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ABSTRACT: We complete the next-to-next-to-leading order QCD calculation of the branch-
ing ratio for B — X /*¢~ including recent results for the three-loop anomalous dimension
matrix and two-loop matrix elements. These new contributions modify the branching ratio
in the low-¢? region, BRy, by about +1% and —4%, respectively. We furthermore discuss
the appropriate normalization of the electromagnetic coupling o and calculate the domi-
nant higher order electroweak effects, showing that, due to accidental cancellations, they
change BRyy by only —1.5% if (i) is normalized at p = O(my), while they shift it by about
—8.5% if one uses a high scale normalization y = O(My,). The position of the zero of the
forward-backward asymmetry, g3, is changed by around +2%. After introducing a few ad-
ditional improvements in order to reduce the theoretical error, we perform a comprehensive
study of the uncertainty. We obtain BRy(1GeV? < ¢? < 6 GeV?) = (1.57 £ 0.16) x 1076
and g2 = (3.76 + 0.33) GeV? and note that the part of the uncertainty due to the b-quark
mass can be easily reduced.
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1. Introduction

The rare semileptonic b — s¢*¢~ transitions have been recently observed for the first
time by Belle and BaBar in form of the exclusive B — K®)¢t¢~ modes ], and also
inclusive measurements are now available [f]. Like all other flavor-changing-neutral-current
transitions, these channels are important probes of short-distance physics. Their study
can yield useful complementary information, when confronted with the less rare b — sv
decays, in testing the flavor sector of the Standard Model (SM). In particular, a precise
measurement of the inclusive B — X ¢1T¢~ channel would be welcome in view of new
physics searches, because it is amenable to a clean theoretical description, especially for
dilepton invariant masses, m%e = ¢?, below the charm resonances, namely in the range
1GeV? < m?e < 6 GeV2. In theoretical calculations the reference window is usually 0.05 <
§=m32,/m? < 0.25.

The SM calculation of the Branching Ratio for B — X /*¢~ in this low-3 region,
BRy, in the following, has reached a high degree of maturity [B, i}, B, §: it now includes
a nearly complete resummation of large QCD logarithms L = lnm;/My, up to Next-to-
Next-to-Leading Order (NNLO). The peculiarity of the b — s¢*¢~ amplitude is that it
involves large logarithms even in the absence of QCD interactions. Factoring out G ,«,
it receives contributions of O(a?L™"1) at Leading Order (LO), of O(a?L") at Next-to-
Leading Order (NLO), and of O(a?L"!) at NNLO. Since the QCD penguin operators
@3—Qg¢ are suppressed by small Wilson coefficients, which makes the computation of their
two-loop matrix elements dispensable,’ the only potentially relevant NNLO terms still
missing at low § originate from the three-loop Anomalous Dimension Matrix (ADM) of the
operators in the low-energy effective hamiltonian, and from the two-loop matrix element

n B — X the two-loop matrix elements of Q3—Qgs reduce the branching ratio by around 1% @]



of one of them, namely the vector-like semileptonic operator (9. Finally we would also
like to remark that the NNLO matrix elements of the current-current operators @01 and Q2
for the interesting high-3 tail of the B — X ¢T¢~ decay distributions have been calculated
just recently [§].

On the other hand, electroweak effects in b — s¢/™¢~ have never been studied in the
literature. As shown in the case of radiative decays [[, [0, [1], they may be as impor-
tant as the higher order QCD effects. BRy, is generally parameterized in terms of the
electromagnetic coupling «, but the scale at which « should be evaluated is, in principle,
undetermined until higher order electroweak effects are taken into account. This has led
most authors to use a(my) ~ a(my) ~ 1/133. Indeed, as we will discuss later on, in the
absence of an O(«a) calculation, there is no reason to consider a(mys) more appropriate
than, say, a(My) ~ 1/128. As BRy is proportional to o2, the ensuing uncertainty of
almost 8% is not at all negligible [[[J.

The purpose of this paper is threefold: (i) in section f we evaluate the two main missing
NNLO QCD contributions to B — X /T¢~ taking advantage of the new results for the
three-loop ADM [[[3], [4] and of existing calculations of O(a?) corrections to semileptonic
quark decays; (ii) in section Bl we study to what extent higher order electroweak effects
influence this decay mode by calculating the dominant O(«) contributions to the running
of the Wilson coefficients and estimating other potentially large effects; (iii) in section §] we
update the SM prediction of BRy, and of the position of the zero of the Forward-Backward
(FB) asymmetry, $g, using the above results, and discuss a few improvements aimed at
reducing the residual theoretical error in those observables.

2. Completing the NNLO QCD calculation

Let us first focus on the missing NNLO QCD contributions. The main steps of the NNLO
calculation have been outlined in [B], while two-loop matrix elements and bremsstrahlungs
corrections have been computed in [fI]. In the following we adopt the operator basis of [B],
which we enlarge to include the electroweak penguin operators Q:;QfQGQ and the operator
Ql{, in view of our subsequent discussion of electroweak effects:

Q1 = (517, T%r) (" T y), Q2 = (5pyucr)(en*br) ,
Qs = (Sp7ubr) >_(@"q), Qs = (507%T%2) Y _(Gv"T"q),
q q
@5 = Grymnbn) Y@ 0. Qs = ey ) Y (@174 T%)
q q
Q?? = (507:01) Z Qq(07"q) Q? = (SL7.T"br) Z Qq("T"q),
q q
QSQ = (§L7u7u7pr) Z Qq(QVHVVVPQ) ) Qg = (EL'YM'YV’YpTabL) Z Qq(qY'+"~PTq) ,
q q
b 1 ht 1 - Pt AP
Q7 = —3 (52791 ) (07"0) + 5 (5L7um7pbL) (0777 77b)
e 1
Q7 = _me(gLO'MVbR)FMV, Qs = ;mb(gLO"WTabR)GZV,



Qo = smﬂbL > (o, Qo0 = smﬂbL > (O yst). (2.1)
gs ¢ gs 14

The operator Q% corresponds in four dimensions to (5 £Y*b1)(bry,br) and receives contri-
butions from electroweak boxes [[f]. In order to avoid the introduction of traces with s
at all orders in QCD, we have rewritten this operator in a slightly more involved form.?
The renormalization scale dependence of the Wilson coefficients CT (1) = (C1(p), - . . ,

Cio(p)) of the effective operators is governed by the Renormalization Group Equation
(RGE) whose solution is schematically given by

C(1) = U, pro, @) C o) - (2.2)

In the case at hand we are interested in the running of the Wilson coefficients from the
electroweak scale pg = O(My ) down to the low-energy scale p, = O(my). Neglecting
for the moment the electromagnetic coupling «, all the QCD corrections to the initial
Wilson coefficients relevant at NNLO have explicitly been given in [, while the only
O(a?) contributions to the evolution matrix U(p, o, o) pertinent to b — s¢T¢~ at NNLO
concerns the mixing of Q5 into Q7 and Q9. Expanding U(,u o, &) in powers of as(pp)/4m
— see eq. (B.J) — we denote these terms by US(27)2(,ub, o) and U(g)Q(Mb, to), respectively.?

The ingredients necessary for the calculation of U (7)2(,%, o) were already available four

years ago, and are included in [f]. On the other hand, the calculation of U S(’Q)Q(,ub,,uo)

requires the knowledge of the three-loop self-mixing of QQ1—Q¢ as well as the three-loop
mixing of Q1—Qg into Q9. The relevant ADM entries have been calculated only recently
in [[L3, [4]. Solving the NNLO RGE [[4, [l§], we obtain

©

U ,Ufb“uo Z Znai + cinai+1 + dinai+2:| ~ 181.42 6—5.190177,’71.5212’ (23)

=1

where 7 = a4(uo)/as(up), and the so-called magic numbers a;, b;, ¢; and d; can be found in
table fl. Using as(M,) = 0.119 and m;, = 4.8 GeV, we find numerically U(9)2(mb,MW) R
4.1. Unless n < 0.48, our result is within the range that was guessed in [B], =107 <
U ;29)2 (s o) < 107. Our determination of U 55,29)2(”1” Lip) eliminates one source of uncertainty
in the NNLO calculation — we will study the residual scale dependence later on — and
increases the value of BRy, presented in section | by about 1%, the exact amount depending
on the choice of the various renormalization scales.

Another missing ingredient of the complete NNLO calculation is the two-loop O(a?)
matrix element of Q9. This contribution is necessary because Q9 has a non-vanishing
matrix element at tree-level as well as a non-zero Wilson coefficient in leading logarithmic
approximation. Fortunately, no explicit calculation is necessary in this case as the QCD
corrections to b — s¢1¢~ are identical to those to b — wlv (t — blv), in the limit of
vanishing strange (bottom) quark mass. In particular, we want to have the QCD corrections

2We thank M. Misiak for this suggestion.
3The definition of Ugf) (16, o) adopted in eq. (37) of ref. [E] corresponds to T]US(?Q)2 (16, po) used here.



il 1 2 3 4 5 6 7 8 9
a| o —2 04086 —0.4230 —0.8994 0.1456 -1 -2 >
b; [ 12.4592  0.6940 —1.7339 1.2360 —0.1921 0.3998 0 0 0
¢ |—2.5918 —0.2971 —0.5949 0.1241 0.3170  2.8655 0 0 0
d;| 1.3210 3.1616 —0.4814 19362 —5.0873 0.0468 —13.5825 0 0

e; | —0.0238 0.0107 0.0023 0.0071  0.0050 —0.00003 —0.0087 —0.0008 0.0342

fi| 0.0010 0.0130 0.0045 —0.0022 —0.0714 —0.0008  0.0299 0 0
gi 0 0 0 0 0 0 0.0035 0 0
h;| 0.0114 —0.0107 —0.0012 —0.0057 —0.0098 0.0002 0.0122 0 0

Table 1: Numerical coefficients parameterizing the RGE solutions in eqs. (R.3), (B.6) and (B.7).
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Figure 1: Second order perturbative corrections to the matrix element of Qg, see eq. (@), as
a function of the dilepton invariant mass. The lower (upper

~—

red curve corresponds to the 1 — §
expansion up to third (fourth) order [@]7 while the blue curves correspond to the 5 expansion [B]
(central value and linearly added errors). The shaded areas show the cuts of the experimental
analysis of the Belle and BaBar Collaborations [J] to reject backgrounds due to J/4) resonances.

to the dilepton invariant mass spectrum. The O(a?) corrections to this spectrum for the
decay b — wufv have been computed in [[[7] in terms of an expansion in 1 — §, which
converges also well in the low-§ region of interest. The results up to third and fourth order
in the 1 — § expansion are shown in figure [, in the b-quark pole mass scheme.

The dilepton invariant mass spectrum at small § can also be obtained from the M2, /M?
expansion of the second order QCD corrections to the top quark decay calculated in [[[§].
In principle, using the replacements My, — my and M; — my, this expansion is better
suited for the low-5 region. However, ref. [[[§] provides only the terms up to M3 /M},
obtained through a Padé approximation from a ¢?/M? expansion. The ensuing uncertainty
is displayed in figure [, where the errors of the various coefficients have been added linearly



Figure 2: Some of the basic diagrams contributing to b — s¢*¢~ in the effective theory.

and as before the pole mass scheme for the b-quark mass has been used. Although this is
likely to overestimate the uncertainty in the calculation based on [[[§], the precision achieved
is sufficient for our purposes. Moreover, figure [[] shows that the two approaches [[7]
to the calculation of the O(a?) corrections to the invariant dilepton mass spectrum agree
quite well in the low-5 region. Normalizing the matrix element to its tree level value,

2
@) [ =@ 1+%Tb)aéé)<§>+<@) a%@]’ (2.4

a simple approximation of the real and virtual corrections denoted by a(929)(§) is
al)) () ~ —19.2 4+ 6.15 + (37.9 + 17.2In §) 8% — 18.7 5% (2.5)

This approximate formula is valid in the range 0 < § < 0.4, in the pole mass scheme
for the b-quark mass. Using this expression in the NNLO calculation of BRys presented
in section |, we observe a reduction of about 4%, that overcompensates the three-loop
running of Cy(up) discussed above.

3. Higher order electroweak effects

A comprehensive study of electroweak effects has been performed in the case of B — Xy [A,
[0, [[T) but, to the best of our knowledge, such corrections have never been considered in
the calculation of BRy. Unlike in the b — sy processes, only virtual photons appear in
the basic b — s¢T¢~ transition. In the following, we will try to identify and estimate the
dominant O(«) electroweak effects. When we consider large logarithms we refer only to
terms like Inm; /My, and exclude the case of very small §, which would also involve large
logarithms of the form In 3.

Let us first concentrate on the origin of large logarithms at O(«a). To this end, it is
best to work from the very beginning in the effective theory at lowest order in the electro-
magnetic coupling. At the weak scale, we distinguish between two kinds of contributions
to the b — s¢T¢~ amplitude: a) those containing a virtual photon and b) those that do not
include photons at all. Examples of the first kind are Q2 and ()7 insertions, while Q¢ and
Q10 insertions belong to the second category — see figure [ This classification holds true
also at higher orders in QCD.

Evolving from higher to lower scales, the contributions of class a) receive O(«) correc-
tions involving large logarithms related either to the running of the QED coupling constant
or to the evolution of the relevant Wilson coefficients. The first effect has its origin in vac-

uum polarization diagrams on the virtual photon propagator proportional to «lnmy./pu,



Figure 3: Vacuum polarization diagrams.

like the one shown in figure [, that can be effectively taken into account by changing the
scale at which « is evaluated in the overall factor of BR, from the weak scale to myy.
The second effect has to do with the fact that, in full analogy to what happens in QCD,
photonic interactions induce an ADM for the effective operators — see figure fi} In order to
include all O(«a) logarithms, it is therefore sufficient to evolve both the photonic coupling
and the Wilson coefficients according to a mixed QED-QCD RGE from the matching scale
o = O(My,) to a low-energy scale u = O(my;). Beyond leading order in «, one can simply
normalize the amplitudes of type a) with G ,a(u), and evolve the Wilson coefficients at o
fixed, as done in [f, [].

Concerning contributions of class b), no vacuum polarization diagram can contribute
at O(«), and the only O(«) large logarithms are related to the running of the operators. As
the normalization of the coupling constant is determined by the short distance interactions
at the matching scale, the Wilson coefficients are appropriately expressed in terms of G,
using the relation g2(My)/4m = a(My )/ sin? 0y, (My) = v2/m G, M2, where all running
couplings are in the MS scheme. The typical case is that of box diagrams, which are clearly
proportional to g*(My)/M2 o GﬁMVQV After decoupling, all short distance information is
encoded in the Wilson coefficients and in G/, which does not evolve in the effective theory.
The coupling €? in front of Qg and Q19 — see eq. (R.1]) — is naturally evaluated at the
weak scale.

All electroweak couplings entering the matching can be expressed in terms of G ,,, My,
and sin? 0y, (My). These parameters are frozen in the low-energy effective theory. On the
other hand, the electromagnetic coupling of the photon in the low-energy effective theory
does run and the low-energy matrix elements must be expressed in terms of the low-energy
gauge couplings as(u) and a(p), and of the Wilson coefficients c (). This simple intuitive
picture is naturally realized by a mixed QED-QCD RGE. In fact, a general feature of
the Renormalization Group (RG) evolution is to keep the coupling in front of the Wilson
coefficients fixed at the high scale via factors of o(p)/a(p).

The only complication we face here is due to our choice of the operator basis. The
factor €2 /g2 in front of the operators Qg and Q1o is such that the Wilson coefficients at the
high scale Cy(uo) and Cio(o) start at O(a,G,) rather than at O(aG|). As a consequence,
the evolution of the coefficients Cy(u) and Cio(u) does not explicitly include a rescaling
factor a(up)/a(p) as, for instance, in the standard QCD evolution of C () and Ca(u).
However, we will show at the end of this section that the correct normalization of the
electroweak coupling in front of these contributions is preserved by the QED 3 function
coeflicients ﬂéo) and ﬁé;) that appear in the self-mixing of Qg and Q19 — see egs. (JA.H)
and ([A.§) — due to the e? factor in the definition of these operators.



Summarizing, we perform the RG evolution of the Wilson coefficients which results
in the normalization of the whole amplitude in terms of a(u). As we will discuss later
on, additional sub-dominant corrections come from O(«) matrix elements of the effective
operators and from O(a) corrections to the matching conditions. We employ sin? 6y, =
sin2 NS (M) = 0.2312, M, = My(M,) = 165GeV and My, = 80.426 GeV. We adopt an
MS definition of a(p) with a® (M) = 1/127.765 [R]] as input.

Let us now study explicitly the QED-QCD evolution of the Wilson coefficients. Our
basis (R.1]) differs from the one used in [B] by a factor ¢g;2 in the normalization of Q7
(D10, which complicates slightly the counting of couplings and the comparison with the
latter paper. Neglecting the running of o — an O(a?) effect in the running of the Wilson
coefficients — we can expand the evolution matrix U(u, o, @) of eq. (B3) in the following
way

2
N N Qg N Qg A
00 i) = O i)+ L2010 s+ (H520) 0 +

s ()

(%

47

Mﬁ(2)(ﬂ7ﬂ0)+“' . (3.0)

7(1)
Ue (,U'v,U/O)"" (47‘(‘)2 e

(76(0) (,U,, ,U’O) +

The matrices UA'S@ (1, po) and Ue(z) (1, pp) describe pure QCD and mixed QED-QCD evolu-
tion, respectively, and are functions of the ADM*

40 = S50 <M>2@§1> + (“5“”)3%2) +

47 47 47
@), Qas() )y

of the operators in question and of the QCD, QED and mixed QED-QCD g functions.
The matrices UL”) (1, po) and Uél)(,u, po) can be computed using the formalism described
for instance in [R1]. Expanding also the Wilson coefficients at the weak scale

2
Flo) = OO (o) + Oés(:u(])c_?s(l)(uo) N <Oés(:u0)> 3@ (0) +

o = ool -
200 ) + 20 G0 ) 4 (33
T (4m)

and inserting (B-1)) and (B-3) into (R.9), we find the expressions for the various terms at the
low scale p

O+ G e (3a)

Here the coefficients G (1) result from the O(1), O(as) and O(a2) contributions to C ()

4Eq. (@) contains also a term proportional to o?/as(p), from the mixing of Qg into Qg;). We have
checked that its contribution to the evolution of the relevant Wilson coefficients is negligibly small.
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Figure 4: Some diagrams contributing to the running of the Wilson coefficients.

and from the QCD evolution matrices U o (u, po), whereas the o (1) stem from the various

O(a) corrections to C(u) and the QCD, QED-QCD evolution matrices o) (u, po) and
(11, p0):

The formally leading electroweak effects are O(aa? ' L™!) in the amplitude and are

contained in

C () = UL (11, 110) C (o) (3.5)
The non-vanishing O(«) mixing described by %0) has been calculated in [[L(], except for the
QED mixing of Q9 and Q19. The lowest order — O(a;) in our notation — mixing between
the electroweak penguin operators ngQg and @9 is also missing in the literature, as is
the O(as) mixing of the operator QI{ We have computed all missing entries and report
the full matrices 'Ayéo) and ‘yéo) in the pppendiy. Since only the mixing of @ into Qg and
Q10 is relevant at this order, we solve the RGE and get

9

Cé?g)(,u) _ Z [ein™ 1 + fin™] o 5.7947 ¢~ 11:908 72,8508 (3.6)
i=1

(0)

where we used Cy ’ (10) = 1, and the magic numbers a;, €; and f; are given in table [ The
approximation is valid within less than 1% for 0.5 < 7 < 0.6. The formally leading QED
contribution shifts Cgy(my) by only 0.00006 for n = 0.56. Since Q9 mixes into Q19 at O(«)
we also have a contribution to

9
Ce(?l)o(u) _ Z [ginai—l + hin®] ~ 1.9013 ¢~ 978767 )1.2089 (3.7)

=1
which shifts Cy9(mp) by 0.00014 for n = 0.56. Again the numerical coefficients a;, g¢;
and h; can be found in table [, and the approximation is valid within less than 1% for
0.5 <7 < 0.6. Since in our normalization Cy(my,) ~ 0.072 and Cyo(my) ~ —0.072 at NNLO
QCD, the impact of these O(a/a) corrections on BRyy is tiny.

As discussed in [f, 7], next-to-leading electroweak effects can be larger than the leading
ones. Moreover, in the case of b — s¢T¢~, the LO QCD contribution is accidentally small
compared to the NLO QCD contribution. Let us therefore investigate the importance of
these O(aa? 1 L") effects. The general expression for éél)(u) is

CO (1) = UL (1, 110)CEV (110) +n UL (11, 120) O (p0) + UM (1, 110)C0 (o) . (3.8)
The last term in this equation requires the knowledge of the O(aas) ADM *Ayél), which we

have calculated using the method described in [[3]. The result is given in the pppendix



Rather than giving analytic expressions for these O(«) corrections to the Wilson coefficients
of Q7, Q9 and ()19, we only provide some approximate formulas and refer to a forthcoming
publication [R3] for more details. Taking into account the different operator normalization,
we find the same results as in [P] for the O(«) correction to the Wilson coefficient of the
electromagnetic operator,

06(17) (H) ~ 0.2894 ¢ 516057 771.454333?3060 + 10654 e 14.857n 778.2193

~ 0.0107 + 0.0221 (3.9)

where we have distinguished between the last two terms on the right-hand side of eq. (.8)
— in the particular case of C7(u) the first term is exactly zero as there is no O(ay)
mixing of the four-quark operators into the magnetic one, and the O(«) contribution to
C7(uo) also vanishes in the normalization employed here, see eq. (R.1). The approximate
formulas given above and in the following are all valid within 1% for 0.5 < n < 0.6 and
160GeV < M; < 170GeV. Furthermore, the last line of the latter equation gives the
numerical values of the individual contributions for nn = 0.56 and M (M;) = 165 GeV. All
together, these O(«a) contributions lead to a shift of 0.00002 in C7(my). Given that in
our normalization C7(mp) ~ —0.0053 at NNLO QCD, this correction is quite small. The
analogous expression for Cy(u) reads

06(719) (1) A —41.496 ¢ 487907 0ATAT LO.AT38 4 75 597, —5.48667 04931 xt—1.9596 +
+13.565 ¢—6-05997 ,2.3400
~ —4.0517 +0.1579 + 0.1173 . (3.10)

Here and in the following numerical results we have set ug = M,,. We have distinguished
between the three terms in eq. (B.§). Again, the last line in the above equation gives the
numerical value of the three contributions for n = 0.56 and M(M;) = 165 GeV: this elec-
troweak correction to Cg(my) is around —0.00226, thus much larger than the one in eq. (B.§).
Moreover, it is dominated by the first term in eq. (B-§), namely by the O(«) matching con-
ditions, and particularly by those of the electroweak penguin operators. Numerically, it
corresponds to approximately —3% of the NNLO QCD coefficient. The corresponding
expression for Co(p) is

06(711)0 (M) —90.835 e—4.913577 n0.4957 1‘?'8394 + 67049 6—15.34777 778.8810

Q

Q

—3.3340 + 0.0720 . (3.11)

The shift in C9(my) is about —0.00195, and is again dominated by a term stemming from
the higher order matching corrections. Like in the case of C7(u), the term resulting from
the leading order QCD running is exactly zero since there is no mixing of the four-quark
operators into Q10 at O(as), and the O(«) correction to Cio(uo) is zero too. Numerically,
it corresponds to approximately +3% of the NNLO QCD coefficient.

The experience with radiative decays [J] shows that electroweak corrections to the
matching conditions may end up being the dominant electroweak contributions to the low
scale coefficients. In the notation adopted here, such contributions to C7(ug), Co(po) and



C1o(po) are of O(aay) and therefore formally enter at NNLO or O(aa” L™) in the b — s¢t¢~
amplitude. Although a complete analysis at this order is clearly beyond the scope of our
paper, it is worth investigating the magnitude of the potentially dominant terms, such as
electroweak effects in the matching enhanced by factors 1/sin?#6,, ~ 4.3 or by powers of
M;. The general expression for C_"E(Q) (u) at the low scale is

652) (M) =" US(O) (M, Mo)ée@) (Mo) + 772 (76(0) (M, M0)5§2) (Mo) +
+UM (1 10)C (10) + 1 U8 (1, 10) CY (10) + U (11, 10)CO (o) . (3.12)

The second, third, and fourth term in this equation are known completely, from [ and the

above discussion. The first term is partially known: in particular 05?7) (10) and Ce(?g) (10)
are known from [f]], while only the part of Ce(,29) (o) and Cgl)o(,uo) proportional to M} is
known from [R4]. We also include in the following the leading contributions to C S?EQ) (10)—

CgéQ) (o) calculated in [J, BZ.5 The last term in eq. (B-I3) would require the knowledge
of the three-loop O(aa?) ADM and will be neglected in what follows. Again, rather than
giving analytic expressions for these NNLO corrections, we will only give some approximate
formulas and refer to a forthcoming publication [R3] for more details. We use the results
of [B, B, 3, B4] for the O(aay) initial conditions of the relevant Wilson coefficients and find
for the correction to Cr(u)

06(27) (1) ~ 2.8800 o—0-42317 771.3680gcg.geﬁs 4 1.2160 542417 y2.1365 xt—0.5479 _

)

— 6.8887 x 1010 6—34.60577 n13.470 1‘?'9677 +50.557 6—5.937577 772.6489 .%';0'0736

~ 4.1236 4 0.0077 — 0.4315 + 0.3522. (3.13)
The analogous expression for Cg(u) reads

ng) (1) ~ —18.318 o~ 476197 772.4380 x%.7679 —909.52 ¢ 466717 772.3626 9515_1'7441 +

+519.80 6—6.576377 ,'73.1984 x?.4666 +94.434 6_4'8623 n 771.1723 x?.5775

~ —3.9314 — 0.3190 + 4.0021 + 7.2083. (3.14)
Finally, for the O(aay) correction to Cio(p) we get

Cé,fo(u) ~ 0.3106 226096 — 242 56 ¢=47109 1 4)1.5336, 07682
+80.747 ¢~ 49425 m 12373 ;,0.7343

~ 13.144 — 2.3657 + 7.1098.. (3.15)

In the last equation the contribution of the third term in eq. (B.12) is exactly zero. In
egs. (B.13), (B.14) and (B.17) we have set M, = 115GeV and the last line always corre-
sponds to the numerical value of the four individual contributions to eq. (B.12)), employing
n = 0.56, My(M;) = 165GeV, and setting po = My and puy = M;. For what concerns
C7(myp), these O(aa,) corrections are twice as large as the O(«a) correction, and lead to

for details.

®Since the calculation of ref. [RZ] has been performed in a different operator basis one has to perform a
non-trivial change of scheme. See |
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a shift of 0.00004. On the other hand, in the case of Cg(my) and Cy9(my) they are much
smaller than the corrections of O(«), as they amount to only 0.00007 and 0.00018. We
stress that they are incomplete and we study them to check the potential size of the higher
order contributions. If we add these partial higher order results to the complete leading and
next-to-leading electroweak effects considered above, the values of the Wilson coefficients
of Q7, Q9 and Q¢ are changed by —1.1%, —3.0% and +2.3%, respectively.

At this point we also note that the electroweak corrections to C'io(up) depend rather
strongly on the t-quark mass renormalization scale ;. Using M (My, ) = 175 GeV instead
of My(M;) = 165GeV, which usually leads to larger higher order QCD corrections, one
finds a correction of +5.3%. This scheme dependence stems from the parts of C e(?l)o(uo)
proportional to M} computed in [24], which we have evaluated in the MS scheme for the
t-quark mass. On the other hand, the p;-dependence of the QED corrections to C7(pup)
and Cy(uyp) is very weak.

Let us now verify that the RGE has indeed preserved the correct normalization of the
electroweak coupling for the matching contributions to Q¢ and Q1g, as anticipated at the
beginning of this section. To this end, we first consider the effect of the ﬁéo) terms in the
ADM of eq. (A). Using the explicit form of L0 (1, po), one sees that they modify the
contribution of Cy(up) to the low-energy Wilson coefficients as follows

U (11, 110)Co o) — |1 —a ém( e >
’ O \ay(p)  as(io)

~ ();(&0)) Us(,%)Q (M? MO)CQ (MO) ’ (3'16>

where the equality holds up to small higher order terms in « and up to subleading loga-

Us(,%)g(ﬂ, 120)Co(110)

rithms in ag. Indeed, the consideration of subleading QCD effects, like those contained in
(A]e(l)(,u, to), shows that QCD does not affect the proper normalization of the electroweak
coupling, as anticipated above. Equation (BI16) and the analogous relation for Cio(uo)
demonstrate that the physically motivated normalization of the electroweak coupling is
preserved by the RG evolution even for our choice of normalization of the operators: since
the matrix element is multiplied by «(u), the rescaling factor in front of C9(pg) brings the
normalization of the electromagnetic coupling back to the electroweak scale. All other large
logarithms described by the QED-QCD evolution matrices Uél) (1, o) are solely induced
by the running of the operators.

While 71" (u, po) and o (u, po) are scheme-independent, (Afél)(,u,uo) and ﬁél)(u,uo)
depend on the renormalization scheme in a way that is detailed for example in ref. [p2].
The scheme dependence is canceled by the O(a;) and O(«) matrix elements of the effective
operators. In fact, any calculation that goes beyond leading logarithms requires the knowl-
edge of the one-loop matrix elements. However, we have seen above that the dominant
effects originate at the weak scale and have often to do with O(«/sin? fy,) contributions to
the matching conditions. These contributions are all scheme-independent. One could also
absorb some contributions to the QED matrix elements by replacing a(u) with a(my),
as discussed at the beginning of this section. However, numerically this would lead to a
small difference and we will avoid it. We therefore expect our incomplete calculation to
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capture the dominant electroweak effects. Moreover, any complete calculation of the QED
matrix elements should take into account real photon radiation, which is very sensitive to
the details of the experimental set-up and requires a dedicated study at the experimental
level.

4. Phenomenology

We are now ready to combine all our results and update the prediction for BRyy. We first
write the integrated branching ratio as in [B, fil:
0-25 1 dU[B — X007

BRy = BR|B — X,/ A5 —— :
t B = Xelv] /0_05 *T[B = X.0v] ds

(4.1)

where

5 — 2,5 * 2 2
AT[B — X7 _ Gomd e ViV (a(m@) 15 x

ds - 4873 A
X {< > ‘07 Br(3 2 + (1+25) <‘C~*§ﬁ3R(§) 4 ‘angR(g) 2) .

and the effective Wilson coefficients include all real and virtual QCD corrections [f]] as in-
dicated by the index BR, whereas the last term encodes finite bremsstrahlungs corrections
computed in the second paper of ref. [l]. At O(a) the definition of the effective Wilson
coeflicients is affected by the presence of the electroweak penguin operators ngQg and
of QI{ — for a detailed discussion we refer to [R3]. In order to cancel the strong depen-
dence on the bottom quark mass in the factor mg, it is customary to normalize BRy, to
the experimental value of the Branching Ratio (BR) for the inclusive semileptonic decay
BR[B — X fv]. However, this normalization introduces a strong dependence on the charm
quark mass, which is not known very accurately. The ensuing uncertainty is about 8% [f].
An alternative procedure [R6, consists in normalizing the B — X /*¢~ decay width to
I'[B — X,lv], and then to express BR[B — X,fv] in terms of BR[B — X.fv] and of the
ratio

Vip|* T[B — X L]
C= —_— 4.3
‘ V| T[B — Xyfv]’ (43)
which can be computed with better accuracy [Rf]. In other words, we will use
BR[B — X, 2o 1 [[B — X (e~
BRMZM Vub / ds —— dr| —>A8£ ] (4.4)
C Vol Joos  T[B— X, ] ds

The main uncertainty in C' comes from non-perturbative effects. Using an updated deter-
mination of the heavy quark effective theory parameter A\; = (—0.31£0.10) GeV? 7], and
following otherwise ref. 26, we obtain C' = 0.581 4+ 0.017. For the inclusive semileptonic
b — ¢ branching ratio we use BRy = BR[B — X /v] = (10.74 +0.24)% obtained from the
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Figure 5: Scale dependence of the differential BRy, using the different normalizations of eqs. (1)
and (Q) in the partial NNLO QCD approximation (upper plot). The discontinuity at the end
of the low-§ region reflects the fact that the O(a?) matrix elements of @1 and Q2 have not been
implemented for § > 0.25 [J, while the divergence in the .J/1) region is due to the 1/m? corrections.
Furthermore the relative size of the NNLO and electroweak (EW) effects introduced in this paper
are shown when sequentially included (lower plot).

latest Heavy Flavor Averaging Group results [R§] after subtracting the b — u transition. For
the Cabbibo-Kobayashi-Maskawa (CKM) factor |V;:Vi|?/|Ves|? we use 0.969 4 0.005 [R7],
but we actually perform the calculation keeping top, charm and up quark sectors sepa-
rated [fJ. Finally, we employ the ¢- and b-quark pole masses, m pole = (1.440.2) GeV and
Mppole = (4.80 = 0.15) GeV.

The use of the b-quark pole mass in eq. (.2) and in the calculation of the semileptonic
width leads to large perturbative QCD corrections both in the numerator and denominator
of eqs. (1)) and ([.4). Since this is an artifact of the choice of scheme for the bottom quark
mass, they clearly tend to cancel in the ratio. As a second improvement with respect to

,13,



partial NNLO | U'%, alf) |LO+NLOEW| EW

S
BRy as in () | 1.50913935% [ 1.52910930 1 1.46370938 | 1.403%09%5 | 1.442+3058
BRy as in (0)| 16467005 | 1665 00% [ 1507000 | 153200880 | 15747000

Table 2: BRy, integrated over the low-3 and low-¢? region in units 1075, The different corrections
are added in sequence.

previous analyses, we keep terms through O(a?) in the denominator and expand the ratio
in eq. (.4) in powers of a,. By making explicit the cancellation of large contributions,
we improve the convergence and stability of the perturbative series, as we have explicitly
checked. Like in previous analyses, due to the peculiarity of the perturbative expansion
for b — s¢T¢~, we retain some large and scheme-independent higher order term in the
amplitude squared: for instance the terms |C2f(3)2 and |C¢T(8)[2 in eq. (£J) are expanded
up to O(a). In addition all known O(ay) terms of |CST(8)2 and Re(C<T(3)Cef (3)%)
are kept. Our procedure differs slightly from the one proposed in the first paper of [[f,
which consists in absorbing the numerically small coefficient C 8(709) (4p) into CSQ) (up), and
in subsequently performing the o expansion of the numerator dI'[B — X /T¢~]/d3 only.
In the partial NNLO approximation, that is, setting Us(?g)Q(,ub,,uo) and ag%)(é) to zero, this
alternative method yields somewhat lower values for the normalized differential rate, well

within the scale dependence of our results.

We also include power corrections of O(1/m?) [B9] and O(1/m?) [BQ] to the differential
decay rate of B — X (T¢~ as well as O(1/m?) corrections to I'|B — X.fv] and I'[B —
X lv] — see for example [Bl]] — and expand the normalized differential decay rates given
in eqs. (E.1) and (f.4) in inverse powers of my, and m.

The partial NNLO results before inclusion of the two contributions discussed in sec-
tion || are shown in the upper plot of figure [], where the bands include only the residual
scale dependence, calculated performing a scan in the ranges: [40—120] GeV for the match-
ing scale in the charm and up sector, [60—180] GeV for the matching scale in the top sector,
[2.5—10] GeV for the low-energy renormalization scale. In the last case, the central value
is set to 5 GeV. As can be nicely seen by comparing the gray with the yellow band, the
residual scale dependence for low § is about 50% smaller in our approach than without
the two improvements introduced between eqs. ([£2) and (E4)). On the other hand, the
scale uncertainty is practically unaffected by the new NNLO contributions — not shown
in figure .

The results for the integrated BR are given in the first line of table §, where the
first column refers to the partial NNLO calculation according to [[] but implemented as
described above, the second column to the same calculation supplemented by our result

for Us(?g)Q(ub,uo), the third column to the complete NNLO, that is, including the two-

loop QCD matrix element a§29)(.§). The fourth column refers to the NNLO calculation
including LLO and NLO electroweak effects, and the fifth column to the QCD computation
supplemented by the electroweak effects through NNLO calculated in the previous section.
Furthermore, in the last two columns the dominant QED corrections to the semileptonic
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decay amplitude [BZ have been included. If we had only rescaled the matching conditions
for Q9 and @19 and for the penguin operators by a factor a(My,)/a(my) as discussed in the
previous section, the shift would be close to +7%. This effect is overcompensated by other
electroweak corrections of around —7% and by the QED correction to the semileptonic
rate, which by itself amounts to around —1.5%. We would like to stress that this is an
unexpected accidental cancellation. The lower plot of figure [| shows A[dBR(8)/ds] —
the differential BR normalized to the partial NNLO result — where we have sequentially
included the corrections listed above.
Including the main parametric uncertainties, our final result reads

BRy (0.05 < 3 < 0.25) = (4.5)
= [1.442 £5005 [ a1, £0:089 |scate £ 0.041¢ £ 0.032pR, £0:008 |m. £ 0.002,,,] x 107°.

Here the whole dependence on A; is absorbed into the factor C'. As already in the case
of C, we neglect effects suppressed by three powers of the heavy quark masses in B —
X, 0+¢= [BJ], which in the low-5 region should not exceed 2% anyway. The uncertainty
related to the CKM matrix elements is below 1%. To be conservative, one could also
consider an additional 2% uncertainty due to unknown electroweak effects. Combining in
quadrature all uncertainties given in eq. (f.5§) with the latter three, the total error is about
9%, very similar to the one for inclusive radiative decays [Rd].

Though useful for comparison with previous analyses [[f], the BR integrated in the
region 0.05 < § < 0.25 is an idealization. A quantity closer to experiment is the BR
integrated in the region 1GeV? < ¢*> < 6GeV? [J. The results for the integrated BR
employing this range are given in the second line of table P| together with their scale
dependence. Unfortunately, the choice of the integration variable introduces an enhanced
dependence on the bottom quark mass. In our calculation we have employed the b-quark
pole mass, which is subject to a much larger uncertainty than an appropriate short-distance
b-quark mass. For example the 1S or the kinetic low-energy b-quark mass [R7] are known
to better than 50 MeV. Our final result is

BRy (1GeV? < ¢* < 6GeV?) = (4.6)

= [1'574 ig%gg |Mt iggg% my igggg |scale +0.045¢ £ 0.0358R,, igg?é mc] x107°.

The total error is about 10% and is again dominated by the uncertainty on the top quark
mass, which will soon be reduced by a factor of two by CDF and D0 at the Tevatron.
Moreover, the substantial error from the b-quark mass is an artifact of the employed scheme,
which can be reduced by a factor of three or even more by changing the renormalization
scheme of the b-quark mass. Hence it should not be interpreted as a limitation.

For what concerns the FB asymmetry, we have investigated the impact of the choice of
normalization and of the electroweak corrections on the so-called unnormalized asymmetry

defined as in [f]

App(8) =

. 1 21 B + -
BR[B — X.(] / AT = X] costy), (A7)

& dcos
T[B — X0 J """ dsdcost,
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59 without O(l/mac)

50 with O(l/mic)

unexpanded App(3) as in ([£7)

+0.008
0.160"¢ 005

+0.008
0167006

expanded App(3) as in ([L.9)

+0.005
0.1517 5 g4

+0.005
0156005

expanded Apg(3) as in ([L10)

+0.005
0.157~5 009

+0.007
0.16319:97

unexpanded Apg(3) as in (1) + EW

+0.004
0.1647 504

+0.004
0.17070:904

expanded App($) as in (L) + EW

+0.004
0.154" 504

+0.004
0.15970-904

expanded App(3) as in (E10) + EW

-+0.006
016026009

+0.007
0.166Z0.010

Table 3: Zero of FB asymmetry before and after the inclusion of 1/m? and 1/m? power corrections.

where
1 2 S s 2.5 B 2
d’T[B — X0+ (7] G pote [VisVinl™ [ al(my) 2
dcost sgn(cos ;) = ’ 1-
/_1 cosbe dsdcos 0, sgn(cos ) 4873 A ( 8)° x

x{~6Re (Cshu(3)CHpm(5)") - (48)
_35Re(CQFB( )CloFB( )* ) ABrems( )}

Here 0, denotes the angle between the momentum of the positively charged lepton and
the B meson in the rest frame of the lepton pair, and the effective Wilson coefficients
include all real and virtual corrections calculated in [fl] as indicated by the subscript FB.
The last term of eq. ([.§) encodes finite bremsstrahlungs corrections evaluated in the last
reference of [f] which we have not included.® At O(«a) the definition of the effective Wilson
coeflicients is affected by the presence of the electroweak penguin operators Q§7Q6Q and
of Q4 — for a detailed discussion we again refer to [23].

Implementing all the relevant NNLO QCD corrections we obtain for the position of
the zero of the unnormalized FB asymmetry ([L.7) the values given in the first column of
the first line of table [}, in agreement with [, . While in refs. [fi} §] only the low-energy
renormalization scale was varied, the errors in table B also include the matching scale
dependence.

Since the position of the zero of the FB asymmetry is known to be especially sensitive
to physics beyond the SM, a comprehensive study of the residual theoretical error attached
to it is important. The scale dependence of 8y in ([L7]) is rather small. An alternative
way to estimate the residual theoretical error follows from the observation that §g should
be independent of the normalization for the FB asymmetry. As both numerator and
denominator of the asymmetry ratio are truncated series in «y, one can expand in a4 the
ratio, making $g sensitive to different combinations of higher order terms, that depend on
the adopted normalization.

Let us now normalize the FB asymmetry to the charmless semileptonic decay rate

4.
_1d cos B¢ dsdcos by sgn(cos fc) (4.9)

. BRB—>XC€I/ 11V,
AFB(S) _ [ ] ‘ b

2 /1 d’T'[B — X 0107
I[B — X, tv] C|Vy

5These corrections turn out to be below 1%.
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Figure 6: Unnormalized FB asymmetry Apg(8) in the low-3 region including 1/m? and 1/m?
power corrections. Compared is the NNLO QCD result for the normalization given in eq. (J.7) and
the one given in eq. (@) performing a subsequent expansion in «s. Furthermore we also display
the result of eq. (..9) after the inclusion of electroweak effects (central yellow band).

in combination with C, and perform an expansion of the ratio of eq. (J.9) in o, to improve
the convergence of the perturbative series. The corresponding result is displayed in the
first entry of the second line of table f] Note that in this case the numerical value obtained
for 39 does no longer correspond to the zero of the curly bracket in eq. ([.§). The difference
between the values of 3¢ in the first and second line of table B|is obviously due to different
higher order terms and can give an indication of the residual theoretical error.

We also consider the so-called normalized FB asymmetry, which is certainly a quantity

closer to experiment:

App(8) = sgn(cos by) . (4.10)

1 /1 d’T[B — X (7]

_ dcos §
dT[B — Xo0+0-1/ds ) """ dsdcost,

Given the small value of the LO term of dI'[B — X (t¢~]/d3, a naive as expansion of
this ratio is problematic. However, the «ay expansion converges reasonably well if the
perturbative expansion is reorganized following the first paper of [[[], namely absorbing
s(?9) (14p) into C'Sg) (). With respect to the unexpanded form, which obviously reproduces
the value given in the first column of the first line of table B the zero is shifted toward
lower values, as can be seen by comparing the first and the third entry in the first column
of that table. Finally, the next three entries of the first column of table B| correspond to the
results for §g in the three approaches described above after the inclusion of the electroweak
effects.
Unlike previous analyses, we also include power corrections of O(1/m?2) B9 and
O(1/m?) B(] in the computation of the zero of the FB asymmetry. In doing so we al-
ways expand the asymmetry in powers of the heavy quark masses. The corresponding
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Figure 7: Normalized FB asymmetry Apg(8) in the low-5 region in the NNLO QCD approximation

as given in eq. (|t.10]) without expansion in as. Furthermore the effects of including power corrections
(central band) and higher order electroweak effects (lower yellow band) are shown.

numerical values for 8y can be found in the second column of table Bl Comparing the
results in that table, one observes that higher order electroweak effects amount to around
+2%, independent on which normalization is used and on whether an expansion in «y is
performed or not. The O(1/m}) and O(1/m?) corrections turn out to be at the level of
+4%. The unnormalized FB asymmetry App(s) calculated in the two above approaches
in the vicinity of the zero is shown in figure [, whereas in figure f] we plot the unexpanded
Arpg(8), showing the importance of the power and electroweak corrections.

A glance at table | and figures | and [ shows that the dependence of the zero on the
specific method used to calculate it is generally larger than the scale dependence associated
with it. This suggests that the observed scale dependence alone does not provide a rea-
sonable estimate of higher order QCD and electroweak corrections, as pointed out already
in the third paper of [[]]. Following a reasoning similar as for BRy, we adopt as central
value for § the average of the two expanded results in table fJ and assign to it a rather

conservative total error of 6%, that covers the whole range of possible values:
50 = 0.163 £ 0.010¢peory - (4.11)

The uncertainties due to M; and the non-perturbative parameters A1 and Ay are at the 0.1%
level or less. Converting this result into a value of ¢ introduces again a large uncertainty
due to the bottom quark mass. We find

@8 = (3.76 £ 0.22¢hc0ry + 0.24,,,) GeV?, (4.12)

with a total error close to 9%. However, also in this case the error due to the b-quark mass
can be drastically reduced by performing the calculation in a different mass scheme.
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5. Summary

Rare semileptonic B decays are going to play an important role in the search for new physics
at the B factories and upcoming flavor physics experiments at the Tevatron and the LHC.
From the theoretical point of view the inclusive mode at low ¢? is particular interesting,
since it can be accurately computed in the SM. In this paper we have first completed
the NNLO QCD analysis of B — X, /¢~ with the calculation of the last two missing
components, and then discussed electroweak effects. The new NNLO QCD contributions
are relatively small — they amount to around +1% and —4% — and tend to partially
cancel each other. Our treatment of electroweak effects is complete only for what concerns
the leading logarithms of photonic origin but, pending an exhaustive investigation of the
missing matrix elements [RJ, P§], we expect it to capture all the dominant contributions.
The impact of electroweak effects depends on the scale employed for a(p) in the prefactor
for BRys. As a result of accidental cancellations, they change the value of the low-energy
BR by only —1.5% for = O(my), while if one adopts i = O(My,) the effect is much more
relevant, about —8.5%. Our calculation drastically reduces the large uncertainty of almost
8% related to higher order electroweak effects, which has affected previous analyses. We
have also calculated the FB asymmetry. The location of its zero is shifted by approximately
+2% due to the electroweak corrections.

We have also introduced a few improvements in the calculation of the decay rate in
the region of low dilepton invariant masses, aimed at reducing the theoretical error. After
a careful study of the various sources of uncertainty, we estimate a 9% to 10% error on our
result for the BR in the § = 0.05-0.25 or ¢> = 1-6 GeV? window, the dominant source
of which is the uncertainty on the top quark mass. For what concerns the zero of the FB
asymmetry, our estimate for the residual uncertainty is 6% to 9%.
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A. Anomalous dimension matrices

We report below the complete O(ay), O(a?), O(a) and O(aas) ADMs making explicit

S
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their dependence on the coefficients of the QED and QCD S function:

8, = — g: 5(0)+ gz ﬁ(1)+ e? 5(1) 8, = e’ 5(0)+9_35(1) (A1)
16w\t 167278 16727%¢ )7 ¢ 16w \¢ 16727e ) ’

For five active quark and three active lepton flavors the values of the MS /3 coefficients are

g _ 23 g _ 116 1y _ 22 go = 80 m 170 9
S 3 i S 3 Y se 9 i e 9 i es 9 * *
Adopting the ordering of operators as introduced in eq. (R.I]) the matrices 'Aygo) and

’?ﬁl) take the following form
48 0 -2 00 0 0 000 0 0 -z 0
12 0 0 4 00 0 0 0 00 0 0 -8 0
00 0 -202 0 0 000 0 0 “1s
0 0 -4 _104 5 0 0 000 0 0 20
00 0 -28602 0 0 000 O 0 -uz 9
0 0-238 56 0 2 0 0 000 0 0 ESE R
00 O -8 0 0 0 —-20 0 2 0 0 0 -2z 0
:Ygo) - 00 O 6 0 0 -4 _5 4 5 0 0 0 -2 0 ) (A3)
00 0 -1 00 0 —128020 0 0 —2es Q
00 0 1 0 0 —26 160 40 20 0 a2 0
00 O 4 00 0 0 0 0 4 0 0 18 0
00 O 0 0 O 0 0 0 0 0 32_28 0 0 0
00 O 0 0 O 0 0 0 00 -3 28 _55(0) 0 0
00 O 0 0 O 0 0 0 0 0 0 0 —28{" 0
00 0 0 00 O 0 0 00 O 0 0 -2
-E-sp iz 3 1 -3 0 0 0 0 0 -33 165 -2z 0
- -3 4 ke g s 0 0 0 0 0 = 2 e 0
0 0 488 340 4 38 0 0 0 0 0 & S -9 0
0 0 8214538 -5 gig 2 % % 0 0 0 0 0 - % 114 6029 - 2712992 0
0 0 284080 128048 23836 606 () 0 0 0 0 g4 e s 0
0 0 5§50 —20s e 228 0 0 0 0 0 -4 -z -4 0
0 0 82 _4000 12 70 _404 _3077 2 loal () _64 368 24352 ()
243 243 243 81 9 9 9 36 243 81 729
’?gl) = 0 0 3732796 6732494 *% 45856 *% *% *% 424% 0 % % 5241% 0
0 0 2272 72088 _ 688 _ 1240 _ 19072 _ 14096 1708 1622 () 6464 _ 7220 _ 227008 ()
243 243 43 81 9 9 9 9 243 81 729
0 0 45424 84236 3880 1220 32288 _ 15976 _ 6692 _ 2437 () 63824 6700 551648 0
729 729 243 81 81 54 729 243 2187
0 0 - & £ £ 0 0 0 0 2 g 5 -5 0
0 0 0 0 0 0 0 0 0 0 O 43%725@ 0 0 0
0 0 0 0 0 0 0 0 0 0 0 -—29 406 9500 (
0O 0 0 0 0 0 0 0 0 0 O 0 0 —28M 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2V
(A.4)

The one-loop O(a;) mixing of the electroweak penguin operators Q3Q7Q6Q into Qg, as well

as the mixing of Ql{ has never been computed before. The same applies to the complete
two-loop O(a?) mixing” of ngQg and QI{ As far as the remaining entries are concerned

our results agree with the well-established results in the literature [B, [0} [3, B4 Bq].

"The self-mixing of QgLQGQ has been computed in the so-called “standard” operator basis in [@] Since
the operator basis of the latter papers differs from the one used here one has to perform a non-trivial
transformation. This can serve as a cross-check of the direct calculation. See ref. [E] for details.
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(0) (1)

The matrices 7¢ ~ and 4¢’ are given by

-£0 0 0 0 0 % 0 0 0O00O0 0 0
0-£0 0 0 0 & 0 0 0O00O0 0 0
000 0 0 0 Zmm 0 -2 0000 0 0
00 00 0 0 -2 2 0 -2000 0 0
00 00 0 0 4 0 -2 0000 0 0
00 00 0 0 -5212 (0 -200 0 0 0
. 0 0 42 0 -4 0 2 0 -2 0000 0 0
=10 0 0 % 0 -4 2 2 0 2000 0 o |, (A.5)
0 0 256 0 -4 0 2352 0 -2 0 00 0 0 0
0 0 0 26 0 -4 512 128 (0 _2000 0 0 0
000 00 0 -0 0 0400 0 0
000 0 0 0 0 O 0 0 O04-5 0 0
000 0 0 0O O O 0O 0 O0O0 & 0 0
00 00O 0 0 0 0 000 0 s-282 —4
00 00O 0 0 0 0 0000 -4 -2
w02 0 0 R o2 0 % 0 28 315 — 5 -52
ST? - % 0 1204736 0 0 - 1294532 - % 0 % 0 - % - % - 2792290 - %
00 0 He 0 -4 23488 6380 1pp a8 (0 2% 8 -0 -2
0O O 280 18763 _ 28 _ 35 31568 9481 _ 92 _ 1012 () 64 260 1024 _ 448
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00 () 111136 () _ 140 233920 68848 1120 _ 5056 () _ 23480 2096 _ 381344 _ 15616
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0 O 2944 193312 280 _ 175 352352 116680 _ 752 10147 O __ 6464 3548 24832 __ 7936
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0 (O —2240 39392 224 _ 92 _ 5888 13916 112 812 () _ 544 544 _ 90424 _ 152
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(A.6)

In 'Ayf(go) only the entries corresponding to the self-mixing of Q9 and Q1o are new, while all

other elements agree with those of [[[0]. On the other hand, ’yél) is entirely new.

The two-loop ADMs %1) and ’yél) depend on the definition of evanescent operators.
We have followed the definition employed in [[[3], B4] extending it to include all electroweak
and semileptonic operators:

By = (Srvuvw,Ter) ey T%;) — 16Q1
Ey = (SLyvpmwvpcrn)(ery” 7o) — 16Q2
By = (5707090 77b0) Y _(@7*7" 77777 4) + 64Q3 — 20Qs,

q
By = (59077077 1%1) > (@7"7"7° 777 Tq) + 64Q4 — 20Qs ,
q
ES = (GLymper-br) Y Qa(@" " P1777q) + 64Q5 — 20QF
q
EY = GryumrperT) Y Qq(@y"y"7*177 T q) + 64QF — 20Q¢
q
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1 _ 10, )
E} = 13 LMoo 7 TL) (07" 7 77T T?0) + == (5179, Tbr ) (y"T0) —
7 = 7 v
—E(SL%%%T%L)(ZWMV T) — 2Q
. _ L 64, _
EY = Gryumvpov-br) (07" 7y 7b) — 3 (527b1) (070) +

4 7 v
+ = (577w pbL) (yF 47 4Pb) — 256Q8

3
e2 =
By = 5 (51777%001) > _((y"9"7°) — 10Q9 +6Q10
s ¢
e2 =
E = g—z(EL'yuny’ypr) Z(ﬁ’y“’y”’)’p%ﬁ) +6Q9 — 10Q10 . (A7)

4

At this point a comment concerning the two-loop mixing of Qll’ is in order. Using the

definition of Q%, E? and EY as given in egs. (B-1]) and (A7), the electromagnetic operator
Ql{ mixes into new physical operators beyond the one-loop level. Needless to say, such a

mixing does not alter the results presented throughout the paper. Further details on the

two-loop mixing of QI{ will be given in a forthcoming publication [P3].

References

[

BELLE collaboration, K. Abe et al., Observation of the decay B — Kutpu~,

88 (2002) 021801 [hep-ex/0109026(;

BABAR collaboration, B. Aubert et al., Search for the rare decays B — K{T{™ and
B — K*¢t¢, |Phys. Rev. Lett. 88 (2002) 241801] [hep—ex/0201008].

BELLE collaboration, J. Kaneko et al., Measurement of the electroweak penguin process
B — X 010, [Phys. Rev. Lett. 90 (2003) 021801] [hep-ex/0208029;

BABAR collaboration, B. Aubert et al., Measurement of the B — X T4~ branching
fraction using a sum over exclusive modes, hep-ex/030801§.

C. Bobeth, M. Misiak and J. Urban, Photonic penguins at two loops and my-dependence of
BR[B — X4~ ], INucl. Phys. B 574 (2000) 291| [hep-ph/991022(], see references therein
for a comprehensive list of earlier papers.

H.H. Asatryan, H.M. Asatrian, C. Greub and M. Walker, Calculation of two loop virtual
corrections to b — st~ in the standard model, |Phys. Rev. D 65 (2002) 074004
[hep-ph/0109140;

H.H. Asatryan, H.M. Asatrian, C. Greub and M. Walker, Complete gluon bremsstrahlung
corrections to the process b — sT0~ |Phys. Rev. D 66 (2002) 034009 [hep-ph/0204341];
A. Ghinculov, T. Hurth, G. Isidori and Y.P. Yao, Forward-backward asymmetry in

B — X 00~ at the NNLL level, [Nucl. Phys. B 648 (2003) 254 [hep-ph/0208088];

H.M. Asatrian, K. Bieri, C. Greub and A. Hovhannisyan, NNLL corrections to the angular
distribution and to the forward-backward asymmetries in B — X ¢~ [Phys. Rev. D 66

(2002) 094019 [hep-ph/0209004];

H.M. Asatrian, H.H. Asatryan, A. Hovhannisyan and V. Poghosyan, Complete
bremsstrahlung corrections to the forward-backward asymmetries in B — X 410,

Lett. A 19 (2004) 603 [hep-ph/0311187].

— 22 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C021801
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C021801
http://xxx.lanl.gov/abs/hep-ex/0109026
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C241801
http://xxx.lanl.gov/abs/hep-ex/0201008
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C90%2C021801
http://xxx.lanl.gov/abs/hep-ex/0208029
http://xxx.lanl.gov/abs/hep-ex/0308016
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB574%2C291
http://xxx.lanl.gov/abs/hep-ph/9910220
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD65%2C074004
http://xxx.lanl.gov/abs/hep-ph/0109140
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C034009
http://xxx.lanl.gov/abs/hep-ph/0204341
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB648%2C254
http://xxx.lanl.gov/abs/hep-ph/0208088
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C094013
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C094013
http://xxx.lanl.gov/abs/hep-ph/0209006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA19%2C603
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA19%2C603
http://xxx.lanl.gov/abs/hep-ph/0311187

[5] A. Ghinculov, T. Hurth, G. Isidori and Y.P. Yao, New NNLL QCD results on the decay
B — X010, hep-ph/0310187.

[6] A. Ali, E. Lunghi, C. Greub and G. Hiller, Improved model-independent analysis of
semileptonic and radiative rare B decays, [Phys. Rev. D 66 (2002) 034002 [hep-ph/0112300]
G. Hiller and F. Kriiger, More model-independent analysis of b — s processes, m
[ 69 (2004) 07402(] [hep-ph/0310219].

[7] A.J. Buras, A. Czarnecki, M. Misiak and J. Urban, Completing the NLO QCD calculation of
B — X,v, [Nucl. Phys. B 631 (2002) 219 [hep-ph/0203135];
H.M. Asatrian, H.H. Asatryan and A. Hovhannisyan, Rare decays B — Xs(a)y at the NLO,
[Phys. Lett. B 585 (2004) 263 [nep-ph/040103§].

[8] A. Ghinculov, T. Hurth, G. Isidori and Y.P. Yao, The rare decay B — X (¢~ to NNLL
precision for arbitrary dilepton invariant mass, |[Nucl. Phys. B 685 (2004) 351
[hep-ph/031212g].

[9] P. Gambino and U. Haisch, Electroweak effects in radiative B decays, |J. High Energy Phys

‘ 09 (2000) 001| [hep-ph/0007259); Complete electroweak matching for radiative B decays, E
‘ High Energy Phys. 10 (2001) 020 [hep-ph/0109058).

[10] K. Baranowski and M. Misiak, The O(aem /as) correction to BR[B — Xgv],
[ 483 (2000) 410 [hep-ph/9907427].

[11] A. Czarnecki and W.J. Marciano, Electroweak radiative corrections to b — s,
| Lett. 81 (1998) 277 [hep-ph/9804252];
A.L. Kagan and M. Neubert, QCD anatomy of B — Xy decays, |[Eur. Phys. J. C 7 (1999) 5|
[hep-ph/9805303.

[12] P.H. Chankowski and L. Slawianowska, Effects of the scalar FCNC in b — s¢*{~ transitions
and supersymmetry, [Bur. Phys. J. C 33 (2004) 123 [hep-ph/0308032].

[13] P. Gambino, M. Gorbahn and U. Haisch, Anomalous dimension matriz for radiative and rare
semileptonic B decays up to three loops, Nucl. Phys. B 673 (2003) 23 [hep—ph/0306079].

[14] M. Gorbahn and U. Haisch, in preparation.

[15] G. Buchalla, A.J. Buras and M.K. Harlander, The anatomy of €' /e in the standard model,
[Nucl. Phys. B 337 (1990) 313

[16] M. Beneke, T. Feldmann and D. Seidel, Systematic approach to exclusive B — VT4~V
decays, Nucl. Phys. B 612 (2001) 25 [hep-ph/0106067|;
H.M. Asatrian, K. Bieri, C. Greub and M. Walker, Virtual- and Bremsstrahlung corrections
to b — dltT¢~ in the standard model, |[Phys. Rev. D 69 (2004) 074007 [hep-ph/0312063.

[17] A. Czarnecki and K. Melnikov, Semileptonic b — u decays: lepton invariant mass spectrum,
[Phys. Rev. Lett. 88 (2002) 131801] [hep—ph/0112264].

[18] K.G. Chetyrkin, R. Harlander, T. Seidensticker and M. Steinhauser, Second order QCD
corrections to I'(t — Wb), [Phys. Rev. D 60 (1999) 114015 [hep-ph/9906273.

[19] P. Gambino, A. Kwiatkowski and N. Pott, Electroweak effects in the Bo-By mizing,
| Phys. B 544 (1999) 537 [Rep-ph/9810400].

[20] See for example, G. Degrassi and A. Vicini, Two-loop renormalization of the electric charge
in the standard model, [Phys. Rev. D 69 (2004) 073007 [hep-ph/0307122], the decoupling of
heavy particles, not implemented in that paper, can be readily recovered using the numerical
results given in its table 1.

,23,


http://xxx.lanl.gov/abs/hep-ph/0310187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C034002
http://xxx.lanl.gov/abs/hep-ph/0112300
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C074020
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C074020
http://xxx.lanl.gov/abs/hep-ph/0310219
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB631%2C219
http://xxx.lanl.gov/abs/hep-ph/0203135
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB585%2C263
http://xxx.lanl.gov/abs/hep-ph/0401038
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB685%2C351
http://xxx.lanl.gov/abs/hep-ph/0312128
http://jhep.sissa.it/stdsearch?paper=09%282000%29001
http://jhep.sissa.it/stdsearch?paper=09%282000%29001
http://xxx.lanl.gov/abs/hep-ph/0007259
http://jhep.sissa.it/stdsearch?paper=10%282001%29020
http://jhep.sissa.it/stdsearch?paper=10%282001%29020
http://xxx.lanl.gov/abs/hep-ph/0109058
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB483%2C410
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB483%2C410
http://xxx.lanl.gov/abs/hep-ph/9907427
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C81%2C277
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C81%2C277
http://xxx.lanl.gov/abs/hep-ph/9804252
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC7%2C5
http://xxx.lanl.gov/abs/hep-ph/9805303
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC33%2C123
http://xxx.lanl.gov/abs/hep-ph/0308032
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB673%2C238
http://xxx.lanl.gov/abs/hep-ph/0306079
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB337%2C313
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB612%2C25
http://xxx.lanl.gov/abs/hep-ph/0106067
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C074007
http://xxx.lanl.gov/abs/hep-ph/0312063
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C131801
http://xxx.lanl.gov/abs/hep-ph/0112264
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C114015
http://xxx.lanl.gov/abs/hep-ph/9906273
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB544%2C532
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB544%2C532
http://xxx.lanl.gov/abs/hep-ph/9810400
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C073007
http://xxx.lanl.gov/abs/hep-ph/0307122

[21]

[22]

[23]

[24]

[25]

[26]

[27]
28]

[29]

[30]

[31]

[32]

A.J. Buras, M. Jamin and M.E. Lautenbacher, The anatomy of €’ /e beyond leading logarithms
with improved hadronic matriz elements, Nucl. Phys. B 408 (1993) 209 [hep-ph/9303284l].

A.J. Buras, P. Gambino and U. Haisch, Electroweak penguin contributions to non-leptonic
AF =1 decays at NNLO, [Nucl. Phys. B 570 (2000) 117 [hep-ph/991125(].

C. Bobeth, M. Gorbahn, and U. Haisch, in preparation.

G. Buchalla and A.J. Buras, Two-loop large-m; electroweak corrections to K — wvu for
arbitrary Higgs boson mass, |Phys. Rev. D 57 (1998) 216| hep-ph/9707243].

E. Lunghi, M. Misiak and D. Wyler, work in progress.

P. Gambino and M. Misiak, Quark mass effects in B — X, Nucl. Phys. B 611 (2001) 33§
lhep-ph/0104034].

M. Battaglia et al., The CKM matriz and the unitarity triangle, hep-ph/0304132.

See http://www.slac.stanford.edu/xorg/hfag/|

A F. Falk, M.E. Luke and M.J. Savage, Nonperturbative contributions to the inclusive rare
decays B — Xy and B — X 010~ , |Phys. Rev. D 49 (1994) 3367 [hep-ph/9308288];

A. Ali, G. Hiller, L.T. Handoko and T. Morozumi, Power corrections in the decay rate and
distributions in B — X0T¢~ in the standard model, [Phys. Rev. D 55 (1997) 4105
[hep-ph/9609449;

J-W. Chen, G. Rupak and M.J. Savage, Non-1/m}" power suppressed contributions to
inclusive B — X 070~ decays, [Phys. Lett. B 410 (1997) 28] [hep-ph/9705219;

G. Buchalla and G. Isidori, Nonperturbative effects in B — X 414~ for large dilepton
invariant mass, [Nucl. Phys. B 525 (1998) 333 [hep-ph/9801456].

G. Buchalla, G. Isidori and S.J. Rey, Corrections of order A(QCD)?/m? to inclusive rare B
decays, Nucl. Phys. B 511 (1998) 594 [hep-ph/9705253].

LY. Bigi, M.A. Shifman, N.G. Uraltsev and A.I. Vainshtein, QCD predictions for lepton
spectra in inclusive heavy flavor decays, |Phys. Rev. Lett. 71 (1993) 496| [nep-ph/9304225|;
A.V. Manohar and M.B. Wise, Inclusive semileptonic b and polarized Ay decays from QCD,
[Phys. Rev. D 49 (1994) 1310 [nep-ph/930824§].

A. Sirlin, Large my, mz behavior of the O(«a) corrections to semileptonic processes mediated
by W, |Nucl. Phys. B 196 (1982) 83|

C.W. Bauer and C.N. Burrell, Nonperturbative corrections to B — X {74~ with phase space
restrictions, |Phys. Lett. B 469 (1999) 24§ [hep—ph/9907517):
Nonperturbative corrections to moments of the decay B — X 410~ [Phys. Rev. D 62 (2000)

114028 [hep-ph/9911404].

K.G. Chetyrkin, M. Misiak and M. Miinz, |AF| = 1 nonleptonic effective hamiltonian in a
simpler scheme, [Nucl. Phys. B 520 (1998) 279 [hep-ph/971128(].

A.J. Buras, M. Jamin, M.E. Lautenbacher and P.H. Weisz, Two loop anomalous dimension
matriz for AS = 1 weak nonleptonic decays, 1. O(a?), [Nucl. Phys. B 400 (1993) 37
[hep-ph/9211304];

M. Ciuchini, E. Franco, G. Martinelli and L. Reina, The AS = 1 effective hamiltonian
including next-to-leading order QCD and QED corrections, [Nucl. Phys. B 415 (1994) 403
[hep-ph/9304257].

— 24 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB408%2C209
http://xxx.lanl.gov/abs/hep-ph/9303284
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB570%2C117
http://xxx.lanl.gov/abs/hep-ph/9911250
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD57%2C216
http://xxx.lanl.gov/abs/hep-ph/9707243
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB611%2C338
http://xxx.lanl.gov/abs/hep-ph/0104034
http://xxx.lanl.gov/abs/hep-ph/0304132
http://www.slac.stanford.edu/xorg/hfag/
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD49%2C3367
http://xxx.lanl.gov/abs/hep-ph/9308288
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD55%2C4105
http://xxx.lanl.gov/abs/hep-ph/9609449
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB410%2C285
http://xxx.lanl.gov/abs/hep-ph/9705219
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB525%2C333
http://xxx.lanl.gov/abs/hep-ph/9801456
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB511%2C594
http://xxx.lanl.gov/abs/hep-ph/9705253
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C71%2C496
http://xxx.lanl.gov/abs/hep-ph/9304225
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD49%2C1310
http://xxx.lanl.gov/abs/hep-ph/9308246
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB196%2C83
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB469%2C248
http://xxx.lanl.gov/abs/hep-ph/9907517
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD62%2C114028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD62%2C114028
http://xxx.lanl.gov/abs/hep-ph/9911404
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB520%2C279
http://xxx.lanl.gov/abs/hep-ph/9711280
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB400%2C37
http://xxx.lanl.gov/abs/hep-ph/9211304
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB415%2C403
http://xxx.lanl.gov/abs/hep-ph/9304257

[36] M. Misiak and M. Miinz, Two loop mizing of dimension five flavor changing operators,
[ Lett. B 344 (1995) 30§ [hep-ph/9409454];
K.G. Chetyrkin, M. Misiak and M. Miinz, Weak radiative-meson decays beyond leading
logarithms, [Phys. Lett. B 400 (1997) 206| [hep-ph/9612313].

,25,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB344%2C308
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB344%2C308
http://xxx.lanl.gov/abs/hep-ph/9409454
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB400%2C206
http://xxx.lanl.gov/abs/hep-ph/9612313

