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ABSTRACT

One proposed mechanism for heating the solar wind, from close to the Sun to beyond ∼10 AU, invokes low-
frequency, oblique, Alfvén-wave turbulence. Because small-scale oblique Alfvén waves (kinetic Alfvén waves,
KAWs) are compressive, the measured density fluctuations in the solar wind place an upper limit on the amplitude
of KAWs and hence an upper limit on the rate at which the solar wind can be heated by low-frequency, Alfvénic
turbulence. We evaluate this upper limit for both coronal holes at 5 R� and the near-Earth solar wind. At both
locations, the upper limit we find is consistent with models in which the solar wind is heated by low-frequency
Alfvénic turbulence. At 1 AU, the upper limit on the turbulent heating rate derived from the measured density
fluctuations is within a factor of 2 of the measured solar-wind heating rate. Thus, if low-frequency Alfvénic
turbulence is the primary mechanism for heating the near-Earth solar wind, KAWs must be one of the dominant
sources of solar-wind density fluctuations at frequencies ∼1 Hz. We also present a simple argument for why
density-fluctuation measurements do appear to rule out models in which coronal holes are heated by non-turbulent
high-frequency waves (“sweeping”), but are compatible with heating by low-frequency Alfvénic turbulence.
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1. INTRODUCTION

A number of observations indicate that the solar wind un-
dergoes spatially extended heating. For example, in situ mea-
surements from satellites such as Helios & Voyager show that
electrons and protons have non-adiabatic temperature profiles
at heliocentric distances r ∼ 0.3–50 AU (e.g., Marsch et al.
1982; Freeman 1988; Gazis et al. 1994; Richardson et al. 1995;
Cranmer et al. 2009). Similarly, remote observations taken with
the Ultraviolet Coronagraph Spectrometer detect large ion tem-
peratures that increase with heliocentric distance within a few
solar radii of the Sun (Kohl et al. 1998; Antonucci et al. 2000).
The observed heating likely plays a critical role in accelerating
the solar wind to supersonic and super-Alfvénic speeds and also
significantly impacts the plasma properties in the near-Earth
space environment.

Several heating mechanisms have been proposed to account
for these observations, including magnetic reconnection (Fisk
2003; Fisk et al. 2003), plasma instabilities driven by an electron
heat flux or cross-field currents (Markovskii & Hollweg 2002a,
2002b; Markovskii 2004), non-turbulent waves at frequencies
comparable to the proton cyclotron frequency Ωi (Abraham-
Shrauner & Feldman 1977; Hollweg & Turner 1978; McKenzie
et al. 1979; Tu & Marsch 1997; Marsch & Tu 1997; Hollweg &
Isenberg 2002), turbulent waves extending from low frequencies
up to ∼Ωi (Isenberg & Hollweg 1983; Tu et al. 1984; Marsch
1991; Chandran 2005), and turbulence that fluctuates only on
timescales � Ω−1

i . (Coleman 1968; Matthaeus et al. 1999a;
Dmitruk et al. 2001, 2002; Cranmer & van Ballegooijen 2005;
Cranmer et al. 2007; Velli et al. 1989; Verdini & Velli 2007;
Chandran et al. 2009; Chandran & Hollweg 2009; Verdini et al.
2009). This paper focuses on this last class of models, those
involving low-frequency turbulence.

In these models, photospheric motions driven by solar con-
vection launch Alfvén waves that propagate away from the Sun

in the solar-wind frame. Alfvén waves propagating toward the
Sun in the solar-wind frame are generated by some combina-
tion of non-WKB wave reflection (Heinemann & Olbert 1980;
Velli 1993), parametric instabilities (Galeev & Oraevskii 1963;
Del Zanna et al. 2001), and velocity-shear instabilities (Roberts
et al. 1992). Interactions between oppositely propagating Alfvén
waves then cause wave energy to cascade to small scales per-
pendicular to the magnetic field (λ⊥). However, the correlation
lengths of Alfvén wave packets in the direction of the back-
ground magnetic field (λ‖) remain comparatively long, and the
Alfvén-wave frequencies remain � Ωi . When the wave energy
cascades to perpendicular scales λ⊥ comparable to the proton
gyroradius ρi , the wave energy begins to dissipate, heating the
ambient plasma.

Linear wave theory shows that the properties of low-
frequency Alfvénic fluctuations depend strongly upon λ⊥
(Hollweg 1999). At λ⊥ � di , the fluctuations are non-
compressive Alfvén waves, where di = vA/Ωi is the ion inertial
length.4 On the other hand, in low-β plasmas at ρi � λ⊥ � di ,
the fluctuations are highly compressive, in the sense that
δn/n0 > δB/B0, where δn and n0 are the fluctuating and back-
ground electron densities, and δB and B0 are the fluctuating and
background magnetic fields. For β ∼ 1, δn/n0 ∼ δB/B0 at
λ⊥ ∼ ρi . At even smaller scales, λ⊥ � ρi , the ion and elec-
tron velocities decouple for all β, the waves become dispersive,
and the fluctuations produce parallel electric and magnetic field
perturbations that cause the waves to damp (Hasegawa & Chen
1976; Quataert 1998; Quataert & Gruzinov 1999; Leamon et al.
1999; Cranmer & van Ballegooijen 2003; Gary & Nishimura
2004). At λ⊥ � ρi , these solutions to the Alfvén-wave branch
of the linear dispersion relation are called kinetic Alfvén waves

4 For reference, di 	 β−1/2ρi , β = 8πp/B2 � 1 in the corona, and for
typical coronal-hole parameters di ∼ 3 × 105 cm at r 	 5 R�; by contrast,
β ∼ 0.2–1 in the near-Earth solar wind at ∼1 AU and di ∼ 3 × 106 cm.
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(KAWs). Many of the measured properties of the magnetic and
electric field fluctuations in the near-Earth solar wind are con-
sistent with KAW turbulence on small scales (e.g., Howes et al.
2008a, 2008b; Sahraoui et al. 2009, and references therein).

The goal of this paper is to test the importance of low-
frequency turbulence in the solar wind using measurements
of density fluctuations. Coles & Harmon (1989) measured
the spectrum of electron density fluctuations in the corona at
radii as small as 5 R�. In addition, measurements of density
fluctuations in the solar wind at ∼1 AU have been carried out
using a variety of methods (e.g., Celnikier et al. 1983, 1987;
Hnat et al. 2005; Kellogg & Horbury 2005). Because oblique
Alfvén waves become increasingly compressive as λ⊥ decreases
to values � di, the observed density fluctuation spectrum
constrains the spectrum of oblique Alfvén waves and provides
an upper limit on the heating rate ε from Alfvénic turbulence.
In Section 2, we summarize the predicted density fluctuations
induced by low-frequency Alfvénic turbulence and describe
some of the remaining uncertainties in these predictions (see
also Schekochihin et al. 2009). We then show how the measured
density fluctuations in coronal holes and at ∼1 AU constrain
the turbulent heating rate (Section 3). In Section 4, we describe
the “sweeping” model for coronal heating, in which the corona
is heated by cyclotron damping of kHz-range waves launched
directly from the Sun; we present a simple explanation for why
radio observations do not rule out turbulent heating models,
even though they appear to rule out the sweeping model (as
was shown by Hollweg 2000). In Section 5, we summarize and
discuss our results. Our analysis and results are broadly similar
to those of Harmon & Coles (2005), but we consider a different
model for the turbulent cascade of Alfvén waves, and apply
the density fluctuation constraint both to remote observations
of turbulence in coronal holes and to in situ measurements of
turbulence in the near-Earth solar wind.

2. PREDICTED DENSITY FLUCTUATIONS IN
LOW-FREQUENCY ALFVÉNIC TURBULENCE MODELS

In this section, we briefly summarize the density fluctuations
produced by low-frequency Alfvénic turbulence (see Lithwick
& Goldreich 2001 and Schekochihin et al. 2009 for a more com-
prehensive discussion). We assume that the Alfvén wave power
spectrum follows the “critical balance” theory of Goldreich &
Sridhar (1995). In doing so, we implicitly assume that the tur-
bulence is “balanced,” i.e., that there are equal fluxes of Alfvén
waves propagating toward and away from the Sun in the plasma
frame, or equivalently, that there is zero cross helicity; we dis-
cuss the effects of a non-zero cross helicity at the end of the
section.

Although Alfvén waves themselves are not compressive when
k⊥di � 1 (where k⊥ and k‖ are the components of the wave
vector k perpendicular and parallel to the background mag-
netic field), low-frequency Alfvénic turbulence nonetheless pro-
duces significant density fluctuations via two different physi-
cal processes. First, as energy cascades to scales �di , Alfvén
waves transition to KAWs, which are compressive (see Figure 3
discussed below). Second, both slow waves and entropy modes
are passively mixed by the Alfvénic cascade (Lithwick &
Goldreich 2001). Because the Alfvénic fluctuations have an
anisotropic Kolmogorov spectrum, the density fluctuations as-
sociated with the entropy modes and/or slow waves also have an
anisotropic Kolmogorov spectrum (Maron & Goldreich 2001).

For the collisionless conditions appropriate to the solar corona
and solar wind, the entropy modes and slow waves are both

Figure 1. One-dimensional density fluctuation power spectrum Φ(1D)
ne produced

by balanced low-frequency Alfvénic turbulence in the near-Earth solar wind
with βi = 0.43 and Ti/Te = 1. Total density fluctuation spectra (solid) are
shown for f = 0.1, 1, and 10, with the separate passive-scalar component
(dotted) and “active” KAW component (dashed) shown explicitly for f = 0.1.

damped, but their damping rates are ∼k‖vth,p, where vth,p is
the proton thermal speed.5 The cascade rate is ∼k⊥δvk ∼ k‖vA,
where δvk is the rms amplitude of the velocity fluctuation at
a perpendicular scale k−1 (where k 	 k⊥ since k⊥ � k‖).
The cascade rate is thus comparable to the linear Alfvén wave
frequency. For β � 1, the slow waves and entropy modes
cascade faster than they are damped, and the passive scalar
contribution to the density fluctuations extends to small scales
∼ρi (Lithwick & Goldreich 2001). (We discuss the case of
β � 1 later in this section.)

Figure 1 summarizes our prediction for the one-dimensional
density fluctuation spectrum Φ(1D)

ne associated with balanced
(zero cross-helicity) low-frequency Alfvénic turbulence. The
density fluctuations associated with the slow waves and entropy
modes are cascaded by the Alfvénic fluctuations like a passive
scalar and, at perpendicular scale k−1, their rms value is denoted
by δn

(ps)
k . The rms density fluctuations that arise from the

KAW compressions are denoted by δn
(comp)
k . At large scales,

the passive-scalar density fluctuation spectrum is chosen to
be proportional to the perpendicular kinetic energy spectrum6

associated with the perpendicular velocity fluctuation δv⊥k . The
latter is determined using the analytic cascade model of Howes
et al. (2008a), which is based on the assumptions of local
nonlinear energy transfer in wavenumber space together with
the critical balance between linear propagation and nonlinear
interaction times. The analytic model smoothly transitions from
anisotropic Kolmogorov Alfvén-wave turbulence at k⊥ρi � 1
to anisotropic KAW turbulence at k⊥ρi � 1; it agrees well

5 Under these conditions, there are really two entropy modes, one associated
with the electrons and the other associated with the protons. The former is
strongly damped, at a rate ∼kvth,e, while the latter is less strongly damped. We
focus on the latter throughout.
6 For small scales k⊥ρi � 1, the passive-scalar density spectrum follows
perpendicular magnetic energy spectrum rather than the perpendicular kinetic
energy spectrum.
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Figure 2. One-dimensional density fluctuation power spectrum Φ(1D)
ne produced

by low-frequency Alfvénic turbulence in coronal holes with βi = 0.01 and
Ti/Te = 2. Total density fluctuation spectra (solid) are shown for f = 0.1, 1,
and 10, with the separate passive-scalar component (dotted) and “active” KAW
component (dashed) shown explicitly for each case.

with numerical simulations of kinetic turbulence in the (limited)
comparisons available to date (Howes et al. 2008b). The value of
δn

(comp)
k in Figure 1 is determined from the value of δv⊥k in the

analytic cascade model by assuming that δn
(comp)
k /δv⊥k equals

the ratio of the density fluctuation to the velocity fluctuation in
a linear KAW at the same wave vector in linear Vlasov theory
(Stix 1992).

The relative magnitude of the passive and active density
fluctuations is uncertain and may vary with position (and time)
in the solar wind. We determine the constant of proportionality
between the passive-scalar density spectrum and the kinetic
energy spectrum by specifying the ratio

f ≡
[

δn
(ps)
k /n0

δv⊥k/vA

]2

k=k0

, (1)

where 2π/k0 is the driving scale or outer scale of the turbulence.
Figure 1 presents one-dimensional density spectra from solu-
tions of the cascade model for near-Earth solar-wind conditions.
Plasma parameters for this figure have been chosen to corre-
spond to period II of Celnikier et al. (1987): B0 = 1.5×10−4 G,
ni = 18 cm−3, Ti = Te = 1.54 × 105 K, and vsw =
460 km s−1, giving ρi = 2 × 106 cm. We assume a driving
scale 2π/k0 = 2 × 1011 cm, giving cascade model parameters
βi = 8πnkBTi/B

2
0 = 0.43, Ti/Te = 1, and k0ρi = 6 × 10−5.

Figure 1 shows the total density fluctuation spectra (solid)
for f = 0.1, 1, and 10, with the separate passive-scalar
component (dotted) and “active” KAW component (dashed)
shown explicitly for the f = 0.1 case. The f = 0.1 case
demonstrates that the passively mixed density fluctuations have
a Kolmogorov power-law spectrum at large scales (small k)
with a break at k⊥ρi ∼ 1 where the turbulence transitions
to dispersive KAWs. On small scales, however, the “active”
density fluctuations due to KAWs become important and can

Figure 3. Density fluctuations relative to the perpendicular electron velocity
fluctuations (δnk/n0)/(δv⊥ke/vA) for βi = 0.01, 0.1, 1, and 10, (solid) based
on linear Vlasov–Maxwell theory for KAWs. Dotted lines are the predictions
given by Equation (2) with γi = 1.

dominate over the passive contribution. The density fluctuation
spectrum associated with the KAWs is a factor of ∼k2

⊥ flatter
than Kolmogorov for k⊥ρi � 1. Indeed, the one-dimensional
density-fluctuation spectrum from KAW compressions is rising,
∝ k

1/3
⊥ , for k⊥ρi � 1. This is because the density perturbation

due to a linear KAW is ∝ k⊥ times the velocity perturbation in
this limit (see Equation (2) below).

The f = 0.1 result in Figure 1 may be compared directly7

to the measured density spectrum for this period of solar-wind
turbulence shown in Figure 5 of Celnikier et al. (1987). The
predicted density spectrum, combining both a passive-scalar
contribution and compressive KAWs, qualitatively reproduces
the measured spectrum. Note that the assumption of balanced
turbulence (zero cross helicity) is not an unreasonable assump-
tion for this interval of relatively slow solar wind. In addition,
the value f = 0.1 is consistent with several observations that
are discussed following Equation (3) below.

In coronal holes, where βi � 1, the compressive motions
associated with the KAWs become comparatively stronger.
Figure 2 presents cascade-model results analogous to Figure 1
for parameters appropriate to coronal holes: βi = 0.01, Ti/Te =
2, and k0ρi = 10−8.8 The absolute normalization of the density
fluctuations was chosen to roughly match the observations
of Coles & Harmon (1989) in coronal holes. Total density
fluctuation spectra (solid) are shown for f = 0.1, 1, and 10,
with the decomposition into passive-scalar component (dotted)
and “active” KAW component (dashed) included for each case.
The results in Figure 2 are similar to those in Figure 1 except that
the active KAW component of the density fluctuations is more
prominent at low βi . The questionable assumption of balanced
(zero cross-helicity) turbulence in coronal holes is discussed in
detail at the end of this section.

Figure 3 focuses on the density fluctuations due to linear
KAWs, showing results as a function k⊥ρi for several βi . For
β � 1, the relation between the density and velocity fluctuations

7 Note that a value of k⊥ρi = 1 in Figure 1 corresponds to a frequency of
3.6 Hz in Figure 5 of Celnikier et al. (1987).
8 In the cascade model, k0 is not the actual outer-scale wavenumber. Instead,
in the case of the corona, it is the much smaller wavenumber at which the
anisotropic power spectrum would extrapolate to isotropic fluctuations with
δB = B0 (Howes et al. 2008a).
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of a KAW at wavevector k, denoted by δnk and δv⊥k , can be
derived analytically using a two-fluid model and is given by
(Hollweg 1999, Equation (51))∣∣∣∣δnk

n0

∣∣∣∣ = k⊥di

(1 + γik
2
⊥ρ2

i )

∣∣∣∣δv⊥k

vA

∣∣∣∣ , (2)

assuming that k⊥ � |k‖| and ω � Ωi , where ω is the wave
frequency and γi is the adiabatic index of the ions. In addition
to showing the (normalized) ratio of density fluctuations to
velocity fluctuations from linear kinetic theory (solid), Figure 3
also shows the values predicted by Equation (2) (dotted) with
γi = 1. This figure demonstrates that the density fluctuations
are reduced by a factor of ∼β when β � 1 as expected, because
the fluctuations become increasingly incompressible for high
β. An additional change in the predicted density fluctuations
for β � 1—as can occur in the solar wind at ∼1 AU—is that
the damping time of slow waves and entropy modes becomes
shorter than their expected cascade times. Because the solar
wind is collisionless, this occurs even on large scales. As a
result, the passive contribution to the density fluctuations may
be significantly diminished when β � 1 (Lithwick & Goldreich
2001).

Equation (2) can be used to estimate the ratio between the
passive-scalar density fluctuation and the density fluctuation
arising from KAW compressions. We assume that δn(comp)

k /δv⊥k

equals the ratio δnk/δv⊥k for linear KAWs given by
Equation (2). When β � 1 and the cross helicity is zero,
δn

(ps)
k /δv⊥k is independent of k within the inertial range. As-

suming that δn(ps)
k /δv⊥k remains roughly constant from the outer

scale all the way to k⊥ ∼ ρ−1
i , Equation (2) implies that for bal-

anced turbulence with β � 1[
δn

(comp)
k

δn
(ps)
k

]
k=ρ−1

i

∼ (βf )−1/2. (3)

At 1 AU, the value of δn
(ps)
k /n0 at k = k0 ranges from roughly

0.1 to 0.3, as the assumed outer-scale timescale (as measured in
the spacecraft frame) of the turbulence is varied from 1–12 hr
(Tu & Marsch 1995, Figure 2-14). If we set vA = 77 km s−1 as
in Celnikier’s period II data and δv⊥k 	 30 km s−1 at k = k0
at 1 AU (see Cranmer & van Ballegooijen 2005, Figure 9),
then f 	 0.07–0.6. Equation (3) thus suggests that KAW
compressions usually dominate the density fluctuations on small
scales (k⊥ρi ∼ 1) at 1 AU.

It is important to note several theoretical uncertainties in our
predictions for the density fluctuations that should accompany
low-frequency Alfvénic turbulence in the solar wind. First,
the relative amplitudes of the slow waves, entropy modes,
and Alfvén waves on large scales are not precisely known.
Therefore, we present several values of f in Figures 1 and
2. A second, and more significant, limitation is that we have
assumed that the turbulence is “balanced” (zero cross-helicity),
i.e., that the energy in waves propagating toward the Sun (in
the solar-wind frame) equals the energy in waves propagating
away from the Sun. This is generally not observed to be
true at ∼1 AU (particularly in the fast wind; Grappin et al.
1990; Tu & Marsch 1990). Closer to the Sun there is an even
larger difference between the energies of Sunward and anti-
Sunward waves (Roberts et al. 1987; Bavassano et al. 2000).
Non-zero cross helicity or “imbalance” affects strong Alfvénic
turbulence in several ways. For example, nonlinear interactions

among Alfvén waves occur only between waves propagating
in opposite directions in the plasma frame (Iroshnikov 1963;
Kraichnan 1965), and so if the energy in waves propagating
toward the Sun is very small, then the energy cascade rate
and turbulent heating rate also become small (Dobrowolny
et al. 1980; Hossain et al. 1995; Chandran et al. 2009). Finite
cross helicity may also modify the wavenumber scalings of the
inertial-range power spectra of the density, magnetic field, and
velocity. Because the “minority” Sunward Alfvén waves and the
passive scalar fluctuations are both cascaded by the “dominant”
anti-Sunward Alfvén waves, the passive scalar spectrum is
expected to have the same inertial-range scaling as the Sunward
waves (Lithwick & Goldreich 2003; Chandran 2008b). In some
studies of Alfvénic turbulence with cross helicity (e.g., Grappin
et al. 1983; Chandran 2008a; Beresnyak & Lazarian 2009)
the minority Alfvén waves have a shallower power spectrum
than the dominant Alfvén waves, suggesting that the passive
scalar spectrum is shallower than the magnetic spectrum in
highly imbalanced turbulence. This finding may be related to the
shallow density spectra seen in radio observations of the corona,
in which the turbulence is expected to be highly “imbalanced”
(Cranmer & van Ballegooijen 2005; Verdini & Velli 2007).9

However, a number of other studies find that the inertial-range
spectra of the minority waves and dominant waves scale with
wavenumber in the same way (Lithwick et al. 2007; Perez &
Boldyrev 2009; Podesta & Bhattacharjee 2009). Moreover, the
different studies cited above disagree over whether the spectra
of the minority and dominant waves are equal at the dissipation
scale (“pinning”). Because imbalanced Alfvénic turbulence is
still not fully understood, and is likely the norm in the solar
wind, we are only able to derive upper limits on the turbulent
heating rates from the density observations, as discussed further
below. In addition, this uncertainly implies that the precise
power-law scalings for Φ1D

ne in Figures 1 and 2 should not be
taken too literally, although we believe that our conclusions
about the relative contribution of the active and passive density
fluctuations are robust.

3. OBSERVATIONAL CONSTRAINTS ON
LOW-FREQUENCY ALFVÉNIC TURBULENCE MODELS

In this section, we discuss observational constraints on
density fluctuations in the solar corona and solar wind, and their
implications for low-frequency Alfvénic turbulence models.

3.1. Coronal Holes

Coles & Harmon (1989) analyzed the spectral broadening of
Arecibo radar observations of Venus near superior conjunction
to determine the three-dimensional power spectrum of electron
density fluctuations Φne(r, k) (treated as an isotropic function of
wave vector k) at a range of heliocentric distances r in the slow
solar wind. They were able to fit Φne(r, k) at r = 5 R� with one
power law at k < 10−7 cm−1, a slightly shallower power law at
10−7 cm−1 < k < ki , and an exponential or Gaussian at k > ki ,
where

ki 	 10−5 cm−1 (4)

9 For example, Markovskii & Hollweg (2002a, 2002b) fit the
one-dimensional density spectrum at r = 5 R� and at k < 10−7 cm−1 with a
power law of the form k−1.2 and a power law of the form k−2/3 at
10−7 cm−1 < k < 10−5 cm−1. The density fluctuations at k < 10−7 cm−1 in
their study are thought to correspond to inertial-range passive-scalar
fluctuations.
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is the “inner-scale” wavenumber at r = 5 R�. They found that
at k = ki and r = 5 R�, Φne 	 9.0 × 103 cm−6 km3 (see their
Figure 4). We focus on the inner scale for reasons that will
become clearer below. Coles et al. (1995) found that Φne is a
factor of 	 15 smaller in coronal holes than in the slow wind,
and thus we set

Φne(r = 5 R�, k = 10−5 cm−1) 	 6.0 × 102 cm−6 km3. (5)

The rms electron density fluctuation δnki
is given by δn2

ki
	

4πk3
i Φne(ki), which implies δnki

	 87 cm−3 at r = 5 R�. We
estimate the coronal-hole electron density from Equation (4) of
Feldman et al. (1997), which gives ne = 5.9 × 103 cm−3 at
r = 5 R�; this is very close to the value inferred by Fisher &
Guhathakurta (1995) from observations taken with the Spartan
201-01 coronagraph. This value for the background density then
gives

δnki

n0
	 1.5 × 10−2 (6)

at r = 5 R�.
An upper limit on the rms amplitude of the Alfvénic velocity

fluctuation at perpendicular scale k−1
i , denoted δvki

, can be
obtained by assuming that the density fluctuations at scale k−1

i

arise entirely from KAWs. Using the linear eigenfunctions of
KAWs, we can write

δvki

vA

�
(

1 + γik
2
i ρ

2
i

kidi

)
δnki

n0
. (7)

If the compressibility of the KAWs noticeably affects the density
spectrum from 10−7 cm−1 < k < 10−5 cm−1, as conjectured
above and as is suggested by Figure 2, then δvki

may be close
to the upper limit given in Equation (7); this is because the
fraction of Φne that arises from KAWs increases at larger
k(Figure 2). To evaluate the right-hand side of Equation (7)
we assume γi = 1 and Ti = 2.0 × 106 K and adopt the coronal-
hole magnetic field model of Cranmer & van Ballegooijen
(2005, their Equation (2)), which gives B0 = 5.8 × 10−2 G at
r = 5 R�. These parameters give ρi = 2.3 × 104 cm,
di = 3 × 105 cm, vA = 1.6 × 108 cm s−1, and

δvki

vA

� 0.35

(
δnki

n0

)
, (8)

or, equivalently,
δvki

� 8.4 km s−1. (9)

At k = ki , the density spectrum at r = 5 R� is still close
to the value obtained by extrapolating a power-law fit to Φne
for values of k between 10−7 cm−1 and 10−6 cm−1. We can
thus assume that most of the cascade power is still present at
k⊥ = ki and that most of the dissipation occurs at k⊥ > ki .
Moreover, because kiρi 	 0.2, the kinetic energy and magnetic
energy of Alfvénic fluctuations at k⊥ = ki are comparable, as in
incompressible MHD, but not like the short-wavelength regime
k⊥ρi � 1, in which the magnetic energy dominates. The energy
density of Alfvénic fluctuations at scale k−1

i is thus 	ρδv2
ki

. The
time required for the fluctuation energy at k⊥ = ki to cascade
to k⊥ � 2ki , denoted by tc, satisfies the inequality

tc � (kiδvki
)−1. (10)

The right-hand side of Equation (10) is the shearing timescale
for an Alfvénic velocity fluctuation at k⊥ = ki with rms am-
plitude δvki

. This is a lower-limit on tc because in incompress-
ible MHD, the anti-Sunward waves are sheared by waves prop-
agating toward the Sun (Iroshnikov 1963; Kraichnan 1965),
as summarized in Section 2. Thus, if the Sunward waves are
much less energetic than the anti-Sunward waves at k⊥ = ki ,
the time required for Sunward waves to shear and substan-
tially distort anti-Sunward waves is much greater than (kiδvki

)−1

(Lithwick et al. 2007; Beresnyak & Lazarian 2008; Chandran
2008a). The cascade power in low-frequency Alfvén-wave tur-
bulence at r = 5 R�, denoted by ε, is roughly ρv2

ki/tc. Given
Equation (10), we can write

ε � c0ρkiδv
3
ki
, (11)

where c0 is a dimensionless constant that is chosen by equating
the right-hand side of Equation (11) with the cascade power
in strong Alfvén-wave turbulence with equal fluxes of Alfvén
waves propagating parallel and anti-parallel to the background
magnetic field. The value of c0 is not precisely known; here we
follow Howes et al. (2008a) in setting c0 = 0.25. Substituting
Equation (9) into Equation (11), we find

ε � 1.5 × 10−8 erg cm−3 s−1. (12)

This upper limit can be compared with the parameterized heating
rates employed in empirical models of the fast solar wind.
Allen et al. (1998) constructed a series of two-fluid models with
heating rates chosen to match in situ measurements of the fast
wind at 1 AU as well as the coronal-hole density profile inferred
from the brightness profile of electron-scattered, polarized white
light (Fisher & Guhathakurta 1995). In these models, denoted
by SW2, SW3, and SW4, the total (electron plus proton) heating
rates at r = 5 R� were 3.1 × 10−9 erg cm−3 s−1, 1.4 ×
10−8 erg cm−3 s−1, and 6.8 × 10−9 erg cm−3 s−1, respectively.
Esser et al. (1997) constructed similar models with higher
temperatures at the coronal base and lower heating rates. The
value of ε at r = 5 R� was 2 × 10−10 erg cm−3 s−1 in their
model A and 8 × 10−10 erg cm−3 s−1in their model B.10 Since
these models (by construction) provide a reasonable fit to the
observed properties of the fast wind, we take the actual heating
rate in coronal holes at r = 5 R� to be in the range spanned
by these models, i.e., between 2 × 10−10 erg cm−3 s−1 and
1.4×10−8 erg cm−3 s−1. Since the upper limit in Equation (12)
is above this range, we conclude that a model in which the fast
wind is accelerated by heating from low-frequency Alfvénic
turbulence is consistent with the radio observations. Future
investigations could provide tighter constraints on the fraction
of δnki

that arises directly from KAWs as well as the ratio of
Sunward to anti-Sunward wave energy at k⊥ = ki , which could
in principle lower the upper limit on ε that is implied by the
density fluctuation measurements.

3.2. The Solar Wind at ∼1 AU

Measurements of density fluctuations in the solar wind at
∼1 AU have been carried out using a variety of methods (e.g.,
Celnikier et al. 1983, 1987; Hnat et al. 2005; Kellogg & Horbury
2005); these allow us to calculate an upper limit on the heating

10 For comparison, the heating rate at r = 5 R� was 3 × 10−10 erg cm−3 s−1

in the theoretical model of Markovskii & Hollweg (2002a, 2002b), and
between 8 × 10−10 erg cm−3 s−1 and 5 × 10−9 erg cm−3 s−1 in the
“sweeping” models of Marsch & Tu (1997).
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by low-frequency Alfvénic turbulence analogous to that derived
in the previous section.

For concreteness, we use Celnikier et al.’s (1987) period
II to find an upper limit to the KAW contribution to the
density fluctuations, but similar results are obtained from other
measurements. From their Figure 7, we infer that δnk/n0 �
10−2 at k⊥ρi 	 0.3,11 where B 	 1.5 × 10−4 G, n0 	 18 cm−3,
Tp 	 1.5 × 105 K, ρp 	 2 × 106 cm, vA 	 77 km s−1,
vwind 	 460 km s−1, and β 	 0.43 in this epoch of data. Unlike
in the observations of the solar corona described in Section 3.1,
there is no clear evidence for an inner scale to the density
fluctuations at 1 AU. Given the lack of a preferred scale, we
evaluate the density fluctuations at k⊥ρi 	 0.3 as a compromise
between the scales where the KAW density fluctuations peak
(k⊥ρi ∼ 1) and the scales where incompressible MHD is a
reasonable model for the cascade (k⊥ρi � 1); our conclusions
are, however, insensitive to reasonable variations about this
choice.

A limit on the density fluctuations due to KAWs of δnk/n0 �
10−2 at k⊥ρi 	 0.3 corresponds to a limit on the velocity
fluctuations of δvk/vA � 10−2 at the same scale (i.e., δvk �
1 km s−1) and thus to a limit on the heating rate due to low-
frequency Alfvénic turbulence of

ε � 5 × 10−16 erg cm−3 s−1. (13)

At ∼1 AU, the heating rate in the solar wind can be directly
measured from the non-adiabatic temperature profile of the
protons and electrons, using ε 	 ρvrT ds/dr. For example,
using the proton data from Voyager 2 (e.g., Matthaeus et al.
1999b), we infer that ε 	 3 × 10−16 erg cm−3 s−1 is required
to explain the non-adiabaticity of the solar wind at 1 AU.12

The close correspondence between this measured heating rate
at 1 AU and the upper limit in Equation (13) implies that, if low-
frequency Alfvénic turbulence contributes to heating the solar
wind at ∼1 AU, direct density fluctuations due to compressive
KAWs must contribute significantly to the measured density
fluctuations at k⊥ρi ∼ 1. In this context, we note that Kellogg
& Horbury (2005) have argued for an ion-acoustic or KAW
origin for the small-scale density fluctuations in the solar wind
at 1 AU using completely independent arguments. It is also
important to note that the Celnikier et al. measurements are
in the relatively slow solar wind (v 	 450 km s−1), in which
the turbulence is observed to be fairly balanced (Grappin et al.
1990). Thus, the cascade time is likely comparable to the lower
limit in Equation (10), in which case the cascade power can also
be comparable to the upper limit in Equation (13).

The density fluctuation measurements of Celnikier et al.
(1987) show a break from a Kolmogorov spectrum at low k to
a flatter spectrum at high k. This is qualitatively consistent with
the expectations from Figure 1. The observed break happens at a
rest frame frequency of 	 0.1 Hz (Celnikier et al. 1987), which
corresponds to k−1 	 7 × 107 cm � ρi, di ∼ 3 × 106 cm using
the Taylor hypothesis. This suggests that f � 1, i.e., that the
passive scalar contribution to the density fluctuations is small
compared to the KAW contribution, so that the latter begins to

11 This corresponds to a satellite-frame frequency 	 1 Hz.
12 Cranmer & Van Ballegooijen (2005) and Cranmer et al. (2009) find similar
heating rates at 1 AU. Celnikier et al. (1987) do not report the electron
temperature for their solar-wind epochs, but the mean electron temperature for
this solar-wind speed is 	1.5 × 105 K (Newbury et al. 1998), which is
comparable to Tp. We thus expect the electron heating rate to be at most
comparable to the proton heating rate; the proton heating rate is thus a
reasonable proxy for the total heating rate, at the factor of 2 level.

dominate at k⊥ρi � 1 (see Figure 1). A small value of f at
1 AU is not implausible given the observations described above,
following Equation (3).

4. OBSERVATIONAL CONSTRAINTS ON THE
“SWEEPING” MODEL OF CYCLOTRON HEATING

An alternative mechanism for heating coronal holes is ion-
cyclotron heating by non-turbulent high-frequency (kHz-range)
waves. One of the proposed sources for these kHz-range waves
is magnetic reconnection in the photosphere or chromosphere
(Axford & McKenzie 1992). Because B0 and Ωi decrease
with increasing r, waves with ω < Ωi at the base of the
corona eventually reach radii at which ω 	 Ωi , at which point
the waves undergo cyclotron damping and heat the ions. If
a broad frequency spectrum of waves is launched from the
Sun, the waves will result in radially extended ion heating,
with lower-frequency waves causing heating farther from the
Sun (Schwartz et al. 1981; Axford & McKenzie 1992; Marsch
& Tu 1997; Tu & Marsch 1997; Ruzmaikin & Berger 1998;
Czechowski et al. 1998). Although cyclotron heating could in
principle explain the observed temperature anisotropies of ions
in the corona and fast solar wind, this “sweeping” or “direct-
launching” model faces a significant difficulty. If the waves are
oblique, with wave vectors that make a nonzero angle θ with
respect to B0, then the waves induce density fluctuations at high
frequencies. Hollweg (2000) investigated this effect, modeling
the wave obliquity by setting θ = 60◦. Using the wave power
spectra employed in the “sweeping” models of Marsch & Tu
(1997), he found that the waves would induce larger density
fluctuations than are detected by radio observations, by a factor
of >102 at k = 0.3 × 10−5 cm−1. Tu & Marsch (2001a, 2001b)
have responded to this criticism by suggesting that transit-time
damping could remove the obliquely propagating waves and
thereby reduce the density fluctuations. We believe, however,
that “phase mixing” by laminar (Heyvaerts & Priest 1983)
and turbulent (Chandran 2008b) density structures will transfer
Alfvén-wave energy to larger k⊥, thereby significantly limiting
the amount of Alfvén/ion-cyclotron wave energy that can remain
at small θ as the waves propagate from the coronal base out to
r = 5 R�.

4.1. Why Radio Observations Rule Out the “Sweeping” Model
but not Turbulent Heating

In the “sweeping” or “direct-launching” model, the heating
rate from high-frequency waves Qhf satisfies

Qhf ∼ Ehf

tpr
, (14)

where Ehf is the energy density of waves with frequencies
between 0.5Ωi and Ωi and tpr is the time for Alfvén waves
to propagate through the distance over which the magnetic field
strength decreases by a factor of 2. Neglecting the solar-wind
bulk-flow speed, and assuming B0 ∝ r−2, the value of tpr is
∼0.4r/vA, which is 	800 s at r = 5 R� in our model coronal
hole. On the other hand, in the turbulent-heating model, the
heating rate for low-frequency turbulence Qlf satisfies

Qlf ∼ Elf

tc
, (15)

where Elf is the energy density of low-frequency Alfvénic
fluctuations with 0.5ki < k⊥ < ki , and tc is the cascade time at
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k⊥ = ki . Equations (9) and (10) imply tc � 0.1 s, so that tc may
be as much as 4 orders of magnitude smaller than tpr. For a fixed
heating rate and tc � tpr, the turbulent-heating model requires
much less fluctuation energy at small scales than the sweeping
model. In addition, because the compressibility of anisotropic
KAWs is comparable to that of oblique ion-cyclotron waves,
the turbulent-heating model also requires much lower density
fluctuations than the sweeping model for a fixed heating rate
when tc � tpr.

5. CONCLUSION

In this paper, we have used density fluctuation measurements
to test models in which the solar wind is heated by low-frequency
Alfvén-wave turbulence; the turbulent fluctuations are assumed
to satisfy the inequality k⊥ � |k‖|. The density fluctuation
measurements—many of which are based on scintillation at
radio wavelengths—place an upper limit on the amplitude
of oblique Alfvén waves at small scales, where the waves
become compressive and induce density fluctuations. This upper
limit in turn implies an upper limit on the turbulent heating
rate contributed by low-frequency Alfvén-wave turbulence. We
calculate this upper limit for coronal holes at r = 5 R� and the
near-Earth solar wind at 1 AU. The upper limit on the turbulent
heating rate we derive (Equation (11)) can be realized only if
two conditions are satisfied: (1) most of the measured small-
scale density fluctuations are in fact from Alfvén-wave/KAW
compressions, and (2) the energy cascade time is 	 (k⊥δvk⊥)−1

at small scales. The latter is only expected to be the case if there is
comparable energy in Sunward and anti-Sunward waves at small
scales (where the wave-propagation direction is specified in the
solar-wind frame). However, it is currently unclear whether the
Sunward and anti-Sunward wave fluxes are equal at small scales
(especially in coronal holes), which is one of the primary reasons
that density fluctuations can only place an upper limit on the
heating rate produced by low-frequency Alfvénic turbulence.
(In their related analysis Harmon & Coles (2005) implicitly
assumed that the turbulence is balanced.)

The upper limit on the turbulent heating rate at r = 5 R�
in coronal holes exceeds the parameterized turbulent heating
rates employed in models of the fast solar wind, by a factor
of a few to ∼100 depending on the models (Section 3.1).
At 1 AU, on the other hand, the upper limit on the turbulent
heating rate due to low-frequency Alfvénic turbulence is within
a factor of 2 of the measured heating rate—the latter being from
the measured non-adiabatic temperature profiles (Section 3.2).
We thus conclude that models in which the solar wind is
accelerated by heating from low-frequency Alfvénic turbulence
are consistent with the measured density fluctuations in the solar
wind. By contrast, models in which coronal holes and the near-
Sun solar wind are accelerated by non-turbulent high-frequency
waves (“sweeping”) are inconsistent with the measured density
fluctuations at 5 R� unless the ion-cyclotron waves have k⊥ = 0
to very high precision (Hollweg 2000). The key difference
between the turbulent model and the sweeping model is that
in the sweeping model the timescale td to dissipate the energy
contained in small-scale (∼ρi) fluctuations is the time tpr
required for waves to propagate a radial distance over which the
field strength drops by a factor of ∼2, while in the turbulence
model td is the cascade time at small scales, which can be much
shorter than tpr (Section 4.1). Thus for a fixed heating rate,
the turbulent-heating model can have a much smaller energy
density in small-scale fluctuations, and thus much smaller
density fluctuations.

Future measurements and calculations could help clarify the
relative importance of passive fluctuations and wave compres-
sions in producing density fluctuations at different scales for dif-
ferent values of β. For example, the passive scalar contribution
to the density fluctuations in the solar wind should be suppressed
when β � 1 because the damping rate of the passive fluctua-
tions (slow waves and entropy modes) is larger than the cascade
rate (Section 2). Thus, measurements of the density fluctuations
in solar-wind epochs with large β are likely to be particularly
instructive; more detailed theoretical calculations of the sup-
pression of the passive scalar contribution at β � 1 would aid
in interpreting such measurements. In addition, future progress
toward understanding the inertial-range power spectra of the
density fluctuations, Sunward Alfvén waves, and anti-Sunward
Alfvén waves in imbalanced (or cross-helical) turbulence could
lead to significantly tighter constraints on the heating rate con-
tributed by low-frequency Alfvén-wave turbulence, particularly
near the Sun where the energy in anti-Sunward Alfvén waves
greatly exceeds the energy of Sunward Alfvén waves.

Finally, we note that although our results are consistent with
models in which the solar wind is heated by low-frequency
Alfvén-wave turbulence, it is not yet clear whether this type
of turbulence can explain the “perpendicular ion heating” (i.e.,
the preferential enhancement of thermal motions ⊥ to B0) that
is observed in the corona (Kohl et al. 1998; Antonucci et al.
2000) and fast-solar wind (Marsch et al. 2004; Hellinger et al.
2006). It is also not yet clear whether low-frequency Alfvén
waves launched from the Sun can cascade rapidly enough to
dissipate within a few R� of the solar surface, which is required
if these waves are to explain the observation of strong ion heating
close to the Sun (Kohl et al. 1998; Antonucci et al. 2000).
Resolving these uncertainties will be important for determining
more precisely the role of Alfvén-wave turbulence in the solar
wind.
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