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Abstract An improved homogeneous balance principle and an F-expansion technique are used to construct exact
self-similar solutions to the cubic-quintic nonlinear Schrédinger equation. Such solutions exist under certain conditions,
and impose constraints on the functions describing dispersion, nonlinearity, and the external potential. Some simple

self-similar waves are presented.
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1 Introduction

The cubic-quintic nonlinear Schrédinger equation
(CQNLSE) with nonlinearity management presents prac-
tical interest since it appears in many branches of physics
such as nonlinear optics, nuclear physics, and Bose—
Einstein condensate (BEC). In nonlinear optics it de-
scribes the propagation of pulses in double-doped op-
tics fibers.l!] Efimov resonances, which are responsible for
three-body interactions, have been observed in an ultra-
cold gas of cesium atoms.l?’ In BEC it models the con-
densate with two and three body interactions.[>~% In op-
tical fibers periodic variation of the nonlinearity can be
achieved by varying the type of dopants along the fiber.
In BEC the variation of the atomic scattering length by
the Feshbach resonance technique leads to the oscillations
of the mean field cubic nonlinearity.!®) The CQNLSE when
the cubic term is equal to zero, is the critical quintic
NLSE. The quintic Townes soliton is an unstable solution
of the quintic NLSE.[6]

Self-similarity has been intensively explored in many
areas of physics such as hydrodynamics and quantum field
theory.l”l Also in nonlinear optics, there has been a sig-
nificant surge of research activities on self-similarity. As
examples, the self-similar behaviors in stimulated Raman
scattering,® the evolution of self-written wave-guides,®)
the formation of Cantor set fractals in materials that
support spatial solitons,['% the evolution of optical wave
collapse,['!] and the nonlinear propagation of parabolic
pulses in optical fibers with normal dispersion!'? were
investigated. Recent attention has been riveted on the

self-similar propagation of parabolic optical pulses in an
optical fiber amplifier,'® a dispersion-decreasing optical
fiber,' and a laser resonator,!”! opening prospects for
studying the self-similar phenomena in dispersion and
nonlinearity management systems.

In nonlinear science, the construction of exact
solutions for nonlinear partial differential equations
(NLPDESs) is one of the most important and essential
tasks. With the help of exact solutions, the phenom-
ena modelled by these NLPDEs such as the stability of
optical soliton propagation can be well understood. In
recent years, many powerful methods to construct exact
analytical solutions have been proposed, such as the in-
verse scattering method, the Backlund transformation and
Darboux transformation, the Painlevé truncation expan-
sion, the homogeneous balance method, the sine-cosine
function method, the tanh-function method, and the Ja-
cobian elliptic function method.['6=24 Very recently, an
F-expansion technique has been developed to obtain the
new exact self-similar solutions.!25—26]

In this paper we present the exact self-similar solutions
to the nonlinear Schrodinger equation with an external po-
tential, which describes the propagation of pulses in the
optic fibers where all parameters are functions of the time
variable. This class also encloses the set of solitary wave
solutions which describes, for example, such physically im-
portant applications as the amplification and compression
of pulses in optical fiber amplifiers.?”) The importance of
the results reported here is twofold: first, the approach
leads to a broad class of exact solutions to the nonlin-
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ear differential equation in a systematic way. Some of
these solutions have been obtained serendipitously in the
past, but we emphasize the importance of the use of self-
similarity techniques, which are broadly application for
finding solutions to a range of nonlinear partial differen-
tial equations, having applications in a variety of other
physical situations. These equations are not integrable by
the inverse scattering method, and, therefore, they do not
have soliton solutions;[?”) however, they do have solitary
wave solutions, which have often been called solitons. The
second and more specific significance of these results lies
in their potential application to the design of fiber optic
amplifiers, optical pulse compressors, and solitary wave
based communications links.

2 Exact Self-Similar Solutions of Variable Co-
efficient Cubic-Quintic Nonlinear Schro-
dinger Equation with an External Potential
The variable coefficient cubic-quintic nonlinear Schro-

dinger equation with an external potential can be written

as

W+ B)s Y OPPY + a0 =iV (), (1)
where (2, t) is the complex envelope of the electrical field
in a comoving frame, V(t) is an external potential, 5(t)
is the second dispersive effects, y(t) is the nonlinearity
parameter and «(t) is the saturation of the nonlinear re-
fractive index (i.e. higher-order nonlinearity). They are
real functions of the normalized propagation distance z,
and t is the retarded time.

In order to make Eq. (1) an ordinary differential equa-
tion, we take the following transformation:

¥(z,t) = u(z, t) exp(iv(z, 1)), (2)
where u(z,t) and v(z,t) are real functions. Substituting

¥(z,t) into Eq. (1), we find the following coupled equa-
tions for the phase v(z,t) and u(z,t):

uV =0, (3)
Uzz + Puv? —yu® — au® = 0. (4)
w(z,t). It

Ut + 26uzvz + 6”’022 -

For the sake of simplicity, we take u(z,t) =
follows from Eqgs. (3) and (4).

wy + 20w,v, + 2Bwv,, — 2wV =0, (5)
dw?vy + puw? — 2pww, ., —4yw® — daw* 4+ 4pwv? = 0.(6)
According to the balance principle and F-expansion

technique. The main idea of the algorithm is: for a gen-
eral nonlinear physical system
P(v) = P(zg =t,x1,%2,...,%n, U, Ugigjs---), (7)
where
v =ov(vy,v2,.. .,vq)T ,
P(v) = (P1(v), Pa(v),..., Py(v))",

P;(v) are polynomials of v; and their derivatives (T indi-
cates the transposition of a matrix). We assume its solu-
tion in an extended symmetric form

N
v; = Z ozij(a:)Fj(G(x)), x=(t,x1,T2,...,Tn),
j=—N
i:1,27"'7q, (8)

where «;;(z), 6(z) are arbitrary functions to be deter-
mined, F' is a solution of the JEFs function. N is deter-
mined by balancing the highest nonlinear terms and the
highest-order partial terms in the given nonlinear system.

Substituting the ansatz in Eq. (8) together with the
JEF's function into Eq. (7), collecting coefficients of poly-
nomials of F', then setting each coefficient to zero, yields a
set of partial differential equations concerning «;;(z) and
0(z). Solving the system of partial differential equations
to obtain «;;(x) and (x) substituting the derived results
and the solutions of JEFs function into Eq. (8), one can
derive exact solutions to the given nonlinear system.

According to the above idea and by the balancing pro-
cedure, the ansatz in Eq. (8) becomes

w(z,t) = fo(t) + L) F @) + f()F@O)~,  (9)
0 =n(t)z + k(t) (10)
v(z,t) = a(t)2? + b(t)z + e(t) (11)

where fo, f1, f2, n, k, a, b, and e are the parameters
to be determined. The parameter a(z) is related to the
wave front curvature; it is also a measure of the phase
chirp imposed on the solitary wave. The function F(6) is
one of JEFs, which in general satisfy the following gen-
eral first- and second-order nonlinear ordinary differential

equations:
dF'\2
(W) =co+ caF? + cyF*, (12)
d*F
3 = e2F + 20 P, (13)

where ¢y, c2, and ¢4 are real constants related to the el-
liptic modulus of the JEFs (see Table 1). Substituting
Egs. (9), (10), and (11) into Egs. 5) and (6), and requir-
ing that 29F! (¢ = 0,1,2;1 = 0,1,2,3,4,5,6,7,8), and
Vo + caF? + ¢4 F4 of each term be separately equal to
zero, we obtain a system of algebraic or first-order ordi-

nary differential equations for f,,n,k,a,b, and e:
dfp

L+ (48a —2V)f, =0, (14)
fi (% + 26nb) ~0, (15)
5 (é—? +46na) =0, (16)
da +4pa> =0, (17)

dt
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db de 9 9 9
54'45@1?:07 (18) 4f2a—5f2n c2 —608n° fico + 48 f2b
on? foco +4afofi +~f3 =0, (19) —12yfofs — 16afi f2 — 24afifo =0, (24)

2 2 2 _ d
fn? foea + dafof? + 77 =0, (20) 4%~ Bfontes — Gy fufa + 4B fob?
daf? +38nc, =0, 21
Ji+8pnes @1 — 67f3 — 8af} — 2afufif2 =0, (25)
2 2., _
dafy +36n7c =0, (22) where p = 0,1,2 and 7 = 1, 2. By solving self-consistently,
de . L. .
41,2 Bfin2es — 6602 facy + ABf10 one can obtain a set of conditions on the coefﬁments. an.d
dt parameters, necessary for Eq. (1) to have exact periodic
—12vfof1 — 16afife —24afifi =0, (23) | wave solutions.

Table 1 Jacobi elliptic functions.

Solution co [ cq F M=0 M=1
1 1 —(1 4 M?) M? sn sin tanh
2 1— M? 2M?2 — 1 —M? cn cos sech
3 M2 -1 2— M? -1 dn 1 sech
4 M? —(1+ M?) 1 ns cosec coth
5 —M? 2M? — 1 1— M? nc sec cosh
6 -1 2— M? M2 -1 nd 1 cosh
7 1 2 — M? 1— M? sc tan sinh
8 1— M? 2 — M? 1 cs cot cosech
9 1 —(1+ M?) M? cd cos 1
10 M? —1+ M? 1 de sec 1

We consider the most generic case, in which f; and
f2 are assumed nonzero and 3 and V are arbitrary. The
following set of exact solutions is found:

fo= 2(2—2)1/4f1, fi = fio8 exp (2 /Ot th) ,

c
fo= /= F1, (26)
Cq
a = CL()(S, b= b05, (27)
t
n = 7106, k= ko — 2n0b05/ ﬁdt, (28)
0
Q9 2 2 !
e=ey— Z(4b0 —cong — 18n0\/0004)/0 Bdt , (29)
B 404(00/04)1/471355 B 3Bndcy (30)
foexp (2 [y Vdt) Afioexp (4 [y Vdt)’

where 6 = (1 + 4ag fot Bdt)~! is the chirp function. It is
related to the wave front curvature and presents a mea-
sure the phase chirp imposed on the wave. the subscript
0 denotes the value of the given function at z = 0.

Incorporating these solutions back into Eq. (2) we ob-
tain the general periodic travelling wave solutions to the
generalized CQNLSE:

W= {f105exp (2 /Ot th)

<[22+ F0) 4

Cq

C_OF-l(e)”W

Cq

x exp [i(az? + bz +e)], (31)

where § = nz + k. Apart from the solutions given in
Egs. (26)—(29).

3 Wave Self-Similar Propagation — Few
Simple Examples
In this part, as few characteristic examples of the so-
lution (31), when cg = M2 —1,¢0 =2— M?, and ¢y = —1,
rewrite Eq. (31) in a simple form, namely

t
A=y = f2dexp (2/ th)
0

vV1— M?2
an(0) } (32)

we present some of the periodic waves and propagating
self-similarly soliton solutions, taking the dispersion coef-
ficient (8 to be of the form 8 = (j cos kyz and the external
potential V' = Vg cost/2(1 + Vysint). This choice leads to
alternating regions of positive and negative values of both

x {— 201 — M*HY* 4 dn() +

a and 7, which is required for an eventual stability of lo-
calized wave solutions. The wave shape remains stable for
subsequent times as the running program for a rather long
time (t = 10°). If 3 and V are considered to be 8 = cos z
and V = 0 (Vo = 0), then, in Fig. 1 we depict periodic
wave solutions expressed by Eq. (32). If § and V are con-
sidered to be 8 = cosz and V = 0.5, then, in Fig. 2 we
show periodic wave solutions expressed by Eq. (32).
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Fig. 1 Periodic travelling wave solutions, as functions of the propagation time. (a) Shows the intensity A = ||?
of solutions expressed by Eq. (32). Coefficients and parameters: 3(z) = cosz, Vo = 0, ag = 0.01, fi0o =1, ko =0,
no=0,00=1ky=1,and bp =1. (a) M =0.8; (b) M — 1.
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Fig. 2 Travelling solitary wave solutions, as functions of the propagation time. Intensity A = |1|* of solution
expressed by Eq. (32). Coefficients and parameters: (5(z) = cosz, Vo = 0,5, M =1, ap = 0.01, fio =1, ko = 0,
no=0,00=1,ky=1,and bp =1. (a) M =0.8; (b) M — 1.

From these characteristic examples listed here, one can find that the optical wave types, wave scalings, and their
propagating behaviors are artificially controlled via prescribing appropriate system coefficients and parameters, which
suggest many potential applications in areas such as optical fiber amplifiers, optical fiber compressors, nonlinear optical

switches, and optical communications.

4 Summary and Conclusion

In summary, an improved homogeneous balance principle and an F-expansion technique are applied to the variable
coeflicient cubic-quintic nonlinear Schrodinger equation with an external potential. Abundant exact self-similar periodic
wave solutions are obtained. In some limited cases, different types of soliton solutions are found. A simple and valid
procedure is presented for control behavior of solitons, in which one may select the dispersion and the external potential,
to control propagation behavior of solitons. The present solution method provides a reliable technique that is more
transparent and less tedious than the Jacobi elliptic function ansatz, or other expansion and variational methods. The

technique is also applicable to other multidimensional nonlinear partial differential equation systems.

References [4] W. Zhang, EM. Wright, H. Pu, and P. Meystre, Phys.

Rev. A 68 (2003) 023605.

[1] C.D. Angelis, IEEE J. Quant. Electron 30 (1994) 818. 5] S. Inouye, et al, Nature (London) 392 (1998) 151.

[2] C. Chin, T. Kraemer, and M. Mark, Phys. Rev. Lett. 94

(2005) 123201. Equation, Springer, New York (1999).

[6] C. Sulem and P.L. Sulem, The Nonlinear Schréinger

[3] F.K. Abdullaev, A. Gammal, L. Tomio, and T. Frederico, [7] G.I. Barenblatt, Scaling, Self-Similarity, and Interme-
Phys. Rev. A 63 (2001) 043604. diate Asymptotics, Cambridge University Press, Cam-



No.

1 Self-Similar Solutions of Variable-Coefficient Cubic-Quintic Nonlinear Schrédinger Equation with an External Potential 59

8]

[9]

[10]
[11]
[12]

[13]

[14]
[15]

[16]

bridge, England (1996).

C.R. Menyuk, D. Levi, and P. Winternitz, Phys. Rev.
Lett. 69 (1992) 3048.

T.M. Monro, D. Moss, M. Bazylenko, C. Martin de
Sterke, and L. Poladian, Phys. Rev. Lett. 80 (1998)
4072; T.M. Monro, P.D. Millar, L. Poladian, and C.M.
de Sterke, Opt. Lett. 23 (1998) 268.

M. Soljacic, M. Segev, and C.R. Menyuk, Phys. Rev. E
61 (2000) R1048.

K.D. Moll, A.L. Gaeta, and G. Fibich, Phys. Rev. Lett.
90 (2003) 203902.

D. Anderson, M. Desaix, M. Karlsson, M. Lisak, and M.L.
Quiroga-Teixeiro, J. Opt. Soc. Am. B 10 (1993) 1185.
M.E. Fermann, V.I. Kruglov, B.C. Thomsen, J.M. Dud-
ley, and J.D. Harvey, Phys. Rev. Lett. 84 (2000) 6010;
V.I. Kruglov, A.C. Peacock, J.M. Dudley, and J.D. Har-
vey, Opt. Lett. 25 (2000) 1753.

T. Hirooka and M. Nakazawa, Opt. Lett. 29 (2004) 498.
F.O. Ilday, J.R. Buckley, W.G. Clark, and F.W. Wise,
Phys. Rev. Lett. 92 (2004) 213902.

M.J. Ablowitz and P.A. Clarkson, Solitons, Nonlinear
Evolution FEquations and Inverse Scattering, Cambridge
University, Cambridge (1991).

[17] M. Wadati, H. Sanuki, and K. Konno, Prog. Theor. Phys.
53 (1975) 419.

8] R. Hirota, Phys. Rev. Lett. 27 (1971) 1192.
9] M.L. Wang, Phys. Lett. A 199 (1995) 169.

S.K. Liu, Z.T. Fu, S.D. Liu, and Q. Zhao, Phys. Lett. A
289 (1995) 69.

E. Yomba, Chaos, Solitons and Fractals 21 (1995) 1135.
J.M. Zhu and Z.Y. Ma, Commun. Theor. Phys. 46 (1995)
393.

Q. Zhao, S.K. Liu, and Z.T. Fu, Commun. Theor. Phys.
43 (2005) 615.

[24] X.L. Yang and J.S. Tang, Commun. Theor. Phys. 48
(2005) 1.

Milivoj Beli¢, Nikola Petrovié, Wei-Ping Zhong, Rui-
Hua Xie, and Goong Chen, Phys. Rev. Lett. 101 (2008)
123904.

[26] Wei-Ping Zhong, Rui-Hua Xie, Milivoj Beli¢ Nikola
Petrovié, Goong Chen, and Lin Yi, Phys. Rev. A 78
(2008) 023821.

23]

(25]

[27] Govind P. Agrawal, Nonlinear Fiber Optics, Academic,

San Diego, CA (1995).



