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Abstract—Instability of the drift-dissipative type, of a weakly ionized non-isothermal plasma in
crossed electric and magnetic fields (Simon; Hoh) has been studied in the quasi-classical approxi-
mation for two cases: (a) Qor, 2> 1, Q7 > 1, (b) Qpr, > 1, Qu7; < 1. The increment and frequency
of the instability of such a plasma against potential disturbances have been deduced in the linear
approximation. Equations of strong turbulence evolved with the aid of Mikhailovskii’s diagram
method have been used in estimating the maximum value of the spectrum function of the electric
field of oscillations and of the coefficient of turbulent diffusion. The concluding part of the paper
presents a set of equations of strong turbulence in the dimensionless form suitable for computer
analyses,

1. INTRODUCTION

As THE papers by both Simon and Hoh suggest, an inhomogeneous weakly ionized
plasma in crossed electric and magnetic fields is unstable against potential oscillations
with a characteristic frequency much smaller than the cyclotron frequency of ions
(w< Q,), An instability of this sort belonging by virtue of its character among in-
stabilities of the drift-dissipative type, is caused by the difference between the drift
velocities of ions and electrons in a transversal electric field. It follows from an analysis
made by SiMon (1963) and HoH (1963) that the oscillations are unstable for a magnetic
fleld H larger than a certain critical value H,. It is indicated that the order of the
increment of unstable oscillations can reach up to that of the frequency. This in-
stability occurs in discharges of the Penning type where anomalous diffusion is
observed at H > H,(BonNaL et al., 1962; REICHRUDEL ef al., 1958; CHEN et al., 1962).

The present paper concentrates on a study of the non-linear effects of the above
instability, in particular on the spectrum of the electric field of oscillations and deter-
mination of the coefficient of anomalous diffusion.

2. FORMULATION OF THE PROBLEM AND THE INITIAL EQUATIONS

We shall consider a weakly ionized plasma with density #, inhomogeneous along
the y-axis, inserted in a homogeneous magnetic field H = H,. The electron tempera-
ture T'is assumed to be constant, the ion temperature equal to zero. There is applied
along the y-axis an external homogeneous electric field Ey. The following two distinct
cases of the magnetic field magnitude will be considered: (a) Q,7,> 1, Q;7, > 1,
() Qr, > 1, Q,r; €1. The two cases will be studied at the same time and formulae
which might differ from one to another, marked with the respective letters (2) or (b).
In the discussion that follows, Q,, Q, are the cyclotron frequencies of ions and electrons,
respectively, and 71, 7,71 the collision frequencies of ions and electrons with a neutral
gas considered an immobile background.
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646 V. KopeckY and J. VAcLavik

Since we are dealing with potential oscillations (E = —V¢) with a characteristic
frequency w < €, we may neglect the terms corresponding to the inertia across the
magnetic field in the equations of motion of both electrons and ions. Moreover, we
may also neglect the inertia along the magnetic field, which corresponds to a diffusion
regime. The problem is solved in the quasi-classical approximation, i.e. the space-—
time dependence of the oscillation is sought in the form exp {—iwt - ikr}; this is
justified on the assumption that k| > « where « = d In n/dy. ‘

Equations describing the plasma oscillations under the above-stated assumptions
are in the following form:

P 1 aiv 3,0 =0 M
0= —TVn, — en, (E + 1, H]) A 2)
c T,

0= eni(E + l [viH]) BRLLAL , (3a)

4 i
0 = enE — "MV (3b)

Ty

div E = dwe(n, — n,). “

We express quantities »,v, and »,v; from (2) and (3) and introduce to (1). Following
simple rearrangements we obtain with accuracy terms (Q,r,)"* and (Q,r,)2in equations

%:%[V_ne,h]+E£;n—2%(TAﬂne+enediv_E*

S Vin) 4l (T% + enc%E—z-z . eEz%’;—e) . ®)
%’fti = ;f‘_é [V, n,h] — ﬁ (n,div. B, +E, .V n)

aa_’;f _— % (n,divE + E . V), (6b)

where h = H/H. These equations together with equation (4) represent the initial set
of equations for the given problem.

3. LINEAR THEORY
In the linear approximation we obtain from equations (5) and (6) the following
expressions for the disturbance in the densities of electrons and ions
w* ik ? szzfc)( Gy Tk ? ika-rc)*l
n = N.e —_— (I)*—'(J)Lv-“ - + > s (7)
¢ O(P(Tﬂ_mQ}rc+ m )\ B

. Qr,  mQ2,  m
w* ik 2 ikzzn-) ( O\t
o= —pee | — — & < 4 W— Wy — =— (8a)
! 0P ( T MQp2r, M Q)

e
n; = —Hyeq %Ti (0w — &pQr)? (8b)
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using the notation
k Tk S k.eE, P k,eE,
mQ,’ E7 om0 E7mQ,

(3

¥ =

We shall furthermore assume that the plasma is sufficiently dense (C, € ¢, C,—
Alfvén velocity); consequently, equation (4) changes into the condition of plasma
quasi-neutrality, i.e. n; = n,. Introducing in this condition the above found dis-
turbances of the densities of electrons and ions, (7), (8) we get the dispersion equation as

e ? } . &gk 2, . *( % kz273>
(w—wE)[erQ'Tl p” (I+o)= O l-—a)+ o mQ_fre+ p”

R

kAT ke %2

[m R Qe)zﬁfg.T,J’me (H“)} Ga)
w* (k2 kr, k2-ri):| wEw
“’[?*’(mg—;rﬁ Pty v A it
TkPrr, [k, 2) (wEk 27 Q7 wEszi)
ot (e + ) + ) JCY

where « = m7,/M7,. Thence we immediately obtain the frequency w and the incre-
ments y of the oscillations as

o 2 2 2,
o= op - [wEkzn(l —a2)+w*( k2K 7)}

2
inTi mQa Te m

k? k2, ) .
X (m———QeQJ«; + - 1+t (10a)

kAT k %27,T . ]
7= [TQz T (1 + ) + ( Qe)zgeTeQiTi mZQeQz‘Ti (1 + {x)

2 2, ~1
><( k) km) A+ (1a)

mQQm,
_ [Bpw*? w*szcq-BQm( k2 n 2) (cDEkZ"’QenQiri wEk2Qi7'i)
w‘{ 7 St =y \@ar Tk o, o,
k.2 k2, k%)} [(w*)z (kf )}
= £ R . J—
* (mere Cm O MJ)INT * mQ 2r, , (10D)
_ { 0*wgh?Q,7; TkQQeTBQFi( k.® +k2)( k2 k27 kZT)J
r= TmQ(, (ng)z (Q373)2 erzTe

w*\? ‘ kf K k2T, szi)z]—
. [(?) T(aﬁ—;fﬁ ) ) (D

where term Tk *r,r,/mM was neglected in formula (11a). This is fully justified in
agreement with (12a) if inequality (k, ,;;,)%/«® > «®a®/k 2 holds.
Itis clear that the denominator and the last terms of the numerator of formulae (11)

are always positive; thus instability is possible only in the case where the first term of
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the numerator is negative and sufficiently large. In case (b) the latter can be negative
only when quantity «E, is positive. From the condition that y = 0 on the boundary
of instability, we obtain from (11) the following expressions for the critical magnetic

fields:
1 Ejeme 1 + a A/ 4k 22T + o)
Hyj=—-—b —_T% oL te s VTR
AT 2 Thpr, 1+ ol (1 ol (eEk®(1 + ) |’ (122)
2c2 2 keE,
H , = meky K€ 1.2 g2
€12 2% B Ak 2 - k%c)‘i T 2k K

2
+ A/ (%’5") + Ko — ?"—;,E" (k2 + kza)} . (12b)

Hence the plasma considered in our study is unstable for magnetic fields fulfilling the
inequality H,, < H < H,, with respect to disturbances whose transverse wave vector
satisfies the condition of

o _ (Bl + 0)®

@ R
o o Kebo [ [Tk
®) < S (1 2]

The increment of instability has a maximum at minimum k, =k, ;. = /L (L is
the length of the device), and at k&, = k;, where

o 12 eEOK(l—i-oc)_( l)_
ko? = k2 082,787, I:A/l + ———Tk?mingi”'i o+ " 1, (13a)
K? A/ ek,
S e LU TR S
Qr, T

and can attain values up to the order of the frequency. As formulae (13) imply,
k2lk ® €1/Q.7, <1; hence the unstable disturbances are intensely elongated along
the magnetic field.

4. NON-LINEAR THEORY

We shall study the strongly turbulent state of the plasma that arises in consequence
of the above-described instability, using the diagram method suggested by MIKHAILOV-
SKII (1964).

To find equations which describe the strongly turbulent plasma state considered
herein, we shall start from equations (5), (6). We shall put n,,, = ny;,, + fize, E =
E, — Vg, where ny,,, = {n,,), E, = (E) are quantities satisfying the quasi-equilibrium
equation (see below), 7, and ¢ are the oscillating functions for which it holds that
(A,.) = {p) = 0; symbol (- -+ ) denotes the averaging over the set of oscillations.
In the zero approximations we shall consider ny,, and E, the equilibrium ones, i.e.
quantities independent of time.
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On averaging equations (5) and (6) over the set of oscillations we obtain the
quasi-equilibrium equations as follows

Onge 1

5 mQ 5 {TAJ_n(,e + eEy, .V 1y, — e, A @)

" . 9 (.0
- 9<VL<P ’ VJ_”e) - QeTee<V_Lne . [h? VJ_QPD - e(QeTe>2 <a_z' (ne £)>}» (14)

ong, e . .
"a‘:‘ = m {_EO_L . VJ_”O;’ + <niAJ_q)> + <VL‘P . V_L”i>
" op
~ Qury(V 7, [,V o) + (2 T1)2< ( az)>} , (15a)
oy, er, . 5
==~ B Vi — (iAg) — (V. Vi) (15)

Substracting these equations from the corresponding un-averaged equations (5) and (6)
we obtain equations for the oscillating quantities

aﬁe 1 .
n _mQ27 {TA_Ln —enA ¢+ eEy, .V i, —eV 9.V n,

+ 0T 7, T Bl — 0 e [, V.61 + QT o

Py
—enOeEZg)}— ¢ {nAan—}—VJ_gv Vi, + QrV i, . [hV ¢]

mQ 2
0 0
£ @ag () oo, (16)
on; e . o
5 = 305, ngA ¢ —Ey, .V A +V 0.V n,+ QrV A . [b E]
— Q7Y 1y [0V, 0] — Q) az"’}
iV oy < [V @] iTi) Mog )
+ Mé {n Ag+ V6.V~ Qe N ., Vo]
0
+ Q) = ( aj) (oo ->}, (17a)
oA,

a—t’= - —Ai{—nmqu +E,, .V, — V. Vny —fAe — Vo . Vi,
+ (ilp) + (Vo . VAL (17b)

In agreement with the assumption of the quasi-classical approximation, we can
transform the above equations to Fourier representation, i.e. put

+ 00
Flyo = f n; (k) exp {—iwt + ik +r} dk,
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where & = {k, w} and analogously for ¢. Equations (16) and (17) then change to the
form of

zk T k2T w* ik, *® ik 21,
(k)( Q ey + _") = n0e€9’(k)(7: + n—,@?a + —m—)
+ ;)2 f dk {kJ_ ki QeTe[k’ kl]z + (QeTe)zkzkz’}{ne(k - k,)(P(k/)

— (ke — Kek)}, (18)

0] w* ik, ? ik,
ni(k)<a) — g — b—f-) = nweqj(k)(?. — WLZ . MT)

i1

- -]Tl—él% f dk'{ki . kJ_' + Q,r[k k'], + (Qﬂi)zkzkz'}
X {nk — KOp(k) — (e — KK, (19%)
00 — B8y = et 7t — 1T [ G KKtk — Kotk
— ik — K)o}, (19)

A solution of these equations is sought in the form of a power series with respect
to amplitudes ¢:

n; (k) = Z n) (k). (20)

In the first (linear) approximation we obtain for n{(k) expressions (7), (8). For
n{(k) we can easily find a recurrent expression for / > 2:

ie@ 1
nP(k) = lf—éz(f—) f Ak, ok, — Qr Ik k'], + (Qr Pk}
X And 0k — KDk — ¢+ (21

Ie® k)

@ 0=~

fdk k, -k, + Qrk K], + (Qr)%kk, "}
X APk — KNglk'y — (e b

(b) nfk) =— E:%l-@ fdk' k- k' {n Dk — KNp(k") — ¢ )

where
Dy ik 2T ikpr,T
= — S A R 22
O.k) = o =y Qr,  mQrr, + m 22)
o, E
(a) 00 =0 — op — 5= »
(b) Oik) = w — Gk,

Using formulae (7), (8) and (21) we obtain expression for the general term n"(k)
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(/ > 1) of series (2) with an accuracy to the terms of the order of (Q,7,)~! and
Qyrik2lk,*

o \I-1
e = (2) " 2 [a,. ak, Ak

2 ®J(k)
kK Lk -k k.. [k—k —. ..~k 5 k4],
O,k — kDO —ky —k3) ... Ok —ky — ... —k,y)
X R{p(ky) . . . g}k — Ky — ... — k), (233)
ier,\' en
nP(k) = ( — H) @I}’C—) f diey ... dkey Ak — ey — ... — k)
ky  K)ky -k — k). . (ko (k— ... —K;y)
Rig(ky ... ok} (2
Bk — )0 — o — k). Ok — T = = ki Rtk - gl)} (23b)
after having introduced the following notation therein:
w* ik 2 ik 2,
AR =7 T T T 9

w* ik 2 ik 2,

(a) Ai(k)—-‘ir—m——ﬁ?,
ir,
(k) = — — k2
(b) A0 = -k,
Rig(ky) . . . p(kp)}
=gk .. k) — plky) . . (@l ok)) — - — (glky) .. @lk).
/ / / ;
// // // //
/ / /

/

/ / /
) = —— bk

FiG. 1

Quantities n{P(k) can be represented graphically (refer to Fig. 1). The elements of
Fig. 1 denote the respective quantities as follows:

solid line = 1/0,(k)
dashed line = ¢(k,)

ie

solid circle = — . k—k —...~k, ;,k)], (@
ier;
=—ﬁkz,-(k-k1—...—kﬂ_1) (b)
open circle = eny 8k — ky — ... — kA, (k).

Integration over k,, is carried out around each circle.
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Since the structure of expressions (23) is analogous to that of the expression giving
the general term of the distribution function series in MIKHAILOVSKI'S paper, we canl
hereafter use the diagram technique evolved there. Some modifications must be made,
however,

By introducing Q—products of potentials (MIKHAILOVSKII), series (20) transform
to series

) = 3 20, | (5)

the general term of which is given by expression

n]’-"(l)(k) = gj(k)f‘)’;lﬂ)(k; ki oo k)O{pky) . . ok} dky ... dky, (26)

Y% is the sum of topologically non-equivalent renormalized vortex parts of dia-
grams of the same order, and g,(k) is the modified propagator linked to the elementary
propagator g,,(k) = ©,7}(k) and the self-energy part o,(k) of the modified propagator
through Dayson’s equation

g/k) = go/(k) + gos(k)o(K)g (k).
Equation (4) can then be rewritten with the aid of (25) and (26) in the form

W0 =63 [k Ttk IO . ¢l 2D

where
e

Goik) =1 — i

[&-(k) [oraEs ) — 500 B2 W e

4
Dy = 3 BODE sk o k) = g kW s b DL (29)

The subsequent procedure of deriving the equations of strong turbulence, i.e. the
equations for the spectrum function of potential I(k) = {p(k)p*(k)) is identical with
that given in MIKHAILOVSKII'S paper.

Next to the above-stated quantities characterizing of the turbulent state of plasma,
there figures in the quasi-equilibrium equations (14), (15) transformed to Fourier
representation

on, 1 { ng, e 0 J‘ }

o 7T 4 By T Ime o Q) np(—R)),

ot er27.g T ayZ + €E0 ay Ime ay dk(kv + L7, x)<ne( )‘P( )>

(30)

O —e { Mg G f }

O __—€ [p %o 1 © — Qurk ) ()F(— TN, 31
at MQigTi 0 ay Im ay dk(kv 17¢kx)<"z(k)¢( )) ( a)
ong, er, { oy, G f }

— = = E - — Im = ky n(k)p(—k)) {» 31b

also quantity (n;(k)p(—k)) for the expression of which we can obtain, with the aid of
(25), a relation analogous to that of mixed correlation, proceeding similarly as in
MIKHAILOVSKII'S paper.
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In the sections that follow we shall consider only those diagrams that give an
approximate set of equations for strong turbulence corresponding to the set of equations
for weak coupling (KADOMTSEV). A graphic representation of this set is indicated in
Fig. 2. The meaning of the various symbols is the same as in MIKHAILOVSKII'S paper.

Ity = "= 2 'III&W'I[I[A

Gk) = =+ 4 T 3 J b

gj(k) = ma—— +-———“

e = Q) = o+.€3\;—,@
y;a’(k) @ = %

Cny(kyp(— k)

|

Mkl
Fic. 2

The analytic expression is given by the following set of equations:

1
ge(k) = 7 iTr k. 2 !
©— og + Q%E—;-—e -+ i# ((Q;e)z =+ kzz) — o,(k)
1
w—wE"ﬁ%’"Gi(k)
1
® R ey &)
2
@ o= (=) [~ kot k1w,
er;\?
® 0@ = (52) [ bzt — kb -0k - G~ i,
* 'Te k2
7 (k) = emy li(‘»j? + %1' (Qezl.rez + k,z):]
2
(5 fomat b2 ~ kiR,
* .Ti k 2

@ A =] (k2]

2

B (meg ) f dialk, k] g (e — kg (~ Ry P(— KTk,

%) 200 = — % e (T 100k ~ kg — k)

g —k)yP(—k)UKy),
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4
Gi7H) = 1 — T (g kw®) — g (w200

1
Gy k) — 2(k)°

309 = 4] 08, T (5 )G — )84 G e LG,

G(k) =

Dl oymlke; ky) = Tk ky) + L0k k — k),

4me
Tk k) = 7 8,600 ks k) — 0000 k),

e
@ AR = — 5 el — k)P - k)
® AR =~ kg — kP — k)

I0) = 2GR f 8y | T34l D2 T Kk — ),
YU —)) = g )Pk
< 26) f Ayl —DURDICk — KT, (—k; —k)G(—F).

It is clear that this set of integral equations is too intricate to yield to an analytic
solution. Hence the only solution that might come into consideration, is that effected
on an automatic computer. It would, therefore, serve a useful purpose to rewrite the
set of equations in a dimensionless form which is moreover convenient for qualitative
estimates.

5. DIMENSIONLESS FORM OF EQUATIONS AND QUALITATIVE

ESTIMATES
We shall introduce the following dimensionless variables
k k, L ®
k=== k, === B o= —
S T @ Wy’ (33)
where k, is given by formula (13) and wy = eEyk,/mQ, and the dimensionless functions
-~ ~ ~ O Q
(a) 8i = &i%w» &; = oyl 77 =y engeqre”
Q
— 5 — o Q - (o) — m e
(b) gzwo iTis 0 Gz/wo iTs 7i '}) enokoKQT
5 e kim, 4mengr
= —_— = Gy——s, 34
I=la EL O Rk (34
5 Emtd, Em&
S(3) (J b (8) — 4,(3) 0O {4
(@) 7 ) enokk engrkt’ ®) 7 i engrk2Q,r,’
- E%k, ~ 4rrengr
0 = Y, G6=G—-7,
by drmenyx Eoko?
o Egky? ~ ke

2=2

dmenyie’ () = () mQ,Luge
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The system of equations (32) then assumes the following form (with the symbol denot-
ing the dimensionless quantities left out):

1
(a) gz(k) = s
1
b )
® o~ k= o)
1
g(k) = ,
k, Tkk,? k2TQ,, (77)2
o=k +Q T QT€E0+I eEjy \L oK)

@ ok = f A,k — kp)Ik, ko] 2(ky),

® o) = f Ak — k)3 k)1 - (K, — K, IR,

k Qr, (m\2
(2) — . 2 (0] i 2-ete [ 7
vel) =k, + ik, Q,7,x + ik, kox (L)

f Ak, Kyl 2,0k — kg, (— )y @ (—kp)I(ky),

ky Q,r
e — 2 _
(2) k) =k, — ik, Qe k2 —= k(,:c (L)

- f dk, Ky) 2,0 — Kyl (—k)y @ (—kI(ky),

k,
(b) 722)(’7‘) = —"kf;(') - f diy(k, <k )k« (k, —k )gk — ki)
X g(—k WP (—k)Iky),
G = 5 18620 — 8,
L
1
G~ S’
Sk =4 f G0, (ks )Gl — KT,k — Ky )Tk,

Gk) =

1
Ik k) = [y ks ky) — gk Pe; k),

® PPk; k) = —ilk, kalugy(k — kyP Gk — k),
®) ks k) = =ik kgl — k)yPk — k),

I(k) = 2|G(k)? f dhy| T3 eynas k) PIGR)IK — Ky,
nk)p(—k)) = g,(k)yiP (LK) + 2¢,(k) f dheyy (ks key)l(ky)

X I(k kl)Psswn( k; '—kl)G(—k)a
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where we have neglected 1 in the expression for G, because of condition C, < ¢, and
in expressions Gy, I'y” and a;, %, »{¥ in case (b) changed 2 to & , % because of con-
dition k 2k % < 1

Since it may be expected that in case (a) all the dimensionless quantities are of the
order of unity, and in case (b) g, ~ Q,7, y{¥ ~ (Q;7,)~* and the remaining terms are
also of the order of unity, we obtain from (34) the following estimate of the maximum
value of the spectrum function

ekp m\7!
I A ks I
max (erEO L) (36)
and from equation (30) the estimate of the coefficient of turbulent diffusion
ek,
RY e, 37
L mQk, 37

On introducing k, from (13) in expression (37) and bearing in mind that in experi-
ments it is usually eEy/xT ~ 1. we arrive at the following estimates of the diffusion
coefficient

case (a) D, ~ Dg/(Q7 )1,

D BQe‘re
1+ Q707"

where Dy = T/mQ,. It is evident that in case (a) the diffusion coefficient is smaller
and in case (b) much larger than Bohm’s coefficient.

If a more accurate determination of the diffusion coefficient and of the form of the
spectrum function is desired, the system of dimensionless equations (35) must be
solved numerically for each concrete case because equations (35) contain four dimen-
sionless independent parameters Q,7,, Q,7;, eEo/«T, (m/L)?/kyk. This problem will be
dealt with in one of our forthcoming papers.

case (b) D, ~

REFERENCES

BonNAL 1. F. et al. (1962) Nucl. Fusion Suppl, Pt. 3, 955.

CHEN F. F. and CooPEr A. W. (1962) Phys. Rev. Lett. 9, 333.

HoH F. C. (1963) Physics Fluids 6, 1184.

Kapowmtsev B. B. (1964) Vop. Teor. Plazmy 4, 188.

MIKHAILOVSKII A. B, (1964) Nucl. Fusion 4, 321.

ReicurupiL E. M. and SMIRNITSKAYA G, V. (1958) Jzv. vjssh, usheb. Zaved. 1, 36,
SIMON A, (1963) Physics Fluids 6, 382.



