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Abstract

Changes of the moments of atomic spectrum due to configuration inter-
action (CI), the CI strength, the average shift of the energy of a level due to
its interaction with all levels of distant configuration and other global char-
acteritics of CI effects in atoms are systematised and their expressions pre-
sented. The results of the calculation of these characteristics for the energy
level spectra of the 3s3p® + 3s?3p3d configurations in Si isoelectronic
series, 3p*3d¥ + 3p®3d¥~24p + 3p®3d¥~24f (N = 5, 6, 7, 8) in Cr, Mn, Fe
and Co isoelectronic series, ns>np® + np¥*2atn=2—~5and N=2—41in
neutral atoms as well as for the characteristic emission spectra correspond-
ing to the 3p®3d® + 3d"4p — 3d° transitions as well as for the Auger
M, sN;N, , spectra in Kr and N, ;0,0, ; in Xe are given and compared
with the same characteristics of the more complete experimental spectra.

1. Introduction

The global characteristics of atomic spectra can be useful for
the investigation of configuration interaction (CI) effects in
atoms, their influence on the structure of spectra. The shift
of the average energy of characteristic emission spectrum,
corresponding to the transitions between two complexes of
configurations, has been introduced in [1] and its expres-
sions for the various types of transitions have been given in
[2-4]. In addition some formulae have been obtained for
the change of the variance of spectrum in [2-47. These char-
acteristics were applied for the study of the narrowing of
spectrum due to CI [1, 2]. The CI between two configu-
rations can be characterized by the CI strength [5, 4], the
average energy shift of the level of one configuration due to
its interaction with the levels of other configuration [6] and
other global characteristics. The general method for obtain-
ing explicit expressions for all such characteristics has been
developed in [4, 7], and realized in the computer code.

In the preceding papers of this series the global character-
istics of the energy level [8], characteristic emission [9], and
Auger [10] spectra were considered mainly in the single-
configuration approximation, though a few examples were
given in the CI approximation too. The aim of this work is
to present the more systematic results on the use of global
characteristics for the study of CI effects in such spectra.
The calculations have been performed taking into account
configuration interaction in the limited basis of single-
configuration wave functions (CI approximation). The
Hartree-Fock method with relativistic corrections (Cowan
code [11]) has been used for the evaluation of radial inte-
grals.

* kucas@itpa.lt

2. Moments of the spectra in CI approximation

Let us call the whole of n interacting configurations under
consideration as the complex of configurations:

A=K + K+ +K,, M

where the script " denotes the complex and the print K;
denotes the ith configuration of this complex.

The moments of the energy level spectrum, corresponding
to the complex of interacting configurations, or of the emis-
sion or the Auger spectrum, corresponding to the tran-
sitions between two such complexes, are defined similarly as
in the single-configuration approximation [8-107, but the
summation over the states of a configuration is extended
over the states of a complex or to the double sum over con-
figurations and their states. Thus the moments of spectrum
in CI approximation can be expressed in terms of the aver-
ages of operator products in single-configuration approx-
imation [4, 7]. It is necessary to note that the explicit
expressions of the moments in CI approximation can be
obtained only for the all complex of interacting configu-
rations but not for the single-configuration or the separate
group of them.

The initial («,) or centered (u;) moment of the spectrum in
CI approximation can be separated into two parts: the
moment of*™ or ui'™ calculated in single-configuration
approximation neglecting the interconfiguration matrix ele-
ments between the configurations of complex and the
change of the moment due to CI:

o = g™ + Adl, (2)
W=+ Ay &)

The changes of initial moments A« have more simple
expressions than Aul' , thus we shall present the formulae
for the first ones. Then the centered moments in any
approximation can be obtained using their relation with the
initial moments:

k k
e = ZO(—I)p(p)“k—p“f» @

where (::) is the binomial coefficient.

The average energy of the complex of configurations is
not shifted due to the interaction between them (Aa§' = 0).
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The change of the second initial moment for the energy
level spectrum of the complex of configurations can be pre-
sented;

2
(‘%/-) izj g(Kz)<H1j Ifj1>xl

2
5
= o) 2 MK K), 5
where g(K,) and g(X') are the statistical weights of configu-
ration K; and complex ¢, the quantity in the brackets
denotes the average of the product of operators with respect
to configuration K;. The operator H;; is the Hamiltonian in
the second quantization form, describing the interaction
between configurations K; and K; and the summation is
carried out over all pairs of configurations in the complex.
The shift is expressed in terms of the sum over the squares
of interconfiguration matrix elements:
M(K;, K)) = Y <Ky |H|K;7)*. (6)
¥y’
The explicit formulae of this quantity have been obtained in
[12] (the nonrelativistic approximation) and in [6] (the rela-
tivistic approximation). The results in nonrelativistic
approximation for various pairs of configurations are pre-
sented in Appendix L.
The changes of the third and the fourth initial moments
are expressed in terms of the averages of products of oper-
ators as follows [4]:

{Z <H Hl] H_]1>Ki

o5HA) =

S =

+2 Y (HyHy Hki>Ki}g(Ki)s N

i<j<k

Aot ) = m{z CHyyHy Hy Hy)y™

i<j

+23) <HiHinjiHi>Ki
ij

i<j
+4 Z, {H;H;; ijHki>Ki
i<k
+2 ) <HyH,

i<k

+ Y <(H;H;Hy Hli>Ki}g(Ki)' ®)

i<j

kl
Here H, denotes the Hamiltonian acting in the space of con-
figuration K;. The prime at the symbol of sum means, that
the equal values of summation indexes are excluded. In
order to apply the group diagrammatic summation method
for the expressing of averages all the operators contained in
(7), (8) must be presented in the irreducible form with
respect to the special orthogonal group SOg;,s and its
unitary subgroup Uy, ., [13, 4]. The operator H;, corre-
sponding to the interaction within configuration K;, is
reduced by substracting the average energy of configuration
E(K;). The operator H;; is irreducible, if the configurations
K; and K; differ by quantum numbers of two electrons, but
it contains the single-electron part in the case of two con-
figurations which differ by quantum numbers of one elec-

Hik Hkl>Ki
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tron [4]. The expressions for the averages of the products of
three and four irreducible operators have been given in [7,
101.

As in the preceeding papers [9, 10], the moments of the
characteristic emission and the Auger spectra are deter-
mined under the assumption that populations of the initial
levels of considered transitions are proportional to their sta-
tistical weights. For the emission spectrum the additional
assumption is made, that the strength of line can be used as
a weighting factor instead of the probability of transition
[14,4].

The concretization of general formula for the first initial
moment of characteristic emission spectrum and its expres-
sion in terms of the single configuration averages gives the
formula for the change (shift) of the average energy

AEA(H - A"y =28(H, A7)~

[Z g(Ky) ¥ (FH,;2* )5

i<j

-3 0(K) ¥ (PH,2 >"‘] ©)
p<q

where 2 is the operator of electric dipole transition and 2*
is its Hermitian conjugated operator, g(K) is the statistical
weight of configuration K, the indexes i, j label the configu-
rations of initial complex % and p, g label the configu-
rations of the final complex 2¢”. The total transition
strength between complexes ¢ and % is equal to the sum
of the total transition strength between all pairs of configu-
rations:

S, )y =Y SK;, K,).

i,p

(10)

In the same way the change of the second initial moment is
presented:

Doy(H > H)=S(H, H)™ l{zg(K )[22 (2 H,H,;2)%

+) <@+Hinji9>Kp
ij

+Y'<2*H;H, 9)"'»]

ijl

+ 2 gl ,)[2 Y <(2*H,H,, 2)%

pq

+3Y'<{2*H,,H, 2%

pq
+Y'<2*H,H

’ K;
pq - qr @> ]
par

_22 g t)z <HIJ@J;Hpq@qt>Ki}‘ (11)

The prime at the sum has the same meaning as in eq. (8).
The expressions for the shifts of moments of the Auger spec-
trum can be obtained directly from (9), (11) replacing the
one-electron operator of radiative transition 2 by the two-
electron operator of Auger transition (in the nonrelativistic
approximation by the operator of Coulomb interaction).
The formulae for the averages of the products of oper-
ators given in terms of minimal sums [9, 10] are valid also
in CI approximation. The simple explicit expressions for the
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shift AE, of emission spectrum in terms of the radial inte-
grals have been given in [3, 4].

The symmetry of averages in the spin and angular spaces
with respect to replacement of electrons by vacancies [13, 4]
leads to the relations between the shifts for some conjugated
types of transitions. For example, the following equalities
can be obtained (the radial orbitals are supposed to be
frozen) [4]:

AE(Ko B 52® + Ko 11152 2s 41
- Ky Y1+ 12=1p4s)
= —AECX(KO l‘}rll+1—Nllglz+3—N21g13+2_N3

- KO l‘}-ll +2—Nzl§-lz+2—Nzl§ls+2—N3

413 +1—N1}J4l2+4~N274l3+1—N
+ KO ll 1 1[22 2133 3),

12)
A (Ko B3 — Ko IV 1§21
+ Ko Bl i
— AO%I(KO l‘}-ll+1—N1llzl-lz+3—Nzlg-13+2—N3
+ K01T11+2—Nllglz+1—Nzlglg+3—N3

—‘>KOIT“+2_N11312+2_N7‘lgla+2_1v3), (13)
where K, means all passive shells. For these conjugated
transitions the spin-angular coefficients at the radial inte-
grals have the same expressions,

3. Global characteristics of CI effects in atoms

Besides the change of the moment of energy level spectrum
some other global characteristics which characterize CI
effects and their influence on the energy level spectrum can
be introduced.

In the lowest order of perturbation the interaction of two
levels is proportional to the absolute value of the matrix
element between these levels and inversely proportional to
the energetic distance between them. Thus, the following
quantity, the configuration interaction strength, can be used
as a measure of CI between two configurations K and K' [5,
4]:

S <Ky H|KyY
"N = 2
Teo="mxx

(14)

where the summation is performed over all states y and ¢ of
both configurations. 6*(K, K’) is the variance of the energy
distances between interacting levels of configurations K and
K/

%K, K)

> [KKy[H|Ky) — (K'Y [HIK'Y YT*(Ky|H|K'y')?
—
2 <(Ky[H|K'y'»?

¥y’

(15)

The CI strength of two configurations, which differ by
quantum numbers of two electrons or by one electron with
different /, can be expressed in terms of the averages of irre-
ducible Hamiltonians (#x. acting within configuration K’

669

and g acting between configurations K, K'):
T(K, K') = M(K, KV {g(KXH gg X # v # px)"
+ (KK H g Hx H g Hxe DX
— 29(KXH g H g K K px)®
+ M(K, K)[E(KK) — E(K)]
x [2E(K, K') — E(K) + E(K")]} . (16)

Here M(K, K') is defined by (6), E(K) and E(K’) are the
average energies of configurations K, K’ and E(K, K') is the
average energy distance between the interacting levels of
these configurations

EK, K)
Y. [<Ky|H|Ky) — <K'y |HIKY YKy | H|K'Y)?
—
>, <Kyl H|K'y?

17)

For all pairs of configurations, except the configurations
differing by principal quantum number of one electron, the
following formulae are valid

E(K, K') = E(K) — E(K’) + M(K, K')"'g(K)
X [ g Hgr H gx)* — {H gx K K e "),
(18)
o*(K, K') = M(K, K') ' g(K)}{{H x H x # gx H )"
— U g Hxx Hp K™
+{Hxx Hx Hx X xx)*}
+ [E(K) — E(K')][2E(K, K') + E(K) — E(K")].
(19)

The CI strength T(K, K'), divided by the number of levels
of configuration K interacting with the levels of configu-
ration K' approximately has the meaning of the square of
mixing coefficient at the wave function of configuration K’
in the expansion of the wave function of configuration K.

The T(K, K') can be approximately calculated using the
difference of the average energies E(K)— E(K’) instead of
o(K, K) [5].

In the second order of perturbation theory the shift of the
energy for the level y of configuration K due to its inter-
action with all levels of the distant configuration K’ is pre-
sented

(Ky|H|K'y')?
E(Ky) — E(K"Y)
The difference of energies (in the zero order) in the denomi-
nator can be approximately replaced by the average energy
between the level Ky and interacting with it levels of con-

figuration K’ (this quantity is defined similarly to (17), but
only with one sum over y):

AE(Ky, K')
~E(Ky, K')™* Z (Ky|H|K'y){K"Y'|H|Ky).

AEKy, K) =}

¥’

(20)

(21)

Then the summation can be accomplished in the second
quantization representation [15, 16, 4].
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The average shift of the energy level of configuration K
due to its interaction with configuration K’ is expressed [4]:

1 . MK,K)
oo & AEEL K~ o E e Ky

where M(K, K’) is the sum of the squares of matrix elements
(6) and E(K, K') is the average energy (17).

AE(KK,K') = 22)

4. Investigation of CI with symmetric exchange of symmetry
and other many-electron effects

One of the most important configuration interaction types
in atoms is the so-called CI with symmetric exchange of
symmetry [17]: the orbital quantum number of one electron
is decreased by 1 and of the other electron is increased by 1.
This interaction is strongest, when the principal quantum
number of electrons does not change. Usually such configu-
rations are obtained by creating a vacancy in a subvalent
shell:

Al il 4 N 4 ¥ 200 4 1Y 20(] + 2). (23)

The variation of the global characteristics of the energy
level spectrum for the complex of two configurations

3s3p? + 3s23p3d (24)

is shown in Fig. 1. The square root of the variance (the
mean deviation of the levels from the average energy) o(X")
characterizes the width of the spectrum. The skewness x,
describes the asymmetry of the spectrum and the excess «,
is related with the density of levels in the main part of the
spectrum, these dimensionless quantities are expressed in
terms of centered moments:

k= Ha/(6%)2, Ky = paf(0?) - 3. (25)

In neutral atoms the levels of the 3s*3p3d configuration
are located in the lower part of the array of the 3s3p® con-
figuration [18]. On going to the first ions the 3s23p3d con-
figuration is shifted upwards with respect to the 3s3p* [the
average energy E(3s23p3d) becomes higher than E(3s3p?)].
It causes the change of the sign for skewness and excess of
this complex going from Si I to P II. Further in the isoelec-
tronic series they vary monotonically.

The inclusion of CI between both configurations changes
significantly the values of global characteristics and draw
the values of skewness and excess nearer to the values of
experimental spectra. The correspondence between charac-
teristics of theoretical and experimental spectra remains
qualitative due to the incompleteness of experimental
spectra (for the spectra of various ions only 88-60% of
states are registered), the use of the single-configuration
radial orbitals and the approximate account of the rela-
tivistic effects for the higher ions. The exclussive deviation of
all three characteristics for the experimental spectrum of Ge
VIII is caused by the doubtfull classification of the highest
level of considered complex as the 3p3d 3F; in the rather
old investigation [20].

The CI strength of 3s3p* and 3s23p3d configurations has
a distinct maximum for the first ions, for which the distance
between interacting levels is shortest, and then monotoni-
cally approaches to some rather large asymptotic value
[Fig. 2(a)]. On the other hand the CI strength between the
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Fig. 1. Mean deviation (square root of variance) ¢ (a), skewness x, (b) and
excess x, (c) for the complex of configurations 3s3p3 + 3s23p3d in the Si
isoelectronic series. The solid line represents values in the single-
configuration approximation, the dashed line in the two-configuration CI
approximation, and triangles show the corresponding values for the experi-
mental energy level spectra [18, 19].

3s3p® and the excited 3s*3pnd (n=4, 5) configurations
shows only a small increase for the neutral atoms and first
ions. The replacement of the mean distance between inter-
acting levels by the difference of average energies becomes
less accurate for more neighbouring configurations. Such
approximation gives a very sharp maximum for the strongly
overlapping configurations.

The sum of the squares of interconfiguration matrix ele-
ments M(K, K’') as well as the mean deviation between the
interacting levels of configurations o(K, K') show a different
dependence on the ionization degree forn =3 andn=4, 5
[Fig. 2(b)—(c)]. The average shift of the energy of levels for
the 3s3p® configuration due to its interaction with 3s23pnd
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Fig. 2. CI strength T(K, K') (a), sum of the squares of interconfiguration
matrix elements M(K, K') (b), the mean deviation between interacting levels
o(K, K’) (c) and the average shift of the energy of level AE(K, K') for con-
figurations K = 3s3p3, K’ = 3s23pnd (n =3, 4, 5) in the Si isoelectronic
series. T(K, K') calculated from (14) is shown by the solid line, and approx-
imated replacing o(K, K') by E(K) — E(K") is represented by the dotted line.

(n = 3, 4, 5) is directly proportional to —a(3s3p?, 3s23pnd)
(Fig. 2(d)].

The configurations with different principal quantum
numbers of one or two electrons interact strongly in the iso-
electronic series only in the vicinity of the certain ionization
degree, where they change their positions. Further in the
series such configurations are separated energetically and
the interaction between them decreases rapidly. This is
clearly shown (Fig. 3) by the variation of the CI strength for
various pairs of configurations from the complex:

3p*3d® + 3p®3d74p + 3p®3d74f, (26)

671

3p>3d°+3p®3d74p+3pS3d74f
8 m™—m—m "7

B

S

CI strength T(K,K")

2 4 6 8 10 12 14 186
ionization degree J

Fig. 3. Variation of the CI strength T(K, K') for the all pairs of configu-
rations from the 3p33d® + 3p®3d’dp + 3p53d74f complex in the Ni isoelec-
tronic series. The meaning of the solid and dotted lines is the same as in
Fig. 2.

For such critical ionization degree the global characteristics
of spectrum show an anomalous behavior (Fig. 4). The
mean deviation ¢ as well as the width of complex obtains
minimum values at the maximum overlap of configurations.
On the other hand the skewness describing the asymmetry
of spectrum changes its sign when both configurations inter-
change their places. The excess obtains its minimum value.

The dependence of the global characteristics for the
3p®3d™ + 3p®3dY ~24f complex on the number of electrons
in the d¥ shell (Fig. 4) can be related with the complexity of
spectrum. For the almost filled shell (N > 2] + 1) the mean
deviation ¢ increases with the number of vacancies in the
shell, when the number of levels of spectrum and its spread
increases. The variation of x, and «, is less expressed for the
smaller number of electrons: the deviation of their values
from the zero value of normal distribution tends to diminish
when increasing the complexity of spectrum. For the sim-
plest configurations with N = 10 the skewness reaches the
value 10 and the excess even the extremely high value 90.
Similarly for the partially filled 3d" shell the variation of x,
and k, is more expressed for the simpler spectra at the
smaller number of electrons N.

The same regularities in the variation of global character-
istics take place for the 3p®3d"¥ + 3p63d™~24p isoelectronic
series.

The changes of the moments due to CI for the
3p®3dN + 3p®3dV~24] (I = 1, 3) complexes are essentially
smaller than for the complex (24). Probably in the case of
multilevel spectrum the different shifts of various levels due
to CI are partially canceled, when the summation is per-
formed evaluating the global characteristics of spectrum.

As follows from the previous examples, the CI strength
strongly depends on the average energy distance between
the interacting levels. The correlation between the CI
strength T(K, K’) (14) and the average energy E(K, K') (17)

Physica Scripta 55
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3pS3dN+3pS3diiaf (2)
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Fig. 4. Dependence of the mean deviation o (a), skewness x, (b) and excess
K, (c) on the ionization degree and the number of electrons N in the 3d”
shell (indicated near the curve) for the 3p33d™ + 3p®3d¥~24f configu-
rations.

Table 1. Global characteristics for the Kr M, sN N, 5 and
Xe N, 50,0, 5 Auger spectra

Theoretical spectrum

Global Experimental
Element characteristics a b c d [22] spectrum [22]
Kr g 277 469 466 573 5.48

Ky 141 030 032 017 -022

Ky 030 —149 -—-146 —152 —-1.06
Xe g 1.73 453 453 444 331

Ky 195 049 049 038 036

K, 403 —131 —130 -—143 —043

Initial 3d~? vacancy for Kr and 4d~* for Xe.

Final configurations:

a~single configuration approximation for Kr 4sdp® and Xe 5s5p°%;

b-CI approximation for Kr 4sdp® + 4s24p34d and Xe 5s5p° + 5s25p° 5d;
¢-CI approximation for Kr d4sdp® + 4s24p34d + 45%4p®Ss and Xe
5s5p°® + 5525p35d + 5525p*6s;

d —multiconfigurational Dirac-Fock calculation for Kr
434p® + 4s®4p®4d + 4s24p35s and Xe 5s5p° + Ss25p35d + 5525p6s, then
taking into account the configurations with the higher d and s orbitals in
the CI approximation for transition probabilities.
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E(KXK), eV

Fig. 5. Correlation between the CI strength T(K, K’) and the average dis-
tance between the interacting levels E(K, K') of the ns*np” + ns°np¥*2 con-
figurations for N = 2 (Q), 3(®) and 4V). The principal quantum number n
is indicated near the curve.

for the ns? np"™ + ns®np” *2 complex is shown in Fig. 5. The
dependence is approximately linear and is described for
various N by almost parallel lines. The similarity of this
dependence for n = 3 and 4 is caused by the slow variation
of the sum M(K, K’) as well as of ¢(K, K’) (15) on going
from n =3 to n = 4 (Fig. 6). These quantities depend on n
and N rather nonmonotonically.

The intersection of configurations in the isoelectronic
series also manifests by the anomalies in variation of global
characteristics for the corresponding emission spectra.
Figure 7 shows the change of g, x, and «, for the character-
istic emission spectrum corresponding to the transitions

3p53d°® + 3d74p — 3d®. 27)

According to Fig. 3, the intersection of the initial configu-
rations takes place at J = 10. Namely, for Br X the mean
deviation obtains its minimum value, the skewness and
excess also varies nonmonotonically (Fig. 7). For this and
neighboring values of J the x, and x, essentially differ in the
single-configuration and the CI approximations. The CI
effect is more pronounced for the emission spectrum than
for the corresponding energy level spectrum.

In the CI approximation like in the single-configuration
approximation [21, 9] the transition zones of the emission
spectrum can be introduced. They characterize the partici-
pation of various initial or final levels in the considered
transitions. As it is demonstrated in Fig. 8 the CI can essen-
tially change the position and width of the emissive zone.

The CI between configurations with symmetric exchange
of symmetry can play very important role in the formation
of Auger spectra. For example, the strong satellite structure
due to CI appeares in the M, sN;N, ; spectrum of Kr and
the Ny 50, O, ; spectrum of Xe. The values of the mean
deviation, skewness and excess for these spectra, calculated
in the single-configuration approximation, differs consider-
ably from the corresponding values of the experimental
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Fig. 6. Dependence of the sum M(K, K') (a) and the mean deviation ¢(K,
K’} (b) on the principal quantum number » for the configurations
K = ns’np¥, K’ = np¥*2. The number of electrons N in the np” shell is
indicated near the curve.

spectra (Table I). The theoretical values are essentially
improved, taking into account the interaction of the final
configuration nsnp> with the ns*np3nd, which gives a rise to
the strongest satellite lines. The addition of the
nsnp® (n + 1)s configuration to the final complex of con-
figurations in the CI approximation almost does not change
the values of global characteristics. On the other hand the
multiconfiguration calculation of these three configurations
and the account of configurations with higher d and s
orbitals for the obtaining of transition probabilities in the
CI approximation [22] gives more accurate values of ¢ and
K,, though some discrepancies for «,, x, still remain.

5. Conclusions

The global characteristics of CI effects in atoms give the
possibility to estimate and investigate CI and its influence
on various spectra without performing the detailed calcu-
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Fig. 7. Mean deviation o (a), skewness x, (b) and excess «, (c) for the emis-
sion spectra, corresponding to the 3p33d® + 3d74p — 3d® in the Fe isoelec-
tronic series. The solid line represents values in the single-configuration
approximation and the dashed line in the CI approximation.

lation of spectra. At the ionization degrees for which the
configurations interchange their mutual positions, the
variance, skewness and excess show the nonmonotical varia-
tion. Such variation is more sudden for simpler spectra with
smaller number of levels. The CI strength mainly depends
on the energetic distance between interacting configu-
rations; in the isoelectronic sequence it obtains a sharp
maximum for the intersecting configurations, but monotoni-
cally approaches to some rather large asymptotic value for
the configurations, for which all electrons maintain their
principal quantum numbers.

The global characteristics of the considered emission and
Auger spectra are more sensitive to the CI effects than the
characteristics of the energy level spectra: the two- or three-
configuration CI approximation does not always ensure
even the qualitative agreement between the global charac-
teristics of calculated and experimental spectra.

The values of skewness and especially excess depend more
on the accuracy of the used approximation, than the value
of variance.
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series. The energies are given with respect to E(3s3p?), which has been
taken equal to 0.

Appendix L.
Expressions for the sums of the squares of interconfiguration
matrix elements

When the interacting configurations differ by the quantum
numbers of two electrons, the sum of the squares of matrix
elements over all many-electron states of both configu-
rations for the operator of Coloumb interaction is
expressed:

Y (Kol By | HY | Ko I 721272y )?
Y’

4
SPLS (R (e AR

Y (Ko BBy | He | Ko 721 13 1y y?
¥y’

_ 41, 4], + 1\/4l; + 1
= g(Ko)<N1 _ 2)( N, >< N, >M(l1l1a L 1y).

(A.2)

In (A.1), (A.2) g(K,) is the statistical weight of the electronic
shells, which have the same number of electrons in both
configurations, and M(l,l,, I, 1;), M(l;1,, 1,1;) are the par-
ticular cases of the sum of two electron matrix elements:

My, I3l,) = Z (L, S]<l112LS|he|la L, L S>2
LS

(A1)

— 16N2 N2,
8(k, k)
X2 {Zk +1

x [R5, 131 + #Myl,, 1,15)%]

L Ik
—(—=1ktR( Y 3
()
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X RB(yly, 1R (U, L ls)}, (A.3)

where h° is the two electron Coulomb interaction operator,
N, 1, is the normalization constant

Nu.lz = lex.nzlz
for the equivalent electrons (n, = ny, 1, =1,);

172
B {1 / \/5_ for the nonequivalent electrons;
(A4)

and #* is the radial integral R* for Coulomb interaction,
multiplied by the single electron reduced matrix elements of
spherical harmonic C%

RN1ly,s 13 1) = Ry liny 1y, naylymgly)
= Rk(nllinz lz y n3 13 n4 14)
x {LICP[L <L ICP,). (A.5)

When the interacting configurations differ by the orbital
quantum number of one electron, the interconfiguration
matrix elements of one-electron operator of potential and
kinetic energy as well as of the spin-orbit operator vanish.
The sum of the squares of matrix elements of the Coulomb
interaction operator becomes equal to

¥ (Ko M2y | H| Ko It 7152 1y )2
¥y

a1, — )(412 + 1)
= g(K
= g( o)|:< N, -2 N,
4 1Y/4l, -1
it i+ (1) 2 e, o
41, \/4, +1
- Z g(l”*) ( )(N - 1)

x (4’2N+ 1)M(z,. Ly L), by # 1y,

2

(A.6)
where the summation i is carried out over all shells of K,
having the same electron numbers in both configurations.

In the case of one electron excitation without the change
of its orbital quantum number the considered sum for the

nonrelativistic Hamiltonian obtains the following expres-
sion:

Z <n11N1n2 lNz')’ | H| nllNl h 1"2 IAEN 1')”>2

vy’
4 +1\4l-1
- <N1 - 1)(N2 — 1)M("2 Iny 1, nylny 1)
41 -1\ 41+ 1 »
¥ <N1 —2>< N, )M("ll"ll, nidny 1) + [1]
4l + 1 , )
LR et mins

41— 1Y\4l+1
<N1 _ 3) )M(nllnll nydny 1)?

(N1 - 2><N2 - 1)

x M'(nydnyl, nyn, DM'(ny Iny 1, ny Ingl)]

+ 2\/7:1(n11, n, ”[(N N 2)(41; 1)
= 2
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, a1+ 1
x M'(ngdnyd, niny 1) + <N1 B 1)

41
X <N2 B 1)M’(nzln2 I, nzlnll)]

s 2)( #+1 )(4’ y 1)1(n11, my Y

N, -1 N,
41 +1V4+1V\1
+<N1—1>< N, >§l(l+1)(2l+1)cfu,nzz- (A7)

Here not only the minimal sum (A.3) but also the sum of
other type appears:

M'(niny 1y, niliny 1)

= Z [L Py S]<n111n2 lzL S l he [ n;llnlz lz L S>
LS
= 4Npy11, maly Nnih,n'zlz[z[ll’ lz]Ro(n1l1"2 L, nilinsyly)

~ 2 (=D R mdyny 1y, my 1, n&ll)] (A8)
K

In (A7) {,,1, ny is the spin-orbit parameter for the nondia-

gonal with respect to configurations matrix element and

I(n,l, ny 1) is the integral:

2 2Z I+1)

1
I(nll, Ny l) = - 5 L Pml(r)[a—r_z- + r 7'2

:IP nzl(r) dr,

(A9)

where P, (r) is the radial orbital.

When the third passive shell is contained besides the
shells involved in the excitation, some additional terms
appear:

¥ Cmlm Pomg Boy | H ng ¥ My IV I B2y
24

- (413 + 2) Z <n11N1n2 INZ’}’ | H|n11N1'1n2 lN2+1,yr>2
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41,
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EEEYEESACES
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2 (4, +1
+AL< b+ )M'(n11n313,n21n313)

41+ 1 4] ’
* [(N1 — 1)<N2 _ 1>M(n2lnzl, nyIn.l)
4 \(4+ 1Y),
+ <N1 - 2)( N, )M (nyInyl, nyln, l):|
+2
I\Tl—'1 Nz N3_1

x I(nyl, n, DM'(nylny 15, nylyna ). (A.10)

This formula can be easily generalized for the larger number
of the passive shells.
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