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1. Introduction

The low-energy limits of string/M-theory are supergravity theories in ten or eleven dimen-
sions. These supergravity theories admit solutions of the form (Minkowski)g x K,,, where
K, is a Ricci-flat space of dimension n, and d+n is equal to the total spacetime dimension.
When K, is compact, a solution of this type can be interpreted as a Kaluza-Klein vac-
uum, which is supersymmetric if K,, admits covariantly-constant spinors. Put another way,
supersymmetric Kaluza-Klein vacua arise if K, is a space having an appropriate special
holonomy. The most studied case in string theory is when n = 6, and Kg is a Ricci-flat
Kéhler, i.e. Calabi-Yau (CY), manifold. The most natural analogue in M-theory arises for
n = 7, in which case one is interested in 7-manifolds K7 with the exceptional holonomy
(9. Of course, one can also consider G5 compactifications in the context of string theory,
and we shall take this point of view initially, returning to M-theory in the final section.
Supergravity is just the leading term in an effective action obtained, in the case of
string theory, by integrating out the massive-modes of the string. The effective action is
thus an expansion in derivatives or, equivalently, in powers of the inverse string tension «’.
If we focus on the part of the effective action relevant to graviton scattering amplitudes
then the nth term in its expansion has the form (/)" ~! R" where R stands for the Riemann
tensor. This term has no effect on tree-level amplitudes with less than n external particles,
so we would need to consider at least the n-point amplitudes to determine it; alternatively,
it can be determined by an n-loop computation of the beta-function for the associated (1,1)-
supersymmetric sigma-model. At the tree-level in string perturbation theory the massive



modes of the string contribute only to amplitudes with at least four external gravitons, so
R? and R? corrections may be absent. They are absent for the type-II superstring theories,
in agreement with the three-loop finiteness of (1,1) supersymmetric sigma models with a
Ricci-flat target space so, in these cases, the first non-trivial correction is an o’ 3R term.
In the string conformal frame, this term must appear with a factor of e 2%, where ¢ is the
dilaton, so the graviton/dilaton part of the tree-level effective lagrangian is

L=—ge 2 <R +4(89)% — ca’ y) (1.1)

for a known constant ¢, proportional to ((3), and a known scalar Y that is quartic in the
Riemann tensor of the 10-dimensional spacetime. The corresponding equations of motion
may be written

Ry +2V,V, ¢ = ca’ X,
1
06 —2(06)" = ea” (Y — g X)) (1.2)

where D, is the standard covariant derivative, and

V—9Xu = €2¢5;% /dwx —ge 2y, (1.3)

The explicit form of Y was first found from a four-loop sigma-model computation [[f} P,
and this result was partially confirmed by a computation of the 4-point graviton scattering
amplitude in string theory [, fl. There is a considerable measure of ambiguity in the
choice of expression for Y, since one is free to perform field redefinitions at order o’ 3 that
modify Y by terms that vanish upon use of the leading-order equations of motion.

For our purposes, it is not necessary to know the fully 10-dimensional form of Y. As
we are principally concerned with the effect of Y on supergravity solutions of the form
(Minkowski)s x K7, it would be sufficient to restrict the Riemann tensor to be non-zero on
K. However, it is convenient to consider Go compactifications as special cases of solutions
of the form (Minkowski)s x Mg, where Mg is an 8-manifold that happens to be a product
of the form R x K7, and to allow the Riemann tensor to be non-zero on Mg. This has
the advantage that it includes the possibility that Mg = Kg, where Kg is an 8-manifold of
Spin(7) holonomy, although we will have little to say about this case in the present paper.
With this understood, let R;;¢ be the components of the Riemann tensor on Mg and define
tgs to be the tensor such that

téljli2j2i3j3z4 A

1114272 Ai3j3 Ai4j4

=24 [tr At — i (tr A2)2 (1.4)

for any antisymmetric 8 x 8 matrix A with entries A;;. Then field variables can be chosen
so that Y is given by

21...28 471298 _ — 11...18 ~J1...8 L. L. L. L.
Y oo |tg g 45 € Rivigjrjo Risisgaja Risiegsjs Ririsiris - (1.5)



As we shall see later, the choice of variables implied by ([.5) has the virtue that underlying
structures associated with special holonomy backgrounds are preserved, even though the
special holonomy itself is modified or lost under the effect of the a’3 corrections.

It was pointed out in [B] that (JL5) can be written as a Berezin integral over the 16
components of a Grassmann-odd Majorana SO(8) spinor ¢. Let T (i = 1,...,8) be SO(8)
Dirac matrices, and R;;i the components of the Riemann tensor of the metric on Msg.
Then

Y /dwi/) exp [% (1,5 i 1/)) (1,5 R ¢> Rijkg:| . (1.6)

where 1) = ¢, In a basis for which the Dirac matrices I are real, the spinor v is real and
b=y

Before proceeding with our analysis of the corrections to special-holonomy back-
grounds, it is of interest to see what can be established in general. Let us assume that the
dilaton is constant to leading order, so that

b=do+ae. (1.7)
The functional variation ([.3) then yields
Xij = Xij + Vkngikjg (1.8)

where Xy is a tensor cubic in the curvature, antisymmetric within first and second index
pairs and symmetric under pair interchange; X}j is a symmetric tensor quartic in curvatures
which is traceless in eight dimensions (as one can see from the vanishing Weyl weight of
v—gY). The tensor Xij arises from the variations of “explicit” metrics in /—¢Y (i.e.
metrics in \/—g or those used to contract curvature indices, but not those appearing inside
connections). If we assume that that ¢; depends only on the coordinates of the compact
manifold K, of a lowest-order (Minkowski)y x K, supergravity solution, as is required to
preserve the d-dimensional Poincaré invariance, then the dilaton equation reduces to

c y c
Op1 + §Vkvz (9 Xinje) = ;Y- (1.9)
The left hand side vanishes on integration over K, so we deduce that

/ Y =0. (1.10)

This is the same as the result that was obtained in [f] by making the assumption that Mg
is Ricci flat. As we see here, the assumption of Ricci flatness is not needed in order to
prove ([L.10).

The condition ([[.1I0) is trivially satisfied if Y = 0, which is the case if K allows a
covariantly constant SO(8) spinor x (with respect to the Levi-Civita connection). This is
because the integrability condition for such a spinor is

RijeTH x =0, (1.11)



which implies that the matrices Rijkgfkg have a common zero eigenvalue, and hence that
at least one linear combination of the components of v in ([L.6]) does not appear in the
integrand; the Berezin integral is then zero. However, as emphasised in [ff], the vanishing
of Y does not imply that there will be no correction to the Einstein equation because
these corrections depend also on the the tensor X;;, which vanishes only if K admits at
least three Killing spinors of the same SO(8) chirality. This condition is satisfied by all
hyper-Kéhler 8-metrics (in agreement with the ultra-violet finiteness of supersymmetric
hyper-Kéhler sigma models) but not otherwise. Thus, for most cases of interest there will
still be corrections due to the non-vanishing of X;;. In the CY case, it was shown in B that
the metric ceases to be Ricci-flat once these corrections are taken into account, although
it remains Kahler. This result is actually a special case of a more general result; it can be
shown that if Mg has special holonomy, then

X;; =0, 97 Xirji = guZ (1.12)

where Z is the scalar cubic in the Riemann tensor that becomes the Euler density in
dimension six. In this case ([.9) is solved by

b1 = _gz, (1.13)
When this is substituted into the Einstein equation, one finds that
Rij = ca'® ViV Z + VYV X0 - (1.14)

To establish this result in full generality requires consideration of 8-manifolds of Spin(7)
holonomy, but this involves additional complications that we choose to postpone to a future
publication. In the next section we shall establish the result for 8-manifolds of the form
Mg = R x K7 with K7 a Ricci-flat 7-manifold of G5 holonomy; in this case we shall find
that

1 . .
Xikjf = 5 [Cz‘km ngn zZmn + (Z g j)] (’L,], k,g = 1, Ce ,7) (115)

where ¢y, is the associative 3-form on the Go manifold, and Z™" is a symmetric tensor
on K7 that arises in the analysis of this case. We shall show that this incorporates the
Calabi-Yau results as a special case.

From ([L.14) we see that the string corrections must deform the special holonomy metric
in CY, G2 and Spin(7) compactifications to one that is no longer Ricci flat. An important
question then arises as to whether the modified solution is still supersymmetric. To answer
this question, one needs to know the modifications to the supersymmetry transformation
rules of the fermions, in particular the gravitino, to order o’ 5. A program to determine
these modifications has been underway for some years, e.g. [, but the results obtained
to date are not sufficient for our purposes. However, it was shown in [f], f for the special
case of CY compactifications that there exist candidate corrections to the supersymmetry
transformation of the gravitino, such that the supersymmetry of the supergravity solution
is preserved in the face of the o'® corrections. The modified Killing spinor equation that
one finds in this way naturally involves structures that are special to CY manifolds, but it



was also shown in [[7, §] that the corrected Killing spinor equation can be written in a form
that makes sense for any riemannian manifold. We shall show here that this modification
of the Killing spinor equation also ensures preservation of supersymmetry for modified G4
compactifications to order o/ 3

A spacetime of the form (Minkowski)y x K, is a solution of the (d 4+ n)-dimensional
supergravity theory if the K, metric is Ricci-flat, irrespective of whether it is compact
or not. The compactness of K, is needed only for the interpretation of such solutions
as Kaluza-Klein vacua; even in this case we may wish to consider a non-compact Ricci-
flat manifold that approximates a given compact K, near a singularity, and this has the
advantage that an explicit metric may then be available. If so, one can explicitly determine
the corrections to the K, metric needed to maintain supersymmetry in the face of the a’?
corrections. This issue was addressed for some six-dimensional cohomogeneity-one CY
manifolds in [[], and more recently for these and further eight-dimensional CY manifolds
in [[[J). The same issue for G manifolds of cohomogeneity one was addressed in [f] and
we take up this issue again here.

Of course, Ricci-flat manifolds of G5 holonomy are of most interest in the context
of compactifications of M-theory to four-dimensional supergravity theories with N = 1
supersymmetry [[L1]], and it is the M-theory effective action that is relevant in that case. It
is known that there is a similar R* correction to the action of 11-dimensional supergravity,
although it is more closely related to the 1-loop contribution to the ITA effective action than
to the tree-level contribution, which actually has a different form. However, this difference
is irrelevant for Go compactifications, as are the CS terms, so that our results can also be
carried over to M-theory, as we explain in the final section.

2. Corrections to G, metrics

Our main concern, at least initially, is tree-level string corrections to supergravity solu-
tions of the form (Minkowski)y x Mg, for an 8-manifold Mg of special holonomy, and a
constant dilaton. Under these circumstances, all corrections to the supergravity equations
are determined by the Mg tensor

- 3
Xij 547 /d z\/gY . (2.1)

where Y is given by ([.6). From ([[.§) and ([[.12)) we expect to find that
Xij = VIV Xipje (2.2)

and our first goal will be to show that if Mg = R x K7, for a 7-manifold K7 of G5 holonomy,
then X;; = 0 and the tensor X,jj; takes the form ([[.15).

To this end, we first write the real SO(8) Dirac matrices as I'* = f’ieii, where T are
the constant Dirac matrices in a frame defined by the achtbein eii. As there is a naturally
defined ‘8’ direction, by hypothesis, we may suppose that the achtbein is block diagonal

with its 1 x 1 block equal to unity. We may now set

Ml=gyelt i=1,...,7; = -0 ®1s, (2.3)



where 1g is the 8 x 8 identity matrix, and then define the antisymmetric, and imaginary
8 x 8 SO(7) Dirac matrices I'* (i = 1,...,7) from I'? using the 7 x 7 achtbein block. We
choose the signs such that

il T = 1g. (2.4)

Chiral SO(8) spinors are eigenspinors of
To=TL. . TE=03015. (2.5)

As this matrix is diagonal, we have
Yy
Y= ( 2.6
o (26)

where 11 are real 8-component SO(7) spinors such that ¢ is chiral if ) = 0 and anti-chiral

The expression ([[.6]) may now be written as

Y x /d8¢+d87/) exp |:(1Z+ I’ ¢+) (1;— r+ 7/)—> Rz‘jkz} (2.7)
where from (P.3)) we have the 8 x 8 Gamma matrices

rg:rwzrwzi[w,rﬁ], [P=-r%=4i" (i,j=1,....,7). (28

This + symmetric form is actually the form of this integral originally given in [f]. For the
Dirac matrices as specified above, ¥+ = 11. Performing the Berezin integration one has

Y o eXas Egl.uﬂs [(PiliQ)OélOég o (Fi7i8)a7a8] [(Fjljé)ﬁlﬁg . (Fj7j8)ﬁ7ﬁg] %
X Riyigjija Rigiagaja Risicjsje Ririsjris » (2.9)

where aq, 31, ... are 8-component spinor indices of SO(7).

We now take the eight-dimensional transverse space to be of the form R x K7 where
K7 is a seven-manifold of G2 holonomy. On K7 the decomposition G2 C SO(7) implies
that the 8-dimensional spinor representations decompose as

8y — T+1. (2.10)

The singlet corresponds to a covariantly constant real SO(7) spinor 7. It is convenient to
normalise this (commuting) spinor such that 717 = 1, where 7 = ' for a pure-imaginary
representation of the SO(7) Dirac matrices. A useful Fierz identity is

Cinnli+nn=1. (2.11)

In computing the variation of Y we can make use of the zeroth-order conditions implied
by the G2 holonomy of the unperturbed background, after having performed the variation,
of course. Let’s first see why Xij = 0 in ([.§) for such manifolds. The tensor Xl-j arises
from variation of the achtbeins used to define the Dirac matrices T from the constant



matrices I' (because the variation of the /—g factor yields a contribution proportional to
Y that vanishes in the undeformed background). This leads to a term of the form

deit [ (B4 TH46) T + (6T T (2.12)

in the integrand of (R.7), where Tfj[ are tensors containing the remaining 14 independent
spinors with the property that they vanish whenever any of these 14 spinors is a Killing
spinor. We have two Killing spinors of opposite chirality, so in each of the above two
terms, one of them must appear in the associated T-tensor, and hence the coefficient of
the achtbein variation vanishes.

In contrast, variation of the metric appearing in a curvature tensor produces a non-
vanishing result since the variation now involves a variation of a T-tensor, and the varied
T-tensor does not have the crucial property of vanishing whenever one of its 14 spinors is
a Killing spinor. Alternatively, this follows from the observation that a varied curvature
need not have special holonomy (i.e. need not have zero eigenspinors on either front or
back indices). Using the Palatini identity for the variation of the curvature, one finds that

SY o tras Egl.uﬂs [(Fim)alo@ . (Fi?is)amg] [(Fj1j2)6162 .. (Fj7j8)67ﬁs] %
X Riyigjijs Risisgsjs Risigsjs VirV iz 0Yisjs - (2.13)

where the three unvaried Riemann tensors are those of the unperturbed background.

An arbitrary Majorana spinor on K7 decomposes according to (B.10), and from (R.11])
we see that i[';n provides a mapping between the reduced 7-component index of a spinor
that is orthogonal to 7, and the 7-component vector index. The SO(7) Clifford algebra
is spanned by the real symmetric matrices (1,4l';;;) and the real antisymmetric matrices
(iT';,T'y5). It follows that the only independent covariantly-constant tensor that we can
form from the Killing spinor spinor 7 is

Cijk = 177F2]k77 (214)
This is the calibrating 3-form in the Go manifold K7. Its Hodge dual
y 1 ..
M = Eez]kémnp Cmnp = 'F]Fijkf'r/ (215)

is also covariantly constant; we assume here that tensors have components with respect to

an orthonormal frame. Using (R.14)), (R.15)), and (R.11]), one can deduce that

Cijm ckém = —Ciju + 25;3[ R Cijmn ckﬁmn = —QCZ‘jM + 85M

ij s (2.16)

The expression (2.13) for 6Y can now be simplified using properties of G5 manifolds.
We can choose a spinor frame in which the 8-component spinor indices decompose as
a = (@,8), etc, where the covariantly-constant spinor n® has a non-vanishing component
only when o = 8. The mapping between a 7-vector and the reduced spinor n¢ is then
implemented with (I';n)5. Using this mapping, and making use of the G3-manifold identity

Rijkf Ckemn = 2Rijmn, (217)



we see that Y can be written as
OY oc M6 ghIIe Ri1i2j1j2 Ri3i4j3j4 Ri5i6j5j6 'm0 ViV 59%' (2-18)

The constant of proportionality can be absorbed into the constant ¢ in ([L.2), so an inte-
gration by parts in (R.1]) yields the result

Xij = Cikm Cjon VEV 2T (2.19)

where 1
= ﬁemilm% enle Rivigjugs -+ Risigjsje - (2:20)
Note that Z% = ZJ% and that V; Z¥ = 0 as a consequence of the Bianchi identity for the
Riemann tensor. Note also that
97 X;; =07 (2.21)

where
7 = gmnZ™". (2.22)

We thus obtain the modified Einstein equation
Ry = co® [ViV,Z + Cipmejen VIV 2™ (2.23)

This takes the general form (|l.14]) with the tensor Xji;¢ as given in ([L.15).
If one takes K7 = R x Kg with Kg a Calabi-Yau 6-manifold then the only non-zero
components of the tensor Z9 are Z77 = Z. As

where J;; is the Kéhler 2-form, we have
Ry = co® [ ViV + Ty JuVHV!] 2. (2.25)

As Z is the Euler density for Kg, we recover the Calabi-Yau result of [f].

Although it was not necessary for the discussion we gave above, it is instructive to note
that there exists a fully covariant lagrangian that gives a modified Einstein equation which
reduces to (P-23) upon restriction to a leading-order (Minkowski)s times Ga-holonomy back-
ground. Specifically, this is obtained by expanding out the product of eight-dimensional
epsilon tensors in ([L.J) in terms of Kronecker deltas, and then allowing the indices to
range over all ten values. Terms of quadratic or higher order in the Ricci tensor or Ricci
scalar coming from this expansion are unimportant when considering o’ corrections to
the leading-order G backgrounds, but the terms of linear order in Ricci tensor and scalar,
together of course with the quartic Riemann tensor terms, do contribute to the order o’ 3
equations of motion in these backgrounds. The terms linear in the Ricci tensor and Ricci
scalar could be removed by field redefinitions, but since we have implicitly made a specific
choice of field variables, the coefficients of these linear terms are now uniquely determined.

Specifically, one finds that Y is given by

Y =Wy — Wy — W, (2.26)



where

bab b b baasb. biaqb
WO 12 (Ra1a2b1b2 RA2%39203 Ra3a4b4 ! Ra4a1b3 4 — Ra1a4a3b3 R*2P243%3 Ra1b152b4 Ra2 104 4) R

Wl = 6Rab <4Ra0de Rbfdg Refcg + 2Radbe Rechg RdChg - RaCde Rbcfg Rdefg) 3

Wa = R (Rabea B Ry — 2Roep RV R4 (2.27)

Note that W3 is nothing but R times the covariant expression for Z introduced in egs. (p.20)
and (R.29), namely

Z = Rapea R R4 — 2R epg RV R 40 (2.28)

'~

Using the lagrangian corrections defined by (PR.26)), with the specific coefficients of
the scheme-dependent (i.e. redefinition-dependent) terms W; and Wy, ensures that the
resulting field equations yield (P.2) if K7 is chosen to be of the form R x K¢ (or S x Kg).
This is a natural choice of scheme for this case, since it preserves the Kahler structure of the
metric on K¢ (although it does, of course, lift the Ricci-flatness of the metric, implying that
the holonomy enlarges from SU(3) to U(3)). This can be seen directly from the corrected
Ricci condition (R.25) by writing it in holomorphic coordinates, in which case it takes the
form R = co/ 3(9@852 . The same scheme choice (R.2) also ensures that, starting from
a general G holonomy manifold K7, the modified field equation is expressible as (.23).
Although in this case, unlike the Kéhler case described above, there is no intermediate
enlargement of the holonomy group between G2 and the full SO(7), it nevertheless seems
the natural G generalisation of the Kihler-preserving Ricci correction (R:25).! As we
shall next see, this form of the G2 correction allows, as in the Ké&hler case, an elegant
modification of the covariant derivative appearing in the Killing spinor equation, thus
permitting supersymmetry preservation in the corrected background.

3. The corrected Killing spinor equation

We seek a modified covariant derivative V; such that the ‘modified G’ space K7 admits a
(Killing) spinor 7 satisfying V,;n = 0 to order o/>. We expect

Vi=Vi+cQ; (3.1)
where Q; acts by (matrix) multiplication on 7. Let us define
Qij=ViQ; —V;Q;. (3.2)
Then, to order o/®, the integrability condition [@Z, @]] n =0 gives

1
ZRZ‘J'M ke n+ CO/SQZ']‘ n=020. (3.3)

In particular, as we have just seen, it has the feature that if one chooses the G2 manifold to be of the
form R x Kg, it preserves the Kéahler structure of K.



Multiplying by (R.11]), we see that this is equivalent to
Rije ckgm + 4co/3i77I‘m Qijn=0, nQimn=0. (3.4)
Multiplying instead by I'; and then using (B.4), we also deduce that
R;; = 200/377ij Qfn. (3.5)

Our criterion for determining @); will therefore be that it should satisfy 7@Q;;n = 0 and
that when substituted into (@), it should yield the corrected field equation ()
We find that the following @; fulfils these criteria:

Qi = —% cije VI ZM T, (3.6)
The verification of 7 Q;; n = 0 is immediate, and from (B.5)) we find
Rij = —co’® (cjhn 0 ViVe 2 = cigy c3n VV* 27
= co® (vivj Z + Citm Cjin VIV Zmn) . (3.7)

We have now found a modified Killing spinor equation such that a space admitting a
Killing spinor must solve the modified Einstein equation to order o', One would expect
this condition to be equivalent, to the vanishing of the supersymmetry variation of the
gravitino to order o/ 3, but the latter makes sense for any background metric whereas our
expression for (); involves the associative 3-form c;j;, that exists only on manifolds of G
holonomy. However, it is possible to rewrite ); in purely riemannian terms. To do this,
we first use (R.22) and the identity

i

Ti = = €ijijs [J1de (3.8)
to rewrite (B.6]) as
Qi = 6_4 Cijk Ek“ A (Ri1i2j1j2 T Risiejsjﬁ) e, (3-9)
Next, we note that
Ciji €170 = 17Ty Ty etio

= Ly Ty,

I —

= 98111 sl (3.10)
From the property (R.17) we then find that (B.9) reduces to

3

Q; = 1_6 \VZJ (Rijmlmg szm3m4 Rk£m5m6 - 4Rikm1m2 Rj£m3m4 szm5m5) prme (3'11)

which is indeed purely riemannian.

,10,



After further manipulations, which involve distributing the derivative in (B.11)) and

using the Bianchi identity, one can further show that (); can also be expressed as
3 7 k¢ mi-meg
Qi - _Z (v Rikmlmg) Rj2m3m4 R msmeg T . (312)

In this form, @Q; can be recognised as precisely the same modification to the Killing spinor
condition that was proposed in [[J]. In that case, the proposal was based on the consideration
of deformations from SU(3) holonomy for six-dimensional Calabi-Yau backgrounds, so there
was no a priori reason to expect the same expression in the G5 case.

4. Explicit examples

In this section, we shall consider some examples of 7-dimensional metrics of cohomogeneity-

one, and, by making use of the modified Killing spinor equation
<vi - %a’?’cijkvjzk’f rg> n=0. (4.1)

Note that we set ¢ = 1 in this section, as this can always be arranged by a choice of
units for o’/. We use this Killing spinor condition to derive first-order equations for the
metric coefficients such that the metrics will give supersymmetric solutions of the modified
Einstein equations (2.23).2

4.1 S3 x 83 principal orbits with SU(2)? symmetry

For our first example, we take the case of cohomogeneity-one metrics with S3 x §% principal
orbits and SU(2)? isometry. This class of metrics was considered in [[[4], [5], where it was
shown that there exists a complete, non-singular Ricci-flat solution with G5 holonomy. One
starts from the metric ansatz

ds® = dt? + a’ (Ui — 22)2 + b? (O’i + 22)2 , (42)

where o; and ¥; are two independent sets of left-invariant 1-forms for the group SU(2), and
a and b are functions of ¢. Since the undeformed G9 metric, and hence also the deformed
one, admits a single Killing spinor 7, it follows that in the natural basis for the vielbein
and the spin frame, this spinor must be independent of the coordinates on the S3 x 3
orbits. We shall take

e = dt, e =a(o;— %), e =b (0 + %), (4.3)
from which it follows that
a b ; b1 J
WOZ':—EB, wogz—ge, Wij = 102 2 €ijk €
1 b
Wiz = —E €ijk ek ) W5 = _@ Cijk . (4'4)

After calculating D; in this frame one sees easily that 7 will be constant.

2Details of the uncorrected metrics and expressions for the tensors cijk can be found in Refs [E, E, @,

).

=l

— 11 —



It now becomes a straightforward matter to read off the equations that follow from
requiring that such a constant n satisfy the Killing spinor equation (f.1). As usual, we
may substitute the uncorrected first-order equations for Go holonomy when evaluating the

correction term Q; in (B-1)), given in (B-g), since we are working here only to order o'

, and
there is already an explicit factor of o’ 3 associated with this term. Thus the term Q; can
be expressed in purely algebraic terms. We find the following first-order conditions:

a b b b 1 .

2.7 - O T = 4.
a+2a2+51 0, b 4a2+4b+52 0, ( 5)

where

1
S = _a’?’m a2 (6851a® — 382744 b% + 6914742 b* — 39312b°) ,

Sy = 0/3% a” 1% (463a° — 2892a" b? + 45630 b* — 18900°) . (4.6)
Note that the o/ terms are total time derivatives. In their absence, equations (EH) reduce
precisely to the standard first-order conditions for G holonomy, yielding the non-singular
solution obtained in [I4, [[§]. We want to determine how this solution is modified by the
o/® terms. Defining a new radial variable p by dt = —b~!dp, and letting A = a?, B = b?,
the equations ([.§) become

dA dS, 1 dB 1 df
— +2A—=1 - — 4+ ==0 4.7
dp + dp ’ B dp 2B + dp ’ (47)
where 1
fZEIOgA+Sl+252. (4.8)

After some simple manipulations we therefore arrive at the solution

a®(p) = e 2510 /p e?51(®) gy
p1

1 P
B(p) = — e [S10)+252(0)] / a() el$1 @425 gy (4.9)
2a(p) 20

Regular solutions arise if we take p; < pg, so that as p runs from the asymptotic region
p = oo downwards, the metric function b vanishes while a is still non-zero. Provided that
p1 < po, the precise choice of value for p; is arbitrary, since the system of equations has a
shift symmetry p — p + constant. A convenient choice is to take p; to be the constant
such that a?(p) in (£9) is given by

a2(p) — ¢ 251(0) [p + / (1 — 6251(1)) dw} . (4.10)
p

The solution ([£9) to (f.5) would be exact if we viewed S; and S as arbitrarily-specified
external “source functions.” In fact, of course, S; and Sy are themselves given by ([.6),
and so (.9) should be viewed as integro-differential equations governing the functions a

and b.
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The equations (f£.9) can easily be solved up to the order o’® to which we are working,
since one can simply substitute the leading-order solutions for the undeformed G2 holonomy
metric into the expressions ([I.6]) for S; and Ss, since they already carry an explicit factor

"3 These leading-order solutions can themselves be read off from (E.9) by setting S

2 2 1 Po /
= = 1 . A1
a 0, b p ( > (4.11)

These expressions give the standard complete, non-singular metric of G holonomy found

of «
and Sy to zero, yielding

in [[4, []. The explicit solution with o’ 3 correction can then be obtained straightforwardly
using ({.9), where S; and S take their Ricci-flat background forms. It is given by

3/2 9/2
@ =p[1+2a? 10 22000 210} Loy
32 9p3  63p9/2 48p5  9p1s/2 | |7
2 L[ ( p0>3/2 R 4589 6611 86305 >
= — —_ B —Q —_ —_ —_
37 32 2016(p po)32 | 20165°  672p°72

45103 133922
Po Po 1. (4.12)

288p6 1 72p15/2

This solution is finite everywhere from p = pg to p = oc.

It should be noted that the solution (f.12) does not have a smooth py — 0 limit.
In fact, it is of interest to look in closer detail at what happens if the parameter pg in
the original G holonomy solution (f11)) is taken to be zero, implying b% = %a2. This
corresponds to the situation where the cohomogeneity-one metric is nothing but the cone
over S3 x 3, since the G metric is then

1 1
ds® = dt* + EtQ <(O’Z — EZ’)Q + g(O’Z + Ei)2> . (4.13)
The quantity in the large parentheses is the Einstein metric of weak SU(3) holonomy on
S3 x §3. The metric (f.13) is, of course, singular at ¢t = 0, the apex of the cone. If we now
take this leading-order solution, and follow the same procedure of studying the higher-order
corrections up to order o’ 3, the calculations become very simple. In fact with b? = %aQ,

the first-order equations ([.5) reduce, after substituting the leading-order solution into the

_ V3 <5a,3 1) . (4.14)

expressions for S; and Ss, to

6 \ 24a8

This can be solved by defining a new radial variable r such that

dr = [(%)o/g a8 — 1} dt, (4.15)
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whereupon the metric becomes?

5 dr? 1, 5 1 5

where m? = 3(45)'/3 o

This metric is smooth as one descends from large r to a minimum value at 7 = m, which
is at infinite affine distance. This is suggestive of what one might expect from string theory
given that string theory generally permits conical singularities. Of course, the metric should
really be expanded in powers of m?, and only the leading, m®, correction retained, since the
higher-order terms in this expansion are of the same order of magnitude as others we have
neglected. Actually, the expansion parameter here is m?/r?, on dimensional grounds, so
for any finite m we would never be justified in considering r ~ m; the geometry in a region
of size m near what was the apex of the cone in the unperturbed, supergravity, solution is
inaccessible within the o expansion. However, it is clear that string corrections do change
the supergravity result in this region, and it is plausible that this effect is captured by the

metric (JL.16).

4.2 S3 x S3 principal orbits with SU(2)? x U(1) symmetry
For the next example, consider
ds® = dt? + a? (Uz' — 21)2 + b?(az + EZ)Q (417)

where the o; and ¥; are again the left-invariant 1-forms of SU(2) x SU(2), and we split the
triplet index as i = (1, ). The first-order equations can be expressed as the following

/
a} a1 as bo ay az bs
1 _ — K =0
al 4a3 b1 + 40,1 b2 + 4@1 as 4a2 bg + 4@1 bg + 4@1 a9 A ’
/ b b b b ~
1 az as 1 1 2 3 + K, =0, (4.18)

a + 4a3 b1 + 4a2 b1 B 4&2 as + 4b2 b3 B 4b1 b3 B 4b1 b2

together with the cyclic permutations of indices 1,2 and 3. The equations for the leading-
order Ricci-flat metric were obtained in [[[6]. We have worked out explicitly the result for
the o/ contributions K, and I?i; however, they are too complicated to present here since
they involve thousands of terms. In [[[7], an analytic solution for a special case a3 = ay

and bg = by was obtained; in terms of the new radial variable r defined by

B 9(r —L)(r+0) B
dt__\/4(r—3€)(r+3£) dr = h(r)dr (4.19)

3Results for the modification of G2 holonomy metrics given in [E] suggested that the singular cone-metric
limits of the regular cohomogeneity-one G2 metrics would not suffer o'® corrections. By contrast, we find
non-vanishing modifications in the cone-metric limits for all the known G2 holonomy examples, and indeed
our results in general differ from those in [E] The apparent discrepancy between our results and those in [E}
may be due to a different choice of scheme.
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we have

alz—%r, agzagz\/%(r—é)(T—}—?)f)
B (r—30)(r+30) L 3
by = f\/ (’I“ —f)(’r‘—{—f) , by = by = —\/1—6(7’—|—€)(T— 3() . (420)

For this Ricci-flat G2 background, we have

3276800/ % 02 (14 — r2 02 4 320%)

hK| =
! 243(r2 — £2)7 ’
819200/ 2 (16 — 1472 ¢ + 3574 02 — 6473 (3 — 7712 (* — 661 £ — 39(6
hK2 = )
243(r — 0)8(r + 0)7
Wi 3276890’ (2 (rS — 2014 2 4 237r2 14 4 118(5)
1= )

243(r2 — (2)8

~ 819200/ €2 (rS + 1475 £ + 3574 02 + 6413 63 — TTr2 14 + 661 £5 — 39(5)
hKy = o (4.21)
243(r — £)7 (r +£)8

with K3 = K5 and I~(3 = IN(Q. The o/® correction to the metric of (9 holonomy could now

be worked out explicitly as in the previous example.

4.3 CP? principal orbits

The simplest description of these metrics is the one given in [[[6], in which the left-invariant
1-forms Lap = —Lpa of SO(5), satisfying dLap = Lac A Lcop, are decomposed into

Ri = % <LOZ + %Eijk: L]k> s Lz = % <LOZ — %eijk ij> s Pa = La4 . (422)
Here the index 0 < A < 4 is split as A = (a,4) = (0,,4), and so the L; and R; are
left-invariant 1-forms of the SO(4) ~ SU(2), x SU(2) g subalgebra, and P, are in the coset
S4 =S0(5)/SO(4). Thus the 1-forms (R;, P,) span S7 described as an SU(2) bundle over
S4 and so (R1, R, P,) span CP? = S7/U(1), viewed as an S? bundle over S*. The ansatz
for cohomogeneity-one metrics with CP3 principal orbits is then

ds®> = dt? + a> P? + b* (R? + R3), (4.23)

where a and b are functions of ¢.
Following the same procedure as in section |1, we find that the first-order equations

for a and b are )
a b . b b 2 .
-—+—4+5=0 ———+4+ -4+ 5=0 4.24
a+2a2+1 ’ b 2a2+b+ 2 ’ (4.24)

where S1 and S are given by

9
Sy = —50/3 a™12 (4a® — b?)(256a* — 2340 b? + 51b%)

9
Sy = 1_60/3 a2 (8a2 — 3b%)(44a* — 38a% b% 4 9b*). (4.25)
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These equations can be solved by introducing a new radial variable p, defined by dt =
—b~1dp. After analogous manipulations to those described in section [L.1], we find that a
and b are given by

a*(p) = e~ 251(0) /P e251@) g |
p1

B(p) = o e 25104200 /”az(x)ez[smstxxn . (4.26)
a*(p) po

As in section {.1|, we should take p; < pp, with the simplest choice being such that the
expression for a? in ({.2§) is given by ([£10). Again, these exact integro-differential equa-
tions can be solved easily, at order 0/3, since one can substitute the leading-order solutions
a? = p, b* = 2p(1 — p3/p?) of the Ga-holonomy metric (as found in [[[4, [[J]) into the

expressions ([L.25]) for S; and Sy. We find that

9
a2 =p+ (E) o p® (—24p6 +130p" p§ + 616p% pj + 459p8>

b2

2 9 L
2p [1 - (%)] + <§>O/3(p —po)’py o <326p7 +6280° po + 930p° pf +
+ 10900 3 + 12500° pg +
+ 1108025 + 9668 + 483;)5). (4.27)

4.4 SU(3)/U(1)? flag-manifold principal orbits

In this example, it is convenient, as in [[[f] to introduce the (complex) left-invariant 1-forms
LaP of SU(3), which satisfy (La®)l = L4, La?* = 0 and dLa® = iLs® A Lc®P, where
A =1,2,3. The six real 1-forms defined by

o1 +io9=Ly3, Y1413y = Ly?, v +ivg = L2, (4.28)
span the coset SU(3)/(U(1) x U(1)) of the flag manifold.

4.4.1 Biaxial ansatz

First, we consider a biaxial ansatz for the metric, with
ds? = dt* + a* (03 + 05 + X3+ 22) + V(v +13), (4.29)

where a and b are functions of ¢.
Following the same procedures as in the previous examples, we find that the first-order
equations for the existence of a singlet Killing spinor are given by

Q@ b, b2,
- = = = 4.
3T5 =0, T4 5T +5=0, (4.30)

a a

where S7 and S5 are given by

Sy = —54a’% a2 (2a% — b?)(20a* — 39a2 b% + 17b%)
Sy = 1080/ a~ 12 (20a° — 41a* b* + 31a%b* — 98°) . (4.31)
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Following analogous procedures to those applied above, we define a new radial coordinate
here by dt = b~! dp, leading to the solution

(o) = 22500 [ "1 gy

p1
D(p) = — = 2510+5:0) 7 2 (291052 gy (4.32)
a*(p) po
As in the previous examples, we can choose p; so that we here have
a?(p) = 2e7251() [p + / (1 - 6251(9”)) dm] . (4.33)
p

In this case the solution to order o/ is

9
a® = 2p+ <§> o' (=72p% 4+ 90p* p2 + 616p° i — 45905) ,

I Qp[l - <Z—§>] + (2) o (p— pO)nglp*m(smp? +9320°% po + 1362p° p§ +
+ 13060 p + 1250p° pg +
+ 1108025 + 9668 + 483;)5) . (4.34)
4.4.2 Triaxial ansatz
The biaxial Flag metric ansatz (J.29) can be generalised to a triaxial ansatz, with
ds®> = dt® + a® (0} + 02) + V(22 + 22) + (v + 13), (4.35)
We find that the first-order equations are

a a?—b%—c?

— = _5 4.36
a abc ! ( )
and its cyclic permutations with S1,S2, .53, where
54(a2 4+ 12 — ) (a® — b2 + 2
P Cs gbg(g o) (186" 4+ 175° 4 176" — 31a%% — 200%° — 31a° ¢ -
abbb¢

—106%¢% — 29a2¢5 — 10028 + 25a*b* + 250t —
— 14b%ct + 32a* 0% + 942 P + 25022t (4.37)

and cyclic permutations for Se and S3. These equations may be simplified by defining

up =bec, us = ca, ug =ab, (4.38)
and introducing the new radial coordinate p such that dp = —abcdt. The equations then
become 5

uy — = (S5 + S3) (4.39)
1

and cyclic permutations, where the prime indicates differentiation with respect to p. These
equations can be integrated to give

P
R (p) = 4o 25002560 [7 25250 g (4.40)
p1

and cyclic permutations. The functions wui, us, u3, and hence the metric coefficients a, b, ¢
may then be found to order o/ 3 as before.
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5. Lifting to M-theory

So far we have focused on the o/ corrections at tree level in type Il string theory, which are
identical for type IIA and type IIB. The IIA string can be viewed as an S' compactification
of M-theory, and to this extent our results are also of direct relevance in M-theory. However,
all tree-level o’ corrections to the string effective action vanish in the decompactification
limit in which we recover uncompactified M-theory. Nevertheless, there are R* corrections
in M-theory, which arise in the context of ITA string theory as one-loop corrections to
the o/>R* term in the effective action. The IIB contribution to the R* term at one loop
has the same structure as the tree-level term, as required by SI(2; Z) duality, but the IIB
and ITA contributions are no longer identical at one-loop because of the different Ramond-
Ramond sectors circulating in the loop. The situation can be summarised as follows (see,
for example, [[2, [[3]). From ([L.H) one sees that Y can be written as

Y =Y, — Es (5.1)

where Yy ~ tgtgR* and Eg is the 10-dimen- ‘ ‘
sional scalar that reduces to the Euler density
on Mg. The o’® contributions to the type-IIA
and type-IIB effective lagrangians at tree-level

Tree Level ‘ One Loop ‘

IA: | e72? (Yo — Eg) | Yo+ Es + CS
IIB: | e72¢ (Y — Eg) Y, — Fs

and 1-loop can now be summarised by table [, Table 1: String tree-level and one-loop cor-
where CS stands for a B A tgR* Chern-Simons rections
term [L§].

The one-loop CS contribution to the ITA theory lifts to a similar A A tgR* term in
eleven dimensions [[9]. Fortunately, this term is irrelevant to G5 compactifications, as is
the Fg term, in view of their n = 7 dimensionality. For our present purposes, we may
consistently set the 4-form field strength to zero, in which case the relevant part of the

(bosonic) M-theory effective lagrangian density can therefore be taken to be just
L1 =+/—§ [R—AYO] , (5.2)

where A ~ £, must be small in comparison to the length scale of the compactifying solution.
It should be understood that the hatted quantities are eleven dimensional. Of course, this
also implies a particular choice of field variables; one could also include terms that vanish
by use of the leading-order field equation R,y = 0. Clearly, the choice of whether to
include such terms or not is a matter of taste, related to the desired form of the resulting
field equations. Indeed, in the following we shall make a specific choice of field redefinition
that has the virtue of producing the same form of the internal space deformations as we
obtained previously in section P at string tree level. We recall that, in particular, this has
the feature that for an internal space of the form K; = S' x Kg, the initially Ricci-flat

Kahler space Kg remains Kihler even after the quantum deformation.*

4This scheme choice can be contrasted with that made in ref. [E], which does not preserve the Kéhler
condition.
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In order to apply our previous results directly in eleven dimensions, we now consider
this field redefinition in detail. The need for this redefinition arises from the fact that
in our string theory discussion of section P} the eventual form (R.23) for the modification
of the Ricci-flatness condition on the (G5 manifold included a contribution from an o' 3
correction to the dilaton. In eleven dimensions, where there is no dilaton, the equations of
motion that follow from (p.2]) would therefore imply a different equation from (R.23) for the
corrected Go metric. We can compensate for the absence of the dilaton by adding a term

proportional to R Z, where Z is given by (R.28) evaluated in eleven dimensions, achieved
by performing the field redefinition

i 2 .\

gun — (1 + §)\RZ> gun - (5.3)
After this field redefinition, the lagrangian density (@) becomes

L1 = /=4 [R— AYp + )\RZ] ,
= V=g | R A0 — Wih - 210 (5.4)

It easily verified that the resulting field equations are solved by backgrounds of the form
(Minkowski)4 x K7, where K7 has a modified G metric satisfying the same equation (2.23)
as we had for the (Minkowski)s x K7 metrics in string theory. Note that since A is itself
“small,” and R is of order A, when varying the additional term in (f.4) we need only retain
the terms coming from SR = (—@M Vi + Jun ﬂ) OGMN + ...

The modified D = 11 equations following from (f.4) with leading-order correction
terms specialised to the (Minkowski)y x K7 case take the form

A 1~

Ruu - §RQW/ = _)\gMVDZ (55)
A 1 -

R;; — §R§ij = \NX;; +ViV;Z —g;;,02), (5.6)

where X;; was given in eq. (B.19). For D = 11 spacetimes of the form (Minkowski)y x K7,
we have R = R, where R is the 7-dimensional Ricci scalar. Using (F.§) and (R:21)), one has
R = 2MZ and hence

Rl'j = )‘(XZJ + VZV]-Z) . (57)
Eq. (B-5) is then identically satisfied for a (Minkowski)s x K7 spacetime, because it simply
reduces to —A0Z7,, = —A0Zn,,. Accordingly, the M-theory deformation of a G2 internal
manifold as given in eq. (b.7) is exactly the same as that given by (R.23) for the D = 10
string tree-level case.

If one uses the standard Kaluza-Klein ansatz for reduction to D = 10

ds3, = e_%&dsfo + 39 dy? (5.8)

then one finds the lagrangian density

L1 = \/—_g{e% [R+4(8<5>1 —AY0+AZ(R+4D&)} T (5.9)
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where the ellipses represent terms of higher order in the small parameter A, which are
unimportant at the order to which we are working. The trickiest part of this calculation is
the evaluation of the term O¢ Z, which arises from the Kaluza-Klein reduction of Yy and
Wy = RZ. It is useful to note that at the linearised level, which suffices for our purposes,
the reduction of the Riemann tensor gives

N

23 1 = ~ b o
R;wpcr = e3? R,uzzpa - g <vpvu¢ Guo — VoV Gup — va“qb Jvo + vovu¢ .gl/p) > (5'10)

and that the substitution of this into Y can be evaluated using the variational formula (B2
and the relation (R.21]) which holds in the original G5 background.

The terms involving Z in (f.9) can then be removed by redefining the dilaton according
to

<5:¢+%)\Z, (5.11)

which implies that (5.9) becomes
L1 =v=g {7 [R+4(00)°| - AYo}+---, (5.12)

This is the part of the o 3 corrected effective action given in table ] at one string loop for the
type-IIA theory that is relevant to G compactifications.® The dilaton redefinition (f.11])
is easily understandable when one recalls that the field ¢ appearing in the Kaluza-Klein
reduction ansatz (f.§) is constant in the (Minkowski)y x K7 background, whereas the
redefined dilaton ¢ appearing in (p.11)) is non-constant, and precisely reproduces what we
found in ([.L1J) in the string compactification discussion of section P

If one tried to oxidise directly the D = 10 corrected lagrangian L9 of eq. (p.12) back
to D = 11 via the standard Kaluza-Klein ansatz d3?; = efgd’ds%o +e3? dy?, one would not
obtain a manifestly D = 11 covariant result, since g1111 would appear asymmetrically in
the correction terms. Moreover, the (Minkowski)s x K7 vacuum of the D = 10 theory would
not lift via this oxidation up to a manifestly D = 4 Lorentz invariant (Minkowski)s x Ky
solution. The field redefinition (F.11]) resolves these issues, allowing one to pass between
the quantum corrected D = 11 covariant action (f.4) and the corrected D = 10 string
action (p.19), and similarly for the (Minkowski)x K7 solutions. Of course, one could equiv-
alently wrap the field redefinition (f.8)) into the Kaluza-Klein ansatz and so view the passage
between the D = 11 and D = 10 theories to be via a quantum corrected KK ansatz.

We have thus shown (in close analogy to string theory) that the R?* corrections to
M-theory preserve the supersymmetry of the Kaluza-Klein vacua of 11-dimensional su-
pergravity of the form (Minkowski)y x K7 in which K7 is a (Ricci flat) 7-manifold of G2
holonomy, although (as in D = 10 string theory) these corrections do not in fact preserve
either the Ricci flatness of K7 or its Go holonomy. This circumstance may suggest that
an appropriate perspective for interpreting the preservation of unbroken supersymmetry
might be that of generalised holonomies [R1].

5The tree-level contribution arises from consideration of the Kaluza-Klein modes @]
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