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Abstract. We investigate the physical interpretation of the loop states of non-perturbative
quantum general relativity in the regime of graviton physics, namely the regime of first order
excitations around the Poincaré-invariant vacuum. We construct the general form of the loop
state functionals invariant under the linearized constraints. We present explicitly the loop state
functionals that represent the Poincaré-invariant vacuum and the graviton states. We find that
physical information emerges entirely from intersections of loops. We obtain these results by
utilizing the recently introduced ‘map A4’, which relates the loop-space states of non-perturbative
quantum general relativity to the state space of the linearized theory. The general picture of the
lingarization of the loop-space guantum general relativity is discussed.

PACS numbers: 0420, 0460

1. Introduction

The loop representation of quantum general relativity [1] is a candidate for a quantum theory
of gravity. An important open problem in this approach is the difficulty of recovering simple
‘low energy’ gravitational physics from the full theory. This is the problem we discuss in
this paper.

The physical quantum states of the loop representation (from now on loop rep) of
quantum general relativity {from now on QGR) are represented by linear combinations of
knots. We would like to recover the Riemannian geometry of spacetime from these knot
states, in some sort of ‘high quantum numbers’ limit: somehow in the same way in which
one recovers the electron trajectories from the [n, [, m} states of the hydrogen atom in the
‘high quantum numbers’ limit. Riemannian geometry should emerge (in approximate form)
from the purely topological world of the knots.

We do not fully solve this problem in the present paper, but we make a substantial
step toward its solution. The idea that we follow is to focus on the ‘low energy’ regime
given by flat spacetime and small oscillations around flat spacetime. In this regime, the
gravitational field can be described by means of linearized GR. The corresponding quantum
theory, namely quantum linearized GR (from now on QLGR), describes free gravitons on a
Poincaré-invariant vacuum state. The physics of QLGR is familiar, easy to be interpreted,
and its classical limit is well understood (weak gravitational waves on Minkowski space).
Our aim is to find a sector of the loop rep of QGR that describes the same physics as QLGR;

§ E-mail address: iwasaki@phyast.pitt.edu.
¥ E-mail address; rovelli@vms.cis.pitt.edu.

0264-9381/94/071653+24%19.50 (© 1954 IOP Publishing Ltd 1653



1654 J Iwasaki and C Rovelli

namely, to identify the Poincaré-invariant vacuum and the z-graviton states within QGR.
Of course, this identification makes sense only within a certain approximation, because the
physics described by QLGR and QGR are genuinely different at high energy.

Working within this approximation we construct here loop states of QGR that represent
the low energy physics. In particular, we explicitly construct the loop functional Wy that
describes the Poincaré-invariant vacuum, that is, the ‘quantum flat spacetime’, and the
related n-graviton loop functionals ¥, .. .

We use three main tools in our construction. The first is a version of QLGR developed in
[2]. This version of QLGR is fully equivalent to standard ones (QLGR is a free quantum field
theory, and therefore can be realized in a variety of equivalent ways), but has the advantage
that it is a loop rep; namely, quantum states are represented by loop functionals. This makes
the comparison with the loop rep of QGR easier. The second tool is the weave, introduced
in [3]. The weave is a particular loop state in QGR that approximates a flat Euclidean metric
at large distances. The third and the main tool that we use is the map M, introduced in [4].
This is a linear map from {a sector of) the state space of QGR to (a sector of) the state space
of QLGR. 1t is defined by using the weave and it has the essential property of intertwining
between operators of the two theories that have the same physical interpretation within the
approximation in which we work. In this paper the map M will be explicitly utilized in
order to find the states W and W, . In the next subsection, we provide an outline of the
strategy that we follow.

Our main result is the explicit construction of a loop state ¥t that represents the
Poincaré-invariant vacuum or the ‘quantum flat spacetime’, and the corresponding n-graviton
states Wy, .z, within QGR. This result indicates that QGR in the loop rep contains a sector
that describes the known low energy physics, and may provide a basis for the physical
interpretation of all loop states. Perhaps surprisingly, we find that the physical information
is coded entirely in the intersections between loops and the weave; these are ‘magnified’
by the map M and become the low-energy information relevant in graviton physics. This
may be seen as a result supporting the claims on the importance of the intersections in the
loop rep,

The result we present is not vet a fully satisfactory solution of the problem of recovering
low energy physics from the knot states, for the following reason. Ideally, we would like to
construct exact physical states of QGR that represent the low energy physics approximately,
These states should solve the QGR constraints exactly, and therefore be knot states. The
states Wo and ¥, z, that we construct, on the other side, are only approximate solutions of
the QGR constraints. They are, in a sense, approximate knot states. Indeed, we will see that
they are not fully invariant under all diffeomorphisms, but only under the ‘low frequency’
diffeomorphisms (that will be defined below). Thus, the present work should be completed
by finding exact knot states that ‘differ from Wy and W, . at high energies’. We will
discuss these remaining open issues in the conclusion.

1.1. Qutline of our strategy

The present paper is a continuation of the line of research developed in [1] where the loop
rep of QGR was defined, {2] where the loop rep of QLGR was defined, [3] where the weave
state was constructed, and [4] where the map M was introduced. In particular, this paper
may be seen as a follow up of [4]. We made an effort to make the paper self-contained
by summarizing previous works in section 2; however, its comprehension would be much
enhanced by the knowledge of those references, in particullar [4].

Our general philosophy is to fix a ‘small’ positive number & that determines the accuracy
to which we want to reproduce the expectation values of the linear theory (QLGR) from
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expectation values of the exact theory (QGR). As shown in [4], we have then t0 restrict our
considerations only to 2 sector of states and operators, this sector being dependedent on &.
Intuitively, these are the states close enough to the vacuum and the operators that do not
probe the state at too short scale. The precise technical characterization of this sector of
states and operators is given in [4] and recalled below in section 2.4. It is important to
keep those restrictions in mind in order to follow the calculations in the paper. We can then
consider & as an expansion parameter: to first order in £ the predictions of the two theories
should agree. Thus, we may disregard terms of higher order in ¢ in all calculations, since
we are only interested in the results of first order in ¢.

M is a map from the state space of QGR to the state space of QLGR. It intertwines
between operators of the two theories that represent the same physical variable to first order
in £. The notion of representing the same physical variable is well defined since classical
GR and LGR are defined on the same (unconstrained) phase space. However, the map M
turns out to be highly non-trivial, because of a number of reasons (that will be recalled in
section 2.4), The main one of these reasons is the fact that the state space of QLGR and the
state space of QGR are different spaces (unlike, for instance, the Schrodinger quantization
of the harmonic oscillator and the Schridinger quantization of the anharmonic oscillator,
which are both defined on the same state space of wavefunctions ¥ (x)). It also turns out
that the map M is defined (and makes sense) only up to terms of higher order in £. These
terms represent the short-scale indeterminacy which is left open in the identification of the
fow energy free theory with the exact interacting theory.

At first sight, one could think that the map A1 can be used to directly map the vacuum
and the n-graviton states from QLGR to QGR. However, this is not possible, because the
quantum states contain more information than just the one given by the first order in .
{The linearization in x of many dynamical systems produces a harmonic oscillator, but the
harmonic oscillator vacuum state ¥,{x) = exp[-x?] is not linear in x.) Thus, the strategy
we adopt is to use the map A not for transferring states from QLGR to QGR, but rather to
transfer the most relevant operators of QLGR into the state space of QGR. We denote the
set of operators that we obtain, which are defined on the state space of QGR but define the
same physics as QLGR, as ‘low frequency operators’, for a reason that will be clarified later.
We also denote as the ‘low frequency theory® this theory defined by the low frequency
operators, namely QLGR on the state space of QGR.

The relevant operators are the constraints and the Hamiltonian. The transfer of the
linearized constraints is relatively straightforward and will be performed in sections 3.1 and
3.2. The low frequency vector constraint that we obtain turns ouf to be the generator of
‘low frequency diffeomorphisms’. The meaning of this result will be discussed below. A
geometrical interpretation of the low frequency scalar constraint is more difficult. As far
as the Hamiltonian is concerned, we again run into the problem that the map M makes
gense only to first order, while the Hamiltonian is quadratic in £, We circumvent this
problem by using the creation and annihilation operators {(which are first order), instead of
the Hamiltonian.

Even transferring the creation and annihilation operators is far from straightforward.
The reason is that these depend on the linearized metric field, but there is no metric field
operator £,»(x) in QGR. There is only its ‘smeared’ version Q(w), which corresponds to
O(w) = [dx[(det g)g“”coaw;,]l" ?, The creation and annihilation operators of the two
polarizations depend on the linearized metric field £%°(x), via terms which in momentum
space have the form m,(k)my(k)h%°(k). We therefore have the technical difficulty of
expressing these quantities in terms of O(w). We achieve this by introducing, in section 3.3,
a triplet of covectors ! (x) i =1,2,3, that represent, in a sense, ‘polarization vectors in
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position space’, and are roughly defined by Fourier transforming (couples of) polarization
vectors as mg(k). By using these, we can write the creation and annihilation operators
in terms of Q(w), therefore transferring them to the QGR state space, This is done in
section 3.4.

Section 4 is then dedicated to sclving the low frequency theory. In its original (loop
rep) form the main ingredients for solving QLGR are the form factors [2]. In section 4.1 we
find the loop functionals that play the very same role in the low-frequency theory, and we
denote them as G*[y, @]. These are first found by using again the map M as a hint, and
then checking directly their behaviour under the constraints and the dynamical operators,
The calculations are quite involved, but the final result is simple: the states that solve
the low frequency constraints are given by arbitrary functions of G=[y, A#c]. Finally, in
section 4.2 we find the Poincaré-invariant state and the graviton states.

2. Review of the exact and linearized theories, weave and map A1

We briefly review the non-perturbative (QGR) and linearized (QLGR) theories in the loop
representation and the definitions and properties of the weave and map M, in order to fix
our notations and conventions. For more detail the reader may consult references [1-4, 6].
2.1. QGR, the non-pertubative theory

The classical T variables are defined by
T[e] = & Tr Pexp [G 55dr d”(r)Ab(o:(t)):I
Teed(s) = %TrP exp [G f dt df”(t)Ab(ot(t))] E%(a(s))

where A,(x) = Af,(x)r,' and E"(x) = 4§“i(x)r,- are the Ashickar connection and its
conjugate momentum field (7; is a Pauli matrix divided by 2{). Indices a, b, ...are space
indices and i, j, ...are internal SO (3) indices. Note the % that we use in our conventions.
A variable that we need is

Q(w) = f dx [(det g)‘sg"""wc,cu;,]”2

where g is the inverse of the 3-metric and w, (x) is a test 1-form. In the quantum theory the
corresponding operations are defined on a space of functionals W(w) = {«[¥) of multiple
loops. (A multiple loop is an unordered set of loops. We identify a single loop a with the
multiple loop that contain only the single loop «; and we indicate single as well as multiple
loops by greek letters.) These operators are

(B TTel = (B Ual
(BIT?[e)(s) = 412 55 dt B8 (ae(s), B()) ((Bta] — (B[ 2.1.1)

(B10(w) = 12 f d’x fdsﬂ"’(s)wa(ﬁ(s))a?’(x,ﬁ(s)) (8l.

The symbol U indicates union of multiple loops; thus e U § is the multiple loop formed by
the single loops in (or the loop) o and the single loops in (or the loop) 8. The symbol #
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indicates the joining of two loops at an intersection; thus if P is the point where the loops
o and B intersect, a#f is the loop obtained by starting from P, going around ¢, then along
B, and then closing. Note that the last equation holds not only for non-intersecting loops
but also for intersecting loops as long as intersections are isolated ones. We do not consider
in this paper loops which have a segment overlapping with another segment,

The state functionals satisfy some conditions, one of which is the spinor relation

(U Bl = I (ol + (') (2.1.2)
if & and § have a common point.

2.2. QLGR, the linearized theory

The classical variables are defined by
ti(er) = exp |:G [ d*x Ff[x,a]Af,(x)]

BB (x) = 250%eMi(x)

with the form factor
Fllx,a] = fﬁds a%{s) f (x — a(s))

where e%(x) is the deviation of the triad E®(x) from the flat 8 and f,(x) is a smearing
function. We choose

fr(x) = Qur?)y e,

The corresponding quantum operators are defined on a space of functionals ¥, (&) = {¢|,)
of triplets of multiple loops. Those are

(Bl () = (B U; | (Bl (x) = —212FFIx, BY1(AI.

The notation ,B U; e indicates the union of the loop « to the i component of the triplet of
multiple loops 5: (8| = (B!, 82, 8%] and (B U; a| = (B' U, B2, B3| for example.

An operator which we will frequently use is the linearized magnetic field operator
(‘differential’ operator),

I
GBU(x) = hm (t (i) —1)

where y7, is a loop of radjus § centered at x and normal to the a direction. In terms of
these operators, we can write several operators we need. The linearized vector and scalar
constraint operators are

PL(x) = =€ GB(x) St(x) = —8,,GB(x).

It turns out that symmetric, traceless, transverse components of F*[x, o] (seen as a two-
tensor in the indices ¢ and ) solve these constraints. In Fourier transform, these component
are denoted as

Fi Tk, &) = g (ki () FY [k, ')
F[ Tk, &) = mo(kym; (k) F} 1k, ']
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and hence physical states /{c) are defined by analytic functions of FZ[k, &]; namely, they
have the form (&) = ¥(FZ[k,&]). Here m,(k) and its complex conjugate (k) are
polarization vectors defined up to a phase by

mg (kym® (k) = 1 ma(kym® (k) = m,(k)k* =0
fitg(k} = —mg(—k) ®kegmy (K)o (k) = ~i[k].

The annihilation and creation operators are

k 172 . G -
aulk) = — (%) (h+(~k> + WB+(""))

/2
G_(k) = (-g--) B-(®)

. G\,
ap (k) = (2}.1""3) BT (k)

()" (e )
aloy = (2710 h(-h) + s B (R

2.2.1)

where A% (k) and ﬁ*(k) are the transverse components of the Fourier transforms of A%2(x)
and B%(x) respectively. For example h*(k) are

BF (k) = g (k) (R)A% (k)
B k) = ma(k)my(R)R% (k).

By computing the action of A=(k) and GB*(k) on the physical state space described
above, we obtain

BERY)@) = ~22FE(k, a1y @)
3

Tt 2\ = -tz 9
(GB=(k)y)(@) = Flkle AFED)

+
4003 P

The vacuum state, which is annihilated by the annihilation operators, turns out to be
Yo (&) = exp (—l§ f &’k |k|e”’f’/2[f?,+[k,a]|2) .

The excitation states are obtained by applying the creation operators on the vacuum state.
For example, one-graviton states with positive and negative helicities are

Vi (&) =QIZIRD Y2 F ik, @1o(@)
Vi (@) =QIEKDYEF [k, @10(@).
Note that (@) and GB* (%) here are different from ones given in [2]. In [2] the presence of

the smearing function was taken into account by simply replacing F* by F*; this procedure
is not always correct.
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2.3. The weave

The weave A is a set of randomly oriented circles of radius & whose centres are randomly
and uniformly distributed in the 3-space with an average number density n = 1/a°; a is of
order of the Planck length I,. Some of these circles may be linked to one another. There
is an infinite nomber of different weaves A, and each one determines a different loop state
{A|, namely, a different point in the state space of loops; these states are denoted as *weave
states’. If w, varies at a scale L large compared to {,, the eigenvalue of the metric operator
on a weave state 15 a flat metric, that is,

(Al Q(w) = L2 }gds [A%w,[{A] = fd3x lw|(A| + OU,/L). (2.3.1)

In this sense all weave states approximate equally well the same flat metric for large enough
L. To define the ‘map M,” we choose one particular weave state. In the process of
linearizing the theory, we introduce errors; therefore we must fix a precision within which
we want the approximation to hold. The errors in the eigenvalues of the quantities relevant
in the linearized theory, including the eigenvalue of the mefric above, should be smaller
than this required precision.

2.4, The map M

In the ‘metric representation’, quantum states of the gravitational field are formally
represented by functionals W[g] of the three-dimensional metric. In QLGR, one may represent
quantum states by functionals ¥ [h] of the linearized metric field figp = gap — Sop (this
representation is equivalent to the common Fock basis representation). The relation between
these two representations is straightforward: a state v of QLGR physically corresponds to
a state ¥ of QGR, where W[g] = ¢r[g — 8]. This relation establishes a linear map, which
we may denote as map M, between the state space of QGR and the state space of QLGR.
The expectation value of a linearized variable, as for instance kg, in the state 4, and the
expectation value of an exact theory variable, as g3, in the corresponding state W, are
related by the correct classical relation (2 = g — n) that relates the two variables in the
classical theory.

In the loop formalism used here, on the other side, the relation betwesn QGR and QLGR
is more complicated, owing to a number of reasons. The first reason is that the loop rep is
not obtained by means of functions on a configuration space. Imagine we want to establish
the linear relation between the state space of an anharmonic oscillator, expressed in the
energy basis |V}, and the state space of a harmonic oscillator (seen as an approximation to
the anharmonic oscillator dynamics), again expressed in the energy basis [#}. The relation
between the two state spaces ([N} = ), C%|n)) is non-trivial: we must be able to solve
the dynamics in order to find its explicit form. Similarly, in the loop rep we need to control
the eigenvalue problem of the 7 operators in order to find the explicit relation between the
state spaces of QLGR and QGR.

The second reason is that the loop formalism is invariant under the internal gauge
transformations of the Ashtekar variables, but the internal gauge group of QLGR, which is
U(1)?, is different from the internal gauge group of QGR, which is SO(3). The variables of
QLGR that are invariant under U/(1)* are not invariant under SO(3). More precisely, they
are invariant under §O(3) only to first order in the expansion for small fields, Therefore
the very quantitics on which QLGR is constructed lose their meaning as variables in the loop
rep of QGR beyond first order in a small fields expansion. If we set a small positive number
£ as the precision to which we want our approximation to hold, and we resirict the range
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of the dynamical variables by |A9¢(x)| < £ and [t} (@) — 1} < &, then the classical variables
of QLGR and QGR are related by

Tlel=1

(1 -8 %dsfdaxf}(x)T“[oH-x](s)) = (@) @.4.1)
O{w) = (f &xlw| + %fdsx h“”w,,wblwl“l)

up to an emor of order 2. This error cannot be avoided within the present formalism,
because the two theories are invariant under different gauge groups. Since the relation
between the state spaces of the two theories is determined by the relation between the
respective variables, it follows that we can determine the relation between the two theories
only to first order in . This fact, however, does not prevent us from looking at QLGR as
an approximation of QGR, since QLGR can be a good approximation of QGR only to linear
order in a small field expansion.

In the quantum theory the magnitude of the quantum fluctuations A#(a:) and AR®E(x)
around the flat metric is determined by the Heisenberg indeterminacy relations. If we want to
say that the metric is flat within a precision e, then we need Atf (@) < & and Ah%(x) < &.
This requirement forces us to restrict the parameters that determine the variables in the
theory, as follows: |az| < I,/ and r > I,/e. Here |e| is the length of a loop ¢ and ~ is
the scale of a smearing function involved in QLGR. The restriction of the lengths of loops
does not mean any restriction of physical information coded in state functionals, since the
relevant information is already contained in the limit in which the loops shrink to zero.
The restriction of |e| is, however, necessary to impose one of the linearization conditions,
[ti{e) = 1} < &, in the loop formalism and to define the map M unambiguously such that
the low-energy sector of the state space of QGR is transformed to the low-energy sector of
the state space of QLGR, and not to violate the Heisenberg indeterminacy relations. The
restriction of r does mean a restriction to the low-energy sector of physical informations
determined by the precision ¢ imposed. The low-energy sector of operators and state
functionals may include only such loops and scales except the weave A. The low-energy
sector of the state space of QGR, denoted by H°, is defined by

IFlod - ¥ <& and | f &x £,00F2a + xIEoV] <&

The low-energy sector of the state space of QLGR, denoted by h°, is defined byf
IG @) - DYl <& and [A%)¥] <e.

(A discussion of the norms we use is given in [4].) Physically, these represent the sectors
of the two theories that give the same predictions, to order . The map A sends states in
HP to states in kU; it is given by [4]

@M=(al-3 > o fds fdr A) f(A() = o () (A#E, 1+ 06D (242)

=103

o=l -1

t Equation (4.4.1) in {4] contains a (quite unfortunate) typing mistake. The corrected version is the one given
here.
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where o}, = o + A(2) —a(s). In this paper, all loops are parameterized so that ¢ ds = 1.
The map is defined only up to terms of order £2. Note that the map depends on the weave
A and a different choice of weave, on which another map is based, makes a difference only
within an error of order £2. The essential property of the map A (from which it has been
determined) is that it relates corresponding operators in QGR and QLGR, up to an error of
order &2; that is,

MTel= 1M

M (1 -8 fds f Ex £, ()T + x](s)) = £ ()M 2.4.3)
MO(w) = (f &Ex|ew| + %fd3xfz“”wawb|wl") M

to be compared with equations (2.4.1). Here o« and r satisfy the conditions described above
and w, is a one-form slowly varying over a scale I,/¢* so that equation (2.3.1) is used
without bothering calculations of terms of order ¢ of quantum fluctuations. In general,
given an operator 6 in QLGR, we may find the corresponding operator O in QGR using

MO = M., (2.4.4)

We will use this relation to translate between the two theories.

3. Operators

We now begin using the map M, or, more precisely, equation (2.4.4), to transfer the
linearized operators from QLGR to QGR. First, we find the expressions for the linearized
constraints in QGR, namely we transfer the linearized vector and scalar constraints 13’} and
&L, to the QGR state space. We indicate the resulting two operators as V, and &, and we refer
to them as ‘low frequency vector and scalar constraints’. The reason for this denomination
will be clear below. They are defined by

h

MU, =VEM and MSE=8'M. (3.1)

These low frequency consiraints are defined on the state space of QGR, but they describe
(together with the Hamiitonian) the low energy physics.

Next, we consider the dynamics. Here, however, we find a difficulty, owing to the
Hamiltonian structure of the quantum theory: while the linearized equations of motion
are, by definition, linear in the dynamical variables, and therefore in g, the ‘linearized’
Hamiltonian Hp, on the other hand, is of course guadratic in the dyna.mlcal variables;
and therefore it is of order £2. The linearized Hamzltoman operator Ho m QGR cannot be
obtained from the Hamiltonian operator of QLGR i, by using MHD = hM, because the
Hamiltonian is of second order in &, while M is determined only to first order in 2.

The very same problem arises if we try to map directly the eigenstates of the linearized
Hamiltonian, namely the vacuum and the graviton states, from one state space to the other.
To see this by means of an analogy, consider the linearization of an anharmonic oscillator:
to first order in the position x, and under suitable conditions, the classical as well as
the quantum dynamics are approximated by means of the harmonic oscillator dynamics.
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However, we clearly cannot take the harmonic oscillator ground state, ¥ (x) = C exp[—ox?),
expand in x, keep only terms of first order in x, and assume that these give a good
approximation to the ground state of the exact theory.

In order to circumvent this problem, we need some way of bringing the information
about the linearized dynamics from QLGR to QGR, using only operators of order &, The
idea that we shall follow is to use the creation and annihilation operators. These, ualike
the Hamiltonian, are of first order in £, Therefore we may use the map M to transport
them from QLGR to QGR, without losing relevant information. In section 3.4, we find
the expressions for the creation and annihilation operators in the QGR state space. These
operators will allow us, in section 4, to find the states annihilated by the low-frequency
constraints, the Poincaré-invariant vacuum and the graviton states.

3.1, The low-frequency vector constraint

As a preliminary step, we derive the operator D“"(x) that corresponds to the operator
GB%(x) of QLGR. From MD®(x) = GB(x)M, it is easy to verify that

B = fds f &y £ + 1)6). 3.11)

This is a kind of ‘differential’ operator.
The low-frequency vector constraint operator V in QGR, which corresponds to the one
in QLGR and is determined by equation (3.1), is then

Valx) = —€ape ¥ (x). (3.1.2)
Its action is
(BT ) = ~Lease s P 0 im — 7,60) = 7560

X (B0 )s.0l — (BY (% )s.0]) (3.1.3)

where y; gy == ¥ + B{t) — ¥ (s).
From equations (3.1.1) and (3.1.2), we obtain

Valxy = fd3y A= G) (3.1.4)

where Ea(x) is the exact (non-linearized) vector constraint [1]. Thus, the ‘low frequency
constraint’ that we have constructed differs from the exact vector constraint of QGR only by
virtue of the smearing at the scale r produced by the smearing function f.. At first sight,
this result is surprising, because it implies that the exact guantum vector constraint equation

C ()W =0 (3.1.5)
and the equation
V()w =0 (3.1.6)

are equivalent, as can be easily verified by smearing these two equations with arbitrary vector
fields. However, we must recall that the low-frequency theory operators and equations that
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we are obtaining make sense only {0 order & the map M itself, indeed, makes sense
only to this order. Thus the low-frequency guantum vector constraint equation is not
equation (3.1.6), but rather

IV, ()| < &2 (3.1.7)

{(we refer to [4] for a discussion of the norm we use). Indeed, we will discard terms
small in &2 in computing the solutions of this equation in section 4.1. Thanks to this &
approximation, the effect of the smearing function f, in V (x) is then essentially to cut off
the Fourier components of C (x) that have frequency much higher than 1/7. (We recall
that we have preferred Euclidean coordinates determined by a background flat metric.) More
precisely, if we Fourier transform equation (3.1.7) we obtain

IC, ()WY < et ¥ g? (3.1.8)

where /, is the Planck length and k is the momentum variable. This equation shows that
to first order in £ the low frequency constraint corresponds to the exact vector constraints
with the high frequencies (with respect to the assumed background metric) cutoff,

It follows that a knot functional, namely a solution of the exact equation (3.1.5), also
solves the low frequency constraint, equation (3.1.6); but the converse is not true. Thus, the
low-frequency theory that we are defining on the QGR state space allows also states that are
not knot functionals, but differ from a knot functional ‘at high frequency’. This means that
a loop functional W(a} which solves the low frequency vector constraint does not change
for a ‘very smooth’ diffeomorphism on ¢, that is a diffeomorphism generated by a vector
field without high frequencies (with respect to the background metric), but may change for
a ‘very rough’ diffeomorphism on a.

Since the scale r is much larger than the weave scale, we may visualize these low
frequency diffeomorphisms as the ones that move the weave around without ‘destroying’
it: loops that are close to each other at the weave scale remain close (o each other under
low frequency diffeomorphisms.f

We also note that a functional depending on a loop shorter than r is not in general (the
functionals G*, which will be introduced in section 4.1, are special cases) low-frequency
diffeomorphism invariant in the same sense that a sharply peaked function in the space (e.g.
a delta function) has a variety of momentum components in its Fourier spectrum. To be
invariant, the loop must be uniformly distributed over the space so that its low-frequency
components can be clarified and ignored by the state functional. Such structure is allowed
only in the weave in this construction.

We leave the study of the precise geometrical meaning of this result for future
investigations; for the moment, we simply note that the result is consistent with the fact
that QLGR becormes a bad description of the gravitational field at high frequencies.

3.2, The low-frequency scalar constraint
The low-frequency scalar constraint operator S in QGR, which corresponds to the one in
QLGR and is determined by equation (3.1), is

S(x) = -8, D%(x). (.2.1)

+ Consider the metaphor of the weave as an elastic fabrie: diffeomorphisms at scales large compared with the
fabric scale do not destroy the structure of the fabric; while diffeomorphism at the scale of the fabric can break

the structure of the fabric apart.
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Its action is

(BI8G) = B3 s Pt 42 Jim ~ 7,8) = 724
X ((BE )0} ~ B U (Eeso) - (3.22)

Note that-the low-frequency scalar constraint cannot be recovered by simply smearing
the exact scalar constraint by the smearing function f,, in contrast to the case of the
vector constraint. At present, the relation to the exact scalar constraint is not clear. Some
light is partially obtained by considering the following fact: The classical constraint S(x)
corresponding to equation (3.2.1) is equivalent (up to terms of order &%) to

.11
§'6) = fim —=5 zea $s [ 3 HOITHyEy + 16,5+ 89

- f Sy f(x = y)CO) (3.2.3)

where C(x) is the exact (classical) scalar constraint. Thus, S{x) would be seen as a low-
frequency scalar constraint in the spirit described in the previous subsection. To show the
equivalence as quantum operators, more careful considerations are still needed.

In this paper, we shall consider states annihilated by the low-frequency vector and scalar
constraints. These are relevant in graviton physics, even though they are unphysical at the
Planck scale. In a sense, they are ‘physical states at large distances’. We expect that they
could be suitably modified at short distance in order to become exact solutions of the exact
constraints.

3.3. The ‘polarization’ vectors in position space

Before discussing the creation and annihilation operators, we introduce in this subsection a
triplet of covectors wi(x) (i =1, 2,3) in position space that will play an important role in
the following. They are, in a sense, ‘polarization vectors in position space’, as m, (k) are
polarization vectors in momentum space. First, we consider the integral

Lo (x) = f Bk [k ()my (k) (33.1)

L
@n)3

where #n is defermined in such a way that the integral exists. We recall that m,(k) can be
determined up to a phase factor e*®, where A(k) is a real scalar odd function of k. Thus
the integral is not unique. For a particular choice of cartesian coordinates and m,(k), which

15
1 {dk, i ok,
D= — | — Julthich
ma (k) ﬁ(ae+sinsa¢)

with

k = (sin@ cos ¢, sin B sin ¢, cos &)
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it turns out that the integral exists if #n is such that =3 < n < —%. We choose n = =2 to
show the existence of the integral. Straightforward calculations show that the components

of Ly(x) are

1 7 cos 2¢ $in 24 )
Hi(x) = —— | == (1 4+ cos?8) — A + B(#
11(x) 411'2|x|( 8( ) e & oy 6)
1 i cos 2¢ sin2¢ )
Ia(x) = —5— [ == (1 +cos’8) + A(B) — B(®
2(x) 472)x) ( 8( ) sin? @ ® sin® 8 @
1 T
I = ——{ —(1 2
5 = o ( (1 + cos 9))
1 2 2 (3.3.2)
sin oS
! =1 = e | ——— A(f) — B®
12(x) = In (x) 7] ( nlo (0) o ( ))
is(x) = Iy (x) (” $in26 cos ¢ — sind in¢)
= ¥) = —— | — -
13 31 7 \3 cos¢ ~sinf s
1
Is(x) = Ip(x) = ] (% sin 20 sing + sinecosq})
where A{#) and B(8) are given by
A©) = = (3+ 6c0s?8 — cos* 9 ~ 8| cos B)
8 (3.3.3)
B(9) = cosé [sin? @ + In(cos® 8)] ;
they have the properties
AP B
.(2)~——>0 and ,(f)—ﬂ) as #—0 or 8 —
sin” @ sin“ 6
A@) = %1 and  B@)—>0 a6 -’25

Here x is denoted by x = {|x|sinfcos¢, |x|siné sin¢, |x|cos6), and should not be
confused with &, which was fixed above. These components are finite and well defined at
all points x except the origin, Note that L5 (x} is real, symmetric, traceless, divergenceless,
consistently with its integral expression (3.3.1), and its determinant is always positive. The
positiveness of the determinant guarantees that the sign of the eigenvalues of 7,,(x) do not
change by changing the position x, which is crucial in defining the x-independent v; below.
Next, we define three real orthogonal eigenvectors n:o:'J (x)i = 1,2,3) of Lp(x) with
ZLI vijewf(x}| = 0, where v; is the sign of the eigenvalue corresponding to the ith
eigenvector, in other words, 1v,—|cuf {x}| is the corresponding eigenvalue, such that

13 i i
l(@) = 5 va—lz)g:—”)iﬂ (33.4)

i=l

Here | (x)| := [} (x)0™(x))'/? is the norm of w}(x) and % is set for later convenience.
Note that v; are independent of x as mentioned above and vj1v,v3 = +1. Note also that
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}(x) are not unigue in the same sense that m,(k) is not unique as mentioned above. The
three vectors, for the specific choice of I, above, are given by

; Ci(®)
= G
where C;(#) is a function of 8 such that 2 5viC; (0} divided by 4m2|x| is the ith eigenvalue of

1.5 (therefore Zi_l v, Ci{(8) = 0), and X (8), ¥;(8) and Z;(#) are functions of @ satisfying

XfX‘+Yi -+Z;-Z- =8;j

(X;(@)cosg — Y, (8)sin g, X:(9)sing + Y:(6) cos g, Z;(8)) (3.3.5)

2y _ A@B)
gzv.C(e)X @) = -2 +co’0) - 20
3
VGO Y (6) = ——(1 +cos”8) + (9;
=1
2 1 2 d 2
> lnci@yzie) = 71+ cos’0)
]
ZB: W GEOX O @) = — 22
=1 2 ' ' ~ sin?6
2 4
3 InC@®)X©)Z:(6) = 3 5in2
=1
3
> Ly Ci9)Yi(6)Z:(8) = siné.
=1
For example, at x = ([x|cos ¢, |x|sin¢, 0)
w;(x) = 4n1|x|(cos¢$3in¢30) with V= -1
wﬁ(.t) Srritx] \/_ ( sing, cos ¢, —1) with vy = —1
wl(x) = Sn'zlxl f( sing, cos ¢, +1) with vy = +1]
and, at x = (0, 0, £|x])
wh(x) = g—f——f(l 0,0) with v = —I
wl(x) = T(0 1,0)  with w=-1
@) (x) = ;ﬂ——,(o 0,1) with w3 = +1.

Using o}, we now define our main technical 10ol. We want functions that vary slowly
and approximate w} on a scale R = I,/&>. To this purpose we define

w2i(y) = f & fal)ak(E(y — ). (3.3.6)

Below we always use wX! in place of &/,
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3.4. The creation and annihilation operators and the equations for the Poincaré-invariant
vacuum

We denote by A:h(k) and Ai(k) the QGR operators that represent the annihilation and
creation operators for the two polarizations. These are defined by MAi(k) = d+ (k)M
and szi(k) = a} (k).M, where the QLGR annthilation and creation operators, G.(k) and
&L(k), are given in equations (2.2.1).

To find A4 (k) and Ai(k), we have to find the QGR operators that correspond both to
B and to A%. The operator corresponding to B s given by the transverse components of
the Fourier transform of the operator Db (x), defined in equation (3.1.1), that is,

5+(k) =, (k)fﬁb(k)(h')_wzdexe"ik'xﬁ“b(x)
(3.4.1)
B (k) = ma(k)ymy(k)2m) > [ P re=5 BBy,

Thus, the problem is to find the operator corresponding to h*. We denote it as H*,
namely: MHZ(x) = AT(x)M. The difficulty is caused by the fact that we do not have
an operator corresponding directly to the metric in QGR. In QGR, we have the operator 9]
{section 2.1), which is obtained by smearing the metric in position space with the square
of a one-form. On the other side, % are obtained by smearing the metric, in momentum
space, with the polarization vectors. To go around this difficulty, we use the *position space
polarization vectors’ introduced in the previous subsection. We define i i(Jc) as the Fourier
transform of |k]"H i(k) {note the insertion of |k[*), and we write:

MEE(—y) = Qr)y2? f Bk e Mk H=(—k)
= (2m)~3? f Ere? (k[P hE(—k)M
= (2m)3 f A3k e® Y k| m, (Fk)my, (k) f d3x e~k xpab(_ ) M

= f d*x ((2::)'3 f &k |k|”ma(k)mb(k)ei"’(i‘y"'xn) R22 () M.

Now we make use of the technology developed in the previous section: using
equations (3.3.1) and (3.3.4), we have

e ((y + kG + 1)) 5
Ir+ ; d3 ) hﬂb
MH(=y) = Z"f &+ )] ()M,

To utilize equation (2.4.3), replace w}((y + x)) by @7*(y + x). This process does not
change large scale structures coded in w;. Then, by using the last of equations (2.4.3), we
find

3
B*-n =3 v (Q(w*"(y +..0) - f &x lw*"(x)i)

=l
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where wi(y + ...) means @ (y + x) as a function of x, and hence (¥ (y +...)

is a functional of w®(y 4+ ...). Noticing that the second term vanishes because of
3 vilw®(x)f = 0, we have

3
B =yy =) wQ@™ & +.. ). (3.4.2)
i=]

This is the operator that we were searching t"gr. Its explicit action on a state close
to the weave is given as follows. Appiying H*(—y) on (A#c| and using the last of
equations (2.1.1), we have

(M| HE(—y) = —22F%[—y, Mo Ao (3.4.3)

where

3
FE[—y, Aka) = —*‘II Zv; f d*x
i=]

yfduAf’(u)a%x, AN (y + x)

+ ?f dsé® ()83 (x, a (N (y + x)|. (3.4.4)
Now we have all the ingredients for writing the creation operators:
AL (k) =122k~ DH (k)
N - (34.5)
AL (k) = — @Y™V (W2 H(—k) + k]2 D (~k)
and the annihilation operators:
Ap(l) = ~QIEV2 (K2 B (k) + k17 B (—h))
" (3.4.6)
A_(o) = @)™k~ D (k).

The differential equations for the Poincaré-invariant vacuum state }¥q} can be obtained by
v 1
applying the annthilation operators times [£]"~% on the vacuum state. They are

(2rr)~3/? f ke |k At D (—k) Vo) = 22 FH[—y, Ada){Athor|Wo)
(3.4.7)

(M%) D™ (k)W) = 0.

We shall solve these equations in section 4.2,

4. States

In the previous section, we have found the operators that represent the linearized constraints
and the creation and annihilation operators on the state space of the non-perturbative
quantum theory (QGR). Here we solve the constraint equations and we find the Poincaré
invariant vacuum and the graviton states.
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4.1, Low-frequency constraint-invariant states
In QLGR, the form factor loop functions FZ[k,a], are the solutions of the constraint
equations. We now construct a corresponding function G*[k, 8] in the QGR state space.
Since FZ[k,d] is of the same order as #*(k), that is, linear in &, G*[k, 8] must be so.
Therefore we can utilize the map M to find G*[k, 8]. Using the map M, F*[k, &] can be
expressed in terms of G¥[k, B], by F*¥ = MGZ. From this, we obtain
Filk,a] = Gk, A)
-3 Za 5£ds 3&1:4‘;"(;) [ (AQ) — ot () GE [k, AL )] “4.1.1)
ia
In order to find the explicit form of G*[k, 8], we apply |k|"A% (k)M = MIk|"HE®) to an
arbitrary state {@|:
(@ |k A= ()M = (Al (k)
- i23% g ?fds fdrA" (1) f(A () — o () A¥@] )7 (IkI" HE (k)
io

or, using equation (3.4.3),
" 1, BEIM = @) [ e (741, a)al

-3 Za jﬂ ds ?g dt AL () fL(A@R) — & () FEy, A#(aﬁ_,)“]{A#(ai,)"]).
By applying both sides to a ket state which always gives 1 for any loop bra in QGR, we find
K F TR 8] = ()57 [ @ yeri

x (j—‘i [y, A1=353 o ygds ?gdté."(t)f,(A(t) ~a'(s))

x F[y, A#(aj,r)”])..

Comparing this with equation (4.1.1), we find that |k|"G*[k, A#«] is the Fourier transform
of FE[y, A#c], that is,

k" GE[k, Ata] = (27)~/? f $Bye ik £y A#o). 4.1.2)

Therefore, we define the Fourier transform of 4] G*[k, A#a] as
G*[y, A#a] := FE[y, Afa) for Ao (4.1.3a)

However, G*[y, A Ua] can not be defined in this construction, because FEHy, AUq) are
of order 2, and they do not approximate any aspect of F= through the map M. Therefore,
we assume that

Gy, AUa] = 1 (FE[y, Ada] + FH ]y, Afe™')) (4.1.30)
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so that G satisfy the spinor relation, equation (2.1.2). As we show below, the functions
G*[k, A#x], and hence G*{y, A#x] are annihilated by the low-frequency constraints
(3.1.2) and (3.2.1). In this sense these are ‘low-frequency physical states.” These states
determine the kinematical linear gravity states in QGR. If we interpret G* as a non-Abelian
version of form factors, then equation (3.4.3) (replacing F* by G?*) is analogous to
(@lh*(k) = ~212F*[k, &1(@| in QLGR [2].

Note that in the transformation (4.1.1), only information on the intersection(s) in
G*[k, Atia] is transferred to F,E"[k,é'z]. Therefore, since the physical states in QLGR
consist of polynomials of F,*[k, @] [2], all physical information about gravitons should
be coded entirely in the intersections in G*[k, A#her]. Let us prove this statement. From
equations (3.4.4) and (4.1.3a), we have

3
G*|y, Afa] = “é Z}: v; fd3x
+ 3§dsa° ()83 (x, a(s))ew (x — y)‘

1 AbB(A, -y L
=_Z.Zl:vi(|" p (&1 y)cf‘,’wf‘(a;—y)

yg duAb@)e(x, AN (x — y)

ASwT (Ar — )|
+ fasi e - y)l) . (4.1.4)

The non-intersection part of the weave has vanished because of equation (2.3.1), up to an
error of order 2, and ZL v |wti(x)| = 0; the first term in the last line is the expansion of
the intersection part |[A2wi (A; — y) + &SwFi (o — )| (I stands for an intersection point);
and the second term is the non-intersection part of loop &, which is not transferred through
the map M and hence does not contribute to F,*[k, o]. We define the Fourier transform of
[k|" F¥[k, &) and express it in terms of w¥ (x) using equations (3.3.1) and (3.3.4):

F2ly,] = @n)™" f Prel? k] FE [k, &)
= f d’x [(2,,)-3 j d3kzkz"ma(k)mbtk)ef“*‘x"”} Fo[x, o]

2 1wF(y —xeF(y—x)
— 3 L a -] a b
= _[d X I:E v¢2 P Fllx,a". (4.1.5)

i=l

On the other hand, from equation (4.1.1), realizing G*(y, A] = 0 and using the spinor
relation, we have

3
Fily,al=-12% %ds ?ngA‘(z’)ﬂ(.&(t) — & (5NGHy, At 1.
i=1

By substituting the first term of the right hand side of equation (4.1.4) into the last equation,
we have

3
Frly,a1=2%" fds %drA‘cr)fr(A(r) ~ o (5)
i=]
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|
4 2

O NGRS Iy
A _
e am i s B0 )

23: 5£ NEGL S C ORI I
= a6 -

X

-

M

%ds(a Y FAD) — o' (s)). 4.16)

Now, consider the line integral of A. Noticing that wylx) is a slowly varying function,
we have

A D —_
iAC(f)wc aw -

Since F,i[y, @] is already of order &, by assuming w:.if is constant in space, we derive
Ko = 5£dr|Ab(z)w§f(A(t) _
+f xf
_ =2 3,005 F) _ Ar—2gi 3, Wy~ @
_2lp fdxlw ’|—21p 6b\/.dx-l——:’#

or

&
K =217%5 | d®x—2
p b jws

where we have used the properties of the weave, By substituting X' into equation (4.1.6)
we obtain

Wy =) "
Fily, ] = “Z":f mif(x o wF/ (x — ¥)FF[x, o]

3 Fi FJ
[ Y —x)wg X)) | g
= fdx|:jz=l D"Z o™ (5 — 2] ]F,[x,a 1.

Comparing the last line with equation (4.1.5), we conclude that F*[y, & are determined
entirely by the intersection part in G*[y, A#a].

* Next, we show that GX[y, A#c] are low-frequency constraint invariant. For simplicity
of notation, we set § = A#w and define y; 50y 1= ¥ + B(t) — y(s). By applying the
differential operator given by equation (3.1.1) to G*[y, A#a], we have

(D*(x)G%) [y, B]
= — lim — jﬁds [ &2£,(2) (TP1y8, + 21()GH) [y, )

i—0 62

- lim jﬂds f IO 1p f at B8 (y25(5) + 2, B(E))

X Zcrc*[y, BHySs +12)°]
[+3
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= 4Bl — dds far 05,60 - Halo) oGy, BHOL )

2.05_’

- 2lim 5£ds AP OHBO - 1260

P E—+0
x (G*Ly, B#UE )s.ptn] — Gy, BYU (8 pssn])

=7 lim L 5£ds yg dr B2 () £ (B() — vEs(sD)

P

ﬁC(t)w:H(ﬁ(I)—y) Y4 i —_
E 8w B - },)](?’1,5) (B — ).

To derive the last line we realized that the difference between G*[y, S#y] and G*[y, BUy]
is simply the intersection part of 8 and y, in the same way as we derived equation (4.1.4).

Then
(D (x)G*) [y, ﬁ]

<Py
= -z — bdift BEOCEBN =3 wigy _

« 5{ ds (P2, () F (B — fy(s)

ol £ BOOEBO = e 8 _
=52 farp O oaE G g BO=IE T PO

Since the contribution from « is of order ¢?, we make an approximation 8 = Affu &= A,
and obtain
(B*(x)G*) 1y, a#a)
AN (A(t) —
1, Zv:ygdm"’ﬂ (A — )
47 [A4@w! (AW - )

d
X A0 = )€™ 52 (A1) = 1)

1 3 E
= EZuifdg‘zﬁ%M% ¥z - y)f‘"Jr = filz = x)

S Pl (Al ) il (A y)
= 3 4 — 2 £ —
fdz[‘—l "2 lwf(z — ¥ 3 fﬁ(z x)-

By using equations (3.3.1) and (3.3.4) again and the properties of m,(k), we obtain
(D% (x)G*) Iy, Ata)
: a
= fd3z [(2%)'3fd3k|k]”mb(k)me(fc)e"‘“*‘z"”] e‘"’fﬁfr(z - X}
X

= q:fd3z [(2.71‘)'3fd3k|k|"+1m“(k)mb{k)eik'&u_y»] f;_(z _x)

?(Zn)_sf@k[kl"“ m® (ym? (k) ek K=MK /2. (4.1.7)

i
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Since this is a symmetric and traceless matrix, applying the constraint opzrators, we
immediately find

(Ve(x)G) Iy, Adta] = —éeap (D (x)G¥) [y, A¥a] =0
(St)G*) [y, Atta] = =6 (DP(x)G*) [y, Ada] = 0.

Therefore, G%[y, A#x) are low-frequency constraint invariant states, The solution of the
linearized constraints is given in the QGR state space by arbitrary functions of G*[y, Ata).

For later convenience we compute here D*G* and D¥G*. By Fourier transformation
of equation (4.1.7), we have

(D ()GH) Iy, Ada] = (2m) ™2 f dx e7** (D (x)GF) [y, Ad]
= F @m) Pk e (k)m® (Ek)e Ty T HL2,
Therefore, we find

(D*()G%) [y, Atka] = Fam) 2t kre 02
(DF()G*) Ly, Atha] = 0. (4.1.8)

4.2. The Poincaré-invariant vacuum state

To determine the Poincaré-invariant vacuum state, we have to solve equations (3.4,7), We
claim that the solution is

&k
Wy (Atfa) = exp (—-—l‘g merikiﬂlkll—h

X j dxd}ye* " NG [x, A#a)GT [y, A#a]) . (4.2.1)

This can be verified by a straightforward calculation, using equations (4.1.8).

Note that since G7[v, A U ] does not have any physical meaning as explained in
Sec 4.1, Wy is defined only for loops A#wx (including A) and undefined for A U« in this
construction. Equation (4.2.1} is our first main result. ¥ is the state in the state gpace of
the exact non-perturbative theory, that represents the physical vacoum, formed by virtual
gravitons on Minkowski space.

The quantities w}*(x) introduced in section 3.3 are defined up to the arbitrary phase of
mq (k). As such they are, in a sense, unphysical. An important check for the consistency
of this result is the independence of Wp{A#w) from the arbitrariness of w;"i(x). The proof
of this independence follows.

mq{k) is determined up to a phase factor €*®), where A(k) is a real scalar function of
k such that A(—k) = —A(k). The last condition guarantees that m,(k) = —mg{(—%k). First
we show the dependence of G7[y, A#a] on A(k) and then show that the Poincaré-invariant
vacuum Wo(A#e) does not depend on A(k). Let us denote for a particular choice m©® (k)

1D = ey U rm® fOm? &)

[P (x) == 2r)™? f RIS Rye*
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For another choice m, (k) := m@(k)e*®) we denote
Lp(k) 1= I3 (k)e?™® = (27)73* f @x e™HTMO [ Dy,

The Fourier transform of the last line is
Ian(3) = @7 [ e 1yt

— @m)3 f $Px190x) f e et g2k
or shifting variable y by z and changing the integration variable x appropriately we find
Le(y+2)=(2m) f Px1Px +2) fdak et r—x) 20K}
Multiplying operator ﬁ“”(z) on both sides, we have
[ 2+ D)

— om)? f & ( f P19 + z)ﬁab(z)) f Preik0=x) G20

After replacing w} involved in both sides by @7, transforming to operators in the exact
theory and applying the resulting equation on a loop state {A#«], we deduce the equality
of eigenvalues that appear on both sides, namely

GTy, A#a] = 2m)3 f Ex GO [x, Affa) f AP pelt (r-x)g2idik)

This is the dependence of G*[y, A#a] on A(k).
Next, let us compute the exponent of the Poincaré-invariant vacuum functional, This is
a straightforward calculation of integrals with delta functions, and finally we find

3 .

(gi‘figaerz"zlek|l_2n fdsx Py NG x, Ak }G [y, Ada)
a3k P2 205120 3. 93, Likd{x=y) ~(0)+ ©+
e Ik| Exdye GV x, A#lG™ [y, At

This implies that the Poincaré-invariant vacuum functional does not depend on the arbitrary
phase factor of m, (k).

4.3. Graviton states

Applying the annihilation and creation operators on the Poincaré-invariant vacuum state,
we have

—(2) V2 [(K|EH* (~k) + ] 732D (k) Wo] (M) = 0
(212712 1k| 372 (D~ (k) Wo) (Ate) = O

- (4.3.1

QIR (D (k) o) (M) = Wes (M) )

= QY2 {(IkIV2H (—k) + [k 72D (—k)) Wo] (k) = Wy (Aber).
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From these equations, the one-graviton states with positive and negative helicities are

Wiy (Ader) = —(20) P Ik[M2 (B (k) Wo) (Shor)
Wi (M) = — (LT (B (~k)Wo) (Ather)

or, using equations (3.4.3) and (4.1.2),

Ve (Adhr) = QKD GT[+k, Adta]Wo(A¥a)
(4.3.2)
Ve (A#a) = (DG [—k, Ata]Wo(At).

These graviton states are also undefined for loops A Uw.

5. The picture of the linearization of guantum gravity in the loop representation.

We discuss here the overall picture of the linearization of the loop-space quantum general
relativity. We choose a background weave state which approximates a flat-space metric. The
notion of flatness of the background in the presence of quantum fluctuations is meaningful
only if it is measured on a scale L > I,/¢* [4]. By using this metric, we define the
orthogonal vectors w3 (i = 1,2,3) described in Sec 3.3 and a smearing function f,
with a scale r > I,/e, which is required by the Heisenberg indeterminacy relations (see
[4]). The need of this smearing function in the formalism reflects the existence of the
quantum fluctuations of order & around the background metric. The emergence of the
smearing function from the weave state can be qualitatively understood in the following
way. Consider an open surface on the 3-space. Given the weave state, we can determine the
area of this surface in terms of the area operator [3], which is available at the unconstrained
level to measure the peometry of loop states. If we consider only scales much larger than
the Planck length, then a change in the perimeter of the surface produces a change in the
area of the surface. However, if we want a sensitivity comparable to the Planck scale,
then a Planck-scale change of the perimeter will not affect the area of the surface, which is
the quantity that we can measure. Hence, there is an uncertainty in the information about
the position of the perimeter that is of order of the Planck scale. This same uncertainty
is preseat in the information of the position of any loop on the weave (the perimeter is a
loop). It is this uncertainty that depends on the fixed background weave, and determines
the smearing function and its scale r.

Given the smearing function f., we define the differential operator D“"’, equation (3.1.1),
the low-frequency vector and scalar constraint operators, equatlons (3.1.2) and (3.2.1), and
the linear map M, equation (2.4.2). Given the vectors m !, we define the linear metric
operators & H* , equation (3.4.2), the annihilation and creation operators, equations (3.4.5) and
(3.4.6), and the low-frequency constraint-invariant state functionals G¥, equations (4.1.3).
G* are non-zero around A over ‘deviation’ loops . By utilizing the annihilation and
creation operators, the Poincaré-invariant vacuum and the graviton states, equations (4.2.1)
and (4.3.2), are determined.

All these operators and loop states are mapped to the corresponding ones in the linearized
theory by the map M. Since the latter operators and states describe free graviton physics,
and since the map preserves the eigenvalues, it follows that all these operators and loop
states describe graviton physics on a flat background geometry.

A curious aspect of this construction is that only intersection points in G¥[x, A#«]
are essential for approximating the physical states F*[x,&] in the linearized theory. This
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fact suggests that information about graviton physics is coded into the intersections of
loops, and to understand the actions of operators on the intersections of loops is crucial
for understanding the physics. However, this is not related to the fact that G* are low-
frequency constraint invariant. Rather, this is a consequence of symmetry of the operator
ﬁ“"’(x). The reason is the following.

Given an arbitrary symmetric matrix (Sym)ap(k), we can define

MEY(y) = f d*x [(2:.:)—3 f &k |k|“(3ym),,,,(k)e”‘"*'>’>]ﬁﬂb(x)M.
We also define three orthogonal vectors 01 (x) (i = 1, 2, 3) such that

1 8 ()65 (x)
EZ o)

=]

@2x)~ f &k k™ (Sym)qp(k)e'* =
From these two definitions we have

3 ifa fee .
MEmG) =3 f dg,x%é?a (xggf D05 = ¥ fab iy pg
i=1

(x — )i

and this leads to
3

Hm™y)=3" [6(9‘(—y .- f d3x|9*'(x)|] :

This operator creates ‘physics’ at intersections only, regardless of ', The low-frequency
constraint invariance of G* is due to the tracelessness and transversality encoded into the
specific functions @X, which are derived from the traceless and transverse component
mg{k)my(k) (and its complex conjugate). Because of that, F* solve the linearized
constraints.

We close with a speculative remark. m,(k) and the Fourier transformations are defined
and meaningful only on the flat space and distance scales compared with the Planck length,
and so are wa*i . If we had an extension of wf, which can be defined by the weave,
without background metrics, and which would approximate w¥' at large scales, then this
extension could provide an insight for understanding the emergence of the single spin-
2 particle representation from the triplet of spin-1 particle representation due to the vector
and scalar constraints (see [2]). By replacing w;*i by background-independent quantities that
at large scales approximate their definition based on m,(k) on the fiat space, but such that
at the Planck scale, G* become exact-constraint-invariant, we would find expressions for
the Poincaré-invariant vacuum and the graviton states, which are exact-constraint-invariant.
In other words, we would have the exact constraint-invariant states which allow physical
interpretation in terms of gravitons. Work is in progress along these lines.
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