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ABSTRACT

Synchrotron emission is believed to be a major radiation mechanism during gamma-ray bursts’ (GRBs) prompt
emission phase. A significant drawback of this assumption is that the theoretical predicted spectrum, calculated within
the framework of the ‘‘internal shocks’’ scenario using the standard assumption that the magnetic field maintains a
steady value throughout the shocked region, leads to a slope F� / ��1=2 below 100 keV, which is in contradiction to the
much harder spectra observed. This is due to the electron cooling time being much shorter than the dynamical time. In
order to overcome this problem,we propose here that themagnetic field created by the internal shocks decays on a length
scale much shorter than the comoving width of the plasma. We show that under this assumption synchrotron radiation
can reproduce the observed prompt emission spectra of themajority of the bursts.We calculate the required decay length
of the magnetic field, and find it to be�104Y105 cm (equivalent to 105Y106 skin depths), much shorter than the char-
acteristic comovingwidth of the plasma,�3 ; 109 cm.We implement our model to the case of GRB 050820A, where a
break atP4 keVwas observed, and show that this break can be explained by synchrotron self-absorption.We discuss the
consequences of the small-scale magnetic field scenario on current models of magnetic field generation in shock waves.

Subject headinggs: gamma rays: bursts — gamma rays: theory — magnetic fields — plasmas —
radiation mechanisms: nonthermal

Online material: color figures

1. INTRODUCTION

Awidely accepted interpretation of the nonthermal radiation
observed during the prompt emission phase of gamma-ray bursts
(GRBs) is that synchrotron emission is a leading radiation mech-
anism during this phase (Mészáros et al. 1993, 1994; Mészáros
& Rees 1993a, 1993b; Katz 1994; Rees&Mészáros 1994; Tavani
1996a). Indeed, early works found that the majority of bursts
show spectral slopes in the�1Y200 keVrange of �F� / � � , with
� ’ 4/3 (Tavani 1996a, 1996b; Cohen et al. 1997; Schaefer et al.
1998; Frontera et al. 2000), which is in accordance with the pre-
dictions of the optically thin synchrotron emission model, pro-
vided that the synchrotron cooling time of the radiating electrons
is longer than the emission time. In addition, recent comprehen-
sive analysis of the brightest BATSE bursts (Preece et al. 2000;
Kaneko et al. 2006) found that the distribution of the low-energy
spectral slope peaks at� ’ 1 and that a significant fraction of the
bursts show spectral slope consistent with � ’ 4/3.

The idea that synchrotron emission is the leading radiation
mechanism gained further support frommodels of the more de-
tailed observations of the afterglow phase in GRBs, which are
found to be in good agreement with this model prediction (Sari
et al. 1996; Mészáros & Rees 1997; Waxman 1997a, 1997b; Sari
et al. 1998; Panaitescu&Mészáros 1998;Wijers&Galama 1999).

In the standard internal /external shock scenario of GRBs (the
‘‘fireball’’ model scenario; Rees &Mészáros 1992, 1994; Sari &
Piran 1997), magnetic fields are generated by shock waves. Elec-
trons are accelerated to high energies by the same shock waves;
thus, the shock waves provide the necessary conditions for syn-
chrotron radiation. Themechanisms of energy transfer to themag-
netic field and to accelerated electrons are not fully understood.
It is therefore common to parameterize the energy densities in the

magnetic field and in the energetic electrons as fractions �B and �e
of the postshock thermal energy, where the values of �e and �B are
inferred from observations. By modeling GRB afterglow emis-
sion data (Wijers & Galama 1999; Freedman &Waxman 2001;
Panaitescu&Kumar 2001, 2002), the parameter’s values are found
to be at least a few percent in most of the cases, and in some cases
close to equipartition (Wijers & Galama 1999; Frail et al. 2000).
The fact that a significant fraction of the bursts show spectra

that are too hard for the optically thin synchrotron model to ac-
count for (Crider et al. 1997; Preece et al. 1998, 2002; Ghirlanda
et al. 2003) motivated works on alternative emission models.
These include synchrotron self-Compton (SSC) scattering, first
suggested by Liang (1997) and Liang et al. (1997), Compton drag
(Lazzati et al. 2000), upscattering of synchrotron self-absorbed
photons (Ghisellini & Celotti 1999; Panaitescu & Mészáros 2000;
Kumar et al. 2006), and Compton scattering of photospheric pho-
tons (Mészáros & Rees 2000; Mészáros et al. 2002; Pe’er et al.
2005, 2006 and references therein). While in principle these mod-
els can reproduce a hard spectral slope, the common requirements
for all models involving inverse Compton scattering as a leading
radiation mechanism is that at the emission radius, the optical
depth to scattering is high and that �B /�eT1. This last require-
ment, in turn, can lead to extensive radiation at very high (3MeV)
energies, and thus to low radiative efficiency at the sub-MeVenergy
range (Derishev et al. 2001). An additional drawback of SSC
models is the wider spread in the peak energy distribution (com-
pared to synchrotron model results for similar ranges of param-
eter dispersion), which might not be consistent with the data (e.g.,
Zhang & Mészáros 2002). Therefore, these models put various
constraints on the allowed parameter space region during the
emission phase (e.g., Zhang &Mészáros 2004; Pe’er & Waxman
2004).
An argument raised against the synchrotron mechanism

(Ghisellini et al. 2000; see also discussion in Zhang &Mészáros
2004) is that the inferred values of the free model parameters, in
particular the strength of the comoving magnetic field during the
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prompt emission phase, B0 � 105Y106 G, imply that the radiating
electrons are synchrotron cooled much faster than the dynamical
time. This, in turn, leads to a spectrum with slope �F� / �1=2

below�100 keV, which is in conflict to the much harder spectra
observed in this energy range. In order to overcome this problem,
it was suggested that the energy distribution of radiating elec-
trons has a smooth cutoff and that the pitch angles of these elec-
trons are anisotropically distributed (Lloyd & Petrosian 2000;
Lloyd-Ronning & Petrosian 2002).

A crucial underlying assumption in this analysis is that elec-
trons radiate on a length scale comparable to the entire comoving
width of the shocked plasma. For plausible assumptions about
the number density and characteristic Lorentz factors in GRBs,
this assumption can only hold if the magnetic field maintains an
approximately constant value on a scale of�109 skin depths (Piran
2005).

Generation of magnetic fields in strong, relativistic shock
waves is still poorly understood. Two-stream instability of flow
past shock waves can, in principle, generate strong magnetic
fields (Medvedev&Loeb 1999).However, state-of-the-art numer-
ical models (Silva et al. 2003; Frederiksen et al. 2004; Nishikawa
et al. 2005) can only trace the evolution of this field on a charac-
teristic scale of a few tens of skin depths at most, due to the huge
numerical effort involved. The evolution of the magnetic field on
larger scale therefore still remains an open question. While some
models predict that the magnetic field saturates at a value close to
equipartition (e.g., Jaroschek et al. 2004), several authors find a
much weaker magnetic field (Wiersma & Achterberg 2004) or
argue that the created magnetic field quickly decays by phase-
space mixing (Gruzinov 2001).

Motivated by these uncertainties on the length scale of the
magnetic field, Rossi & Rees (2003) suggested a model for GRB
afterglow emission in which the magnetic field decays on a length
scale shorter than the shocked region scale. In that work, however,
the decay length of the magnetic field was not specified.

In this paper we show that by assuming that the magnetic field
decays on a length scale shorter than the comoving scale, the ob-
servedprompt emission spectra of manyGRBs canbe reproduced,
thereby allowing us to overcome the ‘‘fast cooling time’’ problem
inferred byGhisellini et al. (2000).We calculate in x 2 the values of
the free model parameters that can account for the GRB’s prompt
emission spectra. We show that the decay length of the magnetic
field that is consistent with the observed spectra is�104Y105 cm,
which is�105.5 skin depths. We then apply our model, in x 3, to
the specific case of GRB 050820A, where a low-energy break
at�4 keV was observed. We summarize our results and discuss
the implications of our model in view of current models of mag-
netic field generation in relativistic shock waves in x 4.
2. THEORY OF SMALL MAGNETIC FIELD LENGTH
SCALE: CONSTRAINTS ON MODEL PARAMETERS

SET BY OBSERVATIONS

We adopt the framework of the internal shock scenario and
assume that variability in the Lorentz factor � of the relativistic
wind emitted by the GRB progenitor leads to the formation of
shock waves within the expanding wind at radii much larger than
the underlying source size (see, e.g., Zhang & Mészáros 2002).
We assume that these shock waves, produced at characteristic
radius r from the progenitor, are the source of the magnetic field.
We introduce a new length scale �r 0B, which is the comoving
length scale characterizing the decay of the magnetic field. This
decay length is much shorter than the comoving width of the
plasma �r 0 ’ r /�. We derive in this section the constraints on
the model parameters as inferred from observations.

The radiating electrons are accelerated by the shock waves
to a power-law distribution with power-law index p above some
characteristic energy �minmec

2. Synchrotron radiation by these
electrons is the main emission mechanism; therefore, the break
energy observed in many bursts at "obm k 100 keV is attributed
to synchrotron radiation from electrons at �min. Denoting by �c
the Lorentz factor of electrons that cool on a timescale equal to
the dynamical timescale, and by "obc the characteristic observed
energy of photons emitted by synchrotron radiation from these
electrons, the requirement that the spectral slope �F� / � � has
a characteristic spectral index � ’ 4/3 below �100 keV leads
to "obc k 100 keV. The value of "obc cannot be much greater than
100 keV, in order to ensure high radiative efficiency (see discus-
sion in x 4 below).

The requirement that the spectral slope is not harder than 4/3,
as is the case in a significant fraction of the bursts, implies that in
these bursts inverse Compton scattering and the thermal emis-
sion component do not play a significant role in producing the
spectra below 100 keV. These conditions can be translated into
the requirement that the emission radius r is larger than the photo-
spheric radius, rph. An additional two constraints are that the
observed flux �F� and the synchrotron self-absorption energy
"obssa, which produces a low-energy break, are consistent with ob-
servations. The observational constraints can therefore be writ-
ten as a set of equations in the form

"obm k100 keV; ð1aÞ
"obc k100 keV; ð1bÞ
rk rph; ð1cÞ

�Fob
� ’ 10�7 ergs s�1 cm�2; ð1dÞ

"obssaP1 keV: ð1eÞ

We now apply the set of equations (1) describing the con-
straints set by observations to constraints on the uncertain values
of the free model parameters. Assuming variability in the Lorentz
factor ��/� � 1 on timescale �t of the expanding relativistic
wind, shocks develop at radius r ’ �2c� t. Due to Lorentz con-
traction, the comoving width of a plasma shell is�r 0 ’ r /�. We
use the standard fireball model assumption, in which the burst
explosion energy is initially converted to kinetic energy. For iso-
tropically equivalent central engine luminosity L that is time
independent over a period�t, the isotropically equivalent num-
ber of protons ejected from the progenitor during this period is
Np � L� t /�mpc

2. Therefore, the comoving number density of
protons in the shock heated plasma is given by

n0p(r) �
�L

4�r 2�2cmpc2
¼ 1:8 ; 1013L52r

�2
13 �

�2
2 �0 cm�3; ð2Þ

where � is the compression ratio (� ’ 7 for strong shocks) and
the conventionQ ¼ 10xQx is adopted in cgs units. Assuming that
the proton internal energy (associated with the random motion)
in the shocked plasma is �pmpc

2, the comoving internal energy
density is u0 ¼ n0p�pmpc

2. The value of �p is not expected to be
much larger than a few at most for mildly relativistic (in the co-
moving frame) shock waves. The magnetic field carries a frac-
tion �B of the internal energy density, and thus the comoving
magnetic field strength is given by

B0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8��Bu0

p
¼ 4:6 ; 105L1=252 r�1

13 �
�1
2 �

1=2
B;�0:5�

1=2
p;0 �

1=2
0 G: ð3Þ
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We assume that a fraction �pl � 1 of the electron population is
accelerated by the shock waves to a power-law energy distribu-
tion with power-law index p above �min (and below �max). As-
suming that a fraction �e of the postshock thermal energy is carried
by these electrons, the minimum Lorentz factor of the energetic
electrons is given by

�min ¼
�e�p
�pl

mp

me

� �
1� (�min=�max)

log(�max=�min)
�( p)

¼ 86�e;�0:5�
�1
pl;0�p;0�( p); ð4Þ

where characteristic value log (�max /�min) ’ 7 was used. The
function�( p) determines the dependence of the value of �min on
the power-law index p of the accelerated electrons, and is normal-
ized to �( p ¼ 2) ¼ 1. A full calculation of this function for
various values of the power-law index p is given in the Appendix,
xA1. Using equations (3) and (4), the break in the spectrum from
burst at redshift z is observed at

"obm ¼ 1

1þ z

� �
3

2
f�

qB0� 2
min

mec

¼ 5:9

1þ z
L
1=2
52 r�1

13 �
2
e;�0:5�

�2
pl;0�

1=2
B;�0:5�

5=2
p;0 �

1=2
0 �2( p) keV: ð5Þ

Electrons in the shocked region propagate at velocity close to
the speed of light. Therefore, electrons cross the magnetized area
in a comoving time ��r 0B /c. Since this is the available time for
electrons to radiate, equating the synchrotron cooling time and
the crossing time of this area gives the cooling break of the elec-
trons energy distribution, which occurs at Lorentz factor �c ¼
(9m3

ec
6)/(4q4B02�r 0B). Photons emitted by electrons at �c are ob-

served at energy

"obc ¼ 97

1þ z
L
�3=2
52 r 313�

4
2 �

�3=2
B;�0:5�r 0�2

B;7 �
�3=2
p;0 �

�3=2
0 eV: ð6Þ

The number of radiating electrons is calculated by integrat-
ing the number density of energetic electrons inside the emitting
region,

Ne(r) ¼ 4�

Z rþ�rB

r

r 2n(r) dr ’ (��plL=�mpc
3)(�r 0B=�);

where �rB ¼ �r 0B /� and n(r) ¼ ��pln
0
p(r) are the (observer

frame) width and number density of radiating electrons inside
this region.3

By requirement, �c � �min; therefore, in calculating the ob-
served flux, one can approximate the photon energy to be close to
"obm . The (frequency integrated) power emitted by electrons with
Lorentz factor�min isP(�min) ¼ (4q4B02� 2

min)/(9m
2
ec

3); therefore,
the observed flux is

�F ob
� ¼ P(�min)Ne(r)

4�d 2
L

�2

¼ 2:9 ; 10�7L252r
�2
13 �

2
e;�0:5�

�1
pl;0�B;�0:5�r 0B;7

; ��2
2 d�2

L;28:5�
3
p;0�

2
0�

2( p) ergs cm�2 s�1; ð7Þ

where dL ¼ 1028:5dL;28:5 cm is the luminosity distance, and a
factor�2 is introduced to transform the result from the comoving
frame to the observer frame.
The optical depth is given by �(r) ¼ n0p(r)�r 0	T, where the

comoving width�r 0 and not the comoving radiating width�r 0B
appears in the equation, since electrons scatter photons outside
the radiating region as well. The photospheric radius is thus given
by

rph ¼ r �(r) ¼ 1½ � ¼ �L	T

4��3mpc3
¼ 1:2 ; 1013L52�

�3
2 �0 cm: ð8Þ

The observed synchrotron self-absorption energy break is
calculated using standard formula (e.g., Rybicki & Lightman
1979)

"obssa ¼
31

1þ z
L
4=5
52 r

�8=5
13 �r

03=5
B;7 �

�3=5
2 ��1

e;�0:5

; �8=5pl;0�
1=5
B;�0:5�

�4=5
p;0 �

4=5
0 
( p) eV; ð9Þ

where 
( p) is a function of the power-law index p of the ac-
celerated electrons, which is normalized to 
( p ¼ 2) ¼ 1. We
present in the Appendix, x A2 a full derivation of this function
and show that its value strongly depends on the uncertain value
of the power-law index p of the accelerated electrons.
While the first four constraints in equations (1a)Y(1d) are com-

mon to the majority of bursts, observation of a low-energy break,
whichmay be attributed to synchrotron self-absorption frequency,
is controversial. We therefore treat the last constraint in equa-
tion (1) separately in x 3.
The constraints set by observations in equations (1a)Y(1d) can

be written with the use of equations (5)Y(8) in the form

100�1 ¼
5:9

1þ z

� �
L
1=2
52 r�1

13�
2
e;�0:5�

�2
pl;0�

1=2
B;�0:5�

5=2
p;0 �

1=2
0 �2( p);

ð10aÞ

100�2 ¼
0:097

1þ z

� �
L
�3=2
52 r 313�r 0�2

B;7 �
4
2 �

�3=2
B;�0:5�

�3=2
p;0 �

�3=2
0 ;

ð10bÞ
1:2L52�

�3
2 �0�3 ¼ r13; ð10cÞ

1�4 ¼ 2:9L252r
�2
13 �r 0B;7�

�2
2 �2e;�0:5�

�1
pl;0

; �B;�0:5 d�2
L;28:5 �3p;0�

2
0�

2( p); ð10dÞ

where the free parameters �1Y�4 are introduced in order to
replace the inequalities in equation (1) with equalities, thereby
accounting for the variety of GRB data.
In order to derive constraints on the values of the free model

parameters from the set of equations (10a)Y(10d), we note that
the parameters �e and �B are constrained from above by a maxi-
mum allowed value of equipartition (�e;�0:5; �B;�0:5 � 1). The
parameter �pl also has an upper limit, �pl � 1. Furthermore, the
values of �p, �, and �( p) (for p � 2) can only be larger than or
equal to unity. In contrast to these constraints, there are no further
intrinsic constraints on the values of the isotropic equivalent
luminosity L, the emission radius r, the fluid Lorentz factor �,
or the comoving decaying length of the magnetic field �r 0B. We3 Due to the requirement r > rph, a significant number of pairs cannot be created.
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therefore solve the set of equations (10a)Y(10d) to find the values
of L, r, �, and �r 0B, and obtain

L52 ¼ 2:7d2L;28:5�
�1
e;�0:5�

�1
p;0�

�1
0 ��1( p)�

�1=2
1 �

1=2
2 �4;

r13 ¼ 0:1(1þ z)�1dL;28:5�
3=2
e;�0:5�

�2
pl;0�

1=2
B;�0:5

; �2p;0�
3=2( p)�

�5=4
1 �

1=4
2 �

1=2
4 ;

�r 0B;7 ¼ 4:6 ; 10�3(1þ z)�4=3d
2=3
L;28:5�

4=3
e;�0:5�

�5=3
pl;0

; ��1=3
B;�0:5�p;0�

4=3( p)��1
1 �

�1=3
2 �

2=3
3 �

1=3
4 ;

�2 ¼ 3:2(1þ z)1=3d
1=3
L;28:5�

�5=6
e;�0:5�

2=3
pl;0�

�1=6
B;�0:5

; ��1
p;0�

�5=6( p)�
1=4
1 �

1=12
2 �

1=3
3 �

1=6
4 : ð11Þ

The values of the free model parameters derived in equa-
tion (11) indicate that the prompt emission spectra of the ma-
jority of the bursts can be explained in the framework of the
model suggested here. For values of �e and �B not far below
equipartition and �pl close to unity, these results imply that the
emission radius should be r P1012 cm, and that the magnetic
field decays on a comoving scale�r 0B � 104:5 cm. If only�10%
of the electrons are accelerated in the shock waves, �pl ¼ 0:1,
then the emission radius is significantly higher, r ’ 1014 cm, and
themagnetic field decays after�r 0B �106:5 cm. Interestingly, the
derived values of the isotropically equivalent luminosity and the
characteristic fluid Lorentz factor are not different than their de-
rived values in the standard internal shock scenario. We further
discuss the implications of these results in x 4.

3. POSSIBILITY OF A LOW-ENERGY BREAK:
THE CASE OF GRB 050820A

The results obtained in x 2 in equation (11) may be applica-
ble to many GRBs that show spectral slope �F� / � 4/3 below
�100 keV. For the majority of GRBs, observations during the
prompt emission phase are available only above fewkeV (BATSE,
BeppoSAX, or SwiftBAT-XRTenergy range). In most cases, ob-
servations do not indicate an additional low-energy break in the
spectrum that might be attributed to synchrotron self-absorption.
On the contrary, in some cases (e.g., GRB 060124, Romano et al.
2006) interpolation of data taken in the UV band supports the
lack of an additional spectral break above �1 eV.

Even though uncommon to many GRBs, an additional low-
energy break may have been observed in some bursts. In at least
one case, GRB 050820A (Page et al. 2005), there are indications
for a low-energy break at P4 keV, observed during a gamma-ray/
X-ray giant flare that occurred 218 s after the burst trigger and
lasted 34 s (J. P. Osborne 2006, private communication). This
low-energy break may have been cause by synchrotron self-
absorption.

In order to account for these results in the framework of the
model presented here, we insert the values of the four parameters
L, r,�r 0B, and �, as inferred from the observational constraints
in equation (11), to the equation describing the observed self-
absorption frequency (eq. [9]). This results in

"obssa ¼ 56(1þ z)�2=5d
1=5
L;28:5�

�29=10
e;�0:5 �

17=5
pl;0 �

�7=10
B;�0:5

; ��18=5
p;0 
̃( p)�

17=20
1 �

�1=4
2 �

1=5
3 �

1=10
4 eV; ð12Þ

where 
̃( p) gives the dependence of "obssa on the electron’s power-
law index p and is normalized to 
̃( p ¼ 2) ¼ 1. We present in

the Appendix, x A2, a full derivation of this function, and show
there that for values of p in the range 2 � p � 2:4, this function
varies by a factor of less than 4.We can thus conclude that within
the framework of the model suggested here, the self-absorption
energy is not very sensitive to the uncertain value of the power-
law index p of the accelerated electrons.

While the self-absorption break calculated in equation (12) is
clearly lower than the value of the break energy observed in GRB
050820A, this equation indicates a very strong dependence of
the break energy on the uncertain values of the parameters �e,
�pl, and �p. The equipartition value of �e used in equation (12) is
an upper limit. If the value is �e � 0:1, then the self-absorption
break is observed at�2 keV. Similarly, for �pl ’ 0:3 or �p � 3,
the self-absorption break occurs at �1 eV. Using the results of
equation (11) we find that the values of the four other parameters,
L, r, �, and�r 0B, are much less sensitive to the uncertainties in �e,
�pl, and �p.

The parameters �e, �pl, and �p parameterize the postshock en-
ergy transfer to the electrons, the fraction of the electron’s pop-
ulation accelerated by the shockwaves, and the normalizedmean
random energy gained by proton population. All these physical
quantities depend on the microphysics of energy transfer and
particle acceleration in shock waves, both of which are not fully
understood. We cannot, therefore, from a theoretical point of
view, rule out the possibility that the values of �e, �pl, and �p are
sensitive to the plasma conditions at the shock-forming region.
Equation (12) combined with measurements (or constraints) on
the self-absorption frequency, can be used to constrain the uncer-
tain values of these parameters.

4. SUMMARY AND DISCUSSION

In this work we have presented a model in which the mag-
netic field produced by internal shock waves in GRBs decays
on a short length scale. Using this assumption, we showed that
the prompt emission spectra of the majority of GRBs can be
explained as being due to synchrotron radiation from shock-
accelerated electrons. We found that the required (comoving)
decay length of the magnetic field is�104.5 cm and that the ra-
diation is produced at�1012 cm from the progenitor (eq. [11]).
These parameter values were found to be relatively sensitive
to the fraction of the electron’s population accelerated by the
shock waves, �pl, and can therefore be higher. We showed in x 3
that the observed synchrotron self-absorption energy is very
sensitive to the uncertain values of the postshock thermal energy
fraction carried by the electrons, to the mean proton energy �p
and to the value of �pl, and thereby argued that the energy of a
low-energy break should be expected to vary between different
bursts.

Amajor result of this work is the characteristic decay length of
the magnetic field deduced from observations, �104.5 cm. This
value is significantly shorter than the standard assumption used
in the past, that the magnetic field strength is approximately con-
stant throughout the comoving plasma width, �1010Y1011 cm.
Still, the electron crossing time of the magnetized region is long
enough to allow electrons acceleration to high energies. Equat-
ing the electron acceleration time, tacc ’ �mec

2/(cqB0), and the
electron crossing time,�r 0B/c, gives an upper limit on the electron
Lorentz factor, �max;1 ¼ (�r 0BqB

0)/(mec
2) ’ 2 ; 107�r 0B;4:5B

0
6,

whereB0 ¼ 106B0
6 G. This value is larger than themaximumelec-

tron Lorentz factor obtained by equating the acceleration time and
the synchrotron cooling time, �max;2 ¼ (3/2)(mec

2)/(q3B0)1/2 ’
105B0�1/2

6 . We thus conclude that within the magnetized region,
for �B k10�3, an upper limit on the accelerated electron energy
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is set by the synchrotron cooling time and not by the physical size
of this region.

The parameters�1Y�4 introduced in equations (10) and (11)
account for the difference between the variety of GRB data and
the characteristic values considered in the analytical analysis.
As a concrete example, cooling energy �obc larger than 100 keV
is accounted for by considering �2 > 1, which implies through
equation (11) that high isotropic equivalent luminosity is required
in order to account for an observed flux ’10�7 ergs s�1 cm�2.
This result is understood as being due to the low radiative effi-
ciency in the case of �obc 3 �obm .

The ratio found here between the decay length of the magnetic
field and the comoving shell thickness,

�r 0B
(r=�)

¼ 1:5 ; 10�5��1
e;�0:5�pl;0�

�1
B;�0:5�

�2
p;0�

�1( p)�
1=2
1 �

�1=2
2 �3;

ð13Þ

is based on fitting the GRB prompt emission spectra. In earlier
work that was based on modeling afterglow emission (Rossi &
Rees 2003), this value was thought to be too low, because of the
high ambient medium density it implies during the afterglow
emission phase. However, in the work by Rossi & Rees (2003)
detailed modeling of afterglow data was not performed due to
lack of available data. Moreover, the well-established connec-
tion between long GRBs and core collapse of massive stars
(e.g., Pe’er &Wijers 2006 and references therein) indicates that
indeed the ambient medium density may be higher than previ-
ously thought.

The values of the parameters found in equation (11) imply that
the comoving number density of the shocked plasma (eq. [2]) is

n0p ¼ 5:0 ; 1014(1þ z)4=3d
�2=3
L;28:5�

�7=3
e;�0:5�

8=3
pl;0�

�2=3
B;�0:5

; ��3
p;0�

�7=3( p)�
3=2
1 �

�1=6
2 �

�2=3
3 �

�1=3
4 cm�3: ð14Þ

For this value of the comoving number density, the plasma skin
depth is given by

k ’ c�
1=2
min

!pe

¼ 0:2(1þ z)�2=3d
1=3
L;28:5�

5=3
e;�0:5�

�11=6
pl;0 �

1=3
B;�0:5

; �2p;0�
5=3( p)�

�3=4
1 �

1=12
2 �

1=3
3 �

1=6
4 cm; ð15Þ

where !pe ¼ (4�q2n0p/me)
1/2 is the plasma frequency. This value

of the skin depth implies that themagnetic field decays on a char-
acteristic length scale

�r 0B
k

¼ 2 ; 105(1þ z)�2=3d
1=3
L;28:5�

�1=3
e;�0:5�

1=6
pl;0�

�2=3
B;�0:5

; ��1
p;0�

�1=3( p)�
�1=4
1 �

�5=12
2 �

1=3
3 �

1=6
4 ð16Þ

skin depths. This decay length of the magnetic field is 4 orders
of magnitude shorter than the characteristic scale �109 skin
depths assumed in the past (Piran 2005). On the other hand, it
is 3 orders of magnitude longer than the maximum length scale
of magnetic field generation that can be calculated using state-
of-the-art numerical models (Silva et al. 2003; Frederiksen
et al. 2004; Nishikawa et al. 2005). The results obtained here
are based on the interpretation of GRB prompt emission spec-
tra. They can therefore serve as a guideline for the characteris-
tic scale needed in future numerical models of magnetic field
generation.

The results presented in equations (11), (12), and (16) indicate
that the value of �e should be close to equipartition. The value of
�B, on the other hand, is less constrained, and values as low as
1Y2 orders of magnitude below equipartition are consistent with
the data (the stringent constraint on the value of �B is obtained
by the self-absorption energy, eq. [12]). The results presented in
equation (11) indicates that a low value of �pl results in a large
emission radius and a large decay length of the magnetic field.
Thus, a low value of �pl implies that the model presented here can
account for late-time flaring activities observed in many GRBs,
which may originate from shell collisions at large radii. A lower
limit on the value of �pl can be set by the requirement that the
emission radius is not larger than the transition radius to the self-
similar expansion, �1016 cm, which marks the beginning of the
afterglow emission phase. From this requirement, one obtains
�plk 10�2.
Generation of magnetic fields and particle acceleration in

shock waves are most probably related issues (Kazimura et al.
1998; Silva et al. 2003; Frederiksen et al. 2004; Hededal et al.
2004; Nishikawa et al. 2005). We therefore anticipate that the
answers to the theoretical questions raised by the model pre-
sented here, about the requirement for high values of �e and �B,
the uncertainty in the value of �pl, and the characteristic decay
length of the magnetic field, are related to each other.
An underlying assumption in the calculations is that the val-

ues of the free parameters are (approximately) constant inside
the emitting region. In reality, this of course may not be the case.
We introduced here a new length scale �r 0B, characterizing a
length scale for the decay of �B. It can be argued that within the
context of this model the decay length of �e is not shorter than
�r 0B. However, by defining �r 0B as the shortest length within
which both �e and �B maintain approximately constant values,
the results presented here hold.
The emission radius r � 1012 cm that we found implies that this

model can account for observed variability as short as r/�2c �
1 ms. The observed GRB prompt emission spectra are usually in-
tegrated over amuch longer timescale of a few seconds. This can be
accounted for in our model, either by assuming low value of �pl, or
by adopting the commonly used assumption that the long-duration
emission is due to extended central engine activity, which con-
tinuously produces new shock waves and refreshes existing shock
waves.
The results presented here are applicable to a large number

of astrophysical objects in which magnetic field generation and
particle acceleration in shock waves are believed to play a ma-
jor role. Such is the case for the study of afterglow emission from
GRBs, as well as emission from supernova remnants (see, e.g.,
Chevalier 1992 for the case of SN 1987A). Additional astro-
physical sources in which strong shock waves and magnetic
fields occur are active galactic nuclei (AGNs) and jets in micro-
quasars (Fender 2006). Current observational status of these ob-
jects confines synchrotron emitting regions only on a scale of
�1013 cm (Dhawan et al. 2000). If the length scale of the mag-
netic field inferred from observations in these objects is found
in the future to be similar to the value found here, i.e.,�105 skin
depths, this may serve as a strong hint toward understanding
magnetic field generation in shock waves.
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APPENDIX

THE DEPENDENCE OF THE BREAK ENERGIES ON THE POWER-LAW INDEX p OF THE ACCELERATED ELECTRONS

A1. ELECTRONS MINIMUM LORENTZ FACTOR, �min

We assume that a fraction �pl of the electrons are accelerated to a power-law energy distribution p above �min and below �max. While
the initial value of �min depends on the bulk Lorentz factor of the flow, a quasi-steady state of the electron distribution is formed in
which the value of �min depends on the number and energy densities of the accelerated particles. As this happens, the Lorentz factor
�min can be calculated given the number and energy densities of the accelerated electrons. The electron energy distribution is given by
dn/d� ¼ A��p, where A is a numerical constant. Integrating this function relates the values of �min and A to the number and energy
densities of the energetic electron component, �plnel ’ �pln

0
p ¼

R �max

�min
(dn/d�) d� ¼ A(1� p)�1(�1�p

max � �1�p
min ), and

uel � �eu
0 ¼ mec

2

Z �max

�min

dn

d�
� d� ¼ mec

2

A log
�max

�min

� �
p ¼ 2;

A

(2� p)
� 2�p
max � � 2�p

min

� �
p 6¼ 2:

8>><
>>: ðA1Þ

Dividing uel by �plnelmec
2 eliminates A from the equations,

uel

�plnelmec2
¼

log
�max

�min

� �
1

�min

� 1

�max

� ��1

p ¼ 2;

1� p

2� p

� �
� 2�p
max � � 2�p

min

�1�p
max � �1�p

min

 !
p 6¼ 2:

8>>>><
>>>>:

ðA2Þ

We can now write the value of �min as �min ¼ ½uel/(mec
2�plnel)�(1� �min/�max) log (�max/�min)

�1�( p), where �( p) is given by

�( p) ¼

1 p ¼ 2;

p� 2

p� 1

� � �min=�maxð Þp�1�1
h i
�min=�maxð Þp�2�1

h i log �max=�minð Þ
1� �min=�maxð Þ½ � p 6¼ 2:

8>>><
>>>:

ðA3Þ

The function �( p) is plotted in Figure 1 for two representative values of (�min/�max).
4

Fig. 1.—Graph of the normalized function �( p) that determines the dependence of �min on the power-law index p of the accelerated electrons. Solid line:
(�min/�max) ¼ 10�3, dashed line: (�min/�max) ¼ 10�5 (see eq. [A3]). [See the electronic edition of the Journal for a color version of this figure.]

4 The value of �max can in principle be found from physical constraints on the acceleration time. However, we find this method of presentation to be much clearer.
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A2. SELF-ABSORPTION ENERGY, "obssa

The synchrotron self-absorption coefficient for a power-law distribution of electrons with power-law index p radiating in magnetic
field B0 is calculated using standard formula (e.g., Rybicki & Lightman 1979),

�� ¼
ffiffiffiffiffi
27

p
q4

16�2m4
ec

5

3q

2�m3
ec

5

� �p=2�1 � 3pþ 2ð Þ=12½ �� 3pþ 22ð Þ=12½ �
� 2=3ð Þ� 7=3ð Þ

� �
� 2=3ð Þ� 7=3ð ÞAB0p=2þ1��( p=2þ2); ðA4Þ

where the constant A is calculated using equation (A1),

A ¼ uel

log(�max=�min)
�1 p ¼ 2;

( p� 2)� p�2
min

1� (�min=�max)
p�2

p 6¼ 2;

8><
>: ðA5Þ

which, on insertion of �min, can be written as

A ¼ uel log
�max

�min

� ��1
uel

�plnelmec2

� �p�2
1� (�min=�max)

log(�max=�min)

� 	p�2

�p�2( p)�( p); ðA6Þ

Fig. 2.—Graph of the normalized function 
(p) that determines the dependence of �obssa on the power-law index p of the accelerated electrons. Solid line:
(�min /�max) ¼ 10�3, dashed line: (�min /�max) ¼ 10�5 (see eq. [9]). [See the electronic edition of the Journal for a color version of this figure.]

Fig. 3.—Graph of the normalized function 
̃(p) that determines the dependence of "obssa on the power-law index p of the accelerated electrons, for the parameters
values derived from observations. Solid line: (�min/�max) ¼ 10�3, dashed line: (�min/�max) ¼ 10�5 (see eq. [12]). [See the electronic edition of the Journal for a color
version of this figure.]
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where

�( p) ¼
1 p ¼ 2;

( p� 2) log(�max=�min)

1� (�min=�max)
p�2

p 6¼ 2:

8<
: ðA7Þ

Inserting the numerical values of the magnetic field and the peak frequency �peak ¼ "obm /�h (see eqs. [3] and [5]) into the self-
absorption coefficient equation (A4), using the value ofA found in equation (A6), one obtains the synchrotron self-absorption coefficient
at the peak frequency,

��peak ¼ 1:56 ; 10�11L
1=2
52 r�1

13 �
�1
2 ��5

e;�0:5�
6
pl;0�

�1=2
B;�0:5�

�11=2
p;0 �

1=2
0 (3:0 ; 1012) p=2�1 � 3pþ 2ð Þ=12½ �� 3pþ 22ð Þ=12½ �

� 2=3ð Þ� 7=3ð Þ

� �
�( p)��6( p) cm�1:

ðA8Þ

The self-absorption optical depth �� ¼ �r 0B�� is smaller than unity at � ¼ �peak. Since (by requirement) the electrons are in the slow
cooling regime (i.e., �min � �c), the power radiated per unit energy below "m ¼ "obm /� is proportional to ("/"m)

1/3, and the energy
below which the optical depth becomes greater than unity, "ssa ¼ "m�

3/5
�¼�peak

, is (compare with eq. [9])

"obssa ¼
31

1þ z
L
4=5
52 r

�8=5
13 �r

03=5
B;7 �

�3=5
2 ��1

e;�0:5�
8=5
pl;0�

1=5
B;�0:5�

�4=5
p;0 �

4=5
0 (3:0 ; 1012)(3=5)( p=2�1)

;
� 3pþ 2ð Þ=12½ �� 3pþ 22ð Þ=12½ �

� 2=3ð Þ� 7=3ð Þ

� �3=5

�3=5( p)��8=5( p) eV: ðA9Þ

Therefore, the definition of the function 
( p) is


( p) � (3:0 ; 1012)(3=5)( p=2�1) � 3pþ 2ð Þ=12½ �� 3pþ 22ð Þ=12½ �
� 2=3ð Þ� 7=3ð Þ

� �3=5

�3=5( p)��8=5( p): ðA10Þ

This function is plotted in Figure 2.
Inserting the parametric dependence on the value of �( p) of the four parameters found in equation (11) into equation (A9), leads to


̃( p) ¼ 
( p)��19/10( p). The graph of this function appears in Figure 3. Note that while 
( p) shows a very strong dependence on the
value of p, the function 
̃( p) varies by a factor less than 4 in the range 2 � p � 2:4.
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Mészáros, P., Laguna, P., & Rees, M. J. 1993, ApJ, 415, 181
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