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ABSTRACT: We give a detailed microscopic derivation of gauge and stringy instanton gener-
ated superpotentials for gauge theories living on D3-branes at Zs-orientifold singularities.
Gauge instantons are generated by D(-1)-branes and lead to Affleck, Dine and Seiberg
(ADS) like superpotentials in the effective N' = 1 gauge theories with three generations
of bifundamental and anti/symmetric matter. Stringy instanton effects are generated by
Euclidean ED3-branes wrapping four-cycles on T°/Zs3. They give rise to Majorana masses,
Yukawa couplings or non-renormalizable superpotentials depending on the gauge theory.
Finally we determine the conditions under which ADS like superpotentials are generated
in N’ = 1 gauge theories with adjoints, fundamentals, symmetric and antisymmetric chiral

matter.

KEYWORDS: Brane Dynamics in Gauge Theories, Solitons Monopoles and Instantons)
[Nonperturbative Effects, D-braned.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep072007038 /jhep072007038 . pdf


mailto:bianchi@roma2.infn.it
mailto:fucito@roma2.infn.it
mailto:morales@roma2.infn.it
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

Introduction

=

=

[V

The Gauge theory

=l

D(-1) Instantons
B D3-D(-1) in flat space
B3 D(-1)-D3 at the C3/Zs-orientifold

M. ADS-like superpotential
1 D3-D(-1) one-loop vacuum amplitudes
B3 Sp(6) x U(2) superpotential
U(4) superpotential

B. ED3-instantons
b.d D3-ED3 one-loop vacuum amplitudes
F.3 The superpotential

BEE Flose omom o

=)

ADS superpotentials: a general analysis

=

Conclusions

=

1. Introduction

Our understanding of non perturbative effects in four dimensional supersymmetric gauge
theories (SYM) has dramatically improved in recent years. This is due mainly to the ob-
servation that integrals over the moduli space of gauge connections localize around a finite
corrections to N/ = 1,2,4 supersymmetric gauge theories in R* [B-[0 (see [[L1, [[J] for
reviews of multi-instanton techniques before localization and complete lists of references).

number of points [[[]. These techniques have been applied to the study of multi-instanton

In the D-brane language language, the dynamics of the gauge theory around the instanton
background is described by an effective theory governing the interactions of the lowest
energy excitations of open strings ending on a bound state of Dp-D(p+4) branes. For the
case of N' = 2,4 SYM the multi-instanton action has been derived via string techniques
in I3, [4].

In [[15], D-brane techniques have been applied to the computation of the Affleck, Dine
and Seiberg (ADS) superpotential [[lf], [[4] for &' = 1 SQCD with gauge group SU(N.)
and Ny = N, — 1 massless flavours and Sp(2N.) with 2Ny = 2N, flavours. The N =1
gauge theory is realized on the four-dimensional intersection of N, coloured and N; flavour



D6 branes. Chiral matter comes from strings connecting the flavor and color D6 branes.
Instantons in the U(N,) gauge theory are realized in terms of ED2 branes parallel to the
stack of N. D6-branes. By carefully integrating the supermoduli (massless strings with at
least one end on the ED2) the precise form of the ADS superpotential was reproduced in
the low energy, field theory limit o/ — 0. In the recent literature ED2-brane instantons
in intersecting D6-brane models have received particular attention in connection with the
possibility of generating a Majorana mass for right handed neutrinos and their superpart-
ners [[[§ -RJ]. The field theory interpretation of this new instanton effect is far from clear
and it is the subject of active investigation. In this paper we present a detailed derivation of
these new non perturbative superpotentials in AV = 1 Zgs-orientifold models. Investigations
of stringy instantons on N’ = 1 Zy x Zj orientifold singularities appeared recently in [RJ].

We study SYM gauge theories living on D3 branes located at a Zs-orientifold singu-
larity. There are two choices for the orientifold projection [24-P§ realized by two types
of O3-planes.! They lead to anomaly free? chiral N' = 1 gauge theories with gauge groups
SO(N —4) x U(N) or Sp(N +4) x U(N) and three generations of chiral matter in the
bifundamental and anti/symmetric representation of U(NN). The archetype of this class
can be realized as a stack of 3N + 4 D3-branes and one O3~ -plane sitting on top of an
R®/Z3 singularity. This system can be thought of as a T-dual local description (near the
origin) of the T%/Zs type I string vacuum found in [[i(]. The lowest choices of N lead to
U(4) or U(5) gauge theories with three generations of chiral matter in the 6 and 10 + 5*
that are clearly of phenomenological interest in unification scenarios [#§-[Eg].?

In Y the U(4) case was studied and the form of the ADS-like superpotential was
determined combining holomorphicity, U(1) anomaly, dimensional analysis and flavour
symmetry. Stringy instanton effects were also considered. Very much as for worldsheet
instantons in heterotic strings [f@], these genuinely stringy instantons give rise to su-
perpotentials that do not vanish at large VEV’s of the open string (charged) ‘moduli’.

Here we derive the non-perturbative superpotentials from a direct integration over
the D-instanton super-moduli space. Gauge instantons are described in terms of open
strings ending on D(-1) branes while stringy instantons are given by open strings end-
ing on euclidean ED3 branes wrapping a four cycle inside the Calabi Yau . The open
strings connecting the stack of D3 branes to D(-1) and ED3 branes have four and eight
mixed Neumann-Dirichelet directions respectively. This ensures that the bound state is
supersymmetric. The superpotential receives contribution from disk, one-loop annulus
and Mobius amplitudes ending on the D(-1) or ED3 branes. We find that ADS super-
potentials are generated only for two gauge theory choices U(4) and Sp(6) x U(2) inside
the Zs-orientifold class. Stringy instantons leads to Majorana masses in the U(4) case,
Yukawa couplings in the U(6) x SO(2) gauge theory and non-renormalizable couplings for

"'We will only consider 03*-planes, not the more exotic CA)éi—planes @7@]

2Factorizable U(1) anomalies are cancelled by a generalization of the Green-Schwarz mechanism [Ef
@7 @] that may require the introduction of generalized Chern-Simons couplings [@]

30nly the U(4) case can be realized in the compact Zs orientifold. In general the Chan-Paton group is
SO(8 — 2n) x U(12 — 2n) x H, where H, = U(n)*,S0(2n), U(n), U(1)™ depending on the choice of Wilson
lines [R§, f1—p4).



U(2N +4) x SO(2N) gauge theories with N > 3.

The plan of the paper is as follows.

In section J we review the gauge theories coming from a stack of D3 branes at a C3 /73
orientifold singularity. In section [ we consider non-perturbative effects generated by D(-
1) gauge instantons, corresponding to ADS-like superpotential in the low energy limit. A
detailed analysis of one-loop vacuum amplitudes and the integrals over the supermoduli is
presented for SYM theories with gauge groups Sp(6) x U(2) and U(4). In section [, we
consider stringy instanton effects generated by ED3-branes. Once again a detailed analysis
of the the one-loop string amplitudes and the integrals over the supermoduli is presented.
In section | we present a “complete” list of N'= 1 SYM theories with matter in the adjoint,
fundamental, symmetric and antisymmetric representation of the gauge groups (U, SO, Sp)
which exhibit a non perturbatively generated ADS superpotential.

We conclude with some comments and directions for future investigation in section [.

2. The Gauge theory

The low energy dynamics of the open strings living on a stack of N D3-branes in flat space
is described by a N' =4 U(N) SYM gauge theory. In the AV = 1 language the fields are
grouped into a vector multiplet V' = (A, Ao, As) and 3 chiral multiplets ® = (o7, 1),
1 =1,2,3, all in the adjoint of the gauge group.

We consider the D3-brane system at a RS/Z3 singularity. At the singularity the N
D3-branes group into stacks of IV,, fractional branes with n = 0, 1, 2 labelling the conjugacy
classes of Z3. The gauge group U(N) decomposes as [[,, U(N,). More precisely, denoting
by 7, v the projective embedding of the orbifold group element 6 € Z3 in the Chan-Paton
group and imposing 7§,N =1 and ’y;’N = ’y;i] one can write

_ h —h
’th’N - (1N0><]\707w leNl’w N2><N2)

(2.1)

with N = " N,. The resulting gauge theory can be found by projecting the N' =4 U(N)
gauge theory under the Zg orbifold group action:

V=Y n VW;]{, ol - WY ! 7971{7 w = e¥m/3 (2.2)
Keeping only invariant components under (R.3) one finds the ' = 1 quiver gauge theory

V: NoNp + N;Nj + N2N»
(I>I 3 X [N()Nl + N1N2 + N2N0] (23)

with gauge group [[,, U(IV,) and three generations of bifundamentals. More precisely V
and ®! are N x N block matrices (N = Y, N,) with non trivial N, x N, blocks given
by (B.3). Under Z3 a block N,, x N,, transform as w™ ™. These non-trivial transformation
properties are compensated by the space-time eigenvalues of the corresponding field (w°
for V and w for ®! ) making the corresponding component invariant under Zs.



Next we consider the effect of introducing an O3%-plane. Woldsheet parity  flips
open string orientations and act on Chan-Paton indices as N,, <+ N_,, where subscripts are
always understood mod 3. This prescription leads to

Q- NO — NO N1 — NQ (24)

The choices of O3*-planes correspond to keep states with eigenvalues Q = 41 and lead to
symplectic or orthogonal gauge groups.*

We start by considering the O3~ case. Keeping 0 = — components from (R.3)) one
finds

1 _
V. §N0(N0 - 1) + N1N1

-1
®l: 3 x |[NoN; + oN1(N7 — 1)] (2.5)

This follows from (R.3) after identifying the mirror images Ny = Ny, N = Ny, and anti-
symmetrizing the resulting block matrix. (R.5) describes the field content of a N =1 SYM

with gauge group SO(Ny) X U(N;) and three chiral multiplets in the [(D, ) + (Q,B)] .

For general Ny, N; the U(NV1) gauge theory is anomalous. The anomaly is a signal
of the presence of a twisted RR tadpole [B4, Bj]. Focusing on a local description near
the orientifold singularity one can relax the global tadpole cancellation condition [@, ]
These models can be thought of as local descriptions of a more complicated Calabi Yau
near a Zs sigularity. Cancellation of the twisted RR tadpole can be written as [i(]

tr’ye’N =—4 = No=N; —4 (26)
and ensures the cancellation of the irreducible four-dimensional anomaly
I(F) ~[~No+ (N —4)] tr F* = 0 (2.7)

Finally the running of the gauge coupling constants is governed by the § functions with

one-loop coefficients®

Bo = 3€<%N0(No — 1)) — 3N, ¢/(Np)
= g(NO - Ny —2)=-9 (IR free)

B = 3¢(N1Nyp) — 3Ny £(Ny) — 3€<%N1(N1 — 1))

3
— 5(_NO + N1 +2)=+9 (UV free) (2.8)

“In the compact case, realized in terms of D9-branes and O9-plane on T°/Z3, the orthogonal choice is
dictated by global tadpole cancellation. Turning on a quantized NS-NS antisymmetric tensor [E, @, @]
leads to symplectic groups.

Here trr T*T" = {(R), i.e. (N) =3, ¢(NN) =N and £((AN(N +£1)) = L(N +£2).



with 3, refering to the n'"-gauge group. The last equalities arise after imposing the
anomaly cancellation (R.f). As expected, By + 31 = 0 since the ten-dimensional dilaton
does not run.

The case Q = + works in a similar way. The resulting N’ = 1 quiver has gauge group
Sp(No) x U(N7) and three chiral multiplets in the [((J,00) + (e,[T7)]. The U(N7) is anomaly
free for Ny = N7 + 4 and the one-loop [ function coefficients are given by Gy = +9 (UV
free) and B; = —9 (IR free).

3. D(-1) Instantons

There are two sources of supersymmetric instanton corrections in the D3 brane gauge
theory: D(-1)-instantons and Euclidean ED3-branes wrapping four cycles on T%/Z3. Both
are point-like configurations in the space-time and can be thought of as D(-1)-D3 and ED3-
D3 bound states with four and eight directions with mixed Neumann-Dirichlet boundary
conditions.

3.1 D3-D(-1) in flat space

Gauge instantons in SYM can be efficiently described in terms of D(-1)-branes living on the
world-volume of D3-branes [B7]. As before, we start from the N = 4 case: a bound state of
N D3 and k D(-1) branes in flat space. In this formalism, instanton moduli are described
by the lowest energy modes of open strings with at least one end on the D(-1)-brane
stack. The gauge theory dynamics, around the instanton background, can be described in
terms of the U(k) x U(INV) 0-dimensional matrix theory living on the D-instanton world-
volume. In particular, the ADHM constraints [5§], defining the moduli space of self-dual
YM connections, follow from the F- and D- flatness condition in the matrix theory [57).
The instanton moduli space is given by the D(-1)D3 field content

(au70§7XaaDcaéAd) kl_(
(wg, vd) kN
(s, 7") Nk (3.1)

with p = 1,...,4, a,& = 1,2 (vector/spinor indices of SO(4)), a =1,...,6, A=1,...,4
(vector/spinor indices of SO(6)r), ¢ = 1,...,3. The matrices a,, x, describe the positions
of the instanton in the directions parallel and perpendicular to the D3-brane respectively,
wq is given by the NS open D3-D(-1) string (instanton sizes and orientations), D¢ are
auxiliary fields and 62,044, are the fermionic superpartners.

The D3-D(-1) action can be written as [59]

1
Sk,N = try ?SG + Sk +Sp (3.2)
0
with
Se = —[Xa x0)? + 1054[x"y 5, 0%] — D°D* (33)
Sk = —[Xas au]2 + Xa@*Wa Xa — Z'HO‘A[XABGE] + QiXABDAuB

Sp

i (—[aaa 0°4) + 7wg + wduA) 6% + D¢ (wow — i la a’])



with yap = %TXBXQ, Ts = (n%p,i1%p) given in terms of the t’Hooft symbols and ¢3 =
47(47%a’)~2 gs. The action (B.J) follows from the dimensional reduction of the D5-D9
action in six dimensions down to zero dimension. As a consequence, our subsequent results
hold up to some computable non vanishing numerical constant.

In the presence of a v.e.v., for the six U(V) scalars ¢, in the D3-D3 open string sector,
we must add to Si n

Sy = try, [wd(goagpa + 2XaPa)Ws + QiEAgoABl/B] (3.4)

The multi-instanton partition function is

1 _
Zpn= | eSkNTS = — / dx dD da df dfdw dv e~ kN5
kN /me Vol U(R) Jon X a wave

In the limit go ~ (o/)7*

— 00, gravity decouples from the gauge theory and the contri-
butions coming from S are suppressed. The fields 844, D¢ become Lagrange multipliers

implementing the super ADHM constraints

Osa : DAU)@ + ?I}dVA — [aad, (90“4] =0

D : wow — iy, [a",a"] = 0 (3.5)

3.2 D(-1)-D3 at the C3/Zs-orientifold

Let us now consider in turn the €2 and then the Zs projection.

The effect of introducing an O3*-plane in the D(-1)-D3 system corresponds to keep
open string states with eigenvalue QI = £. €) is the worldsheet parity and I is a reflection
along the Neumann-Dirichlet directions of the Dp-O3 system [§]. On D(-1) string modes,
I acts as a reflection in the spacetime plane

I: a,— —a, 0} — —0: (3.6)

leaving all other moduli invariant. In addition, consistency with the D3-O3 projection
requires that the D(-1) strings are projected in the opposite way with respect to the D3-
branes [f( . From the gauge theory point of view, this corresponds to the well known fact
that SO(N) and Sp(NN) gauge instantons have ADHM constraints invariant under Sp(k)
and SO(k) respectively.

We start by considering the O3~ case. After the QI projection the surviving fields are

1
(0,,0) Sie—1)
- 1
(DC7X15>2159A02) Ek(k+ 1)
(wg,v) kKN . (3.7)

Since we are dealing with a SO(V) gauge theory, the D¢ moduli are projected in the adjoint
of Sp(k). This is also the case for all the other moduli even under I, while the odd ones,

(au,02), turn out to be antisymmetric.



Let us now consider the Zs projection. Out of the six y, one can form three complex
fields x! with eigenvalues w under Zs3 and their conjugate ;. To embed the Zs3 projection
into SU(4) we decompose the spinor index A = (0,1), with I = 1,...,3 and the zeroth
direction along the surviving N' = 1 supersymmetry. The D3 and D(-1) gauge groups,
SO(N) and Sp(k), break into SO(Ny) x U(N7) and Sp(kg) x U(k1) respectively. Ny (ko) is
the number of fractional D3 (D(-1)) branes invariant under Zs and N; (k1) are the branes
transforming with eigenvalue w. More precisely, the projective embedding of the Zg basic
orbifold group element 6 in the Chan-Paton group can be written

Yo v = (lNOXNO’wh lleﬁl’@h 1

_ h —h
- (]‘koxko’w lklecl’w ll_clxkl)

Ny ><N1)

(3.8)

Veh,k

After projecting under Zs, the symmetric/antisymmetric matrices in (B.4) break into k,, x
kv, km X Ny, or Ny, X ky, each transforming with eigenvalue w™ ™. In addition fields with
up(down) index I transform like w(w). Keeping only the invariant components one finds

1 _
(au; Gg) Eko(ko — 1) + klkl
1 —
Ekl(kl —1) + kok;
_ 1 _
(Dc; 000'4) Eko(ko + 1) + klkl
_ 1- —
(x15014) §k1(k1 + 1) + koky
1 _
X' Ekl(kl +1) + koka
(w*; ") koNo +k1Ny + ki Ny
vl koNp 4 k1N + k1 Ny (3.9)
Notice that the Z3 eigenvalues of the Chan-Paton indices in the r.h.s. of (B.d) compensate
for those of the moduli in the L.h.s., making the field invariant under Zs. In addition
(odd)even components under I are (anti)symmetrized ensuring the invariance under Q1.
The multi-instanton action follows from that of N = Ny + 2N7; D3 branes and k£ =

ko + 2k1 D(-1) instanton in flat space (B.2) with U(NN) and U(k) matrices restricted to the

invariant blocks (B.9).
The results for O3T can be read off from (B.9) by exchanging symmetric and antisym-
metric representations.

4. ADS-like superpotential

4.1 D3-D(-1) one-loop vacuum amplitudes

Non-perturbative superpotentials can be computed from the instanton moduli space inte-

gral [T, [3, [I§]

Sy = e HDAHD A Bukn /im o= Skn =S (4.1)



The integration is over the instanton moduli space, 9, (1)p is the disk amplitude and
(1).4 m are the one-loop vacuum amplitudes with at least one end on the D(-1)-instanton.
The factor p”"*n, 1 being the energy scale, comes from the quadratic fluctuations around
the instanton background and as we will see it combines with a similar contribution coming
from the moduli measure to give a dimensionless Syy .

The terms in front of the integral in ([.1]) combine into

Sw = APnkn / e kN5 (4.2)
m
with

Aknﬁn — 627”']?77,7—71(“) ﬁnkn

To(p) = Tn — i In % (4.3)

the one-loop renormalization group invariant and the running coupling constant. 7, refers

W

to the complexified coupling constant of the n'! gauge group. pg is a reference scale.
More precisely, the disk amplitude and one-loop amplitudes yield

e<]1>D _ eZwiknTn T, = Q_n 4_7'(2'1
2 g2
_ﬁnﬁn
= () m
Ho

with dots refering to threshold corrections that will not be considered here.
To verify (f.4) we should compute the following one-loop amplitudes

ka1 »
(14 = / LS+ ()1 + 0+ 6%) )
10
o dt
= - AD( 1p3 = —Ao,p(-1)D3 m
Ho
“dt 1 By
(D)pq = / ST (1+ (1)F)(1+ 60+ 6%) gh0
I
mdt
= — MD( 1) _MO,D(—l) hlﬁ —|— (45)
o 12%0)

In the above formula p enters as a UV regulator in the open string channel (see [B1] for
details) and Ay, M, are the massless contributions to the amplitudes.

We start by considering the O3~ projection. It is important to notice that only the
annulus with one end on the D(-1) and one on the D3 contributes to these amplitudes. In
fact, D(-1)-D(-1) amplitudes cancel due to the Riemann identity. Finally one finds

a+ 3
4 3 95 P 2 0% n,]
AD(,1)7D3 = EtTWG,ktr’VG,NZ Cap 197704 1960 H A f+
B 5l 9L o oz,
2 3

= 2(ho— Fa)(No — N1) + ...

o UG l® 20, ]
6 s

Mpyy = —tWe?k E Caﬁ,lg — | | -

¥

= —3(ko — k;l) T (4.6)




The sum runs over the even spin structures and c,g = (—=)2@+8) | The term #;] comes from
the (b,c) and (3,) ghosts while the extra five thetas in the numerator and denominator
describe the contributions of the ten fermionic and bosonic worldsheet degrees of freedom.
We adopt the shorthand notation 79[%] = 19[,%] /(2cosmh) to describe the massive contribu-
tion of a periodic boson to the partition function. h; = (%, %, —%) denote the 7Z3-twists
while the extra %—shifts in the annulus account for the D(-1)-D3 open string twist along
Neuman-Dirichlet directions while % twists in the Mobius come from the I-projection. In
addition we used the fact that the contribution of the unprojected sector is zero after using
the Riemann identity while that of the #- and #2-projected sectors are identical explaining
the overall factor of 2. The extra factor of 2 in the annulus comes from the two orientations
of the string. The second line displays the massless contributions. We use the Chan Paton

traces

tryg g = ko + 2k trygr = ko — k1
tryi,n = Ny + 2N tI")/ng =Ny — Ny (47)

which follow from (R.1]) and the first few terms in the theta expansions

1
19[2]:14'(1%200827%%--.. 19[2]:q%20057rh+...
n=q%+... (4.8)

From (|.6) one finds
3
Ao+ Mo = 5(140 —k1)(No — N1 — 2) = kpfn (4.9)

with 3, the one-loop 3 coefficients given in (P.§). Plugging (1.9) into ([.§) results into ([[.4).
The fact that the 8 function coefficients are reproduced by the instanton vacuum amplitudes

is a nice test of the instanton field content (B.9).
Now let us determine the dependence of the instanton measure on the string scale
M, ~ o/ ~Y/2, The scaling of the various instanton moduli follows from (B.3):

DyQONMSQ Xa7<paNMs wéuau’\’Ms_l
VA, 04 ~ M7Y2 G4 ~ ME? (4.10)

Collecting from (B.9) the number of components of the various moduli entering in the
instanton measure one finds®

/ e=Sen=Se o p=Bukn
m

3 1 1
knBn = —2np — ny +ng + Ny + 219~ 5N — 5w

- §<ko — k1)(No — Ny — 2) (4.11)

SWe recall that fermionic differentials scale as the inverse of the dimension of the fermion itself. This
explains the extra minus sign in ()



Notice that this factor precisely combines with that in ([.J) leading to a dimensionless Sy
as expected. This simple dimensional analysis can be used to determine the form of the
allowed ADS superpotentials in the gauge theory. A superpotential is generated if and only
if the integral over the instanton moduli space reduces to an integral over z; describing
the center of the instanton and 6, its superpartner. More precisely

m

Aknﬁn

G_S’“N_S‘P =c /d4x0d29 W

(4.12)
where ¢ is a numerical constant. Whether c is zero or not depends on the presence or not
of extra fermionic zero modes besides 6. Notice that the power of ¢ is completely fixed
requiring that Sy, is dimensionless. The precise form of the superpotential requires the
evaluation of the moduli space integral and will be the subject of the next section. The
superpotential follows from ) after promoting ¢! to the chiral superfield ®! and g, 6,
to the measure of the superspace

Aknﬁn
A superpotential of type (f.1J) is generated whenever [63, (4, [[6, [[7]
(N2 o) 4 (114)

Each scalar ¢ soaks two fermionic zero-modes and each gaugino A one zero mode.” The

condition ({.14) translates into
dimMp = 2k, 56, — 4 (4.15)

with dim9p the fermionic dimension of the instanton super-moduli space. The number of
fermionic zero modes can be read off from (B.9)
dimMp = ng +n, —nyg
= k0(3N1 + Ny — 2) + k1[2N1 + 3(N0 + Ny — 2)]
where we used the fact that 654 plays the role of a Lagrangian multiplier imposing the
fermionic ADHM constraint and therefore subtracts degrees of freedom. The last line

in ({.16) follows from using the anomaly cancellation condition Ny = Ny + 4. The re-
sult (4.16) is consistent with the Atiyah-Singer index theorem that states

dimMy = 2k [£<%NO(NO - 1)> 4 3N1€(N0)}

2k [e(NlNl) 4 3Nol(NT) + 3€<%N1(N1 _ 1))]
= ko(?)Nl—l-NQ—2)—|—]{71[2N1+3(N0—|—N1 —2)] (417)

"This can be seen by explicitly solving the equations of motion of the gaugino and the ¢-field in the
instanton background @] In particular the source for the scalar field comes from the Yukawa coupling
Lvuk = gyme 1) in the gauge theory action.
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Combining (4.15) and (4.16) one finds

ki —Tho—1

Ny = 4.1
0 Fo - 2k (4.18)

One can easily see that the only non-negative solution for Ny is
Nog=0 ko=0 k=1

We conclude that in the class of U(Ny + 4) x SO(Ny) SYM theories describing the low-
energy dynamics of D3-branes on the Zs orientifold only the U(4) theory with three chiral
multiplets in the antisymmetric leads to an ADS-like superpotential generated by gauge
instantons.

The counting can be easily repeated for the Sp(N; +4) x U(IV1) cases by exchanging
symmetric and antisymmetric representations in (B.9) as required by the presence of the
O3T-plane. The results are

knBn = 9(ko — k1)

dimMp = /{?0(4N1 + 6) + k1(8N1 + 18)
3kog — 9k — 1

N =——7-——- 4.1
! ko + 2k1 (4.19)

One can easily see that the only non-negative solution is

We conclude that in this class, only the gauge theory Sp(6) x U(2) with three chiral
multiplets in the ({,) + (e, H) admits an ADS-like superpotential generated by instantons.

The aim of the rest of this section is to compute Sy. The integral ({.19) will be
evaluated for the Sp(6) x U(2) and U(4) cases in the following.

4.2 Sp(6) x U(2) superpotential

We first consider the O3% case, i.e. the Sp(6) x U(2) gauge theory with three chiral multi-
plets in the [(6,2) + (1,3)]. The instanton moduli is given by (B.9) after flipping symmet-
ric/antisymmetric representations in order to deal with the symplectic projection. Plugging
ko =1,k; = 0, Ng = 6, N; = 2 into (B.9) one finds the surviving fields

a, wg‘o,ﬁg, pouo -y u (4.20)

with ug = 1,..6, and u; = 1,2. In this section, for notational convenience, subscripts
and superscripts indices ug, w1 will be switched. in this section for notational convenience
as we will momentarily see. In particular both fpq and D¢ are projected out (the D(-1)
“gauge” group is O(1) & Zs in this case) and therefore no ADHM constraint survives. The
instanton action reduces then to

S=058k+5,= ngSbIUOulSDIulvago + VIUIVOUOSEIUOM (4.21)
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Here and below we omit numerical coefficients that can be always reabsorbed at the end
3‘0, 19 vl are gaussian and the final

up? Ul
result, up to a non vanishing numerical constant, can be written as

SW — A9 /d4ad20 detGXG (@IULUO)
detexe (Pruy uop!™+v0)

in the definition of the scale. The integrations over w

— / d*ad?6 A° (4.22)
det6><6 (spful,uo)

where we have exploited the possibility of combining I and 1 in one ‘bi-index’ Tuy so as

to get a range of six values. For the sake of simplicity we have dropped the subscript 0
denoting bare scalar fields. In the following scalar fields entering in formulae involving A
will be always understood to be bare. The last step makes use of det(AB) = det(A)det(B).

4.3 U(4) superpotential

We now consider the O3~ case, i.e. the U(4) gauge theory with three chiral multiplets in
the 6. Setting ko = 0,k; = 1, Ny = 0, N; = 4 in (B.9) the surviving fields can be written as

I[uv] —u

%) Y, I c Is%
Ploy » Priuwe)(0) » Au(0) » XI1(~2) » X(+2) » Do) » Wu(s1) » Wa(-1)
93(0) ’ 905‘(0) ’ 9(54](—1) ; Vg(-i-l) ) 77?31) ) V(I_ﬁl) (4.23)

with u = 1,..4 and the charge ¢ under U(1), is denoted in parentheses. Plugging into (B.3)
(after taking o/ — 0) one finds
S =S+ SF (4.24)

where

0, Iu

_ _ 4 I ~4 _ Tu—- -
Sp = (Vouwud"i_wgyg) 08+V Y Wue 0?+X1Vuy +v u‘pfuvyov

Sp = BB ruwe’ U wd + o " wiwea X1 + Grus@ Y@l x! + 0w Xt + D¢ woaw (4.25)

As before we omit numerical coefficients. The integral over D¢ leads to a ¢ function on the
ADHM constraints

/ Pwdw? (wo.w) = / dp p°d**U (4.26)
In the r.h.s of (#.26) we have solved the ADHM constraints in favour of w and U defined
by
Was = pUus @ = pU™ auduuﬁ- = 5;1“ (4.27)
The coset representatives Uy, parameterizes the SU(4)/SU(2) orientations of the instanton
inside the gauge group. The fermionic integrations lead to the determinant

8 UjU2U3UL V] V2USUEG V3VLVUEV
A = p° 112Ut NSO V8PS0 X i ugvy Xugvsusvs Yusvs Yugvs (4.28)
with
_ NhlIlso = -
Xujviugvy = € X111 PIauivi Plzuzve
Yo = USUs, (4.29)
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The bosonic integrals are more involved. For arbitrary choices of the scalar VEV’s ¢;
and ¢!, even along the flat directions of the potential, the integration over U represents a
— QD’I’}IUU, Pruw = @nluv,
the full p-dependence can be factorized. SU(4) gauge and SU(3) ‘flavor’ invariance can

Tuv

challenging if not a prohibitive task. Fortunately choosing ¢

then be used to recover the full answer. After the rescaling
PP ep) X —ex xi— e (4.30)
The integral becomes
1
Sw=AT /d4xod29 — (4.31)
¥
with I the ¢-independent integral
I= / dpp® d¥2U d3xd3% Ay e~S®

Sp = —p*(L+ 0" Yo X1 + run Y X" + x1x") (4.32)

and Ar given again by (.2§) but now in terms of

I 121

Xuyviugvy = € X1 Nauiv1 Mzuzve

Finally one can restore the gauge covariance of (.31) by noticing that there is a unique
SU(4). x SU(3) singlet in the symmetric tensor of six ¢!

Tujus Jug'IL4]

det3><3[€u1..u4gp SD

Therefore one can replace ¢ in ([.31]) by this singlet. The superpotential follows after
replacing ! — @1

A2
det3><3[Eul..u4q)lu1u2(1)‘]u3u4]

Sw =c / d*zd?6 (4.33)

where c¢ is a computable non-zero numerical coefficient.

5. ED3-instantons

Let us now consider the ED3-D3 system. We restrict ourselves to the compact case T°/Z3
and consider the ED3 fractional instanton wrapping a four-cycle C,, inside T%/Z3. We start
by considering the O3~ -orientifold projection. The zero modes of the Yang-Mills fields in
the instanton background can be described as before in terms of open strings with at least
one end on the ED3. Open strings connecting ED3 and D3 branes have 8 Neumann-
Dirichlet directions therefore the zero-mode dynamics of the ED3-D3 system is equivalent
to that of the D7-D(-1) bound state. The instanton action can be found starting from that
of the N/ = (8,0) sigma model describing the low energy dynamics of a D1-D9 bound state
in type I [65] reduced down to zero dimensions. In flat space the D(-1)-D7 action reads

1
0
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with

Sy = =[x, x> + ©*x0% + D°D*
Sk = = Xn][Xo Xin] + 0XO0" + v(x + @)V
Sp = 04X, 'O + DUTC, X, X,] (5.2)

with m = 1,...,8,, a = 1,...,8,, ¢ = 1,...,8.,, ¢ = 1,,...,7. We denote by ¢ =
my(Cn)e!, the gauge scalar parametrizing the position of the D3-brane along the direction
perpendicular to the 4-cycle C,. Here T, T¢ . are gamma matrices of SO(8) and SO(7)
respectively. The introduction of the auxiliary fields D¢ has broken the manifest SO(8)
invariance of the action that will be further broken by the Zs-projection. In (§.9), X,
and x, Y describe the position of the D(-1)-instanton in the directions longitudinal and
perpendicular to the D7-brane respectively while ©%, ©% are the fermionic superpartners
grouped according to the their chirality along the Dirichlet-Dirichlet x-plane. Unlike the
D(-1)-D3 case, in the case of 8 Neumann-Dirichlet directions € acts in the same way on
the D(-1) and D7 Chan-Paton indices. This implies that D¢ transform in the adjoint of

SO(k) if we take the D7 gauge symmetry to be SO(N). In addition I acts as
I: Xm — —Xm 0% - —0° (5.3)
Fields with eigenvalues QI = — are then in the following representations of SO(k) x SO(N)

~a0 1
(x,x, D% 0% —kk—-1)

2
(X0, 0%) k(k+1)
v kN (5.4)

Fields even under I transform in the adjoint of SO(k) while odd fields tranform in the
symmetric representation. For k = 1, N = 32 the D(-1)-D7 system or equivalently the
D1-D9 bound state describes the S-dual version of the fundamental heterotic string on 772.
k > 1 bound states correspond to multiple windings of the heterotic string [fq].

The field D¢ implements the one-real D and three complex F' flatness conditions

7 8
1
V=—=5) DD =—g5 Y [Xp,Xn]>=0 (5.5)
90 c=1 m,n=1
with 1
D¢ = —§g§]?fnn[Xm, X, (5.6)

An explicit choice of T' matrices in D = 7 is given by (a = 1,2, 3)
Tixs =001 @ Ny TEL3 = i03 ©7fys Tixs =102 ® Laxa (5.7)

As in section [, Z3 acts on both spacetime and Chan-Paton indices. Chan-Paton indices
decompose as N — Ny + Ny + N; and k — kg + k1 + k1. Spacetime indices on the other
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hand decompose as

8 =4+2,+ 25
8s =24+2,+4;
8 = 2+ 25 +4,
7T=3+2,+2 (5.8)

In addition x, v transform with eigenvalue w under Zs. Combining with (.4) one finds the
Z.3-invariant components

1 _
X,X Ekl(kl - 1) + kOkl + h.c.
1 — 1 —
D¢ 3<§k0(k0 — 1) + k1k1> + 2 |:§k1(k1 — 1) + koki + hC]
o 1 — 1- -
& 2 [Eko(ko —1)+ klkl] o [Ekl(kl —1)+ kokl)]
1 _
+4 Kikl(kl -1)+ k0k1>]
1 — 1 —
X, 4 |:§k0(k0 + 1) + k1k1:| + 2 |:§k1(k1 + 1) + koky + hc]
@ 1 — 1 _
e 2 [Eko(ko +1) + k1k1] +2 [Ekl(lﬁ +1) + kOkl)]

+4 K%El(fq +1) + k0k1>]

v koNl + k1N + l_{lNO (59)

5.1 D3-ED3 one-loop vacuum amplitudes

ED3 generated superpotentials can be computed following the same steps as in section [
The disk amplitude can be written as

AV (Cy,
97%;752)+/ (C4+CoANRAR) (5.10)

1 2mikn T,
€<>D:€ nTn —

Tn, describes the coupling of closed string moduli to the ED3 instanton wrapping the 4-cycle
Cp, with volume V4(C,). We remark that closed string states in the Zs-twisted sectors flow
in the ED3-ED3 cylinder amplitude and therefore 7, is function of both untwisted and
twisted closed twisted moduli. This is not surprising since the volume of the cycle depends
also on the volume of the exceptional cycles that the ED3 wraps.
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The annulus and Mdébius amplitudes are given by

a+l
A 2 . 7 79[/3 22
ED3,D3 = 75 a8 gt
12 & Tola] ol

1
I 1212 O[5 op,] 95 2]% 9[g]
195%1 5 Af 2 + tryg ktryn, v 9 i
Lo [

X | 2tryg ktrye, N ]2 3

)

2 2

MEgps = _E Caﬁm

=3ko+ki+... (5.11)

The origin of the various contributions is the same as those in the D(-1)-D3 system. Now
the D3-ED3 open strings have 8 Neumann-Dirichlet directions explaining the extra % twists
in the annulus amplitude. On the other side, the I projection accounts for the %—shift in
the Mobius amplitude. Notice that unlike the D(-1)-D3 case, the unprojected amplitude
trl now gives a non-trivial contribution.

Collecting the contributions from (pb.11]) one finds

Aknbn — hnbo o(UD+Ma+r = yhnbn (2miknn () (5.12)
with
- - bn 1
() = T — 1 In 2 5.13
Full) = T — 5 I (5.13)
and
1 1
Ao+ Mo = kpby, = §k0(6—N1)+§k:1(2—N0—N1) (5.14)

The interpretation of the b, as the one-loop (3 function coefficients of the 7,, coupling,
though tantalizing, is not clear to us. We will now check that k,b, reproduces the right
scale dependence of the instanton measure. The scaling of the various instanton moduli

follows from (5.9):

D,go~M.  x,X.op~My Xy~ M
v, 0~ M7Y2 0%~ M2 (5.15)

Collecting from (f.9) the number of degrees of freedom entering in the instanton su-
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permoduli measure one finds

/ B_Sk,N ~ Ms_kfnbn
m

3 1 1
knb, = —2np —ny, +nx + §né —

5o ~ 3w

1 1
= 5](50(6—]\71)—}—5]{31(2—]\70—]\71) (5.16)

As in the previous case we write the instanton generated superpotential as the moduli

space integral
Sy = Aknbe / ¢~ SkN=Se = / d*zgd?f AFnbr = hnbn s (5.17)
m

After promoting ¢ — & and xg, 0, to the measure of the superspace one finds the ED3
generated superpotential

Sy = /d4xd26 Rbnbn gp—Fnbn-+3 (5.18)

The main difference with respect to the D(-1) instantons is that now ¢ enters into S, (p.9)
only through the coupling to the v-fermions. This implies that in order to get a non zero
result from the fermionic integral in (5.17) only the v’s and the two fermionic zero modes
6, € ©¢ should survive the orientifold projections. From (f.9) one can easily see that this
implies kg = 1, k1 = 0. The same counting shows that no solutions are allowed in the
Sp(N) case.

5.2 The superpotential

Here we evaluate the instanton moduli space integral for the SO(Ny) x U(NVy) case. From
our analysis above the relevant cases are kg =1, k1 = 0.

The surviving fields in (5.9) are

0, € ©° zh e X, Uy (5.19)
with v = 1,... Ny. The instanton action reduces to
S = 1,0"" 1y (5.20)

The superpotential is then given by the integral
Sw = A-53 /d4x d?0 dNy e7vev (5.21)
After integration over v and lifting ¢ — ® to the superfield one finds
Sy = c A=+ /d%« A0 €y .y, PPN PUNIIUN (5.22)

where ¢ is a non vanishing numerical constant. Notice that the result is non-trivial only
when Nj is even. The superpotentials (p.29) are non-renormalizable for N; > 6 and grow
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for large vacuum expectation values where the low energy approximation breaks down.
The only exceptions are

Majorana masses U(4 +3H
Yukawa couplings SO(2) x U(6) + 3 (,0J) + 3 (Q,B) (5.23)

Notice that both instanton generated Yukawa couplings involve only the matter in the
antisymmetric representation.

6. ADS superpotentials: a general analysis

Here we consider a general A" = 1 gauge theory with gauge group U(N) and a nagqj, ny/fy,
ng/ng, na/na number of chiral multiplets in the adjoint, fundamental, symmetric and
anti-symmetric representations (and their complex conjugates) respectively.

The cubic chiral anomaly, one-loop § function and number of fermionic zero modes in
the instanton background of the gauge theory can be written as

Linom = np— +ng_(N+4)+n4_(N—-4)=0 (6.1)

1 1 1
Bi-toop = 3N — Nnagj — 5np+ — 5ns+(N +2) = onar (N = 2)

dimgﬁp = kj[2N+2NTLAdj +7’Lf+ +7’LS+(N—|—2) +7’LA+(N— 2)]
with
ngt =ngtng ng+ = ng £ ng NAL =ngEtngy (6.2)

The condition for an Affleck, Dine and Seiberg like superpotential [[Ld, [ to be generated
was determined in section [.1] to be

dimMp = 2k — 4 (6.3)
Combining (b.1]) and (6.9) one finds
1
ﬁl—loop = 2N + E (6.4)
ng_ = —ng_(N+4)—ns_(N —4)

2
ngy = 2N — e 2Nnpgy — ns+(N +2) —nayp (N —2)

Remarkably the § function in a theory admitting an instanton generated superpotential
depends only on the rank of the gauge group. A simple inspection shows that a superpo-
tential is generated only for £ = 1 and naq; = 0. The complete list follows from a scan of
any choice of ngt,na4 such that ny > |n_| and n4y > 0. One finds

U(N) + Ny (D +0) Nf<N-1

U(N) +H+ (N —-4)0+ Ny (O+D0) Ny <2

U(4)+2H+Nf (O+0) Ny <1

U4) + 30

U() + 200+ 27 (6.5)
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The inequalities are saturated for gauge theories satisfying (6.3) and (f.4), while the lower
cases are found by decoupling quark-antiquark pairs via mass deformations.

The generalization to SO(N)/Sp(N) gauge groups is straightforward. In these cases
there is no restriction coming from anomalies since representations are real. The § function
and the number of fermionic zero modes in the instanton background are given by

3 1 1 1
dimMp = k[N £2+ns +ng(N +2) +na(N —2)]

Bl—loop =

with upper sign for Sp(N) and lower sign for SO(N) gauge groups. Imposing (.3) one
finds

1
ﬁlfloop =N=x2+ E (66)

2
ny = Ni2—E—nS(N+2)—nA(N—2)
The list of solutions is even shorter

SO(N)+ N N;<N-3 k=2
Sp(N)+N;1 Ny<N k=1
Sp(N) + 0+ 20 k=1

(6.7)

Notice that k = 1, respectively k = 2, are the basic instantons in Sp(/N), respectively
SO(N), since the instanton symmetry groups are in these cases SO(k), respectively Sp(k).

7. Conclusions

In the present paper, we have given a detailed microscopic derivation of non-perturbative
superpotentials for chiral N' = 1 D3-brane gauge theories living at Zs-orientifold singu-
larities. We considered both unoriented projections leading to SO(N; — 4) x U(Np) and
Sp(N7 +4) x U(N7) gauge theories with three generations of chiral matter in the represen-
tations (0,0) + (O,B) and (O,0) + (e,[1J) respectively.

The U(4) case was studied in details in [iJ] and describes the local physics of type I
theory near the origin of 7°/7Z3 with SO(8) x U(12) gauge group broken by Wilson lines.
In the present T-dual setting, there are two sources of non-perturbative effects: D(-1) and
ED3 instantons. The former realize the standard gauge instantons and lead to Affleck, Dine
and Seiberg like superpotentials. The latter lead to Majorana masses or non-renormalizable
superpotentials and were ignored till very recently [[§-P3, [3, 9.

Our explicit instanton computations confirm the form of ADS and stringy superpoten-
tials proposed in [ on the basis of holomorphicity, dimensional analysis U(1) anomaly
and flavour symmetry. We show that ADS superpotentials are generated only for the U(4)
and Sp(6) x U(2) gauge theories in the Zs-orientifold list. The precise form of the superpo-
tential is derived from an integration over the instanton super-moduli space. Like in [[[5],
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the B function running of gauge couplings are reproduced from vacuum amplitudes given
in terms of annulus and Mobius amplitudes ending on the instantons. The same analysis
is performed for “stringy instantons” generated by Euclidean ED3-branes (dual to ED1-
strings in type I theory) wrapping holomorphic four-cycles on 7°¢/Z3. A detailed micro-
scopic analysis of the multi-instanton super-moduli space encompasses massless open string
states with a least one end on the ED3-instanton. We show the generation of Majorana
mass terms for the open string chiral multiplets in the U(4) case, Yukwa couplings for the
SO(2) x U(6) gauge theory and non-renormalizable superpotentials for SO(Ny) x U(Ng+4)
gauge theories. The field theory interpretation of the § function coefficients generated by
the one-loop vacuum amplitudes for open strings ending on the ED3-instantons is one of
the most interesting open question left by our instanton super-moduli space analysis. As
previously observed, the invariance under anomalous U(1)’s results from a detailed balance
between the charges of the open strings involved and the axionic shift of a closed string
R-R modulus from the twisted sector.

Our present analysis has some analogies with the recent ones performed in [I§-R3,
[[§] which have focussed on ED2-branes at D6-brane intersections. As stressed in [i],
one immediate advantage of the viewpoint advocated here is the consistency of the local
description. Indeed, imposing twisted tadpole cancellation [B4, Bj] the models presented
here and all closely related settings of D-branes at singularities (not necessarily of the
7., kind) give rise to anomaly free theories, while this is not necessarily the case for the
‘local’ models with intersecting D-branes. We can envisage the possibility of extending our
analysis to other Z, singularities [53, or even to Gepner models [66[g] where many
if not all ingredients, such as the brane actions from gauge kinetic functions including
one-loop threshold effects [69-[/2], are available.

In the present paper we have not addressed phenomenological implications of the
stringy instanton effects we have analyzed in detail. We hope to be able to investigate
these issues in this or similar contexts with D-branes at singularities, where the rigidity of
the cycles is well understood and allows for the correct number of fermionic zero-modes.
Clearly additional (closed string) fluxes neeeded for moduli stabilization [[73, [4] may change
some of our present conclusions.
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