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Correlation functions in a one-dimensional Bose gas
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Abstract. The problem of calculating correlation functions is considered for the one-
dimensional Bose gas with a delta-function repulsive interaction between particles. The
method of calculation based on the algebraic Bethe ansatz is given.

1. Introduction

The development of the quantum inverse scattering method (Qism) [1] has resulted in
a great advance in the investigation of integrable quantum systems in two spacetime
dimensions. The important success of the method was the scheme of the algebraic
Bethe ansatz [1, 2] which generalises the Bethe method [3] of solving the Heisenberg
magnet. It is the thorough analysis of the structure of integrable models implied by
the Bethe ansatz that allows the effective approach to calculation of correlation
functions. In [4, 5] this approach was applied to the equal-time two-point correlator
of currents in the one-dimensional Bose gas which has led to the essential progress in
studying this correlator, namely the long-distance asymptotics at non-zero [6] and at
zero temperature [7] was obtained.

In this paper the approach of [4, 5] is generalised to include also the two-point
correlator of fields as well as any many-point correlator of fields and currents. We
hope to use the results obtained here to study the long-distance asymptotics of the
correlators in subsequent papers.

In this paper the equal-time correlation functions in the non-relativistic one-
dimensional Bose gas with repulsive delta-function interaction between particles is
considered. This model was introduced and solved by Lieb and Liniger [8]. It can
be considered as a result of second quantisation of the non-linear Schrédinger (Ns)
equation and is also called the Ns model. The corresponding Hamiltonian is

L
H=j dx(a.™ o + ey Y — hy " ). (1.1)
0

Here ¢ >0 is a coupling constant, h > 0 is a chemical potential, L is a length of a ‘box’,
Y(x) is a canonical Bose field: [¢(x), ¢ ¥ (y)] = 8(x — y). The periodic boundary condi-
tions are supposed to be imposed. The Fock (bare) vacuum |0)((x)|0) = 0) is not the
ground state of the Hamiltonian. The ground state |Q) is constructed as the Dirac sea
over the bare vacuum. The equal-time correlators investigated below are the mean
values of the local operator products with respect to the normalised ground-state
eigenfunction. The simplest of them are the two-point field correlator (Y (x)¢ (y))=
Qg (x)¢™(y)|Q) and the two-point current correlator (j(x)j(y))=(Q|j(x)j(»)|Q)
(j(x)=¢ " (x)¢(x)). The definition of many-point correlators is also quite evident.
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The Ns model is the first model to which QisMm was applied [1,9]. It is essential
in our approach that one can consider this model as a representative of a class of
Bethe ansatz solvable models in QisM possessing the same structure of quantum
‘action-angle’ variables (i.e. the same quantum R matrix). These models can be
parametrised by functional parameters. So the generalised model is introduced where
these parameters are considered as arbitrary functions. The dependence of correlators
on these can be described explicitly which results in useful representations for the
correlation function.

To explain this by the simplest example and to introduce the necessary notations,
let us consider the ‘one-site’ generalised model. The main quantity is the monodromy
matrix [1] of the model. It is the 2 X2 matrix T(A) depending on the complex spectral
parameter A

AR) B(/\)>. (1.2)

TW:(C(A) D(A)

Matrix elements A, B, C, D are operators acting in ‘quantum’ space #. Their commuta-
tion relations are given by the 4 x4 matrix R(A, ) with c-number matrix elements

RA, w)T(M)®T(p)=T(p)®T(A)R(A, u) (1.3)
flu, A) 0 0 0
Raw=l o B (1.4
0 0 0 S, A)
where
S, uy=QA—ptic)/(A—p) g(A, w)=ic/(A—p). (1.5)

We suppose also that the bare vacuum |0) exists. This is the vector in & with the
following properties:

A(M)|0) = a(1)[0) D(A)|0)=d(A)|0) (16)
C(1)|0y=0 B(1)|0)# 0. '
The dual vacuum (0| is defined by the requirements that
(0JA(A) = a(A)(0| (O D(A) =d (A 0|
(1.7)
(0|B(A)=0 (0j0y =1,

Monodromy matrices with properties (1.2)-(1.6) do exist for arbitrary c-number func-
tions a(A) and d(A) [10] which can thus be considered as free functional parameters.
Essentially different monodromy matrices are parametrised by different functions r(A)

r(A)=a(r)/d(r). (1.8)

Consider now vectors IT,L, B(A;)|0) and covectors (O|TT)L, C(A;) where the following
normalisation of ‘creation’ and ‘annihilation’ operators is used:

B(A)=B(A)/d(r) CA)=C(r)/d(r). (1.9)
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Their scalar products can be calculated by means of the commutation relations (1.3)
and properties (1.5) and (1.6). The following representation is obtained in [11] for
scalar products (A{, Af below are arbitrary different complex numbers):

<o ! 0>=5M~ 2 I r(a*)

M C il B
[Tcr) I1 BAD)
=1 k=1 part ), A8

x H r AC H Hf(/\AC DC) H Hf(/\AB,ADB)

AC

xzn({)«”}n,{A”‘C},,)zN-n({AD‘}N-",{A*“’}N_"). (1.10)
The sum here is taken over all the partitions of the initial set
(Af;0=1,...,N}nu{Ad k=1,..., N}y ={A"}yu{A"}n
into four subsets:
A h =AM Ay A% v =A% A (AT
{/\DB}nz{/\D}Nm{AB}N {ADC}N—n={AD}Nm{)‘C}N'

Subscript m in {A},, denotes the number of elements in the set. The dependence on
arbitrary function r(A) is written explicitly in (1.10). Functions Z,({A},,{u},) do not
depend on r(A). Their definition, as well as recursion formulae permitting the calcula-
tion of any of them, are given in appendix 1.

The transfer matrix 7(A)= A(A)+ D(XA) generates the Hamiltonians of integrable
systems. Operators 7(A) at different A commute: [7(A), ()} =0; so eigenvectors of

7(A) do not depend on A. Bethe’s eigenvectors Ay, ..., Ax) and corresponding covec-
tors (A, ..., An| are of the form
N N
v An) =TT BO)I0) Ao Anl =TT Cy) (1.11)
j= ji=

where spectral parameters A; are different and satisfy the system of generalised Bethe
equations

n=r(A) = H (f Ay )/ SN, AR)). (1.12)

The corresponding eigenvalue of 7(A) is
T(A)il\lv""/\N>=tN(A;Aly"',/\N)l/\ls""/\N>
Ay G ANTA) =10 (A A, AN A, o AN (1.13)

In=a /\)Hf()\ A)+d(A Hf

Jj=

The norm of Bethe’s eigenvectors can be obtained from (1.10) by taking the limit

AP >Af=>A(j=1,...,N) and imposing the system (1.12) on A;. The result is [11]
<A1,"',/\N!Als""/‘N>=C ( H f(A_;’Ak)) detN(‘p) (1'14)

k=1

j=k

The N X N matrix ¢’ here is defined as (compare with (1.12))

(@) =0¢;/ A,
(1.15)

N
¢ =¢ () =ilogr+i ¥ log(f(A, A}/ f(A, A)-
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We now discuss the relation of the Ns model (1.1) to the generalised model considered
above. It is convenient to use the regularised version of the model, namely the lattice
~Ns model introduced in [12]. The monodromy matrix of this model is the product of
local L operators located at the sites of the one-dimensional space lattice

T(A)=Lp(A)Lp—1(A) ... Ly(A)Li(X) (1.16)
where
1-35iAA+3cAyn i, —ucAr”w:u+%cAw:wn”2>
= . " 7
L) (i(cA)”z(1+%cAw:wn)‘“wn 1+3AA+3cAy, ¢, (1.17)

Here ¢, are canonical Bose variables

[, U= Bmn [, Y] =¥, Y71 =0. (1.18)

The commutation relations between the matrix elements of the L operator are of the
same form as those of the monodromy matrix (2.2). The quantum space ¥ is a tensor
product of the local Fock spaces , over all the sites

M
=@ D (1.19)

The Fock vacuum |0) is the tensor product of the local Fock vacua w,: [0)=®), w,;
¢,w, =0. Functions a(A), d(A) and r(A) are

a(A)=(1-ir)™ d(A)=(1+iira)M r(Ay=a(r)/d(A).

The monodromy matrix of the Ns model (1.1) is obtained from T(A) (2.5) by taking
the limit A-0, M->0, MA=L, one has then the correspondence ,=
(Ii:*‘ $(x)dx)A™Y? x, = nA. The function r(A) in this limit is

rns(A) =exp(—iLA). (1.20)

The Hamiltonian (1.1) can be expressed in terms of the transfer matrix [1]. Thus
eigenfunctions of the Hamiltonian are given by (1.11) and (1.12).

The generalised model considered above was called the one-site model because
the structure of the monodromy matrix T(A) is not specified in (1.2)-(1.15). Neverthe-
less the existence of an arbitrary functional parameter had resulted in calculating the
‘norm’ of the Bethe wavefunction (1.14) and (1.15). To calculate correlation functions,
however, the generalised models with more detailed structure of monodromy matrices
have to be considered.

2. Two-site generalised model

We begin with the construction of the two-site model permitting the calculation of the
field correlator in the Ns model (1.1). Consider first the monodromy matrix (1.2) with
the following structure (for L, see (1.17)):

T(A) = THA) L, (A) T(A) Ly (2). (2.1)

The quantum space where the matrix elements of T(A) act is ¥ = #,D,RH,®9,.
Each of the four factors at the right-hand side of (2.1) acts non-trivially only in its
own quantum space and acts as the unit operator in other spaces. Commutation
relations of matrix elements of T;(A) (i =1, 2) (these matrix elements are denoted as
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A;, B, C;, D;; cf (1.2)) are given by the same formula (1.3). It is also supposed that
the monodromy matrices T;(A) (i =1, 2) possess the bare vacua |0),

AMI=a 0 DALY =di(1)]0), o)
Ci(M)j0),=0 B,(A)|0); # 0.
Hence the state vector |0)
10)=10),® w, ®[0), ® w, (2.3)
is the bare vacuum for T(A) ((1.6) and (1.7)) with functions a(A) and d(A) given by
a(A)=a;(A)ay(A)(1-3iAA) d(A)=d, (M) d(M)(1+3iAA)% (2.4)

All the relations (1.2)-(1.15) are valid also in the two-site model. It is also quite
obvious that the monodromy matrix (1.16) is a particular case of the generalised model
corresponding to

a,(A)=(1—=3AAMT ) (A)=(1-3irA)" di(x)=at(r*).

It is, however, of importance that functions a;(A), di(A) (i=1,2) in the generalised
model can be considered as arbitrary functional parameters. This appears to be essential
in the investigation of correlation functions.

Further we are interested in correlation functions in the generalised model at the
continuous limit where A-> 0, nA > x, MA - L (matrices T;(A) (i = 1, 2) remain arbitrary
monodromy matrices with the properties described above). At this limit L,(A) =
1-i&(x)A, where £(x) is the continuous L operator [1] and one has for the mono-
dromy matrix (2.1)

T(A)=TH(A) T (). (2.5)
Function r(A) in (1.8) is now

r(AYy=1(A)m(A) (2.6)
where arbitrary functions I(A) and m(A) are

I(A)=a,(A)/di(A) m(A) = ay(A)/dy(A). (2.7)

The commutators of lattice fields ¢,, ¢, ¢, ¢» with the matrix elements of T(A) do
not, however, vanish at the continuous limit. Using (1.3), (1.17), (1.18) and (2.1) one
obtains at A- 0 for fields ¢(x), ¥ (x) entering (1.1)

o), =i (g ) 28)
(=i o3 ) (29)
i (S50 5
N
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Using commutation relations (1.3) one can express [4] vectors I, B(A;)[0) and
(OITT; C(A,) in terms of vectors I1, B,(A,)|0) and (O|I1; C;(A)) (i=1,2) (operators B;, C,
are deﬁned similar to (1.9) as B; (/\) B (A)/di(A)and C;(A) = C,-(/\)/d,»()\))

eam= T I w1 fhwBau)o) (2.12)

= ‘{”‘_"{}An“}‘ J() @)/\E(A } we{a'?y

(0| ﬁ CAp) = Z [T aoc,(a) TT £, w)Cw). (2.13)
i=1 A=A Ay aefat® pelaly

(/\”'}ﬁ{A(’ =z

Equations (2.8)-(2.13) result in the following formulae which appear to be very useful:

v(0) [T B(A|0y=—ic"* ¥ r(A)) ﬂ-ﬂ)‘f’ A kH_B(Ak)|o> (2.14)
¥(x) H B(A)|0)= —ic"? Y (A
=t ar=RMonadPion ™y

X H m(/\ ) I(‘[:Jf()\(l , (2))f(A(0),A(2))

H\

x H B,(A") H B,(A?)0) (2.15)
(0 [I CA)Y*(0) =ic? Zl I1 7 201 TT ©(h) (2.16)
<O| ﬁ C(/\j)l/f+(x)=icl/2 Z <0)) Hf()‘ Q) /\m)
J=1 Av={aMoia e u‘“’» At

x H l<A‘”)f<A‘2’ AFAT, A DKol H Ci(A") H CHA ), (2.17)
Formulae (2.14)-(2.17) can be considered as the definition of field operators in the
two-site generalised model. If one requires that conditions d¥(A*)=a;(A)and C/(A) =
~B;(A) are satisfied (as in the Ns model) then relations (2.16) and (2.17) can be
obtained by conjugation of (2.14) and (2.15).

3. Field form factor

The field form factor is a matrix element %, of the field operator (0) between Bethe
eigenvectors (1.11) of the transfer matrix

FnUAINC, BN = AT AS e (0)AT . AR, (3.1)

It should be emphasised that spectral parameters entering the sets {A“}y_, and {A®} 5
satisfy the corresponding system of Bethe equations (1.12). Due to the translational
invariance the matrix element of the operator (x) is

A Inalg (A B

N

=TT 1) TT 7B I (OHA ). (3.2)

=1
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To obtain an explicit representation for the form factor (3.1), one makes use of (2.14),
(2.13), (1.10) and (1.12). The result is

‘O;N({)‘C}N—ls {AB}N) =—ic'?

PN INENUTPRS N
=AM nooiA P ofa

X ];Isf(/\o,/\AB) I_DIBf(/\DB,AO) H f(ADC,/\AC)

< IT T A% A)Z, (AP, (A%}
XZN—n—]({/\DC}N—-n—l,{/\AB}N—n——l)- (33)

The dependence of the form factor on parameters of the generalised model (i.e. on
functions r(A), I(A), m(A) defined by (2.6) and (2.7)) is only due to the fact that
spectral parameters A{ , A7 in (3.3) are solutions of the Bethe systems (1.12) for {A“ }y_,
and {A ®} 5. So one can make the analytical continuation and consider % as a function
of (2N —1) independent complex variables Af, A2, this function being defined only
by the R matrix (1.4) and (1.5). It can be easily proved that this function is symmetric
inAf e{A“}y_y and A7 e{A®}n.

To calculate functions %, the following recursive procedure can also be used.
Equation (3.3) and the recursion formula for coefficients Z given in appendix 1 show
that the principal singularity of &y at A{ > Af is the first-order pole, the residue at
this pole being proportional to Fn_;. If A{ > A{ one has (the general case is obvious
due to the symmetry mentioned above)

iC N-1 N
Fn({AInors {AB}N)|AH;~T7( [T AAT AP TLAGAF AT
(/\1_)‘1) Jj=2 j=2

- H2 FOAf,AD) sz(Af,Af))g;N_l({AC}N‘z,{AB}N_1)+.‘.. (3.4)

Here terms regular at A7 > A are not written down. Extracting all the singularities
of this kind, one can represent % as follows:
N-1 N -1
?N({AC}N#,,{A”}NF@N({AC}N~1,{AB}N)<kH 11 (A‘E—Af)) : (3.5)
=1 j=1
It is shown in appendix 2 that (i) functions %, are polynomials in A and (ii) relations
(3.4) permit the calculation of these polynomials recursively in N beginning with
N =1. The first three polynomials are

P, =—ic'? (3.6)

P, = =2ic"?(ic)? (3.7)
Py=—4ic"*{(ic)*+ (i)' [(AF - ATIAF -AF)

+(AT=AD)AT=AT)+ (A7 -AT)AT -a)) (3.8)

The asymptotical expansion of P, at the strong coupling limit (¢ > o) is
@N — 2N—1(_ic1/2)(ic)N(N—l)+2N—1(_ic1/2)(ic)N(N—l)—2

x[2N=21"" Y (A=A -A5)+.... (3.9)
j#kp#q
Formulae (3.6)-(3.9) can also be obtained directly from the representation (3.3). So
we have demonstrated that the two-site generalised model permits investigation of the
field form factor (3.1) (or (3.2)).
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4. Multi-site model

To investigate form factors of several fields one has to introduce the multi-site gen-

eralised model. The number of factors in the decomposition of the monodromy matrix

similar to (2.5) will now depend on the number of fields entering the form factor.
The following form factors will be studied:

FnensUA e (X BIN,)

= ({A e X0 ty(X0, X1) - - - @y (Xa) o (X4, Xar){A D (4.1)
where ¢;=-1,0,1; 0 x, < x; <...<Xx44; < L and the spectral parameters )\jC € {/\C}NC
and AP e {)\B}NB satisfy the corresponding Bethe systems (1.12). We use the notations

@1(x) = ¢ (x) e-1(x) = ¢(x) Po(x)=1 (4.2)
,u'Ba(xaa Xgv1) = exp(oaqa,a+l) (4.3)

where operators g, ,+; are operators of the number of particles corresponding to the
intervals [x,, X,+,) in the Ns model

Gaa+i =1imJ’ ¥T(x)e(x) dx.
e=>0 Jx,

The regularisation in the commutation relations of operators ¢, ¢* and u, is chosen
in such a way that

Mo(X, VYY) =¢(¥)pe(x, y)
Y(x)pe(x, y) = uolx, y)(x) exp 6.

Due to the translation invariance one can put x,=0. To study the form factor (4.1)
one introduces the (A+1)-site generalised model with the following structure of the
monodromy matrix (1.2):

(4.4)

T(/\)= TA‘A+1(/\)TA—1,A(/\) s To,l()\)- (4-5)
This decomposition of the monodromy matrix corresponds to the decomposition of
the interval [0, L) in the Ns model (1.1) into intervals [x,, x,.,) for a = , A and

Xa+1= L.
Matrix elements of matrices T,,.;(A) are denoted as A, ,+1(A), By.+i(A),
Coar1(r) and D, .. (A). Matrix T, .., possesses the ‘vacuum’ [0) e, a1
Ca,oz+l(A)I0>a,a+l =O (4'6)
Aa,a+](A)|0>a,a+l = aa,a+1(A)|O>a,a+l Da,a+I(A)'0>a,a+l = da,a+1(A)IO>a,a+1' (4'7)

The state |0) =5 |0)q o1 is the vacuum for T(A) (1.6). Arbitrary functions a, ,.,(A)
and d,,.,(A) will be called the parameters of the multi-site model. The formulae
similar to (2.12) and (2.13) also exist in the multi-site model

IiB<AF)I0>= ) [T [Tlsp(ad) Hf(Aa,AB)HHBWI(A o) (4.8)

(WB =2 oA Bya<B,\? a=0,8

OHean= T M@

(AT =US0{aS) @<B Ag

XHf(/\B,/\ X0l H [1Caasr(A2). (4.9)

aOA
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Operators Ba,aﬂ(/\) = Ba,a+1(/\)/da,u+1(/\) and C,.(A)= Ca,aﬂ()\)/da,aﬂ(A) are
defined similar to (1.9).

Turn now to the form factor (4.1). It can be readily defined in terms of the
generalised model described above. The definition of fields ¢(x,), ¢ (x,) (a=
0,...,A) in the generalised model is quite obvious from § 2, where local fields were
introduced in the two-site model. Operators g, .+, are defined similar to the operator

Q. of [4]

Go,a+1 H Ba,aﬂ()\j)l()): N IJ]Ba,a+1(’\j)l0>

j=1

<0| H Ca CH-I(A )q«: a+l ™ N<0‘ H Ca a+l(A)

j=

Commutation relations (4.4) are also valid in the generalised model.
Putting (4.8) into (4.1) one obtains the following representation for %

= Z H Hlﬁ,ﬁ+l(’\g)1—£f(Aga )\g) [[Bl—lla,aﬂ()\g)llf()\g, )‘g)

part a<<f /\5

X aﬁ[o <0

The sum here is taken over all the partitions of the set (A%} ={A};j= , N}into
(A+1) subsets {12} and over all the partitions of the set {A “} y into (A+ 1 subsets {AS):

0>. (4.10)

a,a+1(/\§)‘paa(xa)p'90(xa’ xa+1) Il B .

wr-00n  w9=000

Matrix elements entering (4.10) can be reduced to scalar products (1.10) and single-field
form factors
o)

(0
H Ca,a*—l('\g)(Paa(xa) H B ,
A§ a2

a,a+l(Ag)(Paa(xa)/J'9a(xaa xa+1) I_EI] [B .
P

O>. (4.11)

Further considerations can be approached in two different ways. The first way is to
use the explicit representations for scalar products (1.10) and for the form factors of
fields ¢(x), ¢ (x), (3.3) and (3.2), which give the representation of the form factor
(4.1) in terms of the parameters of the generalised model as well as of functions
Z({r},{u}) described in appendix 1. The second way is to determine the dependence
of F (4.1) on the parameters of the generalised model by studying singularities of %
(this method was used in [4] to calculate the form factor of currents). Both methods
give, of course, the same representation for the form factor (4.1)

= exp{oaNf,a+l}<0

Fnens({IA L {AH =3 H Hl (AS )Hl“(A )

X [IBHHf(Aa,AC)HHf(AB,A )

X ﬁ F ol ({ALh AT, (4.12)
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The sum is taken over the partitions of the sets {A ®} and {A“} as in (4.10). Function
1,(A) is defined as

L(A) = yljo Leari(A)

Functions #'*“%?" are represented in terms of functions Z. For a =0:

FOrOUA YN (AP = X I TT S(AP279)

part ) DC , AC

x [T T1 F(APB A% Z,({A PP}, {22}

DB AB

X ZN—n({/\DC}N—m {A AB}N—n) exp(ON4p+ 0'Nac). (4.13)

The sum here is over all the partitions of the set {A®}y U{A“}y into sets {A*}~ and
{APIn: (ABINnU{A )N = {2}~ U{AP}N. The number of elements in each of these
four sets is equal to N. For a=F1:

FOMA v AT ) =i L TT (A% A7)

part , AD
X Hf(ADB’ 0 H Hf DC AC) H Hf(ADB’/\AB)
ADB ADC Ale ADB )\AB
X Z,({AP Y AP ) Zn o (A PP N sy A )
X eXp(ONg+ 60'Nyc) (4.14)
g“'e’w({/\c}m{)\B}N—l)zicl/z Z H f()‘AC, A°
part ,AC
fo(/\O,ADC)I;[ Hc-f(AD( AC H Hf DB AB)
NCS ADC A NI
xzn({ADC}n,{A"B}H)ZN_,,AI({ADB}M_,,{A"C}N_n_,)
X eXp{ON,5+ 8 N4} (4.15)
The sum in (4.14) and (4.15) is taken over all the partitions
{)\B}N o {)‘C}N—l = {AA}N~1 v {/\D}N—l % {/\0}1 card{/\o}l =1

{/\B}N—l U{AC}N ={)\A}N—| U{/\D}N—xu{/\o}l-

The scheme of the proof of representation (4.12) is given in appendix 3.

Now we briefly discuss the structure of representation (4.12). It represents the
multi-field form factor (4.1) in terms of functions %*%?? which are, so to say,
‘elementary form factors’. Indeed, function F®* is just the function o® % of [4]
which defines the form factor of the current. Functions &% are just single-field
form factors of ¢*(0) and ¥(0) investigated in detail in § 3 of this paper. Functions
F %% satisfy the following relations at A% - A§:

(2,0,80 1, C B 1c
g ({/\ }N(,{/\ }NB)_)(/\?/—/\()\;)

Ne-1 N N
(epr’ H SAS,A) H SA7,A%) —exp(8") H SOA5,A%)

x _Hl f(Afi,AF))?“’”"’”({A“}NC,,,{A”}N,,_,)
-

+regular terms. (4.16)
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They are symmetric in the variables A} €{A“}x. and in the variables A} e {A®}L,,
decreasing as O(1/A) at A >0, Ae{A®}U{A ). These properties are sufficient to
calculate the functions recursively by means of (4.16).

Form factors are thus described for the generalised model. The form factors in the
nsmodel (1.1) are the particular case of those corresponding to choosing the parameters
of the generalised model as I, ,.,(A) = exp[—iA (x,+, — x,)] (cf (1.20)).

In the rest of the paper correlators are considered.

§. Mean values in the generalised model

Our aim is to study equal-time correlators in the ns model (1.1). These are defined
as the normalised mean values of corresponding field operator products with respect
to the physical ground state |}) of the model. This quantity will be obtained in two
steps. In this section the mean values of operator products with respect to Bethe
eigenvectors (1.11) are studied in the generalised multi-point model. Then one passes
over to the Ns model by giving the corresponding values to the parameters of the
generalised model (e.g. (1.8)) and taking the thermodynamical limit of the mean value.
This is done in the next section. The results of §§ 5 and 6 are the direct generalisations
of those obtained in [4, 5] for the simplest two-current correlator. The necessary proofs
can be readily restored along the lines of those papers. So only brief discussion and
final answers are given here.

We begin by studying properties of matrix elements of the corresponding operator
products in the generalised multi-site model described in the previous section. Matrix
elements # are given by the formula analogous to (4.1); the difference is that sets
{AC}NC and {/\B}NB are quite arbitrary and are not supposed to satisfy the systems of
Bethe equations:

N

a

C(Af)cp%(xo),u.go(xo, Xy)

j=1

I

Mens({A C}Nm {A B}NB) = <0

0>. (5.1)

Of primary importance is the analysis of singularities of this matrix element at Af > AL,
The structure of singularities is given in appendix 3. The main property is the existence
of the first-order poles at /\,-C s>Afforj=1,...,Ncand k=1,..., Ny, the residues at
the poles being expressed in terms of the ‘modified’ matrix element:

MuengHA v, (A BIN,)

NB
X @a(x1)pe (X, X2) ... ¢aA~|(xA~l)#6A_l(xA—l ) Xa) H B(/\JB)
j=1

A
—_:1c(/\18_/\1c)_] z (Iy,y-f-l(AlE)_ly,'yﬁ-l(Af)) exp(oy) H Ia,a+l(Af)
y=

0 a<y

% 1 lapsr(A5) Ijm?, AS) T FA%, A%

B>y j#=1

XM A a1 (A B ) F o (5.2)

All the notations used are the same as in appendix 3.
To obtain the mean value with respect to Bethe eigenvectors one has to put
Ng= N =N, /\f =/\f =2A;,j=1,..., N and then impose the Bethe system (1.12) on
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A;. It should be noted that in this case A, = A_ also, A. denoting the number of ¢.,
in (5.1). Functions /, ,.(A) are supposed to be smooth. For mean values the notation
D will be used:

@N({/\}N’ {lcx‘a+l}; {xa,a+1}) = '/“N,N({’\}N9 {A}N) (5'3)
It follows from (5.2} that @ is a linear function of variables x, . ,(A;)
Xyyai{A)=idlogl, ,.i(A)/3A.

The coefficient at x, ., (A;) can also be calculated from (5.2); it proves to be proportional
to Dn_y

(8/0%y 1M DN {A N, {laa st Nvamts {Xaas 1N a)

= C( IT £ A)f (A, Aj))
i)
SFZZVR(PY IVS (ipdiy IVRRINITE £ Jipaitids IR} (5.4)
Here
Troid V() = e (p) (a#7)

1TSS () = Ly () A/ FA, 1)
XTI ) = Xg i () + 80, K (A, )
K(A, 1) =i(8/a) log(f(A, w)/f(p, A)) = 2¢[(A — )+ ]!

The system (5.4) would define quantities 25 uniquely if the values of @y at x, ,.1(A;) =
0 were given. So let us define the irreducible part Iy of the mean value @y

IN({A}Ny {Ia.a+1}N,A~l) = @N({)‘}N’ {Iu,u+]}N,A—la {O})- (55)

It is readily proved that the irreducible part is expressed in terms of the form factor
(4.1) as follows:

IN({/\}N’ {Lx,a-&-l}N,A—l)
=lim gN({/\j}N’ {)\j + G}N)|1a‘a,1(/\f‘)=l(,‘a+,uf’)=1a4aﬂu,)- (5.6)

£-0

The representation (4.13)-(4.15) for the form factor results in the following structure
of the irreducible part:

InUA N {lasitna-) = 2 INEATLATHAD T TTLAD TR (A (5.7)

part a:l)‘: Ag

The sum here is taken over the partitions
A
{Abn = ( U {adv {A;}) w{A%
a=1

card{A.}=card{A.}.

Functions &/ are ‘Fourier coefficients’ of the irreducible part; they do not depend on
the parameters /, ,.;(A) of the generalised model and are defined by the R matrix only.
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To construct the solution for the system (5.4) with complementary conditions (5.5)
one introduces functions &y

En({A"h AT AN, {xD)
=X ﬁ det(e%,1({A,1) eXp(Z Byny)

AT T TGRL A D T AR A (68

The sum here is over the partitions {A}~ =%-0{A,}
‘P{l:'y#-l ({A}) = (x'y,y+1(/\j) +z,: K(Aj, /\I)) 6jk - K(/\j’ )\k)

Functions €, are defined uniquely by the following system of equations:

3En/3x,51(A) =exp{6,} TT T1(FQAZ, 2,)/F (A, A%))

¥
az=y AL

IOy AV AL AN E I AL - O (59)

and by the complementary condition

gN({/\+},{/\_},{/\}N, {0})=5N,0' (5-10)

Parameters x™°¢ in (5.9) are defined in the same way as in (5.4). The solution of the
system (5.4) with the complementary condition (5.7) is now given as

N A
@N=CN1;[kf(/\j,’\k) l:[l ’(Aj) Z Z H Hla(’\:)

part; part; a=1 A:

[T DAL AL D B (AL AL A i {xD). - (511

Aa

The first sum here is over the partitions
{AIv={A '}k V{AtNk

and the second sum is over the partitions
A
{A’}k=(u ({A:}u{A;})) w{a%
a=1

Formula (5.11) is readily established by direct calculations. For the normalised mean
value one obtains (taking into account (1.14)):

A
1_=Io ﬁpaa(xa)#en(xa, Xq+1) Q>(<Q|Q))—‘

=Y ¥ AL IATHIADEN (AT ATHIAD

part, part,

DN=<Q

x (det(ef)/det(ey)) [] [TLADTTILAD. (5.12)

e=lag Aa
The sum here is taken as in (5.11). Function Ey differs from function & only by the
normalising factor

EgN({/\-*-}, {A—}s {A}N, {x})

ExUA L {ATHL{A ) = det(¢;)

(5.13)
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Matrices ¢;; = ¢(A;, A;) and ¢, = @(A{, A]) are obtained by differentiation of functions
@ in A as ¢; =0¢(A;)/dA,

N

(A, /\,) = (PO(A,')"' ’Z K (A, /\1))5ij - K(A;, /\j)

] (5.14)
po(A) =id(log r(X))/dA.
The representation (5.12) is the main result of the QisM analysis of operator product
mean values in the generalised model. It should be noted that at A. =0, A;=2 one
has just the two-current mean value investigated in detail in [4].

6. Many-point correlators in the Ns model

Turn now to the Ns model (1.1). Mean values of operator products in this model are
given by the general formula (5.12) if one takes functions /, ,.,(A) and x,,.,(A) in
accordance with the structure of the Ns monodromy matrix (1.16) and (1.17) (to be
compared with (1.20))

lia+1(A) =exp[—i(xa+1 = X )A ]
xa,a+1()\):xa+1_xa X,=0 Xae1=1L

We further consider the model in the thermodynamical limit which is of primary
interest. In this limit the length of the box L and the number N of spectral parameters
in Bethe eigenvectors in (5.12) become infinitely large, the ratio N/ L remaining finite:

N->x Lo p=N/L<o,

Correlators are the normalised mean values with respect to the ground state |2). The
corresponding spectral parameters fill the Fermi zone —g < A < g, the density p(A;) =
(A«1—A;)7'L7! satisfying the linear integral equation [8]:

p(A)Y=(1/27) J_ K(A, w)p{p)du =(1/2m). {6.1)

The parameter g is just the Fermi bare momentum; the function py(A) in (5.14) is now
po(A)=1. The density of the particles N/L in the coordinate space is equal to the
integral over the Fermi zone:

N/L=Jq p(A)dA. (6.2)

To obtain the correlator one has to take the thermodynamical limit in (5.12). Itis
done quite similar to the case of the two-current correlator, so only the result and
main points of the proof are given below. The correlator is represented in the following
form:

Dx=<0 I'=10<puu(xa)nea(xa,xa+.) Q>(<QIQ>)‘1
_ 1 Jq (ﬁ w(/\j) d/\J> Z &g + - 0
kzok!t)_g\j=v 2w (A =(US- A 2o ATho{aY *
A
X T [T OO T ADE({6.}, fxamr o}, AL {AT). (6.3)

=1

0+

Aa
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Here the weight w(A) is
w(/\)=eXP(—(1/27r) Iq K(A,/A)du) (6.4)

and the &, are the Fourier coefficients of the irreducible part I, defined in (5.7). The
function E, is the limit of En_, at N - 00, this function depends on parameters 6,,
on spectral parameters {A,} and on functions x, ,+(A) (in the Ns model x, ., ,(A)=
X.+1— X, ). FunctionE,, k=1, is expressed in terms of functions P which are solutions
of non-linear integral equations

A q
Ek({ea}, {xa—l.a}, {A+}’ {A _}) = 1-=I1 exp( J'_ xa—l,a(t)Pa(t’ {'\+}3 {A_}) dt) (6'5)
27P(1) = l;] [I(f(/\?:, D/ AN T4 A2/ f(A%, 1)
xexp<07+-[q K(t,s)P’(s)ds)—l. (6.6)
—-9q

The solution of (6.6) can be proved to exist and to be unique.

Let us now make some comments on how the representation (6.3) is obtained. All
the dependence on spectral parameters {A °} in (5.12) enters the ratio of the determinants
and functions Enx_,. The thermodynamical limit of the determinants’ ratio gives the
weight w(A) (6.4). Summing over the partitions {A}x ={A'}c U{A*}n_« results in
integration over spectral parameters {A’},. The limit at N > o of function En_, is
obtained as follows. First one takes the limit not of the function itself but of the
equation for this function, obtaining the following system of equations in variational
derivatives:

6Ek({ea}a {xa—l,a}’ {A+}’ {A _})/6x'y,y+l(/\) == (1/277)

XEk({eﬂ}’ {'xﬂt—l,a}’ {A +}; {A _})+exP(0y) IJ H‘;‘((/:\a;ﬁ;

A AL " _
XE;E/\;’ A))Ek({ea}’ {xa_l»“(/‘l’)-"aﬂyK(A’ :“')},{A }a{A }) (67)
The normalisation (5.10) means that
Ek({oa}s {O}a {A+}a {/\_}= L (6.8)

Function E, (6.5) and (6.6) is easily seen to be the solution of (6.7) and (6.8).

The many-point correlation functions of operators ¥(x), ¥ (x) and ue(x, y) are
thus obtained. The non-local operator u,(x, y) (4.3) can be interpreted as a ‘disorder’
operator [13]. From the point of view of the Bose gas model, however, the local
current operator j(x) = ¢"(x)¥(x) seems to be more natural. This can be obtained by
differentiating u,(x, y) at 6 =0. For example, the following expression is valid for the
three-current correlator:

X X

(2 dzj "i) dy>

X1

J(0)j(x1)j(x2)) = —%(63/636f8x2)<J'

[

= —i(a3/ax$ax2)(a3/aeﬁae,)(;ueo(o, X)) pe (X1, x2)>|eo=9‘=0' (6.9)
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7. Two-field correlator

In this section the two-field correlator is considered in more detail. Operators ¥{x)y¥(y)
and ¢ (x)¥"(y) do not conserve the number of particles and the corresponding
correlators are equal to zero. The correlator ¢ (x)¢(y) depends on x —y only due to
the translation invariance, so one can put y=0. Using the results of the previous
section, one has this correlator:

X =(@ly ORI = T - J 1T (=229 g (7.1)

where the weight w(A) is given in (6.4) and the ‘dressed’ irreducible part I? is defined
as

Iiah = > AL AL

PN T TP s FURTOTY S AUT P PPy
n+1 n q
xeprZ—ix(Z AT-Y /\;)+xJ P,,(z,{)\*},{/\‘})dt]. (7.2)
Jj=1 j=1 —q

Function P,(t) here is the solution of the following non-linear integral equation:

n+1t

27P, (1) = H (ST 0/F(6 A7) H (f(6, A7)/ f(A7, 1)

xexp(J’q K(t,s)P,(s) ds)—l. (7.3)

-q
Functions &, ({A "}, {A7},{A°}) are Fourier coefficients of the irreducible part of

the two-field form factor. As explained in § 4 (see (4.12)), this form factor is expressed
in terms of one-field form factors described in § 3
FnA I (AP ) = <o 0>

—ZHI Hl ) I1 f)\z, ") CHCf(Af,A?)

part 3 ¢ APAS 1AS

x({ATHy " (0 J{AB}><{A Hy(O)I{AZ}). (7.4)
The sum here is taken over the following partitions of sets {A €}, {A%}:

AN ={AT VAT N AP =0AT U AT N

Irreducible parts can be expressed by means of (5.6) in terms of this form factor.
Straightforward (though somewhat tiresome) calculations give the following results
for the first three irreducible parts:

L(A,) =cl(Ay)
L(xy, A2) = =487 (A1, A)f (A1, ADH(A) =487 (A5, A)f(Az, A)I(AY)
LAy, A2, A3) = (4/ ) f (A2, ADF(A5, A1) 8% (A2, A1) 87 (As, Ay)
X (f(A1, A (A, A)f(As, A2)f(As, A T A AT (AY)
—8(A1, A2)8(A1, AD(f(A2, A)f (A3, A T2A T3 AT — A58 = (A% + D)™
><(,\13)\12 +/\12)«13 -1)]
+ (cyclic permutations of 1,2, 3) Ay =Ai— A (7.5)
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So one obtains for the first three terms of the series (7.1)

q q d 1d/\2
<w+(x)¢(0)>=J_ e WWLM %J‘_ ne z)w(/\l)w((;;))z/\

L w(M)oA)e(y) dA, dA,da,
+3!J_q I5(Ay, A, Ay) )

This expansion is quite similar from the formal point of view to the corresponding
expansion for the two-current correlator obtained in [5]. However, the essential
difference is in the properties at the strong coupling limit (¢ - ). Only the first two
terms of the series similar to (7.6) for the current correlator survive at ¢ > <. For the
field correlator all the terms of the expansion (7.6) remain finite at ¢ =00, Let us
demonstrate that it is indeed the case and write down the series at this limit. One has
that w(A)~>1, P,(t)» —1/7 and thus the field correlator at ¢ =0 is

1

(7.6)

q
D(x) =exp(—xq/ ) Z I (H )Ikm}) (1.7)
vk \jsi 27
Here I, ({A}) can be obtained from the corresponding form factor at ¢ » o as
L({A}) = lin?) Fe({r}, {A; + e}, {1, {I})|l)=exp(—ixA,) (7.8)

F(ACY, {A%), (1), {I%) = lim (ck TT /2, AP)FAS, Af))_

e j<i

X F(fA i, (AP, {1 3, {180 (7.9)
Taking the limit in (7.9) one obtains for F,:

F(A ) AR {19, {1”}>—(H AUAJ.) ) H I(A5,)

i<j pan/\
XHI 1(Apr) H (/\pr—Aab)_ H (’\pr r) !
A Auh
X H (/\ab )‘pr) IH (Aab-‘/\ab) l- (710)
Auh)*pr ASh

The sum is taken over partitions {A“}, ={A5}, U{AG} k-, and {A®B}x ={A2},_ U
{AaBb}K—nH-

The expression for the correlator at ¢ o is thus obtained, and differs from the
well known formulae of [14, 15]. Let us now explain the relation of (7.9) to the results
of those papers.

It was shown in [16] that at ¢-> o0 the field correlator in the Bose gas can be
obtained by means of the Jordan-Wiegner transform. To do this one must use the
following representation of the Bose field ¢/(x) in terms of the auxiliary Fermi field

¢ (x):

«Jf(x)=exp<i7rj- ¢*(y)¢(y)dy)¢(y)- (7.11)
The physical vacuum (ground state) |() is now defined by the relations
d(A)= J exp(iAx)o(x) dx (7.12)

d(1)|Q)=0 IAl>q ¢7(A)Q)=0 IAl<q Q=1 (7.13)
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The Bose field correlator is

D(x) =(Q¢ " (x)y(0)|)

=<Q

The Lenard formula is obtained from this expression as follows. One does the ordering
of the exponential with respect to the bare vacuum (putting all the operators ¢~ to
the left of operators ¢)

¢ (x) exx><i7rj’ ¢+(y)d>(y)dy>d>(0) Q>- (7.14)

CXP<iv J " (»)d(y) dy) =Ny eXp(—2 J ¢ (y)o(y) dy)- (7.15)

Here N, is the norma! ordering symbol. Putting (7.15) into (7.14) and using (7.13)
one obtains

D(x)= ((;2)—) J' dy, ... dydQéZ(x)dZ(y1) ... dZ(0)

k=0 k! 0
X o (i) ... d_(y1)_(0)|}) (7.16)
where
¢-(x)=jq exp(—iAx)@(A)(dA/27). (7.17)

We next introduce the notation

{67(x), 6_(0)} = J exp(—iAx)(dA/2m) = H(x)/ =

(7.18)
H(x)=x""sin gx H(x,y)=H(x-y).

Now the vacuum mean value in (7.16) can be calculated using the Wick theorem

QUsZ(x)SZ(3) ... X (¥ (W) - .- -(31)B-(0)|D)

H(x,0)  Hlx,y) ... Hixy)
H 0) X . X
~ det (yzl, ) (yg’,yx) (y,:,yk) = d(x, D). (7.19)
Ky, 0 Hyoy) oo Ao 2
Putting this into (7.16) one arrives at the Lenard formula
-2 )k X/ k
D(x)= Y (—_k/_'”_f (H dy,.)dk(x, (). (7.20)
k=0 . 0 \j=1

To obtain the representation (7) one takes the integrals over y; and uses (7.18) for a
function ¥(x, y). The terms containing % (y;, y;) in (7.20) must be considered separ-
ately, the summing up of these resulting in the exponential factor. Let us show how
the first term of the series (7.7) is obtained from (7.20). To do this one extracts the

term H(x, 0)X(y1, y1) ... #(y«, yx) from all the functions d,(x, {y},). Summing up
over k and integrating over y; (i=1,..., k) results in

DV (x) =exp(—2qx/m)¥K(x, 0) (7.21)
which is just the first term at the right-hand side of (7.7).
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The extraction of the exponential factor is physically quite understandable and can
be done directly in the expression (7.14). One represents the field ¢ as

(%)= b, (x)+ b_(x) d>+<x)=j exp(—iAx)asm(;—;) (71.22)
[A]>g

(the operator ¢_(x) is defined in (7.17)). The normal ordering of an operator with
respect to the physical vacuum |Q) means that all the operators ¢ are put to the left
of &, and all the operators ¢_ are put to the left of ¢ . This normal ordering is to
be done by means of the following commutation relations:

{o-(x), ¢} =H(x, )/ m {¢.(x), 6x(y)}=0
{¢:+(x), pT(W)}=8(x—y)—H(x,y)/ .

Equation (7.15) can be rewritten as

(7.23)

exp(iﬂ J e (y)o(y) dY> =N.N. exp<—2 J o (o) dY> (7.24)
o} 0

where N, means the normal ordering of fields ¢. and N_ is the antinormal ordering
of fields ¢_. It is now easy to see that the extraction of terms containing ¥ (y;, y;) in
(7.20) (which are combined to give the exponential factor) is equivalent to the normal
ordering of the current in (7.24)

CXP<iW J ¢ () d(») dy)
0

=exp(-2gx/m)N.N_ exp(—Z J N.N_(¢"(p)o(y)) dy)- (7.25)
0

Expanding the exponential (7.25) in the formula (7.14) and going to the Fourier

transforms of operators ¢(x) one comes to the expansion (6.7).

Appendix 1

Functions Z,({A},, {u},) were introduced and studied in detail in [11]. Here the
definition of these functions is given as well as the recursive relations permitting the
calculation of any of them.

Function Z,({A},, {u}.) is equal to the partition function of a model on a square
n X n lattice. The states k=1, 2 are related to the links of the lattice. The Boltzmann
weight at a site is determined by the states at the links adjacent to the site. If the
horizontal links with states k,, k4 and the vertical links with states k,, k; enter the site
located at the ith row and the kth column of the lattice then the Boltzmann weight
prescribed to the site is

ke Wik, = ko R(Aiy 1) ik,

where the matrix R(A, u) is defined in (1.4)
nR(A, )i =22R(A, oy =f(u, A)
12R(A, w) =2 R(A, u)n =1
2R, w)i= R\, w)ar=g(u, A).
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Boundary conditions for Z, are defined so that k; =1 for all the links going from the
upper side and from the left side of the lattice and &; =2 for all the links going from
the lower side and from the right side. The definition of Z, is thus given.

At A, > u, the partition function Z, is reduced to Z,_, according to the rule

Zo (Ao (i) > —ic(Ay = )™ H Fttgs ) Ay A))

XZn—l({/\}n—la{/"“}n—])+'-- (All)

(the terms regular at A, - u, are not included here). It is not difficult to establish that
Z,({A Y, {}s) = O(1/ A)(O(1/ i) if A; > © (e~ ) and all the other variables are
fixed. So extracting all the singularities

-1

Zn({A}ny {“‘}n) = Pn({’\}ns {,LL},-,)( 'fl] (/\j _“‘k)) (Al'z)

one comes to the conclusion that the function P, is a polynomial in each variable A;
or ug. This permits one to recover P, from P,_, by means of (Al.1) using the Lagrange
interpolation formula.

Appendix 2

Equations (3.4) and (3.5) result in the following relations for the polynomials 2y :

@N({AC}N—U{/\B}NNA%M—IC( H (A5 +ic) H (AQ +ic)

T as+io 01 <Aﬁ+ic))%,l({m~_z, ). (A2.1)
j=2 j=2

Let us show that Py is a polynomial of degree N —2 in any of A7, A§. The equivalent
statement is that the function FN({A “}n_;, {A®}x) decreases as (A7) ' at A7 > o (and
other variables fixed) and as (A§)™? at A§ »o0. The form factor %y is a symmetric
function of A} ; consider its dependence on A{. Using the commutation relations (1.3)

one obtains after some algebra the explicit dependence of Fy on AS as follows:

gN({'\C}N—I;{AB}N)=<0 0>

=3 glAf,A; )<r(A ) [T FA7 A5 f(AS, A%y~ r(A%)

n=1 © j#n

x [T fAF, AT AR, A7) ><o

j#n

N-1 N
I=]2 CASY0)C(AT) Il B(A})

[T c$Hu [1B(4S)

j=n

0>. (A2.2)

Due to the Bethe equations (1.12) functions r(A2) and r(A{) are expressed in terms
of AP, A{; this results in

J’N({/\C}N 1,{’\ In)= Z 4 /\1,/\ )Hf(/\

J#ﬂ

><<£[l ST AD AT, AN TT FAE, A8y - I‘[f(,\j’,,\f))

Jj#En j#=n
><<0

-1

[T cxHHw© I1 B0

J=1 j#n

> (A23)
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Now the (A{)™? asymptotical behaviour is quite evident. The asymptotics in A{ is
established in a similar way.

So Py is a polynomial of degree N —2 in each A. Returning to (A2.1) one concludes
that this formula permits the determination of the values of ?5 (considered as a
polynomial in A}) at (N — 1) points A,-C (j=1,..., N—1)provided that #x_, is known.,
This implies that the polynomial 2, can be restored by means of the Lagrange formula.
Thus the rule of the recursive calculation of 2 is given.

Appendix 3

Using (4.10) and (4.11) one arrives at the following expression for . :

9}\/: Z Z H IBBH()\ )Hf()\a,)\ﬂ)

AT =Ua a2} (A =US oAl @ <B

X H Hlaa+l(Ac)Hf/\B’ C) H exp(#6, Nua+1)

a<f /\

(0

Below we give the main points of two different proofs of the formula (4.12).

The first proof is based on the analysis of singularities of the right-hand sides of
(4.12) and (A3.1). The structure of the singularities and the asymptotical behaviour
prove to be the same. The most important are the first-order poles at A AL As
Af > Al , one has for (A3.1) (other possibilities are easily restored due to the symmetry
in /\ and in A2) that

IlCa,aH(Af)%a(xa)QBa,a+1(Af) 0>- (A3.1)

J’({/\C}NC,{)\B}NB,{Iﬂﬁﬂ}Nc,{IBBH}NB)"IC( — A ) ! Z H Iaa+l(’\ )

y=0a<wy

X T logei(AT) exp(8,)(1, 41 (AT)

B>y

X FUA et A o s v B pt )™M E Y (A3.2)
mo mo Y A
lﬁ,Bdi?'?)(#) = IB,;;H(#) (B # 'Y) IB,Bd-:?‘Y)(“) = ly,y+1(l-4) f(# l) .
f(/\l’ IJ')
Now the Bethe equations (1.12) must be taken into account. Putting those into the form
a FA, A)
Liari(A) =[] =2 A3.3
QIZIO a+1(A;) ;Lljf(/\k,z\,) (A3.3)

one expresses the functional variable /4 4+,(A;) in terms of other variables [, ,.1(A;),
a#A. F can therefore be considered as independent of /4 4.,. It makes possible
arbitrary independent variations of spectral parameters /\f, A7 supposing that they
nevertheless satisfy the Bethe equations and variables I, ,.,(};) (@ =1,...,A~1) are
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kept constant (i.e. that only I4 4.,(A;) is changed which does not enter the expression
for the form factor). This results in the reduction formula

FUA NG AP N, UIGY 5o, {1852 ) »ie(AT —AT) ™
xZexp())(l()« WA

=L AD LN TT A7 ADFAT,AT)

FER!

X g({/\C}NC’la {/\B}er, {15}2=1, {15}2=1)m°d“?'”

Hf(Af, ADF(AT A
e fAT A (AR AT

+ic(A P - AD) T IAADIR(AT) -

x [T AR AD) TT FA5,A)

X FUA Y Nneor s AA B ngmr, LS Yoo, {15 Ao ) modii AT, (A3.4)
Here
Lr)=1 Ig(A)= HB Liari(A) Ig ()™M = Lo () (B=<vy)
I ()™ = Lo (u) f(py A)/f(A, 1) (B>v).

To prove (4.12) one first establishes that the singularities of the right-hand side
calculated by means of (4.13)-(4.15) are in agreement with {A3.4). Then the proof is
quite similar to the one for the current form factor given in [4].

The second way to establish the validity of (4.12) uses the direct resummation over
subpartitions in (A3.1). The proof is given below in the important particular case
A =A_=1, A;=0 (the general case is considered similarly). The proof is made in
three steps.

(i) Using the formula (1.10) for scalar products one has from (A3.4):

F=3 ¥ 1LADFAS A (A8 (A% A5)

parts paric

X oy (A5 )F(AS, A AT, A L ASF(AG, A0y (AS)

X FOAT A (A UF(AG, AT (A, ARP) ZUAEP Y (s

X ZUAS ARG ED LA F(AT AP F(ATP, A DP)

x Z{ATPL AT DZUATD (AP, (A3.5)
The sum here is taken over partitions partg, partc

AP =(AgP O AP O (ATB U {A PP LA D)

A=A To AT T AT AP LS}

where card{A$} = card{A7} = 1. All the product signs here are omitted (which products
must be taken is clear from (A3.1) and (1.10)). The notations

{A2}={a2%ru {2} (A2} ={A2%u (A%}

are used.
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(ii) Further, one expresses /;, in terms of I, by means of the Bethe equations (1.12).
(ili) The following partition of A%, A€ is made:

AT =0 To AP Yo AT} {AT}={AgP o {A??
A=A oA} AT ={Ag" o AP o (A3}
card{AF} =card{Arf} =card{AP}+1
=card{A 5} +1. (A3.6)

Now one makes the resummation in (A3.5) according to the partition (A3.6) obtaining
formula (4.12) for A, =A_=1, A;=0

7= ) )

17N INET P WRTUT) ¥) PR £ S VR P SHOTV ¥ i JNS
X los AT ot (A F(AR, ATIF(AT AT
X(O|C(AT )¢ (0)B(AT)OXOIC(A ) ¥ (0)B(AT)[0). (A3.7)

Appendix 4

Let us show that formula (4.8) permits us to obtain the coordinate representation of
the Bethe eigenvectors. To be more concrete, consider the case of the XXX Heisenberg
magnetic chain with A —1 sites; the spin operator in the ath siteis S,. The correspond-
ing parameters of the generalised model are

lopa(A) = (A +iS5)/ (A —iS,). (A4.1)

Operators B, ..;(A) in this model are proportional to the spin creation operators at
the site «

Ba,aﬁ-l(/\):(’\—isa)_ls;- (A42)
Denote n, =card{A“} in (4.8). Putting (A4.1) and (A4.2) into (4.8) one obtains

Isoo= ¥ I I 07-is) LG

(Aby=Ud ofamp @=0J=l

A
x 1
a=0

A

., :15

lj SAT,A9) l;[ (S2)"™ (A4.3)

B=a+1

For the homogeneous chain with spin S one can rewrite this formula as a sum over
permutations:

131 B(A)|0) = 1:[1 \n-is ¥y ¥ H

ays..=ax P j=
Apj+ls N-a N 1 —\n
S ST [T S, Ap) TT (m;)7'(S5,)710). (A4.4)
Ap —i§ k=j j=1

Here n; is the number of equal a;. As (§;)’=0at S=!one has a,<a,<...<ay in
(A4.4), so in this case the well known formula of the coordinate Bethe ansatz is restored.
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