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Abstract. The hob mill for generating ordered curls of cycloid surface with non involute 

profiles may be profiled based on the fundamental theorems of surface enveloping – Olivier – 

as surface reciprocally enveloping with point like contact. In this paper, is proposed a 

methodology based on a complementary theorem of the surface enveloping in a graphical 

expression developed in a graphical design environment – CATIA. The graphical method 

presented in this paper is developed in two stages: determining of the rack gear model based on 

the solid model of the surface to be generated, using an original algorithm, following this, 

based on 3D modelling is determined the solid model of the primary peripheral surface of the 

hob mill. An application for a cycloid worm is presented – a central screw of helical pumps. In 

order to prove the quality of method, the analytical and graphical solutions are comparatively 

presented. 

1. Introduction 

In order to solve such a problem it is used the second theorem of Olivier – the case of conjugated 

surfaces, which depends by two independent parameters [1, 3]. It is also possible to use the Gohman 

theorem [1], when the surface to be generated, in relative motion regarding the peripheral primary 

surface of hob mill, depends by two independent parameters, usually the angular parameters of the 

revolution of blank and hob. 

They are also knows and applied the fundamentals analytical theorems of surfaces enveloping, 

based on the method of intermediary surfaces (reference rack gear) [1], as so as the complementary 

theorems as: the method of “substitutive circles family” [3], the method of “minimum distance” [3], 

the method of “in-plane generating trajectories” [5] and others. 

The development of graphical design environment as AutoCAD, CATIA etc. allows to create 

methods which use the capabilities of the AutoCAD [8] or CATIA [4] software. 

Also, it is highlighted the concerning of the international researchers regarding the issue of 

profiling generating tools for involute teeth using the capabilities of graphical design environment [4, 

9, 10, 11]. 

In this paper, is presented an application for profiling a hob mill which generates a cycloid worm – 

the central worm of a helical pump. 

An algorithm presented by [4] is proposed. This algorithm made a methodology based on the 

theorems of helical movement composition and decomposition [2]. 
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2. The geometry of rotor with cycloid profile  

I In reference system XYZ, see figure 1.a, the cycloid profile of the worm is given by equations: 

 

       2 2  2 2X R sin R sin ; Y R cos R cos                  
, (1) 

where: 

R is the base radius equal with the radius of the ruler, R = 10 mm; α = π/4 - half-angle of the gap 

between two teeth; Re =15 mm – external radius of the worm; z = 2 – the rotor teeth number; pe = 100 

mm – helical pitch; 

The limits for φ parameter are 
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Figure 1. a). Cycloid rotor geometry; b). The 3D model of the cycloid worm. 

 

In figure 1.b, is presented the 3D model of the cycloid worm, for the previously presented 

dimensions. The frontal profile of the rotor is composed from the 
»AB  arc, with the radius R and the 

»BC  cycloid arc. 

3. Generating rack-gear of cycloid worm  

If it is accepted that the frontal profile of the cycloid worm is associated with a pair of rolling 

centrodes: C1 is a circular centrode with radius Re associated with the cycloid worm; C2 - linear 

centrode associated with the rack-gear, see figure 1.a. 

In the movement assemblies:  

 
 3

Tx X ;  
 x a;    

0
T

e ea R R    
 (2) 

regarding the global reference system xyz, it is determined the family of cycloid profiles, in the 

reference system associated with the rack-gear, ξης, see figure 1.a. 

In movements (2), with ψ is denoted the value of rotation angle around the Z axe of the axode 

associated with the cycloid worm. 

It is determined the cycloid profiles family and, after this, is determined the Σ profiles families in 

the reference system of the rack-gear, in principle, in form: 
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The method of “minimum distance” allow to determine the enveloping of a profile associated with 

a pair of rolling centrode based on a specific theorem [3, 6]: The enveloping of an in-plane profile 

associated with a rolling pair of centrodes is the geometric locus of points belong to the profile for 

which, in various positions of rolling, the distance from the gearing pole is minimum. 

In principle, the enveloping of the profiles family (3) is in form: 

 
     0; ; ,        

 (4) 

as result of the association between the equations (3) and the specific enveloping condition for 

minimum distance method [3]. 

The enveloping of the helical surfaces families
AB , 

BC , 
CD , represents the flanks of the 

generating rack-gear. The form of the rack-gear will be used, in following, to determine the peripheral 

primary surface of the future hob mill. 

For problem solving it will be used the method of intermediary surface [1], (the rack-gear) based 

on the method of “minimum distance” [3]. 

3.1. Methodology in CATIA  

In figures 2, 3 and 4 is shortly presented the method of “minimum distance” for generation of 

rack-gear conjugated with the crossing section of the cycloid worm, for profile segments profil 
AB , 

BC , 
CD . On the C1 centrode, associated with the worm’s profile, are considered equidistant points 

which are transferred onto the C2 centrode of the rack-gear – the points P1, P2, …, Pi, representing the 

relative positions of the gearing pole, P, in the process of rolling between the C1 and C2 centrodes. 

 

  

 

 Figure 2. Determination of the 

rack-gear– the AB flank. 

 Figure 3. Determination of 

the rack-gear profile – the 

BC flank. 

 Figure 4. The rack-gear 

profile flank CD. 

 

The distances measured onto the normals drawn to the 
AB , 

BC , 
CD  profiles from the Pi (i=1, 2, 

…, n) points, by points representing the feets of these normals are the points of the generating 

rack-gear. 

In figure 4, is represented the frontal profile of the cycloid shaft, the crossing section of the 

rack-gear and the 3D surface of the generating rack – I (IAB, IBC, ICD). The surface of the rack-gear is a 
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cylindrical surface having as directrix the enveloping of the AB, BC and CD profiles and the generatrix 

parallels with the tangent to the helix with radius Re of the cycloid worm - t . We have to notice that 

for the generating rack-gear form, in figure 6, as so as in following, we not take into account the 

changes due to the overlapping between the profiles as so as the possible passing curves due to the 

singular points onto the profile. 

4. Helical movement decomposition  

Knowing surface I, based on the theorem of helical motion decomposition is made an algorithm for 

determination of the characteristic curve at contact between the surface of the rack-gear and the helical 

peripheral primary surface of the tool, S, with axis 1V
ur

 and parameter p1. 

Based on the specific theorem of the helical movement decomposition, 1V
r

 p1, the helical motion is 

decomposes in two revolution movements with disjoint axis let A
ur

 and B
ur

 these axis. They are defined 

the A
ur

 and B
ur

 axis, the angular values α and β, as so as the a and b distances, measured along the 

common perpendicular between the axis A
ur

, 1V
ur

 and B
ur

. 

The helical motion ( 1V
ur

, p1) is decomposed in a sum of revolution movements with axis A
ur

 parallel 

with 1V
ur

 and translate along the direction of the cylindrical surface’s generatrix, t
r

. 

 
     1 10A, T t V , p  
ur urr

;
. (5) 

 

Figure 5. Generating rack-gear - IAB; IBC; 

ICD; t
r

- unitary vector of the cylindrical 

surface’s generatrix; V
r

- unitary vector of 

the cycloid worm’s axis. 

 

With 
 T t
r

 was denoted the translation motion along the generatrix t
r

 of the cylindrical surface 

(the I rack-gear). 

If is denoted with θ the angle between 1V
ur

 and  t
r

 then, the position of A
ur

 axis regarding 1V
ur

 is 

given by the distance: 1a p tg 
, here   , and the A

ur
 axis, parallel with 1V

ur

 is positioned at 

distance a from this. 

In this way, the I surface of rack-gear in the helical motion ( 1V
ur

, p1) is equivalent with the assembly 

of motion:- rotation around the A
ur

 axis, parallel with 1V
ur

 and the translation along the generatrix of the 

I cylindrical surface, in the direction t
r

. 
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The characteristic curve, namely the contact curve between I and S will depend only by this 

component of the motion in which the I surface will not self-generate. How t
r

 is the direction of 

generatrix of I surface, the characteristic of rack-gear’s surface, in the (5) motion assembly will 

depend only by the rotation around the A
ur

 axis, previously defined (α=0; a = p1·tgθ). 

  

 Figure 6. The cycloid worm; generating 

rack-gear I. 

 Figure 7. Primary peripheral surface of the hob 

mill - S1. 

As it is known, the characteristic curve of a surface, I, in rotation motion around an axis A
ur

 is the 

geometric locus of the points belongs to I surface, which represent the projection of the rotation axis 

onto this surface [2]. 

These reasons allow determining a graphical methodology, developed in CATIA design 

environment, for profiling the hob mill generating the I rack-gear and, as consequence, of the Σ helical 

surface. 

If the intermediary surface I is defined, the rack-gear conjugated with the cycloid worm to be 

generated, see figure 6, through the P pole, is drawn a line, 
*A

r
, parallel with the axis of the future hob 

mill - 1V
r

. The direction 
*A

r
 make with the t

r
 generatrix the angle θ, 2 /  . 

It is defined the profile of the generating rack-gear, in a plane normal to the rack-gear generatrix, 

the normal profile. The normal profile of the rack-gear is positioned in the plane determined by the 

directions 
*A

r
 and 1V

r

, parallels, at the distance Rt – the radius of the hob mill (technological value), in 

the plane normal to the I surface’s generatrix. 
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By the helical motion of the normal profile around the 1V
r

 axis (the hob mill’s axis), as worm with 

sense contrary to this of the worm to be generated, but with the same inclination on the cylinder with 

the radius Rt, for the hob mill and Re, for the cycloid worm, is generated the 3D model of the 

peripheral primary surface of hob mill, see figure 7, which is a complexes helical surface, with known 

normal pitch, from the intersection of the 3D model of the generating rack-gear with the plane normal 

to the t
r

 direction of its generatrix (the projection of the 
*A

r
 axis on the intermediary surface I – the 

rack-gear). 

The angular parameters ωp and ωt are the angles presented in figure 7 and the axial section of the 

helical surface of the hob mill is presented in figure 8. Te intersection of the characteristic curve Σ – I, 

see figure 6, with the characteristic I - S1, figure 8, determines the characteristic point – the contact 

point between Σ and S1. 

The geometric characteristics: cycloid worm f _ worm ep R 
; normal pitch n f _ worm pp p sin 

; 

 
pp ax etan p 2 R 

; rack-gear n _ rack np p
; hob mill tax n tp p cos

; 
 

tt tx ttan p 2 R 
. 

In table 1 and figure 8, are presented the coordinates and axial profile of the hob mill and its form – 

the axial section of helical primary peripheral surface which is the peripheral surface of the future tool. 

Obviously, this is the primary profile, which may be modified if we considered the issue linked to 

the presence of singular points and interference trajectories. 

5. Conclusions 

The graphical method for profiling the hob mill generating of the cycloid worm, based on the 

complementary theorem of the “minimum distance” was developed in graphical form in CATIA 

design environment. 

The method use an intermediary surface – generating rack-gear conjugated with the surface to be 

generated. 

The proposed method is intuitive and leads to rigorous results of the hob mill’s profile. The 

proposed principle can be applied for other types of teeth (ordered curls of surfaces associated with a 

centrode). 

In this paper, it wasn’t approach the issue linked to singular points of the profile, nor does the 

interference process which always emerges in such a generating process 

 

Table 1.  Coordinates of the 

axial profile of hob mill for 

half-profile. 

Crt. 

no. 
η1 [mm] ξ1 [mm] 

1 0.0000 -90.0000 

2 0.8390 -90.0000 

3 1.6770 -90.0000 

 … … 

8 8.4970 -88.8680 

9 8.9760 -88.3060 

10 9.4580 -87.7450 

 … … 

16 15.9870 -85.0000 

17 16.5670 -85.0000 

18 17.1470 -85.0000 

 

 

 

 

 Figure 8. Rack-gear’s peripheral 

surface. 

 Figure 9. Axial 

profile. 
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