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Abstract

The fideliry of two pure states (also known agnsition probability) is a
symmetric function of two operators, and well founded operationally as an
event probability in a certain preparation-test pair. Motivated by the idea that
the fidelity is the continuous quantum extension of the combinatorial equality
function, we enquire whether there existsyaumerric operational way of
obtaining the fidelity. It is shown that this is impossible. Finally, we discuss
the optimal universal approximation by a quantum operation.

PACS numbers: 03.65.Ta, 03.64A

1. Introduction

For two pure quantum states = |¢){¢| andz = |0)(f| on the spacé&t, which we assume
throughout to be of dimensiah< oo, the (pure state) fidelity is

F(r,7) =Trat = |{¢|6))%

Its operational justification is as follows: suppose we test the system for being incstate
described by the projection valued measure (PMM)1 — 1), then the probability of an
affirmative answer, the actual preparation beings F(r, 7). It is one of the features of
guantum theory that the same probability arises if the system is prepared in statd is
tested forr, see the discussion in chapter 2 of [1]. This is reflected in the symmetfy of
F(m,t) =F(z, ).

By restricting attention to a set of orthonormal vectors x € X, one has

1 ifx=
F(|x><x|,|y><y|>:8xy={0 :fi;ﬁ-i'

Thus, onY x X, F represents the test for equality of two given elements fian®bserve that
this characterization is symmetric in the two variables: we can imagine a classical computing
machine taking as inputandy from X', which outputsi,, € {0, 1}.
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2. The problem

The question arises whether or not an operational justificationFf@s possible that is
symmetrical too, like the one just given for the identity-predicate (which it generalizes, as we
observed). Note that in the above discussion orve,af figures as a state, whereas the other

is a projection of a test. Hence, two possibilities seem natural: either both have to be given
as quantum states, or both as tests. In either case we want to find a procedure to sample the
binary distribution(Trzz,1 — Trzrt) once, i.e. produce the first outcome with probability
Trmt, and the second with probability-1 Tr 7. These two problems will be made precise

in the following subsections, and given answers.

2.1. Two states

A would-be fidelity estimator for two unknown states is a map
F:n®t+— (Trort)z1+ (L —Trmt)zo

wherezg, z1 are the (orthogonal) idempotent generators of a two-dimensional commutative
algebra. As is immediate, this is indeed uniquely extendible to a trace preserving linear map
on B(H) ® B(H). Itis even positive—on the separable states! But not on the whole state
space: for example, consider the pure state vector

1 1
== — |11
V) ﬁ|00>+ﬁ| )

in H ® H, with orthogonal unit vector®) and|1). Thenitis easily checked that it must map
to (—1)z1 + 2z0 underF.

In fact, it will turn out useful to write the map'in different terms: since it maps states
linearly to binary probability distributions, it istasz, which means there is an operatosuch
thatTrrr = Tr((x ® 1) F), i.e.

Frt)=Tr(mn®@1)F)z1+Tr((x @ t)(A — F))zo
and itis well known that the unique solution to this equation is the flip opefatdp) ®|6) —
|0) ® |¢), which has eigenvalue 1 on the symmetric subspace;-dndn the antisymmetric
subspace; in particular it is not positive.

Itis interesting to note that we encountered here what is calledranglement witness (as
introduced by Terhal [2]): a linear map positive on products but negative on certain entangled
states which it ‘certifies’. The operatéf = F*(z1) (using the dual map™ of F with respect
to the Hilbert—Schmidt inner product) is the operator version of this entanglement witness: it
has the property

Tr(r )W) =Trat >0

but for some entangled states it has negative expected value.
Let us state our finding as a theorem:

Theorem 1. There is no positive linear map F such that for all 7w, t
Fr®t)=(Trrt)z1 + (1 — Trmxt)zo.
Equivalently there is no positive operator F such that for all 7, T
Trrr =Tr((r ® T)F).

1 Note that the restriction to one copyf r each is crucial: if we were allowed to use the preparation device for
7 indefinitely often, then we could do a tomography (consult, for example, [3]) or any other statistical reconstruction
of the states, and actuallympute Trrz.
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2.2. Two tests

Suppose we are giventhe PVM = (7, 1— 7) ® (r, 1— 1) onB(H) ® B(H) as a black box.
What we can do is feed it with an arbitrarily prepared state, and combine the outcomes into two
groups. Observe that if we allow multiple uses of the black box we can do a tomog ity
(dual to the tomography of states [3]). This motivates the restriction to a single application of
M 3. Note that we make no assumptions other than statistical on the observables, in particular
we impose no conditions on the measurement devices regarding their post-measurement states
(see again the remark in footnote 3).

Preparing a statgp on B(H) ® B(H) and using it withM, we are supplied with one of
four outcomes (11, 10, 01, 00), after which we employ a statistical decision rulewis
measured, we vote for 1 with probabilipy; < [0, 1]. This is the most general form of the
procedure, and we can calculate

Pr{1} = p11Tr(p(mr ® 1)) + p1oTr (p(r @ (A — 1)) + porTr (o (A — 1) ® 7))
+pooTr(p((A—m) ® (A—1)))
= (p11— p10— po1rt poo) Tr (p(w @ 7)) + (p10 — poo) Tr (p(mr ® 1))
+(po1— poo) Tr (p(A® 7)) + poo Trp
= (p11— p10o— po1* poo) Tr (p(r & 7)) + (p10 — poo) Tr (p17)
+(po1 — poo) Tr (p21) + poo.

This is a polynomial inr andz with a bilinear, a linear, and a constant part. Hence, for this
to be equal to Trrt, necessarily

p10= po1= poo=0
forcingp11 =1 (chooser = ). So, we have to look for a statesatisfying
Trot =Tr(p(r ® 1)).

However, by theorem 1 there does not even exist a solutigrnp0< 1 to this equation.

Our result can be understood as another new feature of quantum information as compared
to classical information: whereas there is an identity test for classical data, symmetrical in
the two inputs, the corresponding natural quantum version, namely the fidelity, is forbidden
by the quantum mechanical laws: not only are we unable to access the precise value of it, we
cannot even once sample the corresponding Bernoulli variable.

Thus, we have exhibited a new no-go theorem regarding quantum mechanics, in the line
of the no-cloning theorem [5].

2 Since we want to reconstruct a set of selfadjoint operatdss. . ., A,) onH, it is sufficient to know the values
of Tr pA; for a spanning set of states Formally this is the same as state tomography, as it rests on the Hermiticity
of the Hilbert—Schmidt inner product B* B for operators.
3 It may be amusing to note that in the case of two qubits fie= C2) and with the promise tha¥ obeys the
projection postulate for the post-measurement statesapplications of\f are sufficient to achieve the goal is a
complete von Neumann measurement consisting @ft, 7 ® -, 7t @ r, 7t ® L.

Apply M once (on an arbitrary initial state), then swap the qubits (which is unitary), and &palgecond time.
A suitable combination of the in-total 16 outcomes makes the outcome ‘1’ occur with probabitity (Thserve
that this equals Tr-71). More explicitly, denoting the outcomes a$, (), whereX is the operator from the first
measurement, aridfrom the second, combiner ® 7, r ® P) and(r+ ® T, t1- ® P), whereP andT run over the
sets{r, 71}, {z, 1}, respectively, for the outcome ‘1'. (In fact, a single applicatiorzaf1 — ) followed by an
application of(z, 1 — ) does the same job.)

The reason that we did not consider this to be allowed is that it assumes the projection postulate, apart from
obviously working only with qubits.) This adds another peculiarity to ‘why two qubits are special’ [4].
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3. Universal approximation for two states

After failing to find allowed procedures to sample the fidelity distributiofr, t), we resort
to approximating this ideal behaviour in an optimal way.

To find the optimal approximation to the fidelity estimator, we have to minimize the
expression

§(A) =max| Tr ((r @ 1)A) — Tra|

with respect to < A < 1. We may assume that the optimgls invariant under the actions
TRTITH>TRT

and
1@t UnU @ UTUT U € U(H).

The reasoning is the same as for universal cloning [6] and Bloch vector flipping [7] machines:
because of the invariance of the fidelity function and triangle inequality, an optimal solution
cannot become worse if we average it over the group action using the Haar measure.

Since the squared representation of the unitary group has exactly two irreducible
components, theymmerric and theantisymmetric subspacesS and A, respectively, with
corresponding projectoids andIT 4, the most general to consider has the form

A=ocllg+ally O0<o,0 <1
To evaluateéf(A) choose an orthonormal basgis ..., ey of H. Then
e Qejtei Qe . .
8=Span{fi=€i®eiafij=—l ]ﬁ] l:l<]}

and note that thg, f;; form an orthonormal basis &f.
Now by unitary invariance we may assume that

7 = |ex){e1l
and

T = (ule1) +v]ea)) (ufe] + viez|) wv >0 u?+? =1
Hence, noting Trrr = u?,

8(A) = max|o Tr (7 ® Ds) + o Tr (7 ® 1)) — u?|

= max|a + (0 —a) Tr ((r ® 1)) — M2|
u,v

and calculating

Tr (v ® Tls) = [Mslen) @ (uler) + vie2)) 13
= |((ea] ® {eal)(len) ® (ule) + vle2))) |+ |(le2l @ (e2))(le1) ® uler) + vie2))) I
o | fel ® (eal + (el ® el ’

NG (le1) ® (ule1) +vle2)))

2 1+M2
= 2+0+U—:
. 2 2
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we end up with

1 +u? 2
§(A) = max
0<u?<1

at+ (o —a)

o+tuo o —«
+ -1
2 ( 2 >’“
+
=max{—62a,1—a}.

To minimize this we have to choose= 0 ando = 2/3. The optimal test is thus
A =25

achievings (A) = min = 1/3.

The general case efcopies of the two states, andsamples to be produced, is discussed
in the appendix.

Infact, from the proof of optimality we can derive a strengthening of our previous theorem
1: there isno operational quantum extension of the classical identity test at all:

= maxX
0x<1

Theorem 2. There is no test Ton H @ H (i.e. 0 < T < A ® N), such that for all states 7, T
onH

t=n=Tr(r0)T)=1

tlrn=Tr({(r®1t)T)=0.

Proof is by observing that the maximum definis(@) is achieved fou? = Trzt € {0, 1} in
the above calculation.
Complementing this result, note that we:, however, obtaipartial information on the

fidelity. For example, the optimal tegt= %I‘IS has the property that
Tr((z @ )T) > iff Trmr >

Tr(r®0)T) <

NI NI
Nl NI

iff Trmt <

4. Summary

We have argued that the fidelity of pure states is the quantum generalization of the classical
identity-predicaté,,, and have shown that an operational basis for it, similar to the classical
way, does not exist. Indeed, there does not exist any quantum operation behaviygdike

all orthogonal sets of states. Finally, we have discussed the univeral optimal approximation to
the fidelity function, in the simplest case.
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Appendix. The general case

In this appendix we demonstrate a possible attack on the general case. Unfortunately we find
the final optimization problem so hard to solve that we leave the solution open.
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Givenn copies of each state we want to produce as close an approximaiisatoples of
F(r,t) = (Trrt,1—-Trzt) as possible, i.e.a POVM indexed by{0, 1} which minimizes

§(A) = max|[A(x®" @ t®) — F(m, 1)®™ |1
T,T

where we writeA (7®" @ t®") for the distribution on{0, 1}’ induced by measuring on
7®" ® t®". Obviously we can assume thatis supported o} ® H", whereH" is the
symmetric subspace %", i.e. the set of all vectors invariant under tensor factor permutation.
By the familiar averaging argument we can assume that all elemetsacé invariant
under the action of the unitary group(+). This action decomposer’; ® H into
n + 1 orthogonal subspace$: the restriction toS; is irreducible with highest weight
2n—-1,1,0,...,0),l = 0,...,n. In particular, they all have multiplicity one (for these
representation theoretical details we refer the reader to [8]). Denote the subspace projection
ontoS; by S;.
SinceF (r, t)®" has the constant valu@r 7 7)¥(1 — Trz 7)™ * on the sets

Ti = {x € {0, 1} : x™ has exactly 0's}
we may assume that an optimalis constant on th&; as well. Introducing the anglg
between¢) and|6), so that Tert = cog y and 1— Trrt = sin y, we can define

fi = A@® @ t®")(Tr)

pi = F(r. 1)®"(T) = (’Z) (cog y)¥(sir? )"

and thus write

m
IA@®" @ T¥") — F(r, 1)*" |1 =) _ | fi — pil-
k=0

Observe that with

Fy ZA*(]-Tk) = Z Aym

xmeTy
one hasfi = Tr (7®" ® 1) Fy).
By invariance we can write

n m

Fi, = Zale[ withag; > 0 Zakl =1
/=0 k=0

Now, applying invariance once more, we get

fi=Tr (( dUU®*7®" @ r®”U*®2")) Fk> .
Ud)

The integral itself is an invariant state, hence of the form

n n
1

Do B=S withg >0 Y p=1
= S 1=0
and by invariance—third time pays for all—tifgdepend solely on Trz. In fact, it is easily
seen that they all are universal homogeneous polynomials ip eosl siny of total degree
2n.

This makes it seem rather unlikely that we can find

m

8(A) = max
SAS

(’Z)(cos2 k(sin? y)ym =+ — ;aklﬂl(COS% siny)

let alone minimize this over they;.
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