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Abstract. The lensing effects in diode end-pumped Yb : YAG
laser rods and discs are studied. Two mechanisms of
refractive-index changes are taken into account, thermal
and electronic (due to the difference between the excited- and
ground-state Yb3� polarisabilities), as well as pump-induced
deformation of the laser crystal. Under pulsed pumping, the
electronic lensing effect prevails over the thermal one in both
rods and discs. In rods pumped by a highly focused cw beam,
the dioptric power of the electronic lens exceeds that of the
thermal lens, whereas in discs steady-state lensing is
predominantly due to the thermal mechanism.

Keywords: thermal lensing, electronic lensing, Yb : YAG laser
crystals, diode end-pumping, laser discs, laser rods.

1. Introduction

Refractive-index changes induced in the active medium of
solid-state lasers by intense pumping have a signiécant
effect on the spatiotemporal and power characteristics of
the output beam. Narrow-band diode pumping of laser
crystals enables a reduction in thermalisation energy and, in
addition to thermal lensing effects, which have been studied
in sufécient detail (see e.g. Refs [1 ë 8]), one must then take
into account the electronic mechanism of index changes,
associated with changes in the populations of activator-ion
levels differing in polarisability [9, 10].

This work analyses electronic and thermal lensing in
Yb :YAG discs and rods, in which 941-nm pumping
minimises the thermal load (because of the small difference
between the pump and lasing photon energies and because
there is no excited-state absorption, up-conversion or cross-
relaxation), and the contribution of the electronic mecha-
nism of index changes to induced lensing effects may play an
important role [9]. In examining electronic lensing, we rely
on recent experimental data on the difference between the
excited- and ground-state Yb 3� polarisabilities [9].

2. Basic mechanisms of lensing
in Yb :YAG crystals

The pump-induced index change in an Yb :YAG crystal
can be represented as the sum of electronic (dne) and
thermal (dnT) components [1 ë 3, 9, 10]:

dn � dne � dnT. (1)

Since narrow-band pumping increases the population of
only one long-lived state, 2F5=2, the polarisability difference
Dp between this state and the 2F7=2 ground state determines
the electronic contribution to the index change [9]:

dne � 2pF 2
Ln
ÿ1
0 DpdN2, (2)

where FL � (n 2
0 � 2)=3 is the Lorentz local-éeld factor; n0 is

the unaffected refractive index; and dN2 is the change in the
population of the 2F5=2 upper laser level.

The upper-level population, N2, can be found by solving
(using the Runge ëKutta method) the following rate equa-
tion with a pump source term:

qN2

qt
�N2

t21
� gASE

t21
N 2

2 �
s03N0

hv03
I�r; z; t�, (3)

where s03 is the pump absorption cross section; t21 is the
upper-level lifetime; N0 is the ground-state population;
N0 �N2 � NS � const; NS is the total activator ion
concentration; h is the Planck constant; v03 is the pump
frequency; I(r, z, t) is the pump intensity distribution in the
laser crystal; and gASE characterises the low-gain ampliéed
spontaneous emission intensity [4, 11]. For rods, gASE can
be estimated as � 1=4ps21a

2Lÿ1 (where s21 is the laser
transition cross section; L is the sample length; and a is the
pump beam radius); for discs, gASE � 1=2ps21L (for a pump
beam diameter far exceeding the disc thickness). Lumines-
cence reduces the effective upper level lifetime, teff � t21�
(1� gASEN2)

ÿ1, thereby inêuencing the lensing dynamics
and strength [4].

The thermal component of the index change can be
represented in the form [1 ë 3]

dnT �
qn
qT

dT� dnph �
�
qn
qT
� 2n 3

0 aTC
�
dT, (4)

where (qn=qT )dT is the index change due to the temper-
ature variation of resonance frequencies; dnph represents the
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photoelastic effect [1, 2]; C is the polarisation-averaged
photoelastic constant [2]; and aT is the linear thermal
expansion coefécient. The temperature change dT was
found by solving the following heat equation with heat
sources representing the pump energy thermalisation
through nonradiative transitions:

rcp
qT
qt
ÿ KDT � hv32N3w32 � hv10N1w10, (5)

where K is thermal conductivity; r is density; cp is the
speciéc heat of the crystal at constant pressure; v32 and w32

are the frequency and rate of the nonradiative transition
from the pump level (3) to the upper laser level (2); N3 is the
population of level 3; v10 and w10 are the frequency and rate
of the nonradiative transition from the lower laser level to
the ground state; and N1 is the population of the lower
level.

The heat sources in Eqn (5) were evaluated from rate
equations under the assumption that the nonradiative
relaxation times are much shorter than t21:

N3w32 �
s03N0

hv03
I�r; z; t�, (6)

N1w10 � gASEN
2
2 �

N2

t21
. (7)

We also assumed the heat in the rod to be removed through
its lateral surface (thermally isolated ends), and that in the
disc, through one of its faces (with the other face and lateral
surface thermally isolated). In both cases, the cooled
surfaces were subject to the third-order boundary condition
[2, 3, 12]

KHxT�H�Tÿ T0� � 0, (8)

where T0 is the temperature of the (copper) heatsink; Hx is a
derivative along the normal to the cooled surface; and H is
the heat transfer coefécient. Typical H values for the
YAGëCu interface are 0.5 to 2 W cmÿ2 Kÿ1, depending
on the quality and composition of the contact layer [3].
Equation (5) with the boundary condition (8) was solved
numerically by the énite-difference method.

The thermal stress and strain in rods and discs were
assessed by solving a quasi-static thermoelastic problem for
a particular temperature éeld. The Yb :YAG crystal was
taken to be isotropic, with Young's modulus E and
Poisson's ratio v. The problem was formulated in terms
of stresses, and strain compatibility equations were used
[13]. The results allowed us to evaluate the contribution of
rod/disc shape changes to thermal lensing and to compare
the maximum thermal stress to the strength of YAG
crystals.

The change in optical pathlength d�r; z� over length dz
along the crystal axis, with an accuracy to the second-order
inénitesimals, is given by [1]

d�r; z� � dz�dn� �n0 ÿ 1�ezz�, (9)

where ezz is the component of the strain tensor, eij. The term
dz(n0 ÿ 1)ezz in (9) represents the elongation of a volume
element (the optical pathlength increases in the crystal but
decreases in the air).

In the paraxial approximation (the diameter of the
ampliéed beam is smaller than that of the pump beam),
the dioptric lens power is given by D,

D � 2
qD
qr 2

����
r�0

, (10)

where D is the optical path difference between the on-axis
pump ray and a parallel ray at a distance r from the axis:

D �
� L

0

�d�0; z� ÿ d�r; z��dz. (11)

The dioptric powers of the electronic (De) and thermal (DT)
lenses can then be written in the form

De � 2
2pF 2

LDp
n0

q
qr 2

�
�� L

0

�N2�0; z; t� ÿN2�r; z; t��dz
�����

r�0
. (12)

DT � 2

�
dn

dT

�
eff

q
qr 2

�� L

0
�T�0; z; t� ÿ T�r; z; t��dz

�����
r�0

, (13)

where (dn=dT )eff is the effective thermooptical coefécient,
which takes into account qn=qT, the thermal expansion of
the sample, and the photoelastic effect.

The maximum stress in discs (s disk
max ) and rods (s rod

max) was
evaluated in the plane-stress and plane-strain approxima-
tions, respectively [13]:

s disk
max �

���
2
p aTE

4
DTmax, (14)

s rod
max �

���
2
p aTE

4�1ÿ v� DTmax, (15)

where DTmax is the maximum temperature difference in the
radial direction of the crystal. The Yb :YAG parameters
used in our computations are given below.

Polarisability difference between the upper laser level (2F5=2)

and the ground level (2F7=2) at 633 nm, Dp
�
cm3 . . . . . 2� 10ÿ26 [9]

Refractive index, n0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1.82 [3]

Pump frequency, v03
�
cmÿ1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10624 [3]

Frequency of the transition from the pump level

to the upper laser level, v32
�
cmÿ1 . . . . . . . . . . . . . . . . . . . . 297 [3]

Frequency of the transition from the lower laser level

to the ground state, v10
�
cmÿ1 . . . . . . . . . . . . . . . . . . . . . . . 612 [3]

Pump absorption cross section, s03
�
cm2 . . . . . . . . . . . . . 7:7� 10ÿ20 [3]

Laser transition cross section, s21
�
cm2 . . . . . . . . . . . . . . 2:1� 10ÿ20 [3]

Upper-level lifetime, t21
�
ms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 951 [3]

Thermooptical coefécient, qn=qT
�
Kÿ1 . . . . . . . . . . . . . . . 7:3� 10ÿ6 [3]

Effective thermooptical coefécient

(for rods) �dn=dT�eff
�
Kÿ1 . . . . . . . . . . . . . . . . . . . . . . . . . . 10ÿ5 [2]

Density, r
�
g cmÿ3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4.56 [3]

Speciéc heat at constant pressure, cp
�
J gÿ1 Kÿ1 . . . . . . . . . . . . . 0.59 [3]

Thermal conductivity, K
�
W cmÿ1 Kÿ1 . . . . . . . . . . . . . . . . . . . . 0.14 [3]

Linear thermal expansion coefécient, aT
�
Kÿ1 . . . . . . . . . . 7:5� 10ÿ6 [3]

Young's modulus, E
�
kg cmÿ2 . . . . . . . . . . . . . . . . . . . . . . . 3:1� 107 [3]

Poisson's ratio, v . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.3 [3]

Tensile strength
�
kg cmÿ2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 2� 104 [3]
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Substituting these parameters into (14) and (15), we
obtain that the rod fractures at DTmax � 170 K, and the disc
at DTmax � 240 K. In experiments, fracture may occur at
lower temperature gradients because of the anchorage stress
and structural defects [3].

3. Lensing in rods

We considered a multimode Gaussian pump beam and took
into account its divergence in the rod, with a beam quality
factor M 2 4 1 [2, 3]. The input beam width was taken to be
much smaller than the pump absorption depth, and only
the radial heat êow was considered. In this approximation,
the heat equation is one-dimensional (in terms of r), and the
z coordinate appears as a parameter in the right-hand side
of (5).

Under low-intensity cw pumping (no absorption satu-
ration and no luminescence), the upper-level population is
proportional to the pump intensity, and the power of a
steady-state electronic lens can be estimated from (12):

De � 2
2pF 2

LDp
n0

Pt21
phv03

� L

0

exp�ÿaz�
a 4�z� dz, (16)

where P is the input pump power and a � s03NS is the
unsaturated pump absorption coefécient. The power of the
thermal lens under the same conditions is given by

DT � 2

�
dn

dT

�
eff

v32 � v10
v03

aP
4pK

� L

0

exp�ÿaz�
a 2�z� dz. (17)

It follows from (16) and (17) that, at a constant pump beam
radius, a0, the power of the thermal lens is proportional to
aÿ20 , and that of the electronic lens, to aÿ40 . Therefore, with

decreasing a0 the power of the electronic lens rises more
rapidly than that of the thermal lens, whereas at a con-
siderable beam width the total lensing effect is dominated
by the thermal component.

Our computation results [in the complete model repre-
sented by Eqns (2) ë (13)] indicate that, in the case of a high-
ly focused pump beam, the absorption saturation, popula-
tion inversion decay through luminescence, and the strong
beam convergence over the length of the rod reduce the
powers of the two lenses and alter their dependence on the
pump beam width (the ratio of the electronic and thermal
lens powers is no longer proportional to aÿ20 ), but the
electronic lensing effect remains stronger than the thermal
one (Fig. 1a). At a pump beam diameter above 400 mm, the
thermal lensing effect prevails, in good agreement with
thermal lensing estimates and measurements [2, 3].

In analysing the pulsed regime, we considered a single
rectangular pulse of duration tp, comparable to the elec-
tronic lensing relaxation time, teff. Our computations
demonstrate that, independent of the pump beam diameter,
the electronic lensing effect prevails over the thermal one
(Fig. 1b). This can be rationalised in terms of a simpliéed
model. At a short pump pulse duration, tp 5 tT [where
tT � a 2

0 =(4w) is the thermal relaxation time on the length
scale of the pump beam radius and w � K=(rcp) is thermal
diffusivity], the derivatives with respect to r in Eqn (5) can
be neglected in comparison with the time derivative. Then,
in the absence of absorption saturation and luminescence,
the power of the thermal lens can be found by substituting
the temperature éeld into (13):

DT � 2

�
dn

dT

�
eff

aP
pcr

�
v32 � v10

v03
tÿ v10

v03
t21

�
�
1ÿ exp

�
ÿ t

t21

���� L

0

exp�ÿaz�
a 4�z� dz. (18)

The rate equation (3) (with gASE � 0 and N0 � NS) can
be integrated. As a result, using (12) we énd the power of the
electronic lens:

Photoelastic constants (plane-stress state):

Cr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0.0032 [2]

Cy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÿ0:011 [2]
Yb 3� concentration in the YAG crystal

(1% doping level), NS

�
cmÿ3 . . . . . . . . . . . . . . . . . . 1:38� 1020 [3]
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Figure 1. Induced-lens power as a function of (a) cw pump beam diameter (20-W power) and (b) pump pulse duration (40-W peak power, 600-mm
focal spot) for a 2% Yb :YAG rod 15 mm in length and 2 mm in diameter: electronic (dot-dashed curves), thermal (dashed curves) and total (solid
curves) lensing effects.
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De �
4pF 2

LDp
n0

Pt21
phv03

�
1ÿ exp

�
ÿ t

t21

�� � L

0

exp�ÿaz�
a 4�z� dz. (19)

In this approach, the lens powers vary similarly (�aÿ40 )
with pump beam diameter but differ in rise time behaviour.

4. Lensing in discs

The mechanical stress in an anchored disc deforms it,
leading to distortion of the probe beam phase front even in
the absence of pumping [4, 5]. Pumping contributes to the
lensing effect, as examined below.

We considered a disc with a mirror on its face at z � L,
pumped by a collimated high-power Gaussian beam
through the face at z � 0. At a beam radius considerably
greater than the disc thickness, a0 4L, there is only axial
heat êow. The thermoelastic problem was solved in the
plane-stress approximation with two types of boundary
conditions: the mirrored face free or éxed. We assumed
that deformation of the disc did not disturb the heat
removal and neglected the effect of tension on bending.
The problems of thermal expansion and bending were
treated independently [14]. In this model, the thermal
lensing component related to the thermooptical coefécient
can be written in the form [2]

DT � 4

�
qn
qT
� 2n 3

0 aTC� aT�n0 ÿ 1��1� v�
�

� q
qr 2

�� L

0

�T�0; z; t� ÿ T�r; z; t��dz
�����

r�0
, (20)

where the third term in square brackets represents thermal
expansion. Since the lens power in the disc was evaluated
for two passes of the probe beam, the thermal lensing
component of DT in (20) unrelated to bending and the
electronic-lens power differ from those for rods in (13) and
(12) by a factor of 2.

The temperature difference across the disc [T (z � 0) >
T �z � L)] causes it to bend (Fig. 2), and the deformed
(convex) mirror on its face defocuses the probe beam. This
lensing effect (of dioptric power Dm) is missing in rods. The
problem of disc bending was treated using the theory of
small bending of thin circular plates [13]. The solution
translates to the following expression for the curvature of
mirror (at r � 0 along the z axis):

kr �
�1� v�kT

2
, (21)

where

kT �
12aT
L 3

� L

0

T�0; z; t�
�
zÿ L

2

�
dz (22)

with time as a parameter. From (21) and (22), we can
estimate the two-pass dioptric lens power (Dm � 2kr)
related to the mirror bending on the face at z � L. The
induced-lens power in the disc can be represented as the
sum of three terms, one representing the electronic lensing,
and the other two representing the thermal lensing:

DS � De �DT �Dm. (23)

In the case of free boundaries, the bending-induced
component Dm varies with pump beam width in a different
way from DT and De: neglecting the luminescence and
absorption saturation, we have Dm � aÿ20 , whereas De and
DT vary as � aÿ40 . The total lensing effect may be both
positive and negative, depending on the parameters of the
system. With the mirror éxed (no bending, Dm � 0), the
total lensing effect is always focusing.

Under cw pumping, the power of the thermal lens, DT,
depends on the heat transfer coefécient, H: the better the
heat removal, the lower the value of DT. The power of the
bending component, Dm, is independent of H and is
determined by the z-axis temperature gradient (at r � 0).

Numerical and analytical evaluation of the terms in (26)
demonstrates that, under cw pumping, the thermal lensing
effect is stronger than the electronic one (Fig. 3), in good
agreement with induced-lensing measurements in Yb :YAG
discs [4, 5] and theoretical estimates [6, 8].

Under pulsed pumping, the lensing effect is weak and
(for tp 4t21) the power of the electronic lens, De, exceeds
that of the thermal lens, DT (Fig. 4). Increasing the number
of pump passes across the active medium (or increasing the
Yb 3� concentration) increases the power of the lenses, but
the relationship between them varies little. At short pulse
durations, tp 5 tT (tT � L 2=w for discs), the powers of the
thermal and electronic lenses vary with time in the same way
as in the case of rods [relations (18) and (19), respectively].
Under intense pumping, the electronic lensing effect devel-
ops more rapidly (Figs 4a, 4b), which is due to the shorter
effective upper-level lifetime because of the ampliéed
spontaneous emission [4]. Index change measurements
under pulsed pumping [9] conérm that the electronic
component makes a signiécant contribution to the total
lensing effect.

Note that, under pulsed pumping, the electronic lensing
effect may be stronger than the thermal one (related to the
thermooptical coefécient) in both Yb :YAG and other laser
crystals of various geometries [14].

5. Conclusions

Theoretical analysis and numerical simulation indicate that
the induced lensing effect in diode end-pumped Yb :YAG
laser crystals comprises several components: the refractive-
index changes caused by local electronic and nonlocal
thermal mechanisms and the changes in the shape and
reêectance of the crystal due to thermal stresses. The

Copper

Undeformed disc
Mirror

Fixed-boundary deformation

Free-boundary deformation

2a0

L

Pump

Figure 2. Pump-induced deformation of a laser disc.
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induced lensing in discs may be both positive and negative,
depending on the disc thickness and pump beam width,
whereas that in rods is always positive.

Electronic lensing in pulse-pumped Yb :YAG rods and
discs must be taken into account together with thermal

lensing. The same refers to rods pumped with a highly
focused cw pump beam. Under cw pumping, the thermal
lensing effect prevails in discs and also in rods at large beam
diameters. Changes in the shape of the disc make an
appreciable contribution to the induced lensing, whereas
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Figure 3. Induced-lens power as a function of disc thickness for a 9% Yb :YAG disc at a pump power of 1 kW and pump beam diameter of 5 mm: (a)
éxed boundary, (b) free boundary; electronic lensing (dot-dashed curves), thermal lensing related to the thermooptical coefécient (dashed curves),
bending-induced thermal lensing (dotted curve) and total effect (solid curves).
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the distortion of the probe beam phase front in long rods is
determined by index changes rather by deformation of their
faces.

Note that the electronic lensing effect will be weaker in
ampliéers and oscillators upon a marked homogeneous
reduction in excited-state population (e.g., under gain
saturation conditions) throughout the pumped region of
the crystal. The power of the thermal lens may then increase
owing to the higher heat release rate. At the same time, a
mismatch between the inversion and ampliécation regions
due to the competition between the electronic and thermal
mechanisms may cause further spatial distortion of the
refractive index. Electronic lensing is a rather universal
effect and would be expected to occur as well in other laser
crystals doped with Yb 3� (or other rare-earth or transition-
metal ions).
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