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Asymptotic distribution of the eigenvalues of systems of
Navier-Stokes type

S.Z. Levendorskii

In a bounded Lipschitz domain £ C R™ we consider the eigenvalue problem of the form
1) Au+F*p=1tBu,
( Fu=0,
We justify a formula for the asymptotic expansion of the positive and negative spectra of (1) with some
estimate of the remainder. In the case B = I, the asymptotic expansion of (1) was established in [1]
without an estimate of the remainder. As in [1], the problem (1) is treated in variational form; we
use a modification of the method of approximate spectral projection in [2]-{6] and some ideas from

[1].
Suppose that m > r > 0,1 > I{ > 0 are integers, mj €{0, 1, « . ., m}(j = 1, ..., I1), and that
H5(§2) is a Sobolev space. We put
L@=Ly (!, Wn=Hm@!, X@= [| #@.
1<ily
Let F = (Fg)iy, ... 1y, i=t, ..., 1, Where
Fij=Fij(z, D)= % 1% (@) DY,

&d
|al<m—mi

m, =
SECTHQ.
We put F! = (ng)izi. R P AU where

Fliz, = \Z 5 (2) &%,
lal=ri=m,

and assume that '

@2 Vi, & €Q X (RP™\0) UsQ X (€"™\0) rank F'(z, t) = I,.

We consider the two forms

A, =3 (D%, DPj), B, v)= Y %D, DPuy,
1<, i<t 1T, i<t
lal, 1Blsm la, tBI<r
where (¢, *) is the scalar product in Ly, and we assume that for all «, 8, i, /
af B “Ba T Ba
@) aff, PeLl™ (@), aff=abZ, bP_pbz.

Suppose further that there is a ¢ € (0, 1] such that for all §, 7,
(%) o¥feLips(®), loaj=|Bl=m,

VPeLipe @), lal=|B|=r,
() %€ Lips (Q), |y I=mi,

o | =m—m;.
We put @’ = (aili)f b = ([;1{].)1.' J=1, eee, where

i@ B= 3 dF@th e = Y b @b
lal=|fl=m la|=\B |=r
It follows from (3) that 4 and B are continuous Hermitian forms on W,,. Suppose that W C W,,
is a subspace, C(")"(Q)I C W, and that there are Cg > 0 and C; > 0 such that forallu € W

(6) o 1l 3y, < A (4, 1) Cy |l Fu lyqy-
We put Vy =={u € W, Fu = 0} and denote the closure of V| in L(©) by L;. Let Ag and
D(A¢) be the positive definite self-adjoint operator in L{ associated with the form 4. Since m > 2r,

the form B determines an operator Bg, D(Bg) = D(Ag). that is compact with respect to Ag, so that
the problem
O] Agu = tBou, u€ D(Ay)
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has a discrete spectrum. Let N.(z) be the collection of eigenvalues (taking account of multiplicity) of
(7) lying in [0, ¢) for + and in (¢, 0] for —.

Theorem. For every € > 0
® Ni() = t"s(cx -+ 0@~ V¥Y),
where s = 1/2(m — 1), ¥ = nso/(6 -+ n(3a - 1)) and the constants c; are defined as follows.

It was shown in [1] that under the condition (6) the form {a’(z, &)+, * 1 is positive definite on

p
C
Vi = Ker F'(z, &) < ¢! for all (z, E) € © X (R™0), so that the problem

{a’ (z, E) u, v)cl =t{b' (z, &) u, v)cl, UEVy, VvEVy,
has the real spectrum {¢;, t4, .. ., t,_“}, and we put

= 3t e=eor | i@ bas
Oty (2, B fx R

Remark. If (5) is discarded and (4) is replaced by the condition that the corresponding coefficients
be continuous, then (8) is valid with o(1) replacing (¢~ Y*€), If B = 1, this is the result of [1].
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