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CYCLOTRON RADIATION FROM A HOT PLASMA*'[. 
W. E. DRUMMOND 

John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic Division of 
General Dynamics Corporation, San Diego, California 

Abstract-In their Geneva paper, TRUBNIKOV and KUDRYAVTSEV calculated the cyclotron radiation from a hot 
plasma. In doing this, the approximation was made that the individual particles radiated as though they 
were in a vacuum. We have investigated this approximation by calculating the absorption length directly 
from the Boltzmann equation and we find that indeed this approximation is correct whenever o,?/inz < nz 
where n is the harmonic number of the radiation in question, os is the plasma frequency, and R is the 
cyclotron frequency. For a contained plasma, the left-hand side of this inequality is of the order of magnitude 
of one and thus the inequality is well satisfied for the dominant radiation from a plasma at high temperature. 

The physical reason for this inequality can be investigated by solving the test-charge problem to find the 
transverse response current of the plasma to the motion of an electron. The result is that the transverse 
organizing length in the plasma is c/o,, and thus one may picture an electron in its Larmor orbit as being 
surrounded by a co-moving current cloud of radius c/o , .  Classical electrodynamics then leads to the above 
inequality. 

AT the Geneva Conference on the Peaceful Uses o j  
Atomic Energy, a paper by TRUBNIKOV and KUDRYAV- 
~ ~ ~ ~ ( 1 9 5 8 )  onthecyclotron radiation fromahotplasma 
was given. Their results were that the cyclotron 
radiation is unexpectedly large and that it is essentially 
a surface effect and can be minimized with respect to 
volume effects such as thermonuclear-energy produc- 
tion by simply increasing the size of a controlled 
thermonuclear reactor. Their estimates of the critical 
size of a controlled thermonuclear reactor, i.e. the size 
at which the thermonuclear energy production is just 
balanced by the radiation energy loss, were in the 
neighbourhood of 10-100 meters. 

Because of the serious ramifications these results 
have on the future of controlled thermonuclear power 
considerable controversy has arisen over their method 
of calculation (see e.g. BEARD, 1959). In  particular 
they assume that an individual electron in a plasma 
will radiate as though it is in a vacuum and this as- 
sumption has been challenged by several people. For 
example, it  has been suggested that each electron in a 
plasma is surrounded by a 'Debye cloud' of charge 
which would inhibit the radiation from this electron. 
Rosenbluth and I have considered this problem 
and conclude that indeed a n  electron is surrounded by 
aco-moving cloud of current, but the important part of 
this current cloud for inhibiting radiation is the trans- 
verse part and we find that the transverse part has a 

* This work was done under a contract between General Atomic 

'r The work reported in this talk was done in co-operation with 
and the Texas Atomic Energy Research Foundation. 

M. ROSENBLUTH. 

radius of approximately c/w,>. This will inhibit radia- 
tion at wavelengths long compared to c/cu, but radia- 
tion at wavelengths short compared to c/o>,, will be 
essentially unaffected. This means that for fre- 
quencies large compared to the plasma frequency an  
electron in a plasma does indeed radiate as though it 
were in a vacuum and the Russian assumption is 
correct if the frequencies of interest, i.e. inultiples of 
the cyclotron frequency, are large compared to the 
plasma frequency. To show that this is so we consider 
the quantity PN = 8mikT/B2. For plasmas of interest 
p, is a number between 1/10 and 1 and this means 
that for temperatures in the neighbourhood of 50 
to  200 kilovolts the plasma frequency and the 
cyclotron frequency are roughly equal. I t  follows that 
multiples of the cyclotron frequency are large compared 
to the plasma frequency. Thus we agree with the basic 
assumption of TRUBNIKOV and KUDRYAVTSEV. 

Before proceeding to a derivation of our results, I 
wish first however to give a short summary of the 
method used by TRUBNIKOV and KUDRYAVTSEV. Con- 
sider an  electron moving in a circular orbit the radius 
of which is given by the Larmor formula r = lrL/(ucl 
where uL is the magnitude of the projection of the 
velocity vector on to the plane normal to B. To calcu- 
late the vector potential of such an electron we have 
the expression 

A(w)cc J exp (iwr) exp [ik . r (t)]c(t)dr. 

In many radiation problems one makes the dipole 
approximation, i.e. one neglects 1kr.l compared to 1. 
For  this case we see that we obtain only radiation at 
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the cyclotron frequency. For our case however lkrl = 
((w/o,)(t.,/c)l which cannot be neglected compared 
to 1 for a hot plasma. Thus it is the failure of the 
dipole approximation that is responsible for the 
harmonics of the cyclotron frequency. What TRUBNI- 
KOV and KUDRYAVTSEV did was to calculate from this 
the energy radiated from a single electron and to  
average this over a Maxwellian distribution of electrons 
to obtain the source function S which is the energyradi- 
ated per second per unit solid angle per unit frequency 
per unit volume. Now the cyclotron frequency of a 
relativistic electron depends upon the electron momen- 
tum. Thus, when we average over a Maxwellian dis- 
tribution of electrons, we smear out the spectrum of 
radiation into a continuum. From Kirchhoff's law we 
obtain a relation between the source function S a n d  the 
absorption coefficient GC, S = ZRJa where IRJ is the 
Rayleigh-Jeans distribution law. Thus one obtains in a 
simple way the absorption coefficient of the plasma. 
For low frequencies where there is considerable 
radiation there will also be considerable absorption 
and a plasma of finite thickness will appear 'optically 
thick.' As the frequency is increased to very high 
harmonics of the cyclotron frequency the source 
function and absorption coefficient will gradually 
drop off until the plasma is optically thin. Thus a 
plasma of finite thickness appears to be a black body 
for all frequencies up to the limiting frequency U*  at 
which the absorption length is roughly equal to the 
plasma thickness. This is the result of TRUBNIKOV 
and KUDRYAVTSEV. 

We now wish to discuss the philosophy behind our 
derivation. If one considers the limit in which 
e = in = l / i i  = T = 0 with elm, etc. constant, the 
collisionless Boltzmann equation is an exact result 
of the Liouville theorem. This is the fluid limit and 
there are no individual-particle effects such as cyclo- 
tron radiation in this limit. If we consider e,  m, l /n 
and Tal l  to be of the same order (we refer to the order 
of any of these quantities asg)  then cyclotron radiation 
appears as a first order effect in g. The straight- 
forward way to  calculate this is to introduce a test 
charge into the plasma. Besides the current of the 
test charge there will also be the reaction current of 
plasma. This includes effects due to two-particle 
correlations as well as the fluid response. This total 
current is then the source of cyclotron radiation. The 
total radiation is then given by averaging over a 
Maxwellian distribution of test charges and the 
source function so derived is of order ne2 = g. A 
simpler way of obtaining the results is to calculate 
the absorption coefficient io zeroth order in p, i.e. 

obtain the source function from Kirchhoff's law which, 
because IRJ is of first order in g relates quantitites of 
different orders. This is what we have done in the 
following. 

Thus we wish to find the absorption coefficient for 
electromagnetic waves from the collisionless Boltzmann 
equation. Because we are dealing with very hot 
plasmas we use the relativistic Boltzmann equation. If 
we linearize, Fourier transform with respect to space, 
and Laplace transform with respect to time, we obtain 

= -eE . V,fo + b. 

Here s is the Laplace transform variable and k is the 
Fourier transform variable. The solution to this 
equation can be written formally as 

f ( k , w , ~ )  = G . E(k,w) 

where G is an  operator and m = c = 1. Similarly 
from Maxwell's equations we obtain 

(s2 + k2)E - (k  . E)k + 477sj = b 

where j the current is defined by 

j = J vf(v)d3r = vG . Ed3v = Q . E 

and b, b are concerned with the initial data and are of 
no interest for the present problem. Thus we obtain 
an equation of the form 

AE = b 

a11 a12 

where A = ( uZ2 ") 
= r +rG" 

0 

The dispersion relations are obtained by setting the 
determinant of A equals to zero. For propagation 
directly across the magnetic field the 13, 23, 31, 32 
elements of A are zero because of symmetry. We 
are interested in propagation at very small angles to  
the normal of the magnetic field and thus we neglect 
these elements. The dispersion relations are then ob- 
tained from the equation u33(u11u122 - uI2a2J = 0. For 
propagation across the magnetic field with polariza- 
tion along the field, the dispersion relation is given 

0 a33 

477SOl, 0 

4rrso2, S' + C2k2 + 477~0,~ 0 

s' + c2k2 + 4 7 7 s ~ ~ ~  

by a33 = 0. For propagation across the magnetic field 
with polarization perpendicular to the magnetic field, 

from the collisionless Boltzmann equation, and then the situation is complicated by the off-diagonal 
"_ 
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elements of the conductivity tensor. However it is easy 
to show that these elements can be neglected compared 
to the diagonal elements for frequencies large com- 
pared with the plasma frequency and as we have seen, 
these are the frequencies of interest. For such waves 
the dispersion relationship is then simply given by 

aZ2  = 0. 

Actually it is this polarization which is the most 
important. The imaginary part of 022 leads simply to 
a slight frequency shift but the real part gives us 
damping in time and this is related to spatial absorp- 
tion by the group velocity. In turn, this is related to 
the source function through Kirchhoff's law and thus 
to find the source function we must simply evaluate 
the real part of G ~ ~ .  An elementary calculation gives us 

where the quantity in brackets is simply the energy 
radiated by a single particle in a vacuum, and kl is the 
magnitude of the projection of the propagation vector 
onto the plane normal to B and r is v loc .  And thus 
we see, by direct calculation, that the source function 
is indeed just the source function for independent 
electrons averaged over a Maxwellian distribution. 
TRUBNIKOV and KUDRYAVTSEV have evaluated this 
integral for the case of propagation exactly across the 
magnetic field. We have extended this to the case of 
small angles from the normal magnetic field and 
obtain 

where 
0 m = -  
WC 

and 
2€ € + I -  1 - -In- - - 

€2 - 1 E - 1 LWT 

which agrees with results of TRUBNIKOV and KUDRY- 
AVTSEV for 6' = 4 2 .  It is important to recognize here 
that the radiation is almost entirely contained within 
an angular region of the order of l / d -  in about the 
normal to the magnetic field. And this means that 
the black-body spectrum will not fill up at large angles 
to the normal. If one now calculates the radiation 
from a slab of plasma of thickness L a considerable 

reduction occurs compared to the results Of TRUBNIK~V 
and KUDRYAVTSEV because of this angular effect and 
this materially changes the critical size. Equating the 
total radiation out to the thermonuclear energy pro- 
duction we then obtain the table of critical sizes shown 
in Table 1. 

Note added in galley.* Due to ai2 algebraic mistake in 
the ecaluation of xI, the angular distribution gizjen 
abozje is in error. Actually zLfalls o fs  less strongly with 
angle and the results gizjerz in Table 1 are wrong and it 
has thus been deleted. Although it has not ye t  been 
ecaluated quantitatirely there should nevertheless be 
some reduction in the critical size, but not as much as 
previously stated. 

It results that for the case of Plr = 1 cyclotron radia- 
tion is not too bad a problem. However, for stability 
reasons it may be desirable to have pw in the neigh- 
bourhood of I /  10 and for this case the critical size again 
becomes large. In order to mitigate the effects of 
cyclotron radiation one can use reflectors. If one 
considers a reflector with reflectivity R which does not 
change the angle the radiation makes with the magnetic 
field, the effect of the reflector can be analysed as 
follows (see Fig. 1): 

The boundary conditions are 

Z(1) = 4 3 )  = RZ(2) 

and these then yield 

Inserting this into the critical equation one then finds 
that the critical size is reduced by the factor 1-R. For 
magnetic fields in the neighbourhood of lo4 gauss the 
harmonics of the cyclotron radiation are in the milli- 
metre and centimetre range and a reflectivity of 0.99 is 
not unreasonable for such a case. Thus by using a 
reflector the critical size can be reduced by two orders 
of magnitude. 

\ 

FIG. I.-Radiation from plasma contained by reflector. 

* This  was pointed out to us independently by TRUBNIKOV and 
by HUBBARD. 
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To sum up  I might say that we have shown three 
things. First, that the basic assumption O f  TRUBNIKOV 
and KUDRYAVTSEV, i.e. that electrons in a plasma 
radiate as though they are in a vacuum, is correct. 
Second, that the angular dependence of the cyclotron 
radiation leads to some reduction in the critical size 
of a controlled thermonuclear reaction compared to 
the results of TRUBNIKOV and KUDRYAVTSEV. Third 
that machines such as the mirror machine which 

operate at  low /3 will necessarily use reflectors and that 
such reflectors can be expected to cut down the critical 
size by two orders of magnitude o r  more. 
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