only of the pion field but also of an infinite tower of vector mesons.

In fact, perhaps the most appealing possibility for the holographic QCD to unravel
something truly novel in low-energy hadron dynamics is in the baryon structure — which
is the principal subject of this article. In the past, several authors [[[3] studied Skyrmions
with the HLS Lagrangian containing the lowest vector mesons, p and w, of [[4]* as merely
an alternative or improved description of the same soliton given by the Skyrme model with
the pion hedgehog [, [[d]. The essential idea was that vector mesons, in particular the

1Some works include the a; meson as well, but the idea is essentially the same as without it.



p meson, could replace the Skyrme quartic term in the role of stabilizing the soliton.? It
was only recently suggested that hidden local fields bring a drastically different or novel
aspect to the soliton structure of baryons [[§-P(]. Indeed what we have found is that the
instanton baryon, which is a Skyrmion with an infinite tower of hidden local fields, presents
an aspect of baryons hitherto left largely unexplored.

A major part of this paper will be devoted to understanding the simplest of static
properties, and subsequently the chiral dynamics of the baryons realized as five-dimensional
solitons. One consequence of the fully five-dimensional picture is that, in the large 't Hooft
coupling, the instanton size is so small to be amenable to a simple effective field theory
approach. Our strategy in uncovering the dynamics of baryons relies on an effective field
theory of the small instanton in the five dimensional setting. The quantum numbers of the
small instanton are commensurate with those of the Skyrmion, except that it naturally and
minimally couples to five-dimensional U(Np) gauge fields instead of to four-dimensional
SU(NF) pion fields. This results in a simple five-dimensional Dirac field representing
baryons, minimally coupled to the U(Np) gauge field. While the instanton size is small,
on the other hand, the long distance power-like tail cannot be ignored and leads to a
higher-dimensional coupling between the SU(Np) field strength and the Dirac field whose
coupling strength is determined by the size of the instanton. It is plausible that this
picture can justify the long-standing tradition — recently given a support in terms of chiral
perturbation theory — in nuclear physics where the nucleon is considered as a point-like
object and its finite size effects are taken into account via “meson cloud.”

At the end of the day, what will have transpired is that these two simple and explicitly
computable five-dimensional interaction terms in the baryon effective action encode all the
four-dimensional meson-baryon interactions, up to quadratic order in the baryon field. This
includes the pions, the entire tower of vector mesons and axial vector mesons, once and
for all, and also incorporates iso-scalar and iso-vector mesons on equal footing. Needless
to say, this will result in a large number of predictions on various meson-baryon couplings,
and more indirectly, various electromagnetic interactions.

While the photon field is not present among the degrees of freedom in this model,
the electromagnetic current can also be extracted following the general prescription of
AdS/CFT. An interesting outcome of this investigation is that, although the effective ac-
tion approach in five dimensions predicts a minimal coupling between photon field and
the baryon, a mixing between massive vector mesons and the photon field effectively re-
places this with an infinite number of vector mesons coupling to the baryons. The resulting
electromagnetic form factors show a complete vector dominance in the sense that all electro-
magnetic interactions are mediated by exchange of vector mesons, generalizing old notion
of vector dominance by the lightest vector mesons. In particular, full vector dominance is
recovered in the electromagnetic form factors of the nucleon in the same fashion as in the
pion.

We will also discuss subleading 1/N, corrections and compare these findings against
experimental values. Throughout the derivation of the effective action, we stay in the

2We will argue in section 8 that this idea is not correct.



regime of large N. and large ‘t Hooft coupling g%(MNC where the size of baryon is small
enough to justify this approach. On the other hand, the realistic regime of N, = 3 QCD
with the pion decay constant fr ~ 93MeV demands g%MNC ~ 17, which is not large
enough. The baryon size is difficult to estimate in this regime but is clearly of the same
order as 1/Mkg. To avoid the difficulties associated with the latter, we take the route of
doing most of computation in large ‘t Hooft coupling limit and extrapolate only at the end
of the day. We expect that this strategy works best when the quantities in question are not
sensitive to the ‘t Hooft coupling in the large N, limit, such as the chiral coupling between
pions and the baryon and the anomalous magnetic moment of the nucleon.

Section 2 will review the holographic QCD model of Sakai and Sugimoto but also serve
as the reference section for many of the computations. We will in particular introduce a
conformal coordinate system which is useful for dealing with the instanton soliton, which
upon quantization will be identified with baryons. In section 3, we consider basic static
properties of baryons and include a careful derivation of the size and the energetics. The
instanton must then be quantized to become physical baryon, and when the size is small,
namely when the 't Hooft coupling is very large, it can be treated as a point-like object
but with long range gauge field tails. The resulting five-dimensional effective action with
a novel and essential magnetic coupling is derived in section 4.

Beginning with section 5, we start to discuss the chiral dynamics of nucleons in four
dimensions. We first describe how to reduce the five-dimensional effective action of nucleons
to four dimensions, whose only nontrivial feature is a single magnetic coupling, and produce
a four-dimensional effective action of nucleons coupled to the infinite tower of mesons.
Some of the simplest predictions on Yukawa coupling constants will be given as examples
and compared to experimental values. Section 6 will delve into numerical estimates and
extrapolation to realistic regimes, and points out subtleties and potential problem in doing
SO.

Beginning with section 7, we consider electromagnetic coupling of nucleons. We review
how the vector dominance in the meson sector came about and show how this generalizes
to nucleon sector rather nontrivially. While the vector dominance here involves the entire
tower of vector mesons, we will show that truncating down to the first four vector mesons,
in both iso-scalar and iso-vector sectors, respectively, provides a very good approximation
to the complete form factors of the model. As a bonus, one can also compute the magnetic
dipole moment of nucleons in section 8 which also compares favorably with experimental
values. In section 9, we perform numeric analysis of electromagnetic form factors (Sachs
form factors) and also extract various nucleon charge radii. We close with discussions.

An abbreviated version of this work has been reported elsewhere [RI] with emphasis
on the derivation of the effective action. The present paper expands upon the previous
paper by including more detailed derivation leading to the effective action and exploring
the implications comprehensively.

2. A string theory model of holographic QCD

Among the holographic models of QCD proposed recently, one most interesting and realistic



model is the one by Sakai and Sugimoto (SS) [B], who considered N. (>> 1) stack of D4
branes and Np D8 branes in the background of Type Il A superstring. The key point of
the model® is that the flavor symmetries of the quark sector are embedded into a U(Np)
gauge symmetry in R'T3 x I. The fifth direction is topologically an interval, and the four-
dimensional low energy physics is found by restricting to the modes that are localized near
the “origin” of this fifth direction.

The stack of D4 branes at low energy carries SU(N.) Yang-Mills theory. In the large
N, limit, the dynamics of D4 is dual to a closed string theory in some curved background
with flux in accordance with the general AdS/CFT idea. In the large 't Hooft coupling
limit, A = g%,;N. > 1, and neglecting the gravitational back-reaction from the D8 branes,
the metric is [[[7]

U\*? ) R\*? [ au?
ds? = <R) (Muwdatdz” + f(U)dr?) + <U> <f(U) + U%Qi) (2.1)
with R3 = gsN.l2 and f(U) = 1-Ugy /U3. The coordinate 7 is compactified as 7 = 7+67
with 67 = 4w R%/2/(3UL2).

2.1 Five-dimensional U(Nr) theory on D8-branes

The D8 branes, which share the coordinates z!, 22,23 with the D4 branes, admit the
massless quark degrees of freedom as open strings attached to both the D4 and D8 branes.
The effective action on the D8 brane, embedded in the D4 background, is the DBI action

Spsg = #g/dgx 6_¢\/— det (gun + 21’ Fyrn) + ,ug/ Zcp+1 A Tr SQFQ/F, (2.2)
ith
W 2

== 2.
SNCHIATEN 23

where 12 = o/. 3" Cp;1 is a formal sum of the antisymmetric Ramond-Ramond fields of
odd-ranks, Cq, (s, Cs, C7, Cg. These fields couple, respectively, to D0, D2, D4, D6, and D8
branes.

The D8 brane in this set-up occupies a 5D curved spacetime times S* whose radius is
position-dependent along 5D. The induced metric on D8 is

3/2 3/2 dU?
gs+1 = <g> (uwdztdz”) + <§> (f((l]J) + U2d§2421> : (2.4)

We transform the coordinates so that the noncompact 5D part of the metric is conformally
flat,

gar1 = H(w) (dw2 + nudatdz’) (2.5)
where U 3/2 1777
Ukk /U — UI%K

3Unless otherwise stated, we follow the notations of SS.



Note that the parameters of dual QCD are mapped to the parameters here as

2 2 2 2

gYMNCls 2gYMNCMKKls

R3 = XM_Cs , Ukg = ————= |
KK 9

2.
2Mxkx 27)

where the KK mass Mgy is the dimensionful free-parameter of the theory. Note that
My = 3U2[2RY? . (2.8)

Another dimensionful quantity that appears in the chiral Lagrangian formulation of QCD
is fr which determines the scale of chiral symmetry breaking. In terms of the above, we

have [P, 2*
1

2
fa=cia
As was shown in detail by Sakai and Sugimoto, it is Mgk that enters the mass spectra
of mesons. For real QCD, Mgk would be roughly Mgk ~ muy ~ 0.94GeV, while f, ~
93 MeV, and this requires

(QSZKMNC)NCMIZ(K . (2.9)

(g3 Ne)Ne ~ 50 . (2.10)

For N, = 3, this gives
gouNe ~ 17. (2.11)

This certainly is not big enough for truncating at the leading order, indicating that it might
be difficult to naively apply this model to the realistic QCD regime. For this reason, the
best we can do is to look at dimensionless quantities in which the limiting constants cancel
out, such as ratio of masses of the mesons, and hope that such quantities are insensitive to
the precise values of these physical parameters.

Note that this fifth coordinate is of finite range since

" _/00 R32dU 3/00 aUu 3.64
0 1

1
e — — ~ < 0.
JU3 — U3, Mgk 2 VU3 -1  Mkk

Thus, the 5D spacetime part of D8 brane is conformally equivalent to an interval

(2.12)

[~ Wmax, Wmax] times R3T!. This makes the search for smooth instanton solution rather
subtle. This matter will be discussed later in this paper. Another choice of coordinate
convenient for us is z defined as

U? = Uik + Ugk2?, (2.13)
which is related to w as

3/2 QR3/27Y2 4
dw— AU 2RTUGcde (2.14)

Jus — v, 3Wikc+ Ukiz?)??

Near origin w ~ 0, we have the approximate relation,

z
b
Ukk

3/2

3 \ Ukk

4See section 2.2.



which implies
U ~ U (1 + MEgw?) (2.16)

for the conformally flat coordinate. This shows that the deviation of the metric from the
flat one is dictated entirely by the mass scale Mkgk. In fact, the same is true of the full
10-dimensional spacetime metric, and thus from this we can see that Mkxk is the only mass
scale of the theory in the low energy limit.

In the low energy limit, the worldvolume dynamics of the D8 brane is well-described
in terms of a derivative expansion of the full stringy effective action, and the result of
this gives the Yang-Mills action with a Chern-Simons term. The Yang-Mills part of this
effective action is

1 e ® 1 6_(1)V 4 o o
- V= —— trFynyFMN = = / V- — 5 rFp, BT (2,17
A /8+1 98+1 27 (2nl,) rEpMN 4 )i ga+1 27 (2nl,) Il ( )

Here Vga is the position-dependent volume of the compact part with

8 2
Vs = %RE‘U, (2.18)

while the dilaton is

3/4
e ? = gl (5) : (2.19)

The Chern-Simons coupling arises from the second set of terms because | ga dC3 # 0 takes
a quantized value, and was worked out by Sakai and Sugimoto in some detail. The answer
after integration over the four-sphere is

Ne
2477'2 4+1

ws(A) (2.20)

with dws(A) = trF3.

2.2 Chiral lagrangian and Hidden Local Symmetry (HLS)

The main point of this model is that the D8 comes with two asymptotic regions (corre-
sponding to UV) at w — dwpax which are continuously connected via the infrared region
near w = 0. The usual chiral symmetry U(Np)r x U(Np)g is implicitly embedded into
the U(Np) gauge symmetry of D8 branes [f]. The U(Np)r g are the remnant of the five-
dimensional gauge symmetry; those on the left-end and the right-end are each interpreted
as U(Np)r,g, respectively. While the gauge symmetry is broken, its global counterpart
survives as U(NF)r+g-

The five-dimensional gauge field has three polarizations. Thus the generic KK modes
become massive vector fields in four dimensions, namely massive vector mesons whose
parity is decided by the shape of the KK eigenfunction, while there is a single massless
adjoint multiplet which arises from the Wilson line degrees of freedom, which are the
pions. This can be seen more clearly when one expands A, in terms of eigenmodes along w
directions, decomposing it into infinite towers of KK states as seen by 4D observers. The



lowest modes are then interpreted as the low-lying vector mesons of the chiral Lagrangian
formulation. In the gauge A5 = 0, this expansion was worked out by Sakai and Sugimoto.
Introducing a gauge function {(z) at w = 0, which is related to the pion field in unitary

gauge as
E@)=U(z), Uw)=emin, (2.21)
we have the following expansion,’
Ap(z;w) = iay()o(w) + iBu(x Z 1) (@)t (w) (2.22)
with
0u@) = {7 008) ~ T dum, Pule) = Sl 08 > Sl gl (229)
© - » YR - f7r B D) o 2.](‘7% y IR .

where 1g(w) = o(w(z)) = 2 arctan (U ) Inserting this into the DBI-action (R.I7), we
can obtain a low-energy Lagranglan for the pions as well as massive vector/axial-vector
mesons.

As for the pions, this reproduces the Skyrme Lagrangian®

2
1
Lyjon = Ztr (U0,U)° r[U~to,U,Ut0,U)° (2.24)
4 32eSkyrme
with -
1 S54m 1
2 _ 2 2 2 ~
f7r - W(QYMNC)MKKNC »  €Skyrme = 61 (g%/MNC)NC : (225)
For the massive tower of (axial) vector mesons, we have the standard kinetic term
1
masswe - Z { n)FMV ) + 2m%a£”)a“(”)} s (226)
with F;(LZ) = 8ua,(,n) OyaLn), plus various interactions between them as well as with pions.

The interesting point in this theory is that the gauge symmetry localized in the fifth
direction can be identified as an infinite number of “hidden local symmetries” (HLS) in
four dimensions, and each massive vector meson plays a role as a gauge field for some part
of them. A hidden gauge symmetry theory with the (p,w), the lowest members of the
tower, was introduced into hadron physics two decades ago by Bando et al [[[4] and revived
recently by Harada and Yamawaki [RJ]. The key observation that led to the formulation
of [[4] was that the chiral field U which figures in the low-energy dynamics of the Goldstone

5Our gauge field is defined by D = 8 — iA, which differs from D = 9 + ASS of SS.

S After this paper has appeared, we learned of a factor two error in ref. [ We thank S. Sugimoto for
informing us [@] In the present paper, all quantities are derived from the D-brane physics and did not
rely on the computations in ref. [E] The only exception is the chiral Lagrangian here, which affects the
two coefficients f2 for the kinetic term and 1/ e%kyrmc for the Skyrme term. This enters physical quantities
considered only indirectly via the determination of A\ ~ 17 for the realistic QCD regime, which can be seen
to affect slightly the subleading corrections for quantities we consider.



pions possesses a hidden local symmetry that can be exploited to bring the energy scale
to ~ 4mmy /g (where my is the vector meson mass and ¢ is the hidden gauge coupling).
In the modern terminology, one can consider the hidden gauge field so obtained as an
emergent field as in other areas of physics [B4, R5]. (See section 8 for more on this.) In
the current holographic model, this idea finds a natural home simply because HLS arises
automatically from the five dimensional description which incorporates not only (p,w) but
the entire tower of vector mesons. In our formulation we took a definite gauge choice (i.e.,
unitary gauge) so that £ = {p = 52. One can think of the SS model descending top-down
from string theory to the hidden local symmetry of QCD. Indeed when restricted to the
lowest member of the tower, the SS action reduces to the HLS action of [4] with a = 4/3.

3. Baryons as small and hairy instantons

Conventional chiral Lagrangian approaches realize baryons as Skyrmions, usually made of
the pion field U only. As we couple higher massive vector mesons to the Skyrme action,
the size-stabilizing mechanism for topological solitons is significantly affected by massive
vector mesons. If we approach this problem from the above five-dimensional viewpoint,
however, it is natural to consider the problem as a five-dimensional one. It has been known
for some time that what replaces the Skyrmion is the instanton soliton since the two share
the same topological winding number [R6]. However, what has not been clear is whether
and how much of the instanton is born out of the Skyrmion. As we will begin to see from
this section, the instanton interpretation of the baryon will give a very different route to
the low energy effective dynamics of the baryons.

We know that a D4 brane wrapping the compact S* will correspond to a baryon vertex
on the 5D spacetime, which follows from an argument originally given by Witten [P7]. On
the D4-brane we have a Chern-Simons coupling of the form,

,u4/C'3 A2ra/dA = 271'0/,[1,4/ng A A (3.1)

for D4 gauge field A. Since D4 wraps the §* which has a quantized N, flux of dCs, one finds
that this term induces N, unit of electric charge on the wrapped D4. The Gauss constraint
for A demands that the net charge should be zero, however, and the D4 can exist only if
N, fundamental strings end on it. In turn, the other end of fundamental strings must go
somewhere, and the only place it can go is D8 branes. Thus a D4 wrapping S* looks like
an object with electric charge with respect to the gauge field on D8. With respect to the
overall U(1) of the latter, whose charge is the baryon number, the electric charge is N,.
Thus, we may identify the baryon as wrapped D4 with N, fundamental strings sticking
onto it.

Of course, things are more complicated than this since D4 can dissolve into D8 branes
and become an instanton soliton on the latter. From D8’s viewpoint, a D4 wrapped on S*
once is interchangeable with the unit instanton

1

— trEANF =1, 3.2
87'['2 R3xT ' ( )

~10 -



as far as the conserved charge goes. This follows from a Chern-Simons term on D8,”

,ug/ Cs A 212(o/)VtrF A F = u4/ Cs A 1 trE'AF (3.3)
R3+1x xS RO+1x 54 872 Jraxr

which shows that a unit instanton couples to C5 minimally, and carries exactly one unit
of D4 charge. When the size of the instanton becomes infinitesimal, it can be freed from
D8’s, and this is precisely D4. From the viewpoint of D4, this corresponds to going from
the Higgs phase into the Coulomb phase.

In flat background geometry and no flux, the moduli space of D4 contains both the
Coulomb branch where D4 maintains its identity separated from D8, and the Higgs branch
where D4 is turned into a finite size Yang-Mills instanton on D8. With the present curved
geometry, this is no longer a matter of choice. The energy of the D4 will differ depending on
the configurations. As we will see shortly, to the leading approximation, the D4 will settle
at the border of the two branches, both of which disappear apart from basic translational
degrees of freedom along R3*!. The reason for why D4 cannot dissociate away from D8
is obvious. The D4 has N, fundamental strings attached, whose other ends are tied to
D8. Moving away from D8 by distance L means acquiring extra mass of order N.L/I?
due to the increased length of the strings, so the D4 would stay on top of D8 for a simple
energetics reason. The question is then how small or big will a D4 spread inside D8 as
an instanton. Consider the kinetic part of D8 brane action, compactified on S*, in the
Yang-Mills approximation,

! / Ve Vst (3.4)
—— — ——— trFyy . .

After taking the volume of S*, the dilaton, and the conformally flat metric, this reduces to

1
4 mn
| mn ) .
/d:c dw 2(w) trFyn F (3.5)

where the contraction is with respect to the flat metric dz,dz* + dw? and the position-
dependent electric coupling e(w) of this five dimensional Yang-Mills is such that
1 82 R3U (w)

2(w)  3(2nly)5(2mgs) (3.6)

In the SS model, the string coupling g, is related to the dimensionful parameters and
four-dimensional Yang-Mills coupling of the QCD as,

IvyMm
2mgs = , 3.7
05 = Nl (3.7)
so we find ( ) ) ()
1 9ymNe) Ne U(w
= M 3.8
e2(w) 10873 K TUkk (38)

"Recently, this term was shown to play an interesting role in a different aspect of baryonic physics with
finite baryon density [@]
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Since an instanton has
/ trFypn F™ = 2 / trF A F = 1672, (3.9)

a point-like instanton that is localized at w = 0 would have the energy

2 2
) 4m® (gymVe)Ne
= o = e Mk (3.10)

(0
Mmp

This mass also equals that of an S* wrapped D4 located at w = 0, in accordance with the
string theory picture of the instanton [f]. If the instanton gets bigger, on the other hand,
the configuration costs more and more energy, since 1/e?(w) is an increasing function of
|w], thus the leading behavior of the instanton is to collapse to a point-like instanton.

However, the N, fundamental strings attached to D4 manifest themselves as N, units
of electric charge on D8’s. There will be in general Coulomb repulsion among these electric
charges, and this would favor spreading of instanton to a finite size. So it is the competition
of the two effects, mass of instanton vs. Coulomb energy of fundamental strings. For very
small instanton of size p, the energy picks up a size-dependent piece from the action of
Yang-Mills field which goes as

1 o
~ & miy Mixer” (3.11)
while the five dimensional Coulomb energy goes as
1 e(0)?N?
~ =X = 3.12
2~ 1072p2 ’ (3.12)

provided that pMgkk < 1. The estimate of energy here takes into account the spread of
the instanton density D(z’,w) ~ p*/(r? + w? + p?)*, but ignores the deviation from the
flat geometry along the four spatial directions.

We kept an overall factor of 1/2 in the Coulomb energy separated from the rest because
it deserves a further explanation. The rest of the term is the five dimensional U(1) (with
electric coupling constant e(0)) Coulomb energy for charge N, whose distribution follows
the instanton density D(z*,w). To see the origin of the additional factor of 1/2, recall that
the Chern-Simons term responsible for this charge is

Ne
247r2/tr(A/\F/\F+---), (3.13)

from which we obtain the coupling between instanton F and the rest of the gauge field as

N, _
5 /tr (ANFAF) . (3.14)

Gauge rotating a single instanton into the form

1 0 0 -0
01 0 -0
N. - - N.D('
e pap= NDELW Ly 0 |da®Aduw, (3.15)
82 2
0 0 0 0
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we have a minimal coupling to the instanton worldline
N> / A% tr (T°15/2) (3.16)
a

where Iy denotes the matrix in eq. (B.19).
For Np = 2, only the trace part of A can couple to I3, and Ay in

10

sees charge N. on top of a single instanton. However, the kinetic term for Ay ) would
have the coefficient 1/2e? instead of 1/4e?, which changes the effective electric coupling
constant and introduces a factor of 1/2 to the Coulomb energy. For Np > 2, the same
factor of 1/2 arises for more complicated reasons. There are now Np — 2 vector fields in
SU(NF), as well as the U(1) vector field from the trace part, that couple to this charge
under the above Chern-Simons term. Each of them contributes some fraction of the above
U(1) Coulomb energy. But the sum can be seen to be always 1/2.

More simply, this reduction can be seen from the fact that the total electric charge N,
on the instanton is shared, evenly split, by a pair of mutually orthogonal U(1)’s of U(Np),
which is evident in the form of I5. In each sector the electric charge generates the Coulomb
energy, proportional to (N./2)2. Since the total Coulomb energy is obtained by a sum, we
find 2 x (N./2)? = N2/2 in place of N2.

The size of the small instanton is determined where the combined energy is mini-

mized [21], P98

~

Pt
aryon —
yon = p o

1 3¢(0)2N2  \/2-37-72/5 (3.18)
10 72my)  Mig(giaNe) '

and
9.6

Pbaryon ~ T /—— .
Mxx\/ g3V

For an arbitrarily large 't Hooft coupling limit, the size of baryon is then significantly

(3.19)

smaller than the scale of the dual QCD. Subsequently the mass correction to the baryon
due to its 5-dimensional electric coupling
9 31 (0)

1
gmg) (MKKpbaryon) =~ g%MNCmB < mg) (320)

mg =~

is also small if the 't Hooft coupling is arbitrarily large.

In the next section, we will thus assume a point-like baryon as a leading approximation
and incorporate baryons into the chiral Lagrangian formulation. While this is a meaningful
computation in holographic QCD setting, matching the scales and couplings to the realistic
QCD requires a further refinement, since as mentioned, the scales Mk and f, are actually
too low to insist on very large value of g%MNC.

8The derivation of soliton size in this paper is an expanded version of that in ref. [ Note that an
independent derivation was given in ref. @] which appeared simultaneously with the former.
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In making the estimate above, we ignored so far details of the geometry away from the
origin. For instance, the spatial part of the geometry is conformally equivalent to R3 x I,
instead of R*. It is unlikely that the lowest energy configuration is a self-dual instanton
solution based on R*, yet we use it as a trial configuration to estimate the potential. We
believe that this will not affect the asymptotic estimate in this section, when the size of
the instanton is very small compared to the effective length of the fifth direction ~ 1/Mxkxg.
This subtlety would be more important for larger instanton size, as we will discuss in
section. f.

4. A 5D effective field theory of the baryon

We saw in the previous section that in the large 't Hooft coupling limit, the underlying
instanton configuration for the baryon is rather small. Since the instanton is a small object
in 5D sense, we may treat it as a point-like quantum field in 5D in a natural way. Upon
quantizing the collective coordinates of the solitonic configuration, there are a variety of
baryonic excitations with different spins and flavor charges. From the gauge theory point of
view, baryons are composed of N, elementary quarks forming a color singlet through a total
anti-symmetrization of their color indices. The remaining spin and flavor indices together
must then form a totally symmetric combination. It is always possible to have one such
combination via totally anti-symmetrizing both spin and flavors, giving us the minimal
spin and flavor quantum numbers. For even N. we would have a spin 0 baryon, while a
fermionic spin % baryon would occur when N, is odd. Having in mind an extrapolation
to the real QCD, we restrict ourselves to the case of fermionic baryons, and the effective
field B would mean a 5D Dirac spinor field. For simplicity we will consider Nyp = 2 and
consider the lowest baryons which form the proton-neutron doublet under SU(Np = 2).
We are thus lead to introduce an isospin 1/2 Dirac field B for the five-dimensional baryon.

From the invariance under local coordinate as well as local gauge symmetries on the D8
branes reduced along internal S*, the leading 5D kinetic term for B is simply the standard
Dirac kinetic term in the curved space in addition to a position dependent mass term that
we will specify shortly,

- / dz / da? [iBFmDmB + z’mb(z)BB] : (4.1)
where D,,, = 0p, + %Fﬁﬁwgﬁ +1 AL T with T a representation matrix for B. To determine

mp(z), it is convenient to work in the conformally flat coordinate (w,x*) where the spin
connection piece can be removed upon suitable rescaling of the B field [ff]. Thus we have

—/dw/d4x [iB" (0, — iAGT*)B + iBY° 0B + imy(w)BB] (4.2)
in the conformal coordinate system and with the A5 = 0 gauge. Here, v* and ~° are the
standard gamma matrices in the flat space.

The position-dependent mass term requires a further clarification. An elementary
excitation approximately localized at the position w would have an energy my(w), which
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must be identified as the energy of an S*-wrapped D4 brane localized at the position w.
From the DBI action of D4 brane, this mass is found to be

o (U 4
mpy (UKK> , (4.3)

where U should be considered as an implicit function of w upon the coordinate change

from U to w, and

2
© _ (GynlNe) Ne o ANe 4.4
mp o7 KK = 5o MKK (4.4)

with Mgk = % (UKTK> ? UIEf( In addition, there is a self-energy m{ coming from the 5D

U(1) field which stabilizes the instanton at some small but finite size. Since this self-energy
is a local effect as the baryon size is negligible, this effect should be, at least approximately,
independent of the position w and the resulting m;(w) will be

U
my(w) = mg) . <UKK> +mg . (4.5)

In large 't Hooft coupling limit, the estimate (B.20) shows that the Coulomb energy m§ is
negligible compared to the first piece. But, we will keep it in our later numerical analysis
for completeness.”

However, this cannot be the complete form of the baryon action. As we saw above the
baryon is represented by a small instanton soliton, which comes with a long range tail of
the gauge field of type F' ~ p%aryon /r*. Since we are effectively replacing the baryon by a
point-like field B, there should be a coupling between a B bilinear and the five-dimensional
gauge field such that each B-particle generates such a long range tail on F.'° The minimal
coupling originates from fundamental strings attached to D4, and reflects the fact that the
instanton carries additional electric charge. This coupling cannot generate a self-dual or
anti-self-dual configuration.

As we will see shortly, there is only one vertex that can reproduce the right long-range
tail. In our conformal coordinate (z*,w), the action including the gauge field and the
baryon field must read as'!

/ d*xdw

2
—iBy" Dy, B — imy(w) BB + g5 (w) pef;a(zu; By E, B

1
4 mn
—/d wdwiéle?(w) tr Fr ™ (4.6)

where pparyon i the stabilized size of the 5D instanton representing baryon, and gs(w) is
an unknown function whose value at w = 0 can be determined as follows. Throughout this

9One may also worry about self-energy from SU(Np = 2) gauge field on D4 branes. However, m§ scales
linearly with N. because the baryon has charge N. with respect to U(1)v, while there is no such scaling
for SU(Np = 2). In the present model, m§ is suppressed due to the further requirement of large 't Hooft
coupling.

10The same type of consideration was employed by Adkins, Nappi and Witten (ANW) [E] to compute
gr~nN which is related to ga by Goldberger-Treiman relationship.

' As usual, we define y™" = [y, y"]/2.
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article we will refer to the last term in the first line as the magnetic coupling. Its coefficient
function is displayed in a particular form with the known function p%aryon /e(w)? factored
out. This is done for the sake of later convenience, where we compute g5(0) which turns
out to be of a purely geometrical origin.

The uniqueness of the operator can be seen from the long range behavior of the in-
stanton. The field strength decays as 1/r*, which in five dimensions is one power higher
than the Coulomb field. This requires dimension six operators (i.e. one dimension higher
than the kinetic term) which contain a cubic term with a baryon bilinear current and the
SU(Np) gauge field. These requirements, together with the approximate Lorentz sym-
metry, pick out the above form of the operator uniquely. The only other choice would be
B(*F) kY™™ B, but this is actually equivalent to the above, thanks to the five-dimensional
Clifford algebra. Given that this operator is the unique possibility, the remaining question
is whether this operator is really capable of the task in hand and if so how to derive the
coupling strength g5, to which we devote the rest of the section.

The instanton must be located at w = 0 along the fifth direction, and generates a
source term to Yang-Mills field Fsn. Provided that the instanton size, pparyon is small
enough, we only need to consider the immediate vicinity of w = 0 where the geometry is
R**! approximately. Take the 5-dimensional Dirac matrices of the form

0—1 , 0 o 1 0
0= f= ' b= : 4.7
Y (1 0)’ y (aZ-O)’ Y (01> (4.7)

The on-shell condition of the baryon field is then

i0;  —i0; +i0'0; ,
, B=—imyB, 4.8
(i&t + ia’@i —ia5 b ( )
which can be solved by writing the upper 2-component part of B as U e "FHPT  and
approximating my by its central value,
U o U .
B = Eop )e—ZEt+Zp.ac N B = < ' ) e:Fzmbt (4'9)
< 7_imb_p5bl +ild

for general plane-wave and for the p = 0 limit. The two signs originate from the sign of
E/my, and thus correspond to the baryon and the anti-baryon, respectively.

This spinor configuration sources the Yang-Mills field since!?

BY™FpB - +FS, [MTTaejkimU] + RS [uTTaaiu}, (4.11)

where we assumed a gauge-doublet under SU(Np = 2) with 2 x 2 generators (7%/2)4p.
Terms linear in Fyps vanish identically when p = 0 = ps, thanks to the on-shell condition.

2Note that

; 0 —ie’*g, ; o; 0
0_jk _ e i 0_5i _ i 0_0m — _am 4.1
vy (ié’”m 0 > vy ( > Sl 7 (4.10)
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Note that the proper normalization of Dirac spinor demands 21/ AUO‘A = 1. Defining
the bilinear
(075 = 2 [uTaﬂau} , (4.12)

we thus find 1
BY"F,.B — j:§ ]‘-lkejki<ai7'a>5 + F5(0im")g (4.13)

Clearly the spinor bilinear couples to self-dual or an anti-self-dual part of the gauge field
strength, regardless of the detailed values of (o;7%)p. Thus, if we relate the effect of the
latter to the smearing of the classical long-range field due to quantization of the instanton,
identification of B as the effective field for isospin 1/2 baryons would be complete and this
would give information on the coupling strength gs.

However, for clarity, let us first try to search for an instanton-like long-range field. For
instance, one choice for U that generates instanton-like field is a spin-isospin locked state
of the form, .

Uns = %eaA , (4.14)
in which case (0;7%)g = —d¢ so that the source term (with the upper sign) is —F2%, 7% /2
with the anti-self-dual 't Hooft symbol 7} (m,n = 1,2,3,5 and a = 1,2,3) [BJ]. Now assume
that such a source appears in a localized form at the origin. The gauge field far away from
the source obeys (in an appropriate gauge)

V2AZ® = 295(0)p%aryonﬁ$nnan5(4) (‘T) ) (415)
whose solution goes as
95(0) Pparyon 1
A== s (4.16)

The general shape of the long-range field is consistent with the identification of the baryon
as the instanton. Since the actual instanton solution in 't Hooft ansatz has [BI]

2 1

2w (4.17)

Ay = —Tmn0On log <1 + M) =~ — P27 On
one may be tempted to fix g5(0) as 272.

However, the right prescription is to match the states in B with quantized instanton. An
SU(2) instanton of a fixed size has three gauge collective coordinates, spanning SU(2)/Zs,
which can be represented by a special unitary matrix S of size 2 x 2. Quantization of S
can lead to spin 1/2 and isospin 1/2 states with proper choice of boundary condition on
S3/Zy = SU(2)/Z,. This part of story proceeds identically with that of Skyrmions in 4
dimensions, which was explained in much detail by Adkins, Nappi and Witten [Lf].

One consequence of this quantization procedure is that the long range field of the
instanton is modified due to quantum fluctuation of instanton along different global gauge

directions. While the classical solution has

St ag T—aS—ZA“T—b or |51 gt (4.18)
M7 T 2 e ‘
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for some arbitrary but fixed choice of the unitary matrix S, the quantum consideration
replaces the classical coefficients by expectation values

(tr [STT;S#’D = <tr |:STT;STb:|>, (4.19)

which effectively lessen the strength of long-range gauge field. We may identify the states
contained in B as spin 1/2 and isospin 1/2 wavefunctions of the instanton, in which case
there is an identity,

<tr {STT;STI’] >B - —%(05,7’“)3 . (4.20)

This can be seen by an explicit quantization, which is mathematically identical to the one
used by ANW [[[6] on the Skyrmion case.

Specializing back to the case of U = ie, where (o;7%) g = —¢

¢, note that the classical

counterpart would have corresponded to the choice S = 1 so that

oleed)

while the actual comparison has to be made with its quantum counterpart

=47, (4.21)
S=1

Tla b — _1 ay } b
<tr {S 5 St ]>3 3<0’b7' B 3(5a. (4.22)

This tells us that when making comparison between the long range part of quantized
instanton solution, and the long range field generated by the baryon source, we must
include a factor of 1/3 on the instanton size. Thus, we conclude that

_ 272

. (4.23)

95(0)
This fixes the value of g5(w) at origin of the fifth direction. Finding the form of the function
g5(w) for general value of w seems very difficult from the present approach. However, for
very small size of baryon/instanton, which is guaranteed by a large 't Hooft coupling,
A= g%MNC, only the central value will enter the physics and corrections are suppressed by
inverse powers of .
In the above, we have extracted g5(0) by comparing the quantized instanton and the
spinor state for a particular spin-isospin locked state. For a complete check, we must
consider more general states with spin 1/2 and isospin 1/2, for which it suffices to rewrite

eq. ([E13), say, with the upper sign choice, as
1

1 o n _ _
SFe o) 8 + Floim®) s = S i (ovr") 5 + Fijils{ovm") s

1 _
= iFgwnngnn <UbTa>B

= —§Fggnﬁ£m <tr [STTST’)D : (4.24)
2 2 5
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where the last step used the identity eq. (.20) between expectation values in two different
description. Since S represents SU(Np = 2) rotation on the soliton side of the picture,
the long range field generated by such a source would mimic that of the instanton field
expectation value, evaluated on arbitrary quantized instanton state with spin 1/2 and
isospin 1/2. We can follow a similar procedure above for the spin-isospin locked state,
which shows that the on-shell degrees of freedom of B can be matched with the spin 1/2
isospin 1/2 sector states of the quantized instanton, given the effective action for B and
g5(0) = 272 /3.

5. The chiral dynamics of the nucleons in four dimensions

In the current effective theory approach, the physical 4D nucleons would arise as the lowest
eigenmodes of this 5D baryon along w coordinate, which should be a mode localized near
w = 0. From the string theory picture where the solitonic configuration for a baryon comes
from a melted D4 brane inside Np = 2 D8 branes, there are N, fundamental strings ending
on the D8 branes out of the D4 brane, which are nothing but the elementary quarks in the
gauge theory view point. In the limit of large A, this consideration leads us to treat the five-
dimensional baryon as a point-like object in the doublet representation under SU(Np = 2)
with the effective action in ([.6]). While the generalization to excited baryons, such as A’s,
should be straightforward, we will consider isospin doublets in this work. In particular, the
lowest-mass eigenstates in 4D sense are nothing but the nucleons (protons and neutrons),
whose low energy dynamics will be explored for the rest of the paper.

What we need now is to reduce this five-dimensional action down to four dimensions
and extract the couplings between the nucleon and the infinite tower of mesons. In the
usual chiral Lagrangian approach of QCD, the nucleon is often treated as a point-like
Dirac field B, just as in our five-dimensional approach. In doing so, the form factors of the
nucleons would be then encoded in how the nucleons couples to pions and all the massive
vector mesons. The leading quadratic part of the nucleon effective action one usually writes
down is

/dtdm3 Ly4= —/dtd:r3 B(iv* Dy, + imp + gay* " A)B + - -+ (5.1)
where the covariant derivative
D,=0,—1iV, (5.2)

encodes the coupling to the massive vector meson v,

Vi = o+ i0u(0) = v+ 31671, 0,8 Gx)

in a manner consistent with the hidden local gauge symmetry. The axial coupling provides
the simplest vertex of this theory whereby nucleon emits a single pion. In terms of &, we
have

) 1
%au ~ = O+ o(r3). (5.4)

The goal of this section is to reproduce this structure and more from our five-dimensional

A, =

effective action.
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5.1 4D nucleons and dimensional reduction

To make the preceding discussion concrete, let us perform KK-mode expansion for the
action ([l.9) to obtain the spectrum of spin—% baryons in the large AN, = (g%, N¢) N, limit.
The lowest state is identified as the nucleon. The gauge field A, on the Nr = 2 D8 branes
also has a mode expansion, including pions and p mesons, that is discussed in the preceding
sections. From these we can read off the couplings of nucleons to mesons via numerical
analysis.

We mode expand By, r(z*,w) = Br gr(z")fr,r(w) where 75BL7R = *+Bp r are 4D

)

chiral components, with the profile functions fr r(w) satisfying

(w

Ow fL.(w) + my(w) fr(w) = mpfr(w),
=0y fr(w) + mp(w) fr(w) = mpfr(w), (5.5)

in the range w € [—Wmax, Wmax)- The 4D Dirac field for the nucleon is then reconstructed

B
B- (B;> | (56)

and the eigenvalue mp is the mass of the nucleon mode B(x).

as

The eigenfunctions fr r(w) are also normalized to unit norm

/ M dw | fo(w)? = / " dw )P =1, (5.7)

Wmax Wmax

for B(x) to have the standard 4D kinetic term. As we approach w — fwmax, mp(w)

diverges as,
1

(W F Wmax)?

and the above equations have normalizable eigen-functions with a discrete spectrum of mpg.

mp(w) ~ (5.8)

It is more convenient to consider a second-order equation for fr, r(w)

(=02 — Owmp(w) + (mp(w))?] fr(w) = mE fr(w),
(=02, + Owmy(w) + (my(w))?] fr(w) = mB fr(w) . (5.9)

Note that there is a 1-1 mapping of eigenmodes with fr(w) = +fr(—w). Due to the
asymmetry under w — —w in the term —d,my(w) above, fr(w) tends to shift to the
positive w side, and the opposite happens for fr(w). This will then give us a non-vanishing
contribution to the axial coupling of the nucleon to the pions, as we will see shortly.

The gauge field A, in the A5 = 0 gauge, has a mode expansion

Ay, w) = io(z)po(w) +iBu(x) + Y al (@) (w) | (5.10)

where Wy(z) = ho(w(z)) = L arctan (U;K) which is odd under w — —w, and
_ 21
a, = {£71,0,8) = f*auﬂ""“ J

B = 167 0u8] = sl ]+ -+ (5.11)

1
2f2
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We recall from the previous eigenmode analysis by SS that ) op41)(w) is even, while
Yak)(w) is odd under w — —w, corresponding to vector and axial-vector mesons respec-
tively.

Inserting this expansion into the action (f.6), and using the properties f(w) =
+fr(—w) as well as the properties of ¥ and Y(n) under w — —w, we obtain a 4D nucleon
action

L4 = —iBy"9,B — impBB + Lyector + Laxial » (5.12)

with the four-dimensional nucleon mass mp. This nucleon mass will generally differ from
the five-dimensional mass, due to spread of the wavefunction fr, r along the fifth direction.
However, this difference arises only as a subleading correction in large N. and large A.
Writing out the interaction terms explicitly, we have

ﬁvector = _iB'YM/B/LB - ZggC)nyua;(karl)B ’ (5'13)
k>0

and the nucleon couplings to axial mesons, including pions, as

10A = k) 7
Laxial = —737“7504#3 - 292)37"7%3’“)3 ) (5.14)
k>1

(k)

where various couplings constants gy 4 88 well as the pion-nucleon axial coupling g4 are
calculated by suitable wave-function overlap integrals. In the above expression, the meson
fields should be understood as being written in the nucleon isospin representation.

The nucleon-meson interaction terms arise from two sources, namely the magnetic-type
direct coupling to the 5D gauge field strength and the more conventional minimal coupling
in the kinetic term. The former comes with a coefficient p%aryon /e? in five dimensions,
which scales linearly with N..

The minimal coupling contributions are summarized as

o®. = / dw | f1 () Yy () |

—Wmax

i = [ dw 1 120) P by (w).

—Wmax

Gmin = 2 / " dw | fr(w)]? o) - (5.15)

—Wmax

Since in the large AN,-limit, the nucleon wave-function fr,(w) tends to be symmetric under
w — —w, we see that g4 and gl(f) receive small contributions from the minimal 5D gauge
interaction, in the large AN, limit. On the contrary, due to the even nature of 1931 1), the
vector couplings ggf ) receive an order one contribution from the minimal interaction.

To isolate similar interaction terms from the 5D magnetic coupling, we take the case

of (m,n) = (5, p), which becomes

A]\/vc(pbaryonj\JKK / 4 / 295 U( )
_ A 1
10873 4 Ui ) BV *(0wdy)B| - (5.16)
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where we have used
1 AN, Y U(w)
2(w) 10873 “KUxk

Defining the dimensionless number C' = (27r2 /3) )\Nc(pbaryonMKK)2 /10873, we have con-

tributions to gg/kl)él and g4 as follows,

(5.17)

9Vmag = QC/ZZ dw (g;éf)gg) (w) )If( )? Ouwthar1y (w) |
ey =20 [ aw (T ) L 20 by )
g5(w

= () ,
samay = 1€ [ aw (2 )UKKMKK) o) Do) 6,19

Wmax

Note that the sizes of this integral behave oppositely when compared to the similar overlap
integrals for the minimal coupling term. Again since in the large AN -limit, the nucleon
wave-function fr,(w) tends to be symmetric under w — —w, and since ¥ (op41) (P (2x)) is an
even (odd) function of w, the vector coupling contributions become relatively suppressed
in the large AN -limit, while the axial couplings remain order one times the large constant

C. Using the estimate of pparyon in eq. (B.1§), we find
C =~ 0.18N, . (5.19)

With the present 5D effective theory approach, we have all mesons encoded in a single
U(Np = 2) gauge field in five dimensions. In particular, the iso-scalar mesons and iso-
vector mesons arise from a single 2 x 2 gauge field. However, of these, only the traceless part
appears in the magnetic coupling since instanton carries only non-Abelian field strength.
Therefore, the iso-scalar mesons and iso-vector mesons couple to nucleons differently. For
the iso-scalar mesons, such as for instance the w meson in the vector channel, only the
minimal term contributes
- gx(fznm

iso—scalar

)
iso—scalar

(k)
- gV min
iso—scalar

(5.20)

iso—scalar

But, for iso-vectors, we have contributions from both minimal and magnetic terms. Thus,
we must add

JA = JA,mag + GA,min - (521)

and similarly for the vector and the axial vector in the iso-vector

(k) _ [k (k)
9ga - [gA mag + gA7mini| )
iso—vector iso—vector
(k) _ | (k) (k)
v - [gV,mag + gV,min:| (522>
iso—vector iso—vector

Naively, since the coefficient for the magnetic term grows linearly with N., one might
be tempted to throw away the minimal coupling contribution. However, the vector-like
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couplings and axial-vector-like couplings behave quite differently. Note that the part of the
5D magnetic term we employed above has an explicit 4° while the minimal term (in the
gauge As = 0) cannot, yet both axial and vector-like coupling arise from each. It is only
because of the asymmetry between f; and fr that we can find the axial interaction terms
from the minimal coupling and the vector-like terms from the magnetic coupling. This
asymmetry is strong when AN, is small but diminishes as AN, — oco. In other words, the
wavefunction overlap integral would be suppressed by 1/AN,. for these interactions with
the “wrong” number of vs.

For this reason, all axial couplings, g4 and ggg) are dominated, as expected, by the

contribution from the magnetic terms, whereas all vector-like couplings, ggg ), will be dom-

inated by the contribution from the minimal couplings: at least in the large A limit,
(k) (k)

~Y
9y - gV,min
iso—vector

i

iso—vector

k
= gf“,znag yJA = A mag- (523)

iso—vector iso—vector

Finally let us note that we have neglected part of the magnetic coupling in our dis-
cussion of the four-dimensional effective action, namely those with two 4D indices on the

Dirac matrices,

By F,,B . (5.24)

When we reduce this dimensionally, we will find more couplings between the nucleons and
the infinite tower of mesons but with one more derivative than the above Yukawa terms.
Although they are higher power in usual power counting, the suppressing mass scale would
be at most Mgk, so we expect these couplings to be very relevant to physical processes
which are measured up to several GeV. We hope to come back to this aspect of holographic
QCD in a later work.

5.2 Vector couplings: iso-scalar vs. iso-vector

. . . . 2k+1 .
As we mentioned earlier, the couplings between massive vectors aL 1 and nucleons arise

primarily from the minimal coupling in the large A limit. The leading coupling is then,

— Z gg/k)B’y“aL%Jrl)B , (5.25)
E>0
where w
k k max
o = o= [ dw 112 w) b @) (5.26)
for a,(fkﬂ) in the iso-scalar, while
2 k
9 = Gomin (5.27)
for oD ; . . L
or ay in the iso-vector in the large A approximation.

Since the iso-scalar and iso-vector couplings here have the same origin in the five-
dimensional dynamics, this immediately implies a simple algebraic relations between the
two classes of couplings. Let us decompose the massive vectors as

1/2 0
a£2k+1) _ ( é 1/2> w}(f) + p/(f) (5.28)
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into the trace part and the rest, where we wrote the gauge field in the fundamental rep-
resentation. This is how individual massless quark doublet would see the vector mesons.
However the baryon is made out of N, product quark doublets, and we are considering the
case of the doublet as the smallest irreducible representation under SU(Np = 2). In the
process, while the SU(2) representation is kept small as such, the trace part of the charge
are simply added so that the above decomposition actually appears for nucleons as

N./2 0
a&2k+1) _ ( 0/ N /2> (k) 4 p(k) ) (5.29)

We have been using the normalization of SU(2) generators consistently as tr T¢T? = §% /2,
so the eigenvalues for doublets are +1/2. Therefore, between the iso-scalar and the iso-
vector, there is an overall factor of N.. In other words, we have the universal relation,
again in the large A limit

|90 NN = Ne X |g,00 ] (5.30)

between the Yukawa couplings involving iso-scalar and iso-vector vector mesons. Here
gun N denotes the Yukawa coupling between the nucleon vector current and the canonically
normalized vector field v. Note that the relation (f.30) is the same as what one obtains in
CQM. We will see how the relation (p.30]) fares with nature in section p.1] below.

5.3 Pseudo-vector couplings

An important observation to keep in mind here is that the normalization condition of the
eigenmode 9 (,,) for n > 1 contains a factor of fr, so that of all quantities above, only g4 mag
grows linearly with N.. Despite large C value for large N, all other g’s are order (N,.)"
at most, and in fact suppressed further by 1/A. Nevertheless, it remains true that the
contribution from the magnetic coupling is dominant whenever present. Thus, depending
on whether the pseudo-vector is in the iso-scalar or in the iso-vector, we have the following

coupling
- ngf)l?'y“75al(fk)B , (5.31)
k>1
where w
0t == [ dw @) v (w) (5.32)
for iso-scalar part of the pseudo-vector a,(fk) while
8 = g =20 [ aw (GOS0 ) davan () 63)
mag Winas Uk Mkk

for iso-vector part of the pseudo-vector afk).

5.4 Axial coupling to pions and an O(1) correction
5.4.1 The leading O(N¢) term

For g4, the leading contribution is g mag, for which the corresponding integral can be done
exactly by using the explicit form of 1g(w) and also by approximating gs(w) ~ g5(0). The
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latter approximation is harmless if AN, is sufficiently large. Since

U(w) _ !
<WMhQamwm_w (5.34)

we have

4 N,
¢ 2. (5.35)

9A,mag = ? ~ (.7 X
While this depends on the substitution of g5(w) — g¢5(0), the result is robust as long as
fr(w) is sufficiently localized at w = 0. In turn, this is guaranteed by arbitrarily large
AN,.
The subleading contribution, g m:n is at most order 1/AN,, and thus is negligible in
the present AdS/CFT limit.

5.4.2 The O(1) correction

As mentioned in section [, the collective quantization that led to (f.35) was based on
the mathematical manipulation of ANW that consisted of performing the isospin rotation
A = aq +ia;7; (with >, a? = 1) of the soliton and evaluating the corresponding element
of the orthogonal space rotation group given by

1
Rij == iTI‘TiATjAT. (536)

We can exploit the equivalence of the constituent quark model (CQM) and the Skyrmion
in the large N, limit [BJ] to obtain an 1/N¢ correction to the leading term while fermion
loops are kept suppressed. Briefly, the reasoning goes as follows.

(i) We first note that the collective quantization of the instanton we are dealing with
involves, among various collective coordinates, the same isospin rotation (p.36|) as in
the Skyrme model. This can be seen in the collective quantization of the instanton
by Hata et al. [29). Now the ANW quantization is known to give the O(N,..) term to
ga which is identical to what is obtained in the large N, limit of CQM [BJ].

(ii) A general large-N. QCD analysis shows that g4 has the large N, expansion [3J]

N, + 1
gA=a<03ﬁ>+%V+“' (5.37)
C

where «, 3 and ~ are constants independent of N, and the ellipsis stands for higher
1/N, terms. An important point to note here is that fermion (quark) loop corrections
first appear at O(1/N.) and not at O(1). This means that the constant § survives
“quenching,” that is, it has no dynamical loop effects.

(iii) While general considerations leave the coefficient 8 undetermined, the CQM, however,

gives a simple result coming from a simple (group-theoretic) book-keeping,

B=2. (5.38)
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One might a priori think that the Skyrmion model needs not give the same value.
However it has been shown by a detailed group structure of the spin-isospin oper-
ator involved in the Skyrmion — and likewise in the instanton baryon — that the
result (B-3§) does hold [B4).'* Exactly the same argument holds for the iso-vector
dipole magnetic moment operator and will be applied later in the next section.

If one shifts N, to N, +2 as argued above, we can include the O(1) correction to ([.35])
and obtain

N, +2
ga ~ 0.7 ( C; > ~ 1.17, (5.39)

which is expected to be reliable up to O(1/N2) ~ 10%. An interesting observation to make
at this point is that the instanton baryon predicts a & 0.7 in (5.37) which is close to the
chiral perturbation theory prediction a,pr =~ 0.75 [B5. Another observation is that the
“probe approximation” involved in the SS model appears to be equivalent to the quenched
approximation in lattice calculations. The quenched lattice calculation contains no fermion
loops while containing all orders of A and 1/N, pertaining to gluons. We conjecture that
the quenched lattice result differs from the instanton result (p.39) only at the next order,
i.e., O(1/N2) relative to the leading order. This conjecture is numerically supported in that
the quenched lattice result [B6, B7] is quite close to (f.39), and furthermore the unquenched
calculation [B7 with dynamical quarks agrees closely with the quenched result indicating
that the higher order 1/N, corrections are not big.

6. Numerical estimates and extrapolations

6.1 Numerics and subleading corrections

In this effective theory approach, we consider the five-dimensional baryon as point-like,
which is justified by the large 't Hooft coupling A = g%MNC. However, if we wish to
extrapolate the result to finite A ~ 17 regime, we cannot neglect the size of the instanton.
Thus, we cannot say that the above can be extrapolated to a realistic QCD regime with
justification. We will come back to the size issue in the last part of this section. However,
with this caveat in mind, we wish to extrapolate the effective theory to the realistic regime

and try to see how leading corrections would behave qualitatively. Typical quantities we

(k) (k)

must know to compare with nature are the trilinear couplings, namely gy, ., 9V.mag’

g.»(4k)rnin7 gffzn ag® 85 well as gA mag and ga min. In the previous section, we outlined the large
N, and large A behavior of these couplings which must be corrected as we approach realistic

regimes.

13Briefly the argument is as follows [@] The spin-isospin structure of the hedgehog ansatz adopted for
the instanton (Skyrmion) suggests that the soliton is a U(4) coherent state in the large N, limit. By realizing
the soliton algebra in terms of N “interacting bosons” (with N = N,) familiar in nuclear and molecular
physics, projecting out the good spin and isospin of the nucleon in the matrix element of the axial-current
operator is made both direct and simple. This permits us to calculate the leading 1/N. correction based
solely on symmetry consideration without involving any dynamical calculations.
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AN | mp/Mxi | M5/ fr | gamin | 9min | 9Vmin | omag(Ne = 3) [ 94 h0g(Ne = 3)
10 1.37 22.2 0.171 | 8.21 2.74 -1.28 -1.95
20 1.52 17.5 0.161 | 6.15 2.55 -0.95 -1.80
30 1.66 15.6 0.152 | 5.20 2.44 -0.78 -1.66
40 1.80 14.6 0.143 | 4.61 2.35 -0.66 -1.53
50 1.93 14.0 0.135 | 4.19 2.28 -0.58 -1.40
60 2.06 13.7 0.129 | 3.88 2.21 -0.51 -1.32
80 2.32 13.3 0.117 | 3.43 2.11 -0.42 -1.15
120 2.82 13.2 0.099 | 2.88 1.94 -0.30 -0.90
160 3.30 134 0.086 | 2.54 1.81 -0.23 -0.73
200 3.79 13.7 0.076 | 2.29 1.70 -0.19 -0.61

Table 1: Numerical result for g4 min, the axial pion-nucleon-nucleon coupling, and the couplings
to the lowest two vector mesons. Here we used C' ~ 0.18 N, with N, = 3 for the evaluation in
the last two column. The realistic regime should be chosen so that fr/Mxx = /AN./b4n? fits
with experimental values for these two scales. The resulting AN, lies somewhere around 50. For
GV.mag'$, We approximated gs(w)/e(w)? = g5(0)/e(0)? which may not be justifiable in the present
range of AN, values.

The main object we need to understand in order to compute these couplings is the
wavefunction of the nucleon fr g(w). For efficient numerical estimates, we scale out di-
mensionful parameters from the spinor equations by introducing dimensionless variables

W= Mggw, U = U/Ukk, and Z = z/Ukk. These are related as

7 dz 3 (U au
o [1+325 2.1 VU3-1
In terms of these variables, we have
~ AN =
my(z) = mg) U +m§ = Mgk - <277r U(w) + eNc> (6.2)

with € = \/2/15 ~ 0.37. After dividing the eigenvalue equation (5.9) by Mz, we arrive at

2 2
08— e 0a00) + (g U0) + <. ) ] i) = (2 futd). (63)
and the wave-function fr,(w) does not depend on the scales. Since o(w) is also a universal
function in terms of our dimensionless variables, the two axial coupling contributions,
9A,min a0nd A mag, are indeed functions of AN, and N.. Specifically, the previous formula
tells us that g mn is a function of AN, and g4 mag depends on N, only.

We solve fr(w) and its eigenvalue mp/Mgyk numerically for a given value of AN, using
shooting method. As mentioned before, the Coulomb energy part, Cy V., is subleading and
negligible in the 't Hooft limit. For large AN., the effective potential in (f.3) is very
steep and the wave-function would tend to localize at the minimum point which scales as

Wrnin ~ O(()‘Nc)_l)'
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Figure 1: Plot of ga min versus AN,.

(k)

A min
of |fo(@)* in @ for small Wmin, we conclude that ga min also scales as O((AN.)™!) for

For instance, we can see that ga mi, (and g ) are proportional to the asymmetry

large AN.. Our numerical result is shown in table 1, and the values of g4 i, for large AN,
(k)
V,mag’
(k)

Vimag*

confirm this expectation. The same is true of g relative to gg/k an Table [i] provides
some numerical values for ga min, g‘(/kzn The first represents a subleading

correction to the axial coupling between pions and nucleons, whereas ggfk ) are quantities

> and g

which are also well-measured via scattering processes of nucleons.

Before proceeding further, however, we must warn the readers of another approxi-
mation we took which goes beyond the usual large N. and large A limit. Note that our
computation in section 4 revealed the value of coupling g5 at w = 0. Extending this to a
bona-fide function of gs(w) has so far proven very difficult. While some quantities, such
as §A,mag, is insensitive to the detailed form of this function, generic numerical estimate
requires its precise form. Roughly speaking, this problem will become more and more se-
vere for large values of k since its wavefunction would be spread more and more away from
the origin w = 0. Also the smaller the value of AN., the less reliable will be our estimate
since fr r(w) will be also spread more and more away from the origin. This is a technical
problem that affects all terms arising from the magnetic terms. For numerical estimates of
g‘(f Zn a here and later in section 7, we chose to sidestep the issue by replacing g5(w) /e(w)?
by its value at the origin g5(0)/e(0)2.

Using table 1, in conjunction with the results of previous section on leading large N,
behaviors, we can make semi-quantitative estimates of g4 and gyyny for V = p,w and
compare with nature. To do this, we adopt the parameters Mg and AN, fixed by the
pion decay constant fr ~ 86 ~ 93MeV,' and the p-meson mass in the meson sector [
i.e., Mgk ~ .94GeV and AN, = 50.

14f7r is 86 MeV for m, = 0 and 93 MeV for m, ~ 140 MeV.
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e The axial coupling constant:

Adding the subleading contribution g mi» of table [ to the leading term (p.39), we
have for AN, = 50,
g4 ~1.30 — 1.31 (6.4)

which compares well with the experimental value g% " = 1.2670£0.0035. As discussed
in section .41, there are indications from lattice calculations that higher-order 1/N,
corrections or “unquenching” are suppressed. The same suppression seems to be
taking place in our calculation.

e The pNN and wNN coupling constants:

Consider the lowest members of the tower V = p,w that correspond to k£ = 0 in
eq. (5.13). The leading order relation (f.30]) will be spoiled at the subleading order
since the magnetic term contributes only to the pNN coupling. From table [, we
have for AN, = 50

gpNN ~ 3.6
12.6 (6.5)

Q

JwNN

Thus the relation (5.30) is modified to

_ 9gwNN

B 3gpNN

~ 1.2 (6.6)

roughly independently of AN.. We should stress that while the sign of gy g is
robust, the approximation that goes into the estimate of gy mqg is uncertain, so we
cannot take the numerical values too seriously. However considering that there are
no theoretical estimates — instead of fits to experiments — of the above quantities,

we offer and (B.4) as the first theoretical prediction of those quantities.

There are no direct experimental determinations of these constants. However indirect
“empirical” values have been extracted from various sources including precision fits to
nucleon-nucleon scattering phase shifts up to lab energy ~ 350 MeV using one-boson-
exchange potentials. In addition, purely phenomenological potentials parameterized
with a large number of parameters fit to phase shifts can be translated into the form
of boson-exchange potentials and provide information on the effective constants [Bg.
Unfortunately since no direct determination from experimental data are feasible, the
numbers extracted from such analysis are far from unique and in fact they can vary
quite widely.'®> With this caveat in mind, let us quote the ranges of values found in
the literature. They are

goNRy A 42-65, R~11-15. (6.7)

5Qver the three decades from the early efforts in 1970’s [@] through extensive studies in 1980’s and
1990’s [@] to the most recent ones , @]7 there seems to be little convergence on both g,nn and gunn
except that gonvn > 39NN
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Although the individual values for gy yn extracted empirically, e.g., (.7), are sub-
ject to uncertainties mentioned above, it has been a mystery why NN phase shifts
invariably required that g,nn be larger than the CQM prediction 3g,nny. Remark-
ably, this observation is naturally explained in the holographic QCD model as one
can see in (p.6]) although the quantitative comparison may not be meaningful as
mentioned above. One should also note that (f.§) violates what is referred to as
“universality,” namely, gorr = gpoNN, as empirically g -~ =~ 6 which is closer to g, min
in table [ for the relevant range of AIN.. The source for this violation is in the mag-
netic contribution g,,mqg Which is also responsible for the ratio R to deviate from
1.

6.2 An issue with extrapolation: size of the baryon

So far, we studied static and dynamical behaviors of baryons by starting with small instan-
tons with fundamental string hairs, in the very large 't Hooft coupling limit. However, for
intermediate values of 't Hooft coupling, the story has to change qualitatively. Recall that

the size of the instanton
9.6

Mgx VA

can be fairly large for the 't Hooft coupling of order 10. As we consider larger and larger

(6.8)

instanton size, however, the computation leading to this estimate loses the validity. In
particular, the instanton energy from Yang-Mills action is affected drastically. The effective
mass from the instanton density scales with 1/e?(w) oc (U/Ukk). While we used the
leading behavior U/Ugk ~ 1+ Mg w? for small w, 1/e*(w) is in fact divergent as
W — Fwpax ~ 3.64/Mgkg. With A ~ 17, the diameter of the instanton according to the
above estimate is about 2/M g, which immediately shows that we are well out of region
of validity. The extra energy in eq. (B.11]) is a gross underestimate.

Also the Coulomb energy eq. (B.13) can be seen to be modified. It treats the five-
dimensional gauge field as a massless gauge field living in flat R**!. In reality, for con-
figurations of size comparable to 1/Mxkx, this is not the right picture. In particular, the
increasing value of 1/e(w)? outward along w effectively makes the physics four-dimensional,
where the five-dimensional vector field should be replaced by an infinite tower of massive
vector mesons. The lightest has the mass ~ 0.8Mkxk, so the Coulomb energy estimated
in section. fJ must be augmented by an exponential suppression as well, changing to the
power-exponent,

-~ Mike(0)*NZ o 08P MKk

; (6.9)

Thus, eq. (B.19) is a bit of overestimate for large sizes.

Making these estimates more precise requires further effort. The main difficulty comes
from the fact that we cannot use the usual self-dual instanton on R?* to estimate the po-
tential which is to be minimized. The problem is that the latter does not satisfy physical
boundary condition at w = twpax and that, even if we wish to use the usual instanton
only as an approximate trial configuration, the divergent 1/e?(w) at the boundary makes
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the energy of such configuration always infinite. What we need is a reasonable trial con-
figuration whose gauge field strength vanishes very fast as w — ftwmax. These difficulties
were in fact also present in the estimate of section. [| as well, which we ignored without
justification, but it is unlikely that this detail would change the large 't Hooft coupling
behaviors since the instanton involved is very small. Here we need to correct it since we
are now talking about instantons whose size is comparable to the length scale of the fifth
direction and since the order one factors are more important.

At the end of the day, however, the combined effect has to be that the instanton
gets stabilized at much smaller size than predicted by the naive extrapolation of the size
estimate we used. We anticipate that the size would be stabilized to be no larger than
1/Mkk. Once we are in this regime, on the other hand, the strategy we followed loses
all of its validity, and it would be misleading to proceed in the same manner, only with
the size of the instanton modified. As long as we are interested in interactions of the
baryons with other fields in this theory, we propose that the right thing to do is to set
up the effective field theory in the large A\ limit, where all computations we carried out
are well-justified, and extrapolate only at the end of the day when comparing scattering
amplitudes. When we consider four-dimensional processes which are not very sensitive to
the ‘t Hooft coupling in the large N, expansion, this strategy is most likely to be successful.
We believe this is the reason why our approach produced reasonable numbers even when
compared to experimental values.

7. Electromagnetic interaction and vector dominance

A prominent feature of the holographic dual QCD is that its interaction with electromag-
netic field is vector dominated. Let us first consider the situation with pions in the SS
holographic model of QCD. There, the electromagnetic form factor of the pion is given by
the entire tower of the vector mesons [g],

o
w2\ Gy(®) Gy(B) e

F(q) 2 @, (7.1)
The quantities g, ), are the trilinear couplings between pions and the vector mesons. The
vector meson v¥) are defined as linear combinations of a1 and V, as will be shown
explicitly below. Accordingly its mass m,m) is mag41 in our notation. The parameters
Ck = gpr/ mgk 41, Which will be introduced shortly, encode how the photon field mixes
with the massive vector mesons.

This form factor shows that there is no direct contact charge and arises because all
electromagnetic interaction of pions necessarily goes through intermediate vector mesons.
The charge form factor evaluated at p? = 0 is the charge of the particle, and thus we must
have the normalization -

Ff(0) = Y Botftnn — (7.2)

k=0 v(k)
In the SS model of QCD, this sum rule is a mathematical consequence of the completeness of
the normalizable eigenmodes along the fifth direction. This sum rule has been also checked
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numerically, and for pions, it has been shown that the sum rule ([.2) is saturated within
less than 1% by the first four low-lying vector mesons in the p quantum number. However
the lowest member p exceeds the sum rule by ~ 30%, so the next three are important in
the sum rule.

In the following we will sketch how this vector dominance arises for pions and how this
generalizes naturally to nucleons in our current effective action approach. Several analog
of the above sum rule will also appear naturally from the completeness of eigenmodes, and
we will see that again truncation down to the first four massive modes saturates these sum
rules for nucleons within 1%.

7.1 The vector dominance for the nucleons

(2k+1) . (2k) . .
As we saw before, vector mesons, ag , and axial vector mesons, a; , arise as massive

KK modes and exhaust all normalizable eigenmodes of the vector field which can be used
upon dimensional reduction. Among the normalizable degrees of freedom, there is no
room for photon field. Instead, the coupling to the photon field must be read out via the
usual AdS/CFT prescription by computing an appropriate current to be matched with an
external U(1)em field, V. The latter, in our language, shows up as non-normalizable term
added to the i3, (z) term!®

Az w) = day,(2)o(w) + Vu(x) +i8,(x) + Z a (w) . (7.3)
Upon integrating over the fifth direction, this generates a term of the type
/ dz* v, J" (7.4)

giving us the vertex J. After specializing V to a U(1) subgroup, appropriately chosen to
be consistent with four dimensional physics, electromagnetic vertices can be read out.

For a generalization to nucleons, it is instructive to recall how the vector dominance
came about in the meson sector in the SS model. If we keep both the vector mesons and
this external vector we have the following general structure of the lagrangian,

>4 Clda®P — L2 e ) S (da D, d(v + 1)) (7.5)
with
1
G = [ s i) (7.6

which is related to g, of Sakai and Sugimoto as

Gty = M1 G - (7.7)

The reason why only the vectors and not the axial vectors shifts by V is clear from the
form X’s, for the eigenmodes for the axial vectors are odd functions.

50One can also introduce an axial vector A, (z) added to ia,(z). This would be relevant to the coupling
of the hadrons to SU(2)weax but here we will not consider it.
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For canonical forms of the kinetic terms, then we must introduce shifted vector fields
v®) = oM L GV +ig), (7.8)

where we now have
1 1 .
5 |- 0O < SR < L - S o - G0+ ] (7o)
k

up to a term that additively renormalizes the kinetic term of V. This induces a quadratic
vertex between vector mesons and the external gauge field ¥V, which induces in turn indirect
couplings between V and pions. After some computation, one can show for the SS model
that the cubic couplings between pions and these vectors are organized into the form

9ottt (0, 0] ) (7.10)

These cubic couplings between pions and v(®) plus the quadratic mixing between v*) and V
generates an effective cubic interaction of pions with V', and summing over all intermediate
vector mesons generates the form factor /7. In particular, the zero momentum limit of this
form factor is the electromagnetic charge of the pion, and the sum rules ensure consistency
such as charge quantization.

Now let us see how this mixing of vector fields enters the coupling of baryons with
electromagnetic vector field V. Seemingly this case is very different from that of pions. For
one thing, we have a minimal interaction term between nucleons and the 5D gauge field,
A, and this is inherited by V without modification, since V is simply the non-normalizable
part of A. Thus it may seem that we have a point-like interaction between baryons and
V, precluding the notion of vector dominance in the form factor. However, nucleons also
couple minimally to the 4D massive vectors, a(2**1) | which mix with V in the propagator.
They show up in the baryon effective Lagrangian as

/dw By" AmB = By"V, B + Zg‘(/]f%lmgfy“afk“)l? + e, (7.11)
k

where the ellipsis denotes axial couplings to axial vectors as well as coupling to pions via «a,
and (3,. There should be additional contribution from the 5D magnetic coupling, shifting
9V,min, to which we will come back shortly.

Alternatively, we may use the canonically normalized vectors v(*) instead, where we
have the vector-current couplings of type

BY"VuB+ Y g\ BY () — VB + - (7.12)
k

On the other hand,

S ol = 2 [ ! )Pt x [ s v
=Z/mwmm%wwx/mdbwww
= [l 1 [ o s v @), (113
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where the second step makes use of the fact that 1/e(w)* is an even function. Using the

completeness of the normalizable eigenmodes ,,, we find that
> A minCe = /dw’ Fo ()2 /dw 5w — w') = /dw’ fL@)=1, (7.14)
k
which implies the crucial sum rule,

S o) G =1. (7.15)
k

Therefore, in this shifted basis, we have the charge form factor

BY"V,B+ Y g By (o) — VB + - =Y o By PB + - (7.16)
k k

As in the case of the pion, we can see that the cubic electromagnetic interaction is mediated

entirely by intermediate massive vector mesons, rendering the nucleon form factors entirely

vector-dominated. This aspect will be highlighted in section 9.

Of course, this choice of basis is only for the sake of clarity. The {V;v®*)} basis is such
that the mixing between V and massive vector meson is maximal in the zero momentum
limit, and thereby exhibits clearly how the minimal coupling to photon field is replaced by
the mediation via massive vector mesons. However, the physics should be independent of
such choices. In the following, we will compute the charge form factor and the Pauli form

2k+1

factor explicitly in the original {V; al )} basis and see how the physical quantities bear

out the notion of the vector dominance.

7.2 Charge form factor F}

To be more precise, let us compute the effective 3-point vertex of type B'y“VuB. Let us
first put a cut-off along the fifth direction integrals, which effectively make V dynamical
with a large kinetic term

%dV!Q (7.17)

for some large number L, whose precise value will not matter. The propagator for
{V;a®**D1} is such that
i
Lq? — Zk; C}?q4/(q2 + m%k+1) 7

2
(@D (V(—q)) ~ —V(@V(—q)) x 2T
q°+mg. 4

V(@)V(=q))
(7.18)
The electromagnetic form factor F; can be found from this by computing tree-level cor-

relator, (By*V,B), and amputating the external lines. The resulting charge form factor
F'| ymin which arises from the minimal interaction term is

g G g o CemBi G 9V

2 ,man ,min + v ,man

Fl,min(q ) =1- g 3 3 = g T e R E o2 (719)
My T My Tt My
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up to the electromagnetic charge operator. We used the sum rule ), g‘(f Zm'an =1 and the
definition g,y = Cem3, 41+ The first expression is natural in the {V; ak+1)} basis while
the second expression is natural in the {V; U(k)} basis. The result is, of course, independent
of the basis choice.

Note that there is no contact charge in the baryon, which would have resulted in
F1(o0) # 0. However, since the holographic model used is defined by the mass scale Mkk ~
1 GeV, our form factor does not have the correct asymptotic behavior of perturbative QCD,
Fi(¢?) ~ 1/¢* [E3]. This must be implemented by hand if one wanted to fit the experimental
data at large momentum transfers.

The actual charge form factor picks up an additional contribution from the magnetic

(k)

V,mag
vector mesons as well. This does not induce an additional electric charge (as it should not)

coupling, since the latter contributes couplings g between nucleon current and massive

given the charge quantization, and this happens as a consequence of another sum rule:

Zg@mg@
3 [ w (M) ) POy (') x / to s ke (@)

_ _/dw/ D [(W) o (w ’)|2] —0. (7.20)

The contribution to the charge form factor from the magnetic coupling is then,

(k) (k)

2
gv Ck ¢ gy Ckmgk_H Io®) 9V maq
2\ _ ,mag _ ;mag _ ;mag
Fl,mag(q ) _*Z T+ m2 _Z 2 1 m2 _Z 2 1 m2 . (7.21)
% 7 2k+1 s 4 2k+1 P 2k+1

Since the minimal term couples nucleons to U(2) gauge field and the magnetic term couples
nucleons to SU(2) gauge field, the two form factors, F jin and Fi 44 contribute differently
to the proton and neutron charge form factors.

For this, note that both iso-scalars and iso-vectors part of v(¥) enter this cubic coupling,
unlike the case of pions where only the iso-vector vectors enter the story. The relative
strength between the two are determined universally by the 5D U(Ng) charge of the baryon.
For N, = 3, v in the baryon vertex is in the representation

3/2 0
o) = a = ( </) 3/2) wit + oy (7.22)

The mixing between v and V is computed in the representation which is appropriate for

1/2 0
vl(f) ~ ( / ) wl(tk) + pftk) (7.23)

mesons, where

0 1/2
((1/6 0 1/2 0
v_<< / 1/6)+( / _1/2))vem. (7.2
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The representation of v for nucleons dictates the cubic coupling of v to the nucleon while
the latter dictates the quadratic mixing of v and V.

The electromagnetic interaction mediated by iso-scalars is thus proportional to 3/2 x
(1/2 x 1/6) while its triplet counterpart is proportional to +1/2 x (1/2 x 1/2) with the
sign choice corresponding to choosing proton or neutron. Since the two final products are
equal in size, iso-scalar vectors and iso-vector vectors contribute to the nucleon form factor
Fi yin with the equal strength, adding up for the proton and cancelling each other for the
neutron. On the other hand, only the iso-vector contribute to F ;.4 with an opposite sign
for proton and neutron, respectively. After taking into account the charge assignment for
protons and neutrons carefully, the electromagnetic charge form factors are found as

1
proton __
F1 — Fl,min + §F1,mag ;

1
Bt = — = Flnag - (7.25)

7.3 Pauli form factor F5

The phenomenon of complete vector dominance, that is, the absence of direct coupling of
photon to nucleons, is also seen in the Pauli form factor Fy(q?) defined as

Fa27
(BT @)1B) ~ L) o1, (7.26)

After inserting the mode expansion of the 5D gauge field in terms of vector mesons into
our bulk 5D magnetic coupling with purely 4D polarizations, we obtain the interactions
that are relevant for magnetic dipole coupling,

(k)

92 g 92 " B (2k+1)
B EDY By"™F B, 7.27
4mp T k dmp T ( )
where F/S;%kﬂ) = (%al(,%ﬂ) — 8,,@,82’%1) is the "field strength” of the vector meson a!(fkﬂ)

and F,, is the field strength of external source V,, for the current. The coupling constants
are easily read off from overlap integrals,

4mB Wmax .
g2 = 0.18Ne x 77— % dw f(w) fr(w) ,

KK —Wmax
4m Wmax .
) = 008N 372 [ dwy () faw)bianen (@) (7.28)
KK —Wmax

(2k)

Note that contributions involving the axial vectors a,, ~ are absent due to their odd profile
in the 5-th coordinate o) (—w) = —v(2p)(w) and the property fr(—w) = fr(w). In fact,
the would-be terms like By*¥ 75Fl£,2,k)B = ehval BWWF O%k)B is CP-violating.

Using the completeness relation for ¢ (o5 1) as before, it is straightforward to check the
sum rule

S oG =0, (7.29)
k
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which is saturated up to 99% by the lowest four vector mesons as can be seen in the table
2. Because of this sum rule, as we go to the shifted basis v(¥) = a5+ 4 ¢,V the direct
923 BV“”]:WB is exactly cancelled by the shift, and we are left with

am

photon coupling

(k)
92737;111(8“01(/@ - 0,,11&’“))3 , (7.30)

and the Pauli form factor is given as a sum over intermediate vector meson contributions,

gék)@cm%k 1
() =) S5, (7.31)
; @+ myq
with the property due to the sum rule F(0) = go. It seems by now clear that the complete
vector dominance is a generic phenomenon in the holographic QCD, as was first noticed
in 4.

For each nucleon, we have

F2pr0ton — % 23’
1
Fpeutron —§F23, (7.32)

since only the magnetic term contributes to Fb.

7.4 Numerics and a consistent truncation

It is tantalizing that there is a complete parallel between the vector dominance in the pion
and that in the nucleon. Because the zero momentum limit of Fj is the electromagnetic
charge, which should be quantized, F}(0) of pions and nucleons must be the same, which

would imply g, = gg] ) if the sums were saturated by the lowest vector meson v(?). This

) o
feature has been discussed much in old literatures and goes by the name of “universality.”

To see whether the form factor is actually dominated by the first vector meson or
not, we computed numbers for the first few lowest vector mesons and check the sum rules
numerically. The result is shown in table 2. We have two independent sum rules for
g{(,kq)mn and for sum gge). Since the sum rules for g‘(/kzmn and g‘(/k) are both tied to the net
electromagnetic charge, we need to satisfy them both well, before discussing any comparison
with data. As table 2 shows clearly, the sum rules that lead to the vector dominance cannot
be satisfied with the lowest vector meson alone, indicating the truncation down to the first
vector would be a bad approximation for the form factor. Instead, if we sum up to the
fourth vector meson, both sum rules are obeyed with 0.2% accuracy, giving us a hope that
F may be well-approximated in the low momentum region by summing over the first four
terms. A similar result can be seen for Fb, since, as also shown in the table 2, the sum rule
for go is saturated well within 1% accuracy.

Given this numerical data, the old ”universality” seems to have found a new reincar-
nation. The table 2 shows that the sum rules for the nucleon (as well as for pions) are

saturated within less than 5% by the four lowest vector mesons. We observe that

Ce=(=1)F/n (7.33)
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k| m3, Ck ggf,)mn g%ag g\(/'?nmck gSffmgck gék)Ck
0 0.67 | 0.385 | 4.195 | -0.577 | 1.615 -0.222 3.323
1 2.87 |-0.387 | 2.280 | -1.406 | -0.882 0.544 -1.918
2 6.59 | 0.385 | 0.892 | -1.366 | 0.343 -0.526 0.828
3 11.8 | -0.383 | 0.220 | -0.685 | -0.084 0.262 -0.243
sum - - - - 0.992 0.058 | 1.989(gy = 2.028)

Table 2: Numerical results for vector meson couplings for the lowest four excitations in the case
AN, = 50. Sum rules hold to a high precision. Our convention for the vector meson fields differ by
sign from that of Sakai and Sugimoto for odd k. The vector meson mass squared is in the unit of
M.

where h is a constant independent — within less than 1% — of the species k. Assuming
that the sum rule ([.7) is completely saturated by the four vector mesons, we arrive at the

conclusion that!?

3
> (1) gk = (7.35)
k=0
Since the same relation holds with a nucleon replacing the 7 in ([.35), h could be identified
with the HLS,, gauge coupling constant and that

3 3

D> D gmmr = Y (=D g mnn- (7.36)
k=0 k=0

We could consider this as a “generalized universality” relation, although we have no rigorous

argument for such a relation.

If the sum rules (7.3) and ([7.15) are saturated by the first four vector mesons then an
interesting question is how the relation Y 27, CkGukrr = 2 pes CkGye) yy = 0 is satisfied
and what it means vis-a-vis with the short-range structure of the nucleon. We leave these
issues for later publication.

7.5 The “o0ld” vector dominance in light of the “new” vector dominance

Now that we have the form factors of both pions and nucleons completely vector-dominated
with the infinite tower, it is interesting to review the old vector dominance involving the
lowest vector mesons only, p, w and ¢ — and in some works including the next-lying
vector mesons [§] — in light of the new picture. This could bring light to the success and
failure of the old vector dominance. We shall do this using the Harada-Yamawaki (HY)
approach [RJ].

As has been suggested [§], HY’s hidden local symmetry model can be considered as
resulting from integrating out all excitations other than the pions and the lowest vector

" This is reminiscent of the nonet relation in three flavor HLS;
gp/mf, = ng/mi = —(3/\/§)g¢/mﬁ, =1/g (7.34)

where g is the hidden gauge coupling constant.
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mesons and matching the truncated action to the SS action at a matching scale Ays. It is
however more natural to consider it as an emergent symmetry as mentioned in section P.2
It is in this way via what is called “moose construction” [R4] that the tower of vector
mesons emerge in a dimensionally deconstructed QCD [[] with a five-dimensional YM
action analogous to that reduced from string theory that we have been discussing.

What we would like to do here is to describe how the vector dominance and the putative
violation thereof arise in this HLS approach (that will be referred to as HLS/VM below).
In order to do so, we recall how massive vector meson degrees of freedom arise when
one approaches hadron chiral dynamics from bottom up. At very low energy, £ < A,,
i.e., the chiral scale, the chiral dynamics is given by the current algebra term with the
lowest-derivative Lagrangian ,

L= Z“Tr(auUﬁuUT) (7.37)
with the chiral field
U(z) = e¥/fx, (7.38)

By writing the U field as a product field

U=¢len (7.39)
which can be done by introducing a redundant field o as

Eyp = ¥ el (7.40)

with f, defined as the o decay constant, one unearths a trivial local invariance

§/r — M) R (7.41)

with h(z) € U(Np). This local symmetry can be exploited by introducing a vector field
v, to bring the energy scale from low, here that of the pion mass — which is zero in the
chiral limit with the Lagrangian ([/.37) — to high, say, the scale set by the mass of a meson
v. This is essentially how the vector mesons (p,w) were incorporated into the HLS theory
of [I4]. For convenience, we shall call it HLS;.

As is well-known [47], the gauge theory so constructed does not lead to a unique
higher-energy theory. In order to direct the hidden gauge theory of [[[4] toward a correct
one, Harada and Yamawaki match a la Wilson the effective theory to QCD at a matching
scale Ay ~ 47 fr. Specifically the vector correlator Iy, and the axial-vector correlator IT4
calculated with the HLS Lagrangian are matched to those calculated in QCD, e.g., operator-
product expansion (OPE). This allows the bare parameters of the HLS Lagrangian, g, fr
and f,, to be expressed in terms of the QCD variables, s, (4q), (G?) etc. Given the bare
Lagrangian, the next step is to do renormalization group analysis to see how the theory
flows as the scale is changed from the matching scale. Harada and Yamawaki find a variety
of fixed points as well as a fixed line, to which the HLS; can flow [2J]. In order to pick out
the fixed point that maps to QCD, one has to impose the condition that when the chiral
order parameter (Gq) is set equal to zero, the correlators are equal, i.e., IIyy = I14. This
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condition picks out the fixed point that corresponds to the fixed point to which the system
flows when the condensate (Gq) goes to zero. This fixed point called “vector manifestation
(VM) fixed point” (and the HLS theory with the VM fixed point called HLS/VM) [BJ] is
characterized by

g-=0, a* =1 (7.42)

where @ is the ratio of the decay constants a = (f,/fr)?. This fixed point is reached
when a hadronic system in Nambu-Goldstone phase makes the transition to the symmetry
restored phase at high temperature T, (as in the Early Universe) or at high density n. (as
in compact stars).

What this implies in the EM form factors of the pion and the nucleon in HLS; is as
follows. In HLS theory with the lowest vector mesons (p,w), the iso-vector photon coupling
is given by

6L = eAby (—2af2Tr[gp,Q] + 2i(1 — a/2)Tr[J,Q]) ,) (7.43)

where @ is the quark charge matrix, p, is the lowest-lying iso-vector vector meson and J,,
is the iso-vector vector current made up of the chiral field ¢ ([41]). The first term of ([(-43)
represents the photon coupling through a p and the second term the direct coupling. The
“old” vector dominance is obtained when a = 2 for which the well-known KSRF relation
for the p meson holds, i.e., mg = af2g® = 2f2g%. Now it has been established empirically
that the way the vector dominance manifests itself is different between the pion and the
nucleon. Let us look at them separately.

e Pion form factor: On-shell in matter-free space, the pion form factor is very well
described by the vector dominance, hence a = 2, with no direct coupling. However in
HLS/VM, in the framework of HLS;, a = 2 is totally accidental, not even lying on a
stable trajectory of the RGE B3, [[§]. A small perturbation would take a away from
the vector dominance point @ = 2. Thus for instance, temperature [f9] or density
would push a toward 1, inducing what is referred to as “vector dominance violation.”
It is an interesting possibility that there is a connection, albeit indirect, between the
departure from a = 2 toward a = 1 in HLS; and the role in medium of higher-lying
vector mesons in HLS,,. This is an important issue in CERN experiments on dilepton
production in relativistic heavy ion collisions [p({].

e Nucleon form factor: If one considers nucleon as a Skyrmion in HLS1, then the second
term in (7.43) corresponds to a direct photon coupling to the Skyrmion. As we will
elaborate in section 9, experimental data clearly show that there is an important
direct coupling with a ~ 1. This observation has been taken as an indication that
vector dominance does not apply to nucleons, the reason put forward for this violation
being that nucleons are extended objects. We will see in section 9 that this picture is
drastically modified when the infinite tower of vector mesons enter in the structure
of nucleons.

40 —



8. The anomalous magnetic dipole moment

While we can simply read out the magnetic moment from the form factors of previous
section, here we would like to show a more direct computation, which does not depend on
the structure of the vector dominance of the previous section. Since the magnetic moment
comes from form factors at zero momentum limit, it is best to work in {V;a®*tD} basis

2k+1)g mixes with V at the level

and ignore the vector mesons entirely. This is because a!
of kinetic term and thus with two momentum factors while v(¥) mixes with V at the mass

term level. Thus, we may ask how the nonnormalizable mode V in
A3 w) = V(@) + i (@)o(w) + - (8.1)

couples to the nucleons. Let us insert the non-normalizable zero mode into the effective
action for the five dimensional baryon, whereby we find the terms relevant

2
[t fau [‘BWLB ) G B (32)

)

with g5(0) = 272/3. Here we denoted the gauge field from the minimal coupling by V'’

because its generator is different from the one in the magnetic term.

Again recall that the 5D magnetic coupling that we obtained from comparing with
long-range instanton tail must contain only the SU(2) isospin without an overall U(1),
since the instanton tail involves only non-Abelian SU(2). On the contrary, the minimal
coupling term contains U(1)y as well as SU(2) according to the charge of nucleons made
out of N.-quarks. As for the case N, = 3 and Np = 2, the quark doublet (u,d) has EM
charge (2/3,—1/3), which can be decomposed to (1/6,1/6) corresponding to U(1l)y and
(1/2,—1/2) for the diagonal part of SU(2). As nucleons are made of 3 quarks in totally
anti-symmetric fashion, the resulting U(1)y charge becomes (1/2,1/2) whereas the SU(2)
charge remains fundamental representation (1/2,—1/2). This tells us that we have to use
EM charge (1,0) for (p,n) in the minimal coupling as expected, while we should instead
have (1/2,—1/2) in the term from 5D magnetic coupling.

The above descends down to similar 4D expression as

/d4x

assuming that the eigenmode fr r of the nucleon is sufficiently concentrated at origin

2
P baryon

—B~"V},B + g5(0) 22(0)

By"™ F,,B| | (8.3)

w = 0, so that the w-dependence of the coupling does not enter the physics. The previous
estimate gives us

2
pbaryon
62 (0) MKK

This approximation becomes precise in the large N -limit. For later numerical calculations

95(0)

~ 0.18 N, x

(8.4)

extrapolating to N. = 3, the precise overlap integral replaces the above coefficient with

x/ " g5(w)U (w)
KK J—wpae 95(0)Ukk

0.18N, x fi(w) fr(w), (8.5)
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where we used fr,(w) = fr(—w) for the lowest nucleon eigenmode.
Taking a non-relativistic limit, we will look for terms of type

/d% " 5.8 (8.6)
€EM

with the magnetic field strength B and the spin S. Here we have a factor of egy to correct
the fact that our choice of gauge field is not canonically normalized. As in section (), we
introduce the two-component notation of B as

B— (u) efiEtJrip-:v 7 (87)
v

where the on-shell condition relates

E—-0o-p
V=—"T"""1.
—impg

Isolating the magnetic dipole coupling, we find

mlB/d4x [UTB/-UU} + (W) /d4x [uTB~au] . (8.9)

where, again, the prime on the magnetic field reminds us that the charge generator for
the minimal coupling term is different from the one for the magnetic term. Given the
normalization, trufu = 1/2 (see section. f|), one can identify trufou as the spin operator S
of the nucleon. This leads to

roton ]‘ 0 2ar on neutron 0 2ar on
fproton N [95( )Phary ] fneutron _ [95( )Phary, ] (8.10)

eEM 2mp e(0)? eEM e(0)?

However, we do not have a reliable estimate of the nucleon mass mp. One way to
bypass this difficulty is to look at the anomalous part of the magnetic dipole moment. In
fact, the anomalous part is the dominant part in the large N, limit, and thus is likely to
be more reliable. We have

Mfa)lrloton _ 018Nc :uigutron _ _0'18Nc (8 11)
EEM Mgk EEM Mgk '

For comparison with experiments, let us first consider the difference of the anomalous
3 an __ an an
magnetic moment A:U’ - Mproton ~ HMneutrons

Ap™ _0.36N.
eem Mgk

(8.12)

Experimentally, (Ap™)exp = (2.79 — (—1.91) — 1) X pun = 3.7uny where uy = egm/2my is
the nuclear magneton. Once we take Mkx = 0.94GeV as determined by the meson sector
fit, it happens to be approximately the physical nucleon mass, denoted as mpy. Thus our
prediction is Ap®" ~ 0.72N, X puy = 2.16uy for N, = 3.
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However, if we replace N, by (N, + 2) again guided by CQM, then it becomes
Ap™ ~3.6uyN , (8.13)

which agrees with experiment value, 3.7uy, very well. With the same shift, the individual
anomalous magnetic moment are

M;a)?oton ~ 1.8un , Migutron ~ —1.8un (814)

which again compare quite favorably to the experimental values, 1.79un and —1.91uy,
respectively. Such a shift N, — N, + 2 was discussed in section for the leading chiral
coupling between the pion and the nucleon. As mentioned there, the spin-isospin structure
is the same for the axial coupling and the iso-vector magnetic moment, so the collective
quantization leads to the same shifting for both.

A thorny issue here, and also for much of next section where we consider electromag-
netic form factors, is the matter of the nucleon mass mpg. For instance, the non-anomalous
part of the proton magnetic moment would be computed to be egy/2mp and the question
of whether the model predicts mpg ~ my becomes an important issue.

In this article we did not attempt to compute mp within our model. In fact, it is
unclear if there should exist an unambiguous prediction for the ground state mass in this
approach, since the quantity is additively renormalized, since an infinitely many oscillators
around the classical soliton contribute zero-point energy. Hata et.al. [R9 computed the
mass spectra of various excited baryons but, for this reason, chose to the treat the ground
state mass (mp in our notation) as a free parameter instead. For a bona fide comparison
of quantities that depends on the nucleon mass sensitively, this issue should be resolved
first.

9. Electromagnetic form factors

9.1 Two-component description

The full electromagnetic form factors are encoded in three functions, F23. Before we
compute the form factors to compare with the experimental data, we review briefly the
past theoretical status on the subject.

For qualitative illustration of what the problem is, we take the iso-vector Dirac form
factor F of the nucleon. This form factor will receive contributions from the vector mesons
in the tower in the p channel, p, p/, etc. Other channels can be discussed in a similar way.

In the literature, analysis have been made by including one [fI] or two [ lowest
vector mesons in the p channel, i.e., p(770) and p’(1450). Let us just take the lowest only
for the discussion, relegating the role of p’ to a short comment later.

It has been known since a long time that the nucleon form factors at low momentum
transfers cannot be fitted by a monopole form factor of the type ~ 1/(1 + cq?) with ¢ a
constant where ¢ is Euclidean four momentum transfer. In fact, one obtains a much better
fit by a dipole form factor of the form ~ 1/(1+ dq?)? with d ~ 1/(0.71 GeV)?2. This meant
that the single-vector-meson mediated mechanism along the line of reasoning used for the
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(a) (b}

Figure 2: (a) Photon coupling to the nucleon via vector meson V' and (b) direct photon cou-
pling to the nucleon. The blob represents the intrinsic form factor accounting for short-distance
effects (referred to as “intrinsic core” in some circles) unaccounted for in the effective theory, e.g.,
asymptotically free QCD property.

pion form factors could not explain the process. This led to a two-component description
figure f] which can be put in the form [5J]

2 1 2 2 m?)
F =—|A B —F 9.1
1(¢7) = 5 |Ald) + (Q)q2+m/% (9.1)
with the normalization
A(0) + B(0) =1. (9.2)

In (P.]), the momentum dependence in A and B represents a form-factor effect correspond-
ing to an intrinsic structure of the nucleon which is expected from both the confinement
and the asymptotic behavior of perturbative QCD [[fJ]. The first term corresponds to a
direct coupling to the intrinsic component of the nucleon (“nucleon core” in short), fig-
ure fb and the second term via one or more vector mesons in the p channel, figure Pa. Let
us for simplicity consider only one vector meson exchange. The same reasoning applies
to the case where more than one vector mesons are considered. Making the reasonable
assumption that the photon and the p meson couple to the nucleon core with a same form
factor, one can rewrite (P.1)) as

2
1 _ My

Fi(q") = 5h(q®) |(1 = B,) + B, (9.3)

¢ +mg
with the core form factor normalized as h(0) = 1. Perturbative QCD indicates that asymp-
totically h(q?) ~ (1 +vg?)~2. The coefficient « is not given by the model but can be fixed
by experimental data. One can make a very good fit to the data with (P.3) with the
coefficients v & 0.52 GeV 2 and (3, ~ 0.51 [B].

Let us consider what this result means with regard to our prediction of section ([7.1)).
The VD prediction ([.19), as mentioned above, lacks the intrinsic short-distance form factor
but this can be implemented, albeit phenomenologically as in the two-component model,
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since it involves physics intervening at a scale above the KK scale. What is significant is
the role of the first term of (P.3)). In the two-component model, this part, characterized by
a size of ~ 0.4fm, is to represent the short-distance physics of the microscopic degrees of
freedom of QCD that are extraneous to long-wavelength excitations — 7, p etc. — in the
baryon. Adding the p’ meson and higher in the second term of (P.3) is expected to further
reduce the size of the core. One interpretation of the core component was given in terms
of a “chiral bag” in which quarks and gluons are confined with the broken chiral symmetry
of QCD suitably implemented outside of the bag [53]. The baryon charge was assumed to
be divided roughly half and half between the quark-gluon sector and the hadron sector.
This hybrid model met with a fair success in reproducing the data available up to late
1980’s [F3). Interestingly, it has been claimed that there is an (albeit indirect) evidence
for a core of ~ 0.2fm from the Nachtmann moment of the unpolarized proton structure
function measured at JLab [f4].

Within the framework of the two-component picture, an alternative description using
the Skyrmion as an extended object to which the photon couples both directly and via the
exchange of the lowest member of the vector-meson tower has been constructed [p5]. With
one parameter that represents the amount of direct coupling, the model is found to agree
quite well with the dipole form factors up to ¢> ~ 1GeV? and can explain satisfactorily
the deviation from the dipole form for ¢? 2 1 GeV?2. What this implies is that the nucleon
form factors at low momentum transfers, say, ¢°> < 1 GeV?, can be well understood given
the three basic ingredients: (a) an extended object, (b)partial coupling to vector mesons
and (c) relativistic recoil corrections.

What we have found in the holographic dual model in section is that by a suitable
field re-definition and using a sum rule involving the spread in the fifth dimension, one can
transform away the “contact” coupling figure fJb — here to the soliton — at the expense of
saturating figure P with the infinite tower of the vector mesons. The novel structure of this
model is that the “intrinsic core” is largely replaced by the higher-lying vector mesons in
the infinite tower encapsulated in the instanton baryon — modulo the asymptotically free
property relevant at very high momentum transfer not captured in the model, say, physics
of < 0.2fm. We will see indeed that this small core size is needed for phenomenology.

9.2 Instanton baryon prediction for the form factors

The nucleon form factors are defined from the matrix elements of the external current
operator J# as

(p| J*(x) |p) = " u(p)) O*(p,p') u(p) , (9.4)

where ¢ = p’ — p. By the Lorentz invariance and the current conservation we may expand
the operator O* as

uv

1
OF(p,p) = " |5 Fi() + FA ()" | + -

2 o [P + F )] (99)

where F} and Fy are the Dirac and Pauli form factors for iso-scalar current respectively,

and FY', F§ are for iso-vector currents. Our convention is 7% = 0% /2.
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In the AdS/CFT correspondence the matrix element is given by the overlap integral
of the normalizable modes, corresponding to the nucleon states, and a non-normalizable
mode of gauge fields A, (z, z), which becomes an external source for the current at the UV
boundary. By matching the correct operators from the 5D effective action in eq. ([L.6]), one
can read off the corresponding form factors.

We first Fourier-transform the gauge fields of the external source of currents as

A, 2) = / A(q)Ag, =) €77 (9.6)

q
From the equation of motion for the gauge field we get

(1+2%) 702 Alq.2) + 22 (1+22) 77 0. Alg.2) = ¢* Alg.2) = 0 (9.7)
with boundary conditions for all ¢

hm A(z,q) =1, lirin 0.:A(q,z) =0. (9.8)

z—=+o00
After solving this and inserting it into our 5D action, we can read off suitable form factors
at momentum ¢2. We note that the Dirac form factor is a sum of a term, Flimin, coming
from the minimal coupling and a term, Fimag, coming from the magnetic coupling, which

Fimin(¢®) = / " dw o) Alg, 2(w)) | (9.9)
Fimag(q?) = 2 x 0.18N, /Zmax (%) | o (w)|? OwAlg, z(w)) .

where fr, p(2) are the left(right)-handed normalizable modes, corresponding to the nucleon
state. The Pauli form factor is given as

B() = 018N x 2 [ dwmmw)mmmq,z(w)). (9.10)

One salient prediction of instanton baryons on the form factor is that the U(1) part of

the Pauli form factor F(¢?) = 0, because the instanton does not have a U(1) tail, while
F} . (¢*) = Fimin(q%). We also note that our expressions for the form factors are from the
AdS/CFT correspondence, for which we have to use full 5D effective action rather than
using the leading two terms in the derivative expansion. Therefore, our results cannot be
trusted for ¢% 2 MI2{K .

The experimentally measured nucleon form factors (Sachs form factors) are defined for
the space like momentum transfer, ¢ > 0, as

1 1
G(@%) = Fumin(d®) + §F1mag(q2) + §F23(q2) 1, (9.11)
QP (2 = 2y, 1 ¢ 1 2
E‘(q ) - Flmin(q ) + iFlmag(q ) 4777,2 2F2 (q ) ) (912)
n 1 1
Glr(a?) = 3 Finasld®) ~ SFa?). (9.13)
Gn( 2\ _ 1 2 q2 1F3 9.14
Eq)__§ 1mag(Q)+4 22(Q)' ( )
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Figure 3: The Sachs form factors vs. ¢2 in GeV?: B=G%,, C=GY,, D=G%,, and E=G, where we
take mp = Mgk and have shifted No — N¢g + 2.

For the numerical analysis we need to know the coordinate dependence of the magnetic
coupling g5(w)/e?(w), which is for simplicity approximated as gs5(w)/e?(w) ~ g5(0)/e%(0).

Our results are plotted in figure B To meaningfully compare our results with ex-
periments, there are several corrections to be taken into account that are left out in our
theory. One of the most important of them that influences the iso-vector from factors at
low momentum transfer is that the lowest iso-vector vector meson p has a large width, ~
150 MeV, which in our treatment corresponds to higher order in 1/N, expansion and hence
is absent. As mentioned above, the short-distance physics involving a scale higher than the
KK mass Mgk given in QCD as an asymptotic scaling [[2] is also missing. It is therefore
with these caveats in mind that our results for the Sachs form factors given in figure
should be viewed. To have an idea as to how they fare with Nature, let us look at the first
nontrivial moment of the proton form factors, namely, dG?(q?)/ dq2]q2:0 corresponding to
charge (magnetic) square radius. For very low momentum transfers, ¢> < 1GeV?, the
form factors can be written as

G~ 1= () + -, (9.15)

Our results of figure B give
(r2)h, ~0.80 fm, +/(r2)}, ~0.74 fm. (9.16)
The empirical values [p6] determined from experiments via dispersion relation analysis are

<r2>% = 0.886 fm, (ﬂ)ﬁ/] = 0.855 fm. (9.17)
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By comparing the predictions with the empirical results, we can note that the pre-
dicted sizes — both electric and magnetic — are smaller than the experimental sizes by
~ 0.15—0.17 fm, roughly the size of the “intrinsic core” seen in inelastic electron scattering
experiments [54]. Since the radii are smaller, the form factors are expected to fall more
slowly than observed at low momentum transfers. However what is significant is that the
deviations are of the same magnitude, i.e., ~ 0.15 — 0.17 fm for both charge and magnetic
radii. That they come out to be the same can be understood by that the “core” reflects
short-distance physics more or less “blind” to flavor and spin. This suggests that the “core”

effect should cancel out in the ratio R, = “gf% It indeed does. The predicted value at
M
7> =0.1GeV? is
R,(¢* = 0.1GeV?) ~ 0.966 (9.18)
to be compared with the empirical value
R,(¢* = 0.1GeV?) ~ 0.97. (9.19)

Another way of calculating the form factors is to expand the non-normalizable mode
in terms of the normalizable modes, w(2k+1)(z), of vector mesons in the overlap integra-

tions (P.10) and (9.10),

Alg2) =Y —g”(?w(%;”(z) : (9.20)
4Tt My

where may; 1 and g, are the mass and the decay constant of the k-th vector mesons [[4].
(Note that the axial vector mesons should enter to form a complete set when we expand
the non-normalizable mode. However, since the overlap integration for the Dirac and Pauli
form factors is parity even under the parity flip of the 5th coordinate, the axial vectors
do not contribute.) Then we will get the previously defined form factors Eq’s ([.19)
and (|r.31]), where the vector meson decay constant is given by

Gytk) = Cp M3jiq - (9.21)

This shows that as noted in [[i4], the vector dominance in the form factors for both the
pion and the nucleon is a direct consequence of AdS/CFT.

To illustrate that the vector-dominance description captures the same physics as the
instanton picture, we calculate the iso-vector charge radius (ICR) of the proton by saturat-
ing the charge form factor by the four lowest vector mesons in the p channel. Numerically,
(. are a constant. We take ¢ = 0.27 and find from table

3 (k)

g

\ (1A = (6C§ o
k=0 vk

The “empirical value” represented by the dipole parametrization 1/(1 + Q2/m?,)? with

1/2
sign{k> ~ 0.63 fm. (9.22)

my = 0.84MeV is |/ (r?)f, = 0.81fm, so we find the predicted charge radius is smaller
than the empirical one by ~ 0.18fm, about the same as what we found with the Sachs
form factors.
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10. Summary and comments

In this article, we pursued an holographic realization of baryons in the SS model of QCD.
In this model, the entire meson sector of quenched QCD is collectively realized as a five-
dimensional U(Nr) gauge field and the KK tower produced upon a dimensional reduction
gives the towers of vector mesons and axial vector mesons, while an open Wilson line corre-
sponds to the chiral field of pions, U. The string theory, in which the model is embedded,
tells us unambiguously that the baryon arises by quantizing an instanton soliton of SU(Nf)
gauge field in five dimensions. We studied its static property in large A and large N, limit,
as demanded by the classical approximation on the bulk side to the AdS/CFT correspon-
dence, and found the soliton size scales as ~ 1/(Mgkv/A). The small size motivates us to set
up an effective action approach treating the soliton as a point-like object, and we explored
its consequence in detail. The picture that arises is consistent with heavy-baryon chiral
effective field theory where baryons are taken as local fields, with higher order corrections
in derivative and/or 1/N, expansion, accounting for the finite size of the baryons.

One might wonder how this small instanton soliton is related to the usual Skyrmion in
the four dimensional chiral lagrangian approach'® in which the size of the baryon is mostly
given by the soliton size. Both objects are classified by the topological charge m3(SU(Np =
2)), and the topological relation can be made precise by the following mapping [P€]: Let A
be an instanton in R3 x I with the unit Pontryagin number. Then the open Wilson line

U=PeliA, (10.1)

as a function R?® — SU(2), carries a unit winding number in 73(SU(2)). The latter is of
course the definition of the Skyrmion winding number. Topologically this shows why the
instanton soliton is the underlying five-dimensional object which produces the Skyrmion
upon dimensional reduction to four dimensions.

However, the question of size must be addressed. The Skyrmion solution that would
have come out of the chiral lagrangian is of size ~ 1/Mkg. Yet, the instanton soliton we
found has the size ~ 1/(MgkV/A), which is much smaller when compared to the expected
Skyrmion size. Upon the above map from the instanton soliton to Skyrmion, we can see
also that the size of the latter essentially is the size of the former. So what went wrong?
The answer is that the usual Skyrmion is a bad approximation to the baryon once we begin
to include massive vector and axial-vector mesons. Likewise, the truncation down to the
usual chiral Lagrangian involving only the pion field is also a bad approximation once we
begin to consider the baryonic sector of QCD as previously suspected [[[§, [9].

From the four dimensional viewpoint, one can understand this disparity of sizes by
incorporating more and more of massive vector and axial mesons into the chiral Lagrangian.
The Skyrme solution will source these vector mesons through various cubic couplings such
as g,k ., and in turn will backreact to these classical excitations of vector fields. It just so
happens that the net result tends to shrink the size of the Skyrmion while preserving the

8Here and in what follows, by “usual Skyrmion,” we mean the Skyrmion arising from the Skyrme
Lagrangian consisting of the pion hedgehog. This should be distinguished from the Skyrmion involving the
infinite tower of vector mesons that emerges from the 5D instanton.
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winding number. This tendency was also demonstrated some time ago by incorporating
p meson in the chiral Lagrangian with HLS; in the conventional field theory setting [[L3].
What we found here is that in the strong coupling limit with the entire tower of vector
mesons included this backreaction of the Skyrmion is rather extreme.

While we identified the instanton soliton as the carrier of baryonic quantum numbers,
we actually set up effective action for a subclass of baryons. We restricted our attention
to Nrp = 2 case, and considered dynamics of the iso-doublet under SU(Nr = 2). These are
of course the proton-neutron pair. For these nucleons, we found a simple five-dimensional
effective action where all cubic and quartic interaction with mesons are encoded in two
interaction terms: a minimal coupling of the baryon current to U(Np = 2) gauge field
of the form, BA,,y™B, and a magnetic coupling to SU(Nr = 2) gauge field strength of
the form BF,,,7™"B. Considering that the gauge field includes the entire tower of vector,
axial-vector mesons, and pions this universal form of the interaction is simply staggering.

Electromagnetic vertices are also extracted, more indirectly using the AdS/CFT pre-
scription relating source terms to the boundary operators and bulk fields. The most promi-
nent feature found here is the vector dominance in a generalized sense. The conventional
vector dominance refers to the assertion that photon couples to hadrons only indirectly via
mixing with the lowest lying vector mesons, namely p and w. Here, instead, we showed
explicitly that the photon field couples to nucleons indirectly by mixing with the infinite
tower of vector mesons in the manner similar to the case of pions.

In contrast to the conventional vector dominance which holds poorly for the nucleons,
photon has no direct contact coupling with the nucleons (and pions). For small momentum
transfer, where our model is valid, in turns out that the first four vector mesons, respectively
in the iso-scalar and the iso-vector sectors, dominate the form factors. While the vector
dominance for pions is relatively well-established even with the lowest vector mesons, the
vector dominance for nucleons has been more controversial [f]-pJ]. A remarkable result
of our findings is that while in the usual Skyrme model, the direct photon coupling to the
soliton is mandatory [Fg], in terms of the instanton, the direct coupling can be transformed
away and the full vector dominance, albeit with the infinite tower, is recovered. One can
think of this as a “derivation” of vector dominance model for the nucleon.

We devoted much of this article to exploring consequences of this effective action, and
made effort to match with experimental data. Qualitative predictions, such as large N,
behaviors of chiral couplings and ratios between various vector meson couplings, seem to
match with data fairly well, and general tendencies of subleading corrections also concur
with experiments. Upon some extra assumptions on subleading corrections, motivated by
CQM, quantities like the axial coupling to pions and anomalous magnetic moment seem
to match rather well. We should however admit that so far our effort to reach out to
the experimental data is at best rudimentary. In particular, the extraction of coupling
constants are usually quite model-dependent and we must fill the gap between the model
and the data by computing actual amplitudes, which would require going beyond the large
't Hooft and large N, approximations. Thus a lot more work is needed before our theory
can confront the real data, e.g., the precise JLab data on nucleon form factors etc.

Also, as a theoretical model, we have various improvements that are still desired. In
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practice, the biggest hurdle in using our effective action to its full potential ability lies
with the magnetic coupling g5(w). As we emphasized earlier, we have an accurate number
for its central value g5(0) only, owing to the fact that the instanton solution exists only
when centered at w = 0. The simple procedure we adopted in section 4 cannot be used
to extract gs(w # 0). The uncertainty due to this ignorance can be minimized in the
large AN, limit whereby the baryon wavefunction gets squeezed near the center w = 0
along the fifth direction, and the large N, limit of quantities like g4 and the anomalous
magnetic moment are insensitive to this problem. However, the extrapolation to small
AN, will be hampered by this ignorance to various degrees, especially for quantities whose
dominant contribution arises from the magnetic term. We took a simplifying assumption,
gs(w)/e(w)? = g5(0)/e(0)?, for our numerical estimates but this must be improved further.

Another immediate problem to address is the question of excited baryons. The general
approach we took should be certainly applicable to more general baryons, such as A, but the
precise form and the coupling constant of the magnetic term in section 4 will be modified
since the details of the latter depended on the spin and iso-spin structure of the baryon field
in question. How the magnetic term will be modified for higher iso-spin baryons remains
unaddressed at the moment.

Finally, one would like to generalize the instanton picture to hyperons. It is known that
the conventional approach with the Skyrme Lagrangian becomes inefficient when going from
U(2) to U(3). We should expect no better result with our model if we tried to consider U(3),
especially since we do not know of natural way to incorporate the strange quark mass.'’
A possible approach to hyperons is the Callan-Klebanov bound-state model [B§] where
the kaons are introduced as extra massive pseudo-scalars in doublets under U(Np = 2)
and bound to the SU(2) soliton. This approach was far more successful than U(3)-based
models, particularly if vector mesons were included in the Lagrangian [[9, [9]. It would
be interesting to work out the effective action for hyperons as well as exotic baryon (e.g.,
pentaquark) structure with kaons bound to the instanton.
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Addendum

The normalization convention for spin one mesons (vector mesons and axial-vector mesons)
used in this article needs a further clarification. In terms of the actual convention that was
used for computation, equation (2.26) should read

1 n) m(n)uv
Emassive:—ztr{ ZFASV)F( JH _|_} .

with the trace explicitly put in. Equations (7.5), (7.9), and (7.17) should be similarly
clarified. This coefficient 1/4 is canonical for a U(Np) gauge theory, especially in its
U(1)MF Coulomb phase. Upon U(Ng) — SU(Ng) x U(1) decomposition, however, the
natural SU(Np) gauge generators and the overall U(1) generator obey tr T°T? = §%/2.
This results in a non-canonical normalization of conventional vector mesons and axial-
vector mesons. For instance, the kinetic term for the p-meson becomes

1
— 5 (Ouply = Durfp) ("0 — 0 )

with the iso-vector index a when Np = 2.

Although the convention was used self-consistently, it would have been more helpful
for readers if we had employed the canonical normalization. The conversion to the latter
can be performed by rescaling spin one mesons so that, for example, the coefficient of
p-meson kinetic term above is 1/4 instead of 1/8. This rescaling would result in an overall
multiplicative factor of v/2 for all cubic couplings to the baryons (nucleons): all numerical
entries for g‘(/]fznm’s and g%)m g’s in table 1 and in table 2 would be multiplied by /2, in
particular.

This factor of /2 can be alternatively traced to the modification of the normalization
condition and the completeness condition for the meson wavefunctions v ,)’s with n > 1,
since the original five-dimensional U(NF) gauge field is not modified. The normalization
of 1 is not affected. Therefore, in addition to the quadratic action (7.5) and (7.9) which
should be more explicitly put in the canonical form, equations (7.6), (7.13), and (7.20)
would also be modified by replacing 1/e(w)? by 1/2e(w)?. This forces all numerical entries
for ¢, in table 2 to be multiplied by 1/v/2 as well. Finally, equation (7.17) would be written
as (L/2)tr |dV|2.

Physical observables in general and all quantities we explicitly compared to experi-
mental data in this article are unaffected by this convention issue. Also, the pseudo-scalar
mesons such as pions are already in the canonical form and completely unaffected. A re-
vised version of this article with the canonical normalization convention for spin one mesons
is available as an e-print arXiv:0705.2632v3.

© SISSA 2009 —1i-



