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PACS 11.15.-q — Gauge field theories

Abstract — We consider the Gribov-Zwanziger (GZ) theory with appropriate horizon term
which exhibits the nilpotent BRST invariance. This infinitesimal BRST transformation has been
generalized by allowing the parameter to be finite and field dependent (FFBRST). By constructing
appropriate finite field-dependent parameter we show that the generating functional of GZ theory
with horizon term is related to that of Yang-Mills (YM) theory through FFBRST transformation.

Copyright @ EPLA, 2011

Introduction. — In order to quantize a gauge theory
it is necessary to eliminate the redundant degrees of
freedom from the functional integral representation of the
generating functional. This can be done by modifying the
generating functional with the addition of a gauge fixing
term [1]. However in non-Abelian gauge theories even
after gauge fixing the redundancy of gauge fields is not
completely removed in certain gauges for large gauge fields
(Gribov problem) [2]. The non-Abelian gauge theories
in those gauges contain so-called Gribov copies. Gribov
copies play a crucial role in the infrared (IR) regime
while it can be neglected in the perturbative ultraviolet
(UV) regime [2-4]. This topic has become very exciting
currently due to the fact that color confinement is closely
related to the asymptotic behaviour of the ghost and gluon
propagators in deep IR regime [5].

In order to resolve the Gribov problem, Gribov and
Zwanziger proposed a theory, which restricts the domain
of integration in the functional integral within the first
Gribov horizon [3]. The restriction to the Gribov region
) can be achieved by adding a nonlocal term, commonly
known as horizon term, to the YM action [3,4,6].

The Kugo-Ojima (KO) criterion for color confine-
ment [7] is based on the assumption of an exact BRST
invariance of YM theory in the manifestly covariant
gauge. But the YM action restricted in the Gribov region
(i.e. GZ action) does not exhibit the usual BRST invari-
ance, due to the presence of the nonlocal horizon term [8].
Recently, a nilpotent BRST transformation which leaves
the GZ action invariant has been obtained and can be
applied to KO analysis of the GZ theory [9]. The BRST
symmetry in the presence of the Gribov horizon has
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great applicability in order to solve the nonperturbative
features of confining YM theories [10,11], where the soft
breaking of the BRST symmetry exhibited by the GZ
action can be converted into an exact invariance [12].
Such a modification is very useful in order to evaluate
the vacuum expectation value (VEV) of BRST exact
quantity.

In this work we generalize the nilpotent BRST trans-
formation introduced in ref. [9] for GZ theory by allowing
the parameter to be finite field-dependent following the
method developed by Joglekar and Mandal for pure YM
theory [13]. Such a generalized BRST (FFBRST) transfor-
mation is nilpotent and leaves the effective action invari-
ant. However, being finite in nature such a transformation
does not leave the path integral measure and hence the
generating functional invariant. By constructing an appro-
priate finite field-dependent parameter we show that such
FFBRST transformation relates the generating functional
for GZ theory to the generating functional in YM theory.

The paper is organized in the following manner. In the
second section we illustrate some of the essential features
in GZ theory. In the third section we discuss the nilpotent
BRST transformation of the multiplicative renormalizable
GZ theory. The fourth section is devoted to the discussion
of finite field-dependent BRST transformation in the
Euclidean space. Connection of GZ theory and YM theory
is established in the fifth section. The last section contains
discussions and conclusions.

GZ theory: brief introduction. — It has been shown
in ref. [4] that the restriction to the Gribov region
(defined in such a way that the Faddeev-Popov (FP)
operator is strictly positive i.e.

Q={A% 9,45 =0,M* >0}), (1)
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can be imposed by adding a nonlocal term S}, given in
eq. (4) below, to the standard YM action

(2)

where Sy is the kinetic part and Sgpypp is the ghost
and gauge (Landau gauge) fixing part of the YM action
respectively,

Sym = So + Sar+Fp,

So = [d'z [LFLFL,

(3)
SGF+FP = fd4$ [B“&MAZ +EaauDszb] .

The nonlocal term in the 4-dimensional Euclidean space
is written as

Sh = / d*z h(z), (4)

where the integrand h(x) is the horizon function. There
exist different choices for the horizon function in the
literature [9]. One such horizon term is

() = / dy g2 fabe Ab () (ML) (z, y) 2% AL ().
(5)

(M~1)e¢ is the inverse of the Faddeev-Popov opera-
tor M = -9, Da? = —8,,(8,6° + g f** A%). The Gribov
parameter «y can be obtained in a consistent way by solving
a gap equation (also known as horizon condition)

(h(z)) =4(N? —1), (6)

where N is the number of colors. Another horizon term
which gives the correct multiplicative renormalizability of
the GZ theory is given as [9,14]

Jm d*y [(De (z)y? () (M) (2, y)
x (D2 () (@)]. (7

The nonlocal term (4) corresponding to the horizon
function (7) can be localized as [3,4]

ha(x) =

e Sz :/D@D@D(»D(Des’“, (8)

with
Stoc = /d4x [@?%Dibwi’ —@?%DZ”W?

= VD (ppf (2) @ ()] (9)

where a pair of complex conjugate bosonic fields
(%, 0%) = (92°, %) and anticommuting auxiliary fields
(Wi, o) = (wie,ws%), with composite index i=(v,c),
has been introduced. As at the level of the action, total
derivatives are always neglected, S;,. becomes

ac —ac

Sie = [ d [G0,D30 !~ 10, D!

— g f AL (o () + gy ()] (10)

Here it is concluded that at the local level horizon
functions (5) and (7) are same. So that the localized GZ
action becomes

Scz = Sym + Sioc =
Sym +/d4$ [@?%DZ%? -
2 abc pa be —be
— g AL (o + 3,0)].-

Thus the local action Sgz and the nonlocal action Sy s +
Sy, are related as the following:

/[D¢l]e—{sym+sh2} :/[Dqﬁ]e‘scz,

with [[D¢1]) = [[DADBDcDe¢] and [IDg¢] =
[[DADBDcDeDypDpDwDi). By differentiating eq. (12)
with respect to 42 and noting <8Hg0/‘ja> = <8 @Z’l> =0, the
horizon condition in eq. (6) is recast as

(g AL (o) + @)) +87°(N? —1) = 0.

—a ab, b
w070, D) w;

(1)

(12)

(13)

The horizon condition can further be written as [9,12]

or
— =0 14
5z 0. (14
with I', the quantum action defined as
e_F:/[Dqﬁ]e_SGZ. (15)

We see that the horizon condition (14) is equivalent to

(0] ™= ALl | 0) + (0| gf* A2l | 0) =
82 (N? - 1), (16)

which, owing to the discrete symmetry of the action Sgz

e LA
P = P (17)
B®— (B — g/ gregp),
becomes
(0] gf e ALl 10) = (0| gf** ALgyc | 0) =
—492(N? - 1). (18)

Further the constant term 4y*(N? —1) is introduced in
Saz, to incorporate the effect of horizon condition in the
action as

Sez = Syw+ /d4m (520, Dt — 80, Deby?

— 2 gf AL (P + @) — A(N? = 1)yt (19)

For the GZ action to be renormalizable, it is crucial to
shift the field wf, [4]

Wi () = wi+ / Ay (M), 4)g M0, [D5c () o (v),
(20)
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so that the complete GZ action becomes

Scz = Sym +/d433 [@?%Dﬁbwf — 070, Dylw}
_gfabcaHQgDZdCd(pf _ ,_)/2 g (fabcAZSOZC

4
At + v mz)], (21)

which is multiplicative renormalizable.

The nilpotent BRST transformations of GZ
action. — The complete GZ action after localizing the
nonlocal horizon term in D-dimensional Euclidean space
can be recast as

SGZ = Sea:act + S’y (22)

with Sezace, the BRST exact action and S, the action for
horizon term, defined as [9]

Semact = SYM +/d4$ [(,5?8;,,7)2;%0? —QfaﬂDzbwf

_ gfabcauu—)quchd(pﬂ ,

g / d'z

+§(N2 - 1)72].

(23)

S’y _ fabcAZSDZC + fabCAZ@ZC

(24)
The conventional BRST transformation for all the fields
is given by

Ay, = —Dzbcb A, Ot = %gf“bccbcC A,

dpc® = B A, 0pB*=0,

(25)
0t = —wi A, Opwd =0,
61)@? = @? A7 66@? = 07

where A is usual infinitesimal BRST parameter. But one
can check that the BRST symmetry is broken softly for
the GZ action [3],

JbSGZ = 5b(Sewact + S’y) = 6bS =

g [ et (Ante - (D) (el + k).
(26)

the breaking is due to the presence of the y-dependent
term, S,.

To discuss the renormalizability of Sgz, the breaking is
treated as a composite operator to be introduced into the
action by means of a suitable set of external sources [9].

Thus embedding the S, in to a larger action with intro-
ducing 3 doublets of sources (U2', MS"), (V2 Ni') and
(T3, R%), as

S, =0 / d*z (~UF Dbl — ViDtel — ULV
+ gfabcTﬁirDZdwic) —
/d4:1: (_Msipzb(pg - gfachsiDZdCd(plq
+ Ul DPw) — NYDYw} — Vi Db !
+ gfrVED el — MPVE + USRS NG
_ gfabcRZi'Dchd(Df + gfabcTsiDchd(ﬁlg) , (27>

whereas the sources involved M*, V",
and U2, N#*, T3 are fermionic in nature. The above

action is invariant under following BRST transformation:

R are commuting

SUS = M3 A, §,M =0,
BV = —Ng A, §NE =0, (28)
§TS = —RY A, §,RY =0.

Therefore, the broken BRST has been restored at the
cost of introducing new sources. The different quantum
numbers (to study the system properly) of fields and
sources, involved in this theory, are discussed in ref. [9].
Still we do not want to change our original theory (24).
Therefore, at the end, we have to fix the sources equal to
the following values:

= Tﬁz‘phys =0,

Uﬁi|phys = Nﬁi‘phys

(29)
Mﬁg‘phys = V;Zﬂphys = RZZZ/|phys = 725&1)5#1/’
It follows that X |pnys = S,
The generating functional for the effective GZ action in
Euclidean space is defined as

Zes = / (Dgle=Scz, (30)

where ¢ is generic notation for all fields used in GZ action.

FFBRST transformation in the Euclidean space.
— The properties of the usual BRST transformations do
not depend on whether the parameter A is i) finite or infin-
itesimal, ii) field dependent or not, as long as it is anticom-
muting and space-time independent. Keeping this in mind,
Joglekar and Mandal introduced finite field-dependent
BRST transformation (FFBRST) [13], which has found
many applications in gauge field theories [15-25]. These
observations give us a freedom to generalize the nilpotent
BRST transformations in eqs. (25) and (28) by the
parameter, A finite and field dependent without affecting
its properties. To generalize the BRST transformations
we start with making the infinitesimal parameter field
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dependent by introducing a parameter k(0<k<1)
and making all the fields, ¢(z,k), k dependent such
that ¢(z,k=0)=¢(z) and ¢(x,kx=1)=¢'(z), the
transformed field.

The usual infinitesimal BRST transformations, thus can
be written generically as

d(b(.’L’,li) :5b[¢(w7’€)]@,[¢(w7ﬂ)]dﬁ7 (31)

where the ©'[¢(x,k)]dk is the infinitesimal but field-
dependent parameter. The generalized BRST transforma-
tions with the finite field-dependent parameter then can
be constructed by integrating such infinitesimal transfor-
mations from k=0 to k =1, to obtain

=0)+0[¢(2)O[p(z)],  (32)

@W@H=/<MTNM%#H, (33)

0
is the finite field-dependent parameter. Following this
method, the modified BRST transformation, in eq. (25),
is generalized such that the parameter is finite and field
dependent.

Now we show that such offshell nilpotent BRST
transformations with finite field-dependent parameter are
symmetry of the effective action in eq. (21). However, the
path integral measure [D¢| in eq. (30) is not invariant
under such transformations as the BRST parameter is
finite.

The Jacobian of the path integral measure in Euclidean
space for such transformations can be evaluated for some
particular choices of the finite field-dependent parameter,

Ofp(z)]; as

D¢ = J(k)Dé. (34)

The Jacobian, J(x) in the Euclidean space can be replaced
(within the functional integral) as

J(r) = exp[=51[d(x, K)]], (35)

iff the following condition is satisfied [13]:

/D(b [}]j‘i dSl[(gE:: H)]] exp—(Sgz +51)] =0,
(36)

where Si[¢] is local functional of fields.
The infinitesimal change in the J(x) can be written as

= —/d4x {iéb¢(w,n)W}

where the + sign refers to whether ¢ is a bosonic or a
fermionic field.

Now, we generalize the BRST transformation given in
egs. (25) and (28) by making usual BRST parameter finite

1dJ

Tdn (37)

and field dependent as

5 AL = =D ©,  §uct = %g fabecbe O,
0 = B* O, 0B =
oppf = —wi O, opwi' =0,
S5f = @7 ©, 8o =0, (38)
SUS = M2 0, S M3 =0,
HVY =—-N¥©, §NI=0,
5T = —R% ©, 5 RY =

where O is a finite, field-dependent, anticommuting and
space-time—-independent parameter. One can easily check
that the above FFBRST transformation is also symmetry
of the effective GZ action (Sgz).

A mapping between GZ theory and YM theory.
— In this section we establish the connection between the
theories with GZ action and YM action by using the finite
field-dependent BRST transformation. In particular, we
show that the generating functional for GZ theory in the
path integral formulation is directly related to that of YM
theory with a proper choice of the finite field-dependent
BRST transformation. The nontrivial Jacobian of the path
integral measure is responsible for such a connection. For
this purpose we choose a finite field-dependent parameter
O obtainable from

e = / d*z (@70, Di0e} —USDPl — VDM w]
aiyrai ai abeybd d—c
UV + T gf Ducwi] (39)

using eq. (33). The infinitesimal change in Jacobian for
above O’ using eq. (37) is calculated as

1 dJ —a a —a a

P 7/d4m [fgoi B#D#bcpli’eri 8#D#bwf
+ gf*°0,07 Dbl + M Db o — UL Dibw?

+ gfachaszdc Qof

fachaszdc

+ NIDRw + VI D!

MG.’L Val USZN/Z.?,

+ gfabchzDch (Dz o gfabchDchdQPﬂ ) (40)

Now the Jacobian for the path integral measure in the
generating functional (30) can be replaced by e~ iff
condition (36) is satisfied. We consider an ansatz for S; as

Sl—/d4

+ X3(R)gf 0B Dyt pf + xa(k) M DL o}

)LD’} + X2 ()@ 0, Dy w;

[xa(
(k)
+ x5 (R) UL DI W! + x6(K)g f UL Do el
()N D@} + x5 (k) VD!
(H)gfachmedc @+ X10(H)MﬁiV:i
+ x11(R) UL NS + x12(k)g f** RY DY e

+ x13(#)g f T D 5] (41)
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where x;(k)(j =1,2,...,12,13) are arbitrary functions of
k and satisfy the following initial conditions:

(42)

The condition (36) with the above S; leads to

[ Dotwre St [gro, Dkt (ng +1)

+ WP, DLWl (xy — 1) + gf 0, Ditedpf (X — 1)
+ MDD (xy — 1) + U Dibwy (x5 — 1)

+ g UTD e pf (X + 1) + NI Doy (X7 — 1)
+ VD E (xs — 1) + g f Vi Diteof (xg + 1)
+ MEVE (X1 — 1)+ UF N (X1 +1)

+ g RYDN AT (X, — 1)

+ gf T DB (x5 + 1)

+ gfachE?auDZdCd@f@(Xl +Xx3)

— §70,DiPwlO(x1 + x2)

— gfabcwfﬁuDchdwf@(Xg —X3)

i gfabcMSiDchdSO;;@(m )

— M{"Diw?O(xa + Xo)

+ g U DL i O (xs + Xo)

— NPDLGO(x7 — xs)

— gf* NI D w0 (x7 + xo)

+ gf VI D EO0(xs + Xo)

+ MﬁiNﬁie(Xlo +x11)

+ gfabcRZiDﬁdcdSb?@(Xlz +x13)] =0, (43)

where the prime denotes the differentiation with
respect to k. Equating the coefficient of the terms
¢20, D%l w20, DPwh, gf™e0,weDlclps, MDY,
USiDwa?v gfachﬁiDchdsazg’ Ngipzbaj?’ V;i@zb(ﬁ?’
gf“bCV;iDchd@f, MﬁiV;i, U;fiNﬁi, gfabchiDzdcd(Df
and gf“bcT;jiDchdgbf from both sides of the above
condition, we get following differential equations:

X/1+1:0a X/2_1207 Xé_1:07 Xil_lzoa
X/5_1:03 X%+1207 X/’T_]‘:O) X/S_lzoa
X;)'i_l:oa Xllo_lzoa X111+]-:0, X,12_1:07
(44)
The ©O-dependent terms will cancel seperately and

comparing the coefficients of ©-dependent terms, we

obtain
X1tx2=X1+txz3=Xx2—Xx3=X4—X5=0,
X4+ X6=X5+X6=X7—Xs8=X7+X0=0,
X8 + X9 = X10 +X11 = X12 + Xx13 =0.

(45)

The particular solution of eq. (44) subjected to the
condition (42) and eq. (45) is

X1=—R, X2=K, X3=HK, X4=Kh,
X5 =R, X6=—R, X7=HK, Xgs=h, (46)
X9 ="K, X10=FK; X11=—K, X12=K,
X13 = —K.
Therefore, the expression for S7 in term of  is
Sy = /d4m [—/@ QfauDzbcpf + kK @f@uDzbwf
+ K g0, Do+ MTDI o}
aiyab, b abcrraiybd d, ¢
—|—/»iUMDuwi—f<;gf U,'D, cp;
T+ K NaiDab(Dl? +K V‘“-Dab@b
T w Tp i
— K gfabCVlfiDchd(Df +K MEiV;i
— K U;”N;ji +K gfabCRZiDchd@f
— K gf“bCTl‘jiDchd@f]. (47)

The transformed action is obtained by adding S;(x=1)
to Sgz as

1
Saz + 51 :/d4:1: LF“ Fe

a a -—a ab b
i + B0 A + 120, Dy e’ |

(48)
We left with the YM effective action in Landau gauge:

Saz +51=Sym. (49)

Note the new action is independent of the horizon para-
meter 7, and hence the horizon condition (% =0) leads
to a trivial relation for Sy ;. Thus using FFBRST trans-

formation we have mapped the generating functionals in

the Euclidean space as
(i),

Zaz (/[D¢]€_SGZ>
(50)

where Zy s is the generating functional for the Yang-Mils
action Sy ;.

FFBRST

Conclusion. — The GZ theory which is free from
Gribov copies as the domain of integration is restricted
to the first Gribov horizon, is not invariant under usual
BRST transformation due to the presence of the nonlocal
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horizon term. Hence the KO criterion for color confine-
ment in a manifestly covariant gauge fails for GZ theory.
A nilpotent BRST transformation which leaves GZ action
invariant was developed recently and can be applied to
KO analysis for color confinement. This nilpotent BRST
symmetry is generalized by allowing the transformation
parameter finite and field dependent. This generalized
BRST transformation is nilpotent and symmetry of the
GZ effective action. We have shown that this nilpotent
BRST with an appropriate choice of finite field-dependent
parameter can relate GZ theory with a correct horizon
term to the YM theory in the Euclidean space where the
horizon condition becomes a trivial one. Thus we have
shown that theory free from Gribov copies (i.e. GZ theory
with proper horizon term) can be related through a nilpo-
tent BRST transformation with a finite parameter to a
theory with Gribov copies (i.e. YM theory in the Euclid-
ean space). The nontrivial Jacobian of such finite trans-
formation is responsible for this important connection.

* ok ok
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