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Abstract. In this paper, the notions of bipolar-value fuzzy soft Lie subalgebras are given, some
of their properties are studied. Furthermore, we shall define the definition of bipolar-value fuzzy
soft homomorphism of bipolar-value fuzzy soft Lie subalgebras and show that the theorem of
bipolar-value fuzzy soft homomorphic pre-image of bipolar-value fuzzy soft Lie subalgebra, we
shall give a counterexample which the image of a bipolar-value fuzzy soft Lie subalgebra under
bipolar-value fuzzy soft homomorphism needs not be bipolar-value fuzzy soft Lie subalgebra..

1 Introduction and preliminaries

The real world is too complex for our immediate and direct understanding. We create models of reality
that are simplifications of aspects of the real word.In 1999 D.Molodtsov [18] introduced the concept of
a soft set and started to develop basic of the theory as a new approach for modeling uncertainties. From
then on, many works on soft set theory and its applications in various fields are progressing rapidly [1,3-
7,9-11,14-25].

In this paper, the notions of bipolar-value fuzzy soft Lie subalgebras are given, some of their
properties are studied. Furthermore, we shall define the definition of bipolar-value fuzzy soft
homomorphism of bipolar-value fuzzy soft Lie subalgebras and show that the theorem of bipolar-value
fuzzy soft homomorphic pre-image of bipolar-value fuzzy soft Lie subalgebra, we shall give a
counterexample which the image of a bipolar-value fuzzy soft Lie subalgebra under bipolar-value fuzzy
soft homomorphism is not need to be bipolar-value fuzzy soft Lie subalgebra.

Definition 1.1' Let X be a set, a pair (T, A) is called a fuzzy soft set on X , (where Ac E
and E be a set of parameters ), and f :A— 1% is a mapping from A into 1*, ie. for each
ecA f(e)="f,: X > isafuzzyseton X.

Definition 1.2!"")Let X beaset, 1= up , yN) is called a bipolar-value fuzzy set on X iff both
uhixX - [0,1] and 1”1 X > [—1,0] are mappings. The family of all bipolar-value fuzzy sets on
X is denoted by BF(X).

Definition 1.3 Let 2= (", £")and 2 = (A7, A") be two bipolar-value fuzzy set on X .
Then
(1) und=W A", 1" AN,

@) pvA=("vA, uvat);

(3) #(¥)=@-p"(x),~-1-2"(x)).
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Definition 1.4 Let X be a set, a pair (f,A) is called a bipolar-value fuzzy soft set on X iff
f : A— BF(X) is a mapping from A into BF(X), i.e. for eachee A f(€)=f =(f”, f") isa
bipolar-value fuzzy seton X .
Definition 1.5 **'Let (f, A) and (g, B) are two bipolar-value fuzzy soft sets on X , we say that
(f,A) is abipolar-value fuzzy soft subset of (g, B) , and write (f,A) < (g, B) if
(1) AcB, 2)f,<g, for each e€ A, ie. f, is a bipolar-value fuzzy subset of g, , in other

word, 7 <gl and f" >g!.
Definition 1.6 *Let(f, A) and(g,B) are two bipolar-value fuzzy soft sets on X , (f,A)and
(9, B) are said to be equal if (f,A) <= (g,B)and(g,B) < (f,A).
Definition 1.7 *Let (f, A) and (g, B) are two bipolar-value fuzzy soft sets on X , union of two
bipolar-value fuzzy soft sets (T, A) and (g, B) is the bipolar-value fuzzy soft set (g, B) , where
f,, ifeec A-B

C=AuUB andh(e)=10., if eeB-AVeeC
f,vg,, ifeeAnB

We write (f,A)U(g,B) = (h,C).
Definition 1.8 I Let (f, A) and (g, B) are two bipolar-value fuzzy soft sets on X , intersection
of two bipolar-value fuzzy soft sets (f, A) and (g, B) is the bipolar-value fuzzy soft set (h,C) , where

C=AnBand h = f, Ag,(VeeC) . We write (f,A)(g,B) = (h,C).

Definition 1.9 **' Let(f, A) and (g, B) are two bipolar-value fuzzy soft sets on X , (f, A)and
(9,B)is denoted as (f, A) A(g,B),is defined as follows: (h, AxB), whereh(a,b)=h,, = f, A g,
for each (a,b) € AxB.

Definition 1.10 ' Let (f, A) and (g, B) are two bipolar-value fuzzy soft sets on X , (f,A) or
(9,B) is denoted as (f,A)v(g,B) , is defined as follows: (h,AxB) , where
h(a,b)=h,, = f, A g, foreach(a,b) e AxB.

Definition 1.11 %/ (1) A bipolar-value fuzzy soft set (f, A) is called a null bipolar-value fuzzy
soft set iff f”(x)=0 and f"(X)=0 foreache e A andx € X , we write (¢, A).

(2) A bipolar-value fuzzy soft set (g, B) is called an absolute bipolar-value fuzzy soft set iff
f”=0and f" =—1 foreache e B and x € X , we write (X, B).
Definition 1.12®*) A vector space L over a field F with an operation [,]: LxL — L, (X, y) >[X, Y]

is called a Lie algebra over F if the following axioms are satisfied:
(1) The bracket operation is bilinear, that is,

[ax+by,cz+dw]=ac[x,z]+cb[y,z]+ad [x,w]+bd [y, w].

@) [%y]=-[y.x](vx,y eL).
(3) (Jacobi identity) [ x,[y, 2] |+[ v.[z.X]]+[ z[x. y]]=0(vx,y,z€L).
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A subspace K of L is called a Lie subalgebra of L if [X, y] e K,, forall X,y € K and a subspace

| of L is called a Lie ideal of L ifforall Xel,y e L, implies [X, y] € |, .Obviously, a Lie ideal of
L is a Lie subalgebra of L.

Remark 1.14 [X, X] =0(vx e L).[[X, y], Z] = [X, [y, Z]] does not established generally, that is,

[,] does not satisfy the associative law, for example: Let L be all the 2x2 matrix of vector space over a
field F, A, B are 2x2 matrix, for bracket operation [A, B] = AB — BA, but [[ A, B] , C:' # I:A, [B, C]:I

1 - 10 1 -1
In fact, let A= ,B= ,C = , we can show that
00 11 01

nscl]-a=(;" 1]( o)-[AlecT

2 Bipolar-value fuzzy soft Lie subalgebras
Definition 2.1 Let L is a Lie algebra over a field F and ( f, A) is a bipolar-value fuzzy soft sets on L,

(f,A) is called a bipolar-value fuzzy soft Lie subalgebra of L iff the following conditions are satisfied :
foreach ee A/ x,yelL, anda EF,

(1) f7(x+y)= P (x)A £7(y) and N (x+y) < £ () v £ (y)
2) 7 (ax)> " (x) and £ (ax) < f" (x).
3) 7%y = £SO A £ (y) and 1 (X, y]) < £ () v £ (y).
That is, for each ee A, f,” is a fuzzy Lie subalgebra o L(see[12]) and f," is an anti fuzzy Lie
subalgebra. If (f, A) is satisfied (1)—(2) and the condition (4),
@ fS((xyD=f"(x) and f"([x y]) < " (x).
Then (f,A) is called a bipolar-value fuzzy soft Lie ideal of L , that is , for each e € A, f"is a

fuzzy Lie ideal of L(See [12]) and feN is an anti fuzzy Lie ideal (see [2], if a bipolar-value fuzzy soft

set (f,A) on Lis only satisfied (2) and (4), then (f, A) is a bipolar-value pre-fuzzy soft Lie ideal on
L.

Remark 2.2 Obviously, a bipolar-value fuzzy soft Lie ideal is a bipolar-value fuzzy soft Lie
subalgebra. A bipolar-value fuzzy soft Lie ideal is a bipolar-value pre-fuzzy soft Lie ideal .

Theorem 2.3 Let L is a Lie algebra over a fieldF, (f, A) is a bipolar-value fuzzy soft set on L,
if (f,A) is a bipolar-value fuzzy soft Lie subalgebra on L, then for each e A/ X,y €L and o € F
— {O} , we have

() f°(0)> f7(x)and) £"(0)< f"(x);

(i) 7 (ax)=f"(x)and f" (ax) = f"(X);

(i) If f7(x) < £°(y) then 7 (x—y)=f7(X)=f"(y—x) andif f" (x) < " (y), then
f (x=y)=f(y) = (y-x);

) £y, x]) =1y, x)=f"(xy).
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Proof The proofis fair straightforward and we omit it.

Example 2.4 Let L=R® and[X, y] = Xxx Y(VX, Yy € L),where X is cross product. Then L isa
Lie algebra over a field F. let Z is the set of all integer set.

(1) Define f :Z — BF(R?®) as follows:

1, if x=(0,0,0), 0.9, if x=(0,0,0),
vneZ, fn"(x): 0.5 if x=(a,0,0),a=#0,vneZ—-N, fnP(x): 0.8, if x=(0,0,b),b=0
0 otherwise. 0, otherwise.

0.8, if x=(0,0,0),

vneZ, f"(x)=
and <2 () {0 otherwise.

Then the pair (f,Z) is a bipolar-value fuzzy soft set on R ,and we can show that (f,Z) is a
bipolar-value fuzzy soft Lie subalgebra.
(2)Define f :Z — BF (R?) as follows:

0.9, if x=(0,0,0),
0.3 otherwise.

0.7, if x=(0,0,0),

vneZ, f7(x)= .
—0.2 otherwise.

and " (x) ={

Then the pair (f,Z) is a bipolar-value fuzzy soft set on R*, and we can show that (f,Z) is a

bipolarvalue fuzzy soft Lie ideal.
In the following content, we shall study bipolar-value fuzzy soft Lie subalgebras and bipolar-value
pre-fuzzy soft Lie ideals .

Theorem 2.5 Let (f,A) and (g,B) are bipolar-value fuzzy soft Lie subalgebras on L

(resp.bipolarvalue fuzzy soft Lie ideal, bipolar-value pre-fuzzy soft Lie ideal), then (f, A) (Nﬁ(g, B)

is a bipolar-value fuzzy soft Lie subalgebra on L (resp.bipolar-value fuzzy soft Lie ideal, bipolar-
value pre-fuzzy soft Lie ideal).

Proof (f,A)~(g,B)=(h,C). WhereC=ANB andh, = f, rg,(VeeC), if (f,A) and

(9, B) are two bipolar-value fuzzy soft Lie subalgebras on L, then we have

@R (x+y) =17 (x+Y) A9 (x+Y) 2 17 () A 7 (V) A9, () A9 (¥) =h (x) A (y), and
h'(x+y)= £  (x+y)v g (x+y) < £ () v £ (V) v () v ge (v) =h () vh' (y);

(@ hf (@X) = 17 (@) A gl (@) = £ () A gl () =hf (x), and B (@x) = £ (@x) v " (ax) <
£ 00 gl (0 = Y (0);

G ([xyD=f (% yDAagl(xy)= 700 A 7 (Y) A 97 (X) A9 (y) =h] (x) Ah7(y), and

he' 6y = yDvas (xyD < £ 00 v £ () ves (0 v ge () =h' () v i (y);
If(f,A) and(g,B) are bipolar-value fuzzy soft Lie ideals onL ,we have (1,(2), and (4):
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@ (xyD =1 (xyDArg (x yD= 17 (X) A 9. (x)=h(x), and b} ([x,y]) =

frxyDvae (xyD < £ () va. (x)=h(x)
If (f,A) and (g, B) are bipolar-value pre-fuzzy soft Lie ideals on L, we have (2) and (4).

Hence (f, A)n(g,B) is a bipolar-value fuzzy soft Lie subalgebra on L (resp. bipolar-value fuzzy

soft Lie ideal, bipolar-value pre-fuzzy soft Lie ideal).
Similar to the proof of Theorem 2.5 , we can show that the following Theorem 2.6:

Theorem 2.6 Let (T, A) and (f,B) are bipolar-value fuzzy soft Lie subalgebras on L (resp.
bipolar-value fuzzy soft Lie ideal, bipolar-value pre-fuzzy soft Lie ideal), then (f, A) AND(g, B)

is a bipolar-value fuzzy soft Lie subalgebra on L (resp. bipolar-value fuzzy soft Lie ideal, bipolar-
value pre-fuzzy soft Lie ideal).

Proof Trivial.

Theorem 2.7 Let (f,A) and (f,B) are bipolar-value pre-fuzzy soft Lie ideals, then
(f,A) Q(g, B) is a bipolar-value pre-fuzzy soft Lie ideal on L

Proof Let(f,A) Li)(g, B)=(h,C), if ee A—B, ,then h, = f,, is a bipolar-value pre-fuzzy
soft Lie ideal on L ; if € e B— A, ,then h, = g,, is a bipolar-value pre-fuzzy soft Lie ideal on L ;
if ee ANB, then h, = f, v g,, ,we have
(2 h7(ax) = 7 (@x) A gl (ax) > 17 (X) A gl (X) =h7 (x), and h (ax) = f" (ax) v gl (ax) <
f () v ge () =h'(x);
@h(xyD= £ (xyDAal (x y) > £7() A g7 () =h7 (x), and h' ([x,y]) =
ErxyDvae (xyD < £ (v (x)=h(x)

Hence (f,A)u(g,B) is a bipolar-value pre-fuzzy soft Lie ideal on L .
Similar to the proof of Theorem 2.7 , we can show that the following Theorem 2.8:

Theorem 2.8 Let(f, A)and (f,B) are bipolar-value pre-fuzzy soft Lie ideals, then (f, A) OR
(f,B) is a bipolar-value pre-fuzzy soft Lie ideal on L .
Proof Trivial.

Remark 2.9 If (f, A)and (f,B) are bipolar-value fuzzy soft Lie subalgebras on L  then

(f,A)U(g,B) need not be a bipolar-value fuzzy soft Lie subalgebra on L . For example let
L=R? and [X, y] = Xx Y(VX,y € L), where xis cross product, then L is a Lie algebra over a
field R . LetZ is the set of all natural number.

Define . f:N— BF(R®) as follows: foreachne N
0.9, if x=(0,0,0),
fP(x)=:0.8, if x=(0,0,a),a=0,

0, otherwise.

. ~0.5, if x=(0,0,0),
" —0.3, otherwise.

And define 9:N— BF(R?) as follows:
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0.9, if x=(0,0,0),
gr(x) =404, if x=(b,0,0),b=0, g, (x)=

0.2, otherwise.

-1, if x=(0,0,0),
-0.2, otherwise.

Then both (f,N) and (g,N) are bipolar-value fuzzy soft sets of R*, we can show that
both (f,N) and (g,N) are bipolar-value fuzzy soft Lie subalgebras of L , since
(f vg,)?((0,0,a)+(b,0,0))=(f vg. ) ((b0,a)=0.2but (f vg, )" (0,0a)A(f vy, )"(b,0,0)
~(0.8v0.2) A(0v0.4)=0.2=0870.4=04.
. Therefore (f_ v g,)7((0,0,a) +(b,0,0)) < (f, v g,)7((0,0,a)) A(f v g,)"((b,0,0)) Hence

(f,A) Q(g, B) need not be a bipolar-value fuzzy soft Lie subalgebra of L .

3 Homomorphism of bipolar-value fuzzy soft Lie subalgebras
Definition 3.1 Let (f, A) and (g, B) be two bipolar-value fuzzy soft sets on X and Y ,

respectively. E: X —Y and ®: A— B be two functions, where A and B are parameter sets.
Define (E,®) as follows (E,®)(f,A)=(E(f),®(A)) where E,(f), is satisfied the following
condition: for eacha € O(A),Vy eY

; vV f(), if xeET(y)
E(F), (y) =15x=yo(e)=a

0, otherwise
and
A A F(X), ifxeE™(y)
E(f)! (y) =1=t=yo(e)-a
-1, otherwise
Define (£,0)(g,B)=(Z"(9),0"(B)), where

[x

=27(9),(x) = Jore (E(X))(Ve e ®!(B),Vxe X). The pair (Z£,0) is called a bipolar-value
fuzzy soft function from X to Y , and (E,®)(f, A)is called the image of (f,A) under the
bipolar-value fuzzy soft function (Z,0), and (Z,0)'(g,B) =(Z(g),® *(B)), is called the
pre-image of (g, B) under the bipolar-value fuzzy soft function (Z,0®).

Definition 3.2 Let X ,Y are Lie subalgebras on field F, (Z,®) is a bipolar-value fuzzy soft

function from X to Y , if Z is a isomorphism from the Lie subalgebra X to the Lie subalgebra
Y , then(Z, ®) is said to be a homomorphism of bipolar-value fuzzy soft Lie subalgebras over X

and Y .
Theorem 3.3 Let (g, B) is a bipolar-value fuzzy soft Lie subalgebra (resp. bipolar-value fuzzy

soft Lie ideal) on Lie subalgebra Y , (E,®) is a homomorphism of bipolar-value fuzzy soft Lie
subalgebras over X and Y , then (Z,0)7"(g,B) is a bipolar-value fuzzy soft Lie
subalgebras(resp.bipolar-value fuzzy soft Lie ideal) on X .

Proof We only show that (Z,0)7(g,B) is a bipolar-value fuzzy soft Lie subalgebras on X .

Since (Z,0)'(g,B)=(27(g),®'(B)), for cach e e @ *(B), we have
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D E7(9)e (X+Y) = 9oy (BE(X+Y)) = 9o (e (BX) + E(Y)) 2 95y (B(X)) A Doy (E(Y))
=E7(9)c () AET(9). (), and E7(9); (x+Y) = Gy (B(X+Y)) =
Joe) (E(X) +E(Y)) £ o) (E(X)) V 95 (E(Y) =E7(9) () vVE(9), (¥)-
(2) E7(9); (%) = Yo (B(aX)) = Yoy (E(X)) 2 Yo (e (E(X)) = E7(9). (X),
and E7(9). (X+Y) = G (E(@X)) = 9o (@2(X)) < o) (E(X)) =E7(9). ().
B E(9)e (% Y] = 966 E[X Y] = Yo (). EW)] = Do) (E(X)) A Yoy (E(Y))
=ZH(9)F () AZHQ): (), and E7(9)) ([ Y]) = 9o (E[%. Y] =
o [EC).EW)]) < 9o B V 9o E(Y) =E7(9). () vE (). (¥)-
Hence (Z,0) (g, B) is a fuzzy soft Lie subalgebra of X .
Remark 3.4 Let (f,A) is a bipolar-value fuzzy soft Lie subalgebra on X , (E,0) is a

homomorphism of bipolar-value fuzzy soft Lie subalgebras over X and Y . Then (Z,®)(f, A)
need not be bipolar-value fuzzy soft Lie subalgebraon Y , thus (Z,®)(f, A) need not be bipolar-

value fuzzy soft Lie ideal on Y . For example: let L = R® and [X, y] =xxYy(VX,yeL), where
X is cross product. Then L is a fuzzy Lie subalgebra of R . LetZ is the set of all integer. Define
f :Z — BF(R?®) as follows:

0.9, if x=(0,0,0),
vneZ, fF(x)=40.8, if x=(0,0,a),a=0, and f"(x)=-1VxeR?)
0, otherwise.
0.9, if x=(0,0,0),
vneZ-N, f7(x)=10.4, if x=(b,0,0),b=0, and f"(x)=-1(vxeR?%
0.2, otherwise.
Then the pair (f,Z) is a bipolar-value fuzzy soft Lie subalgebra on L .
Let L' =R* and [X,y]=%xy(VX,y L), then L"is a fuzzy Lie subalgebra of R . Let N
is the set of all natural number. Define f:L — L' as follows: Z(X)=Xx(VXeL) . Define
®:7Z — N, as follows:

o0 :{n, if x:_n,—n(VneN—{O},
0, otherwise.
Then (E,®) is a homomorphism of bipolar-value fuzzy soft Lie subalgebras over L and L'.
Therefore (E,0)(f,Z2)=(E(f),N) , Hence, for each ne N-{0} and
yeLU Z(HM =PV L) . take y%=(0,0a)y,=(,00), we have

y, =(0,0,a),y, =(b,0,0)

but  Z(f); (y,) AE(F)] (y,) =E(F),(0,0,@) AE(f); (b,0,0) = (f,”(0,0,a) v £7(0,0,a)) A
(f7(b,0,0)v f?(b,0,0)) =(0.8v0.2) A(0v 0.4) =0.8A0.4 =0.4.

Therefore Z( )" (y, + Y,) <Z(F)" (y,)) AZ(F)"(Y,). Hence (Z,0)(f,Z) = (E(f),N) need not be
a bipolar-value fuzzy soft Lie subalgebra of L' .
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4 Conclusion

In this paper, the notions of bipolar-value fuzzy soft Lie subalgebras were given, some of their properties
were studied. A counterexample which the image of a bipolar-value fuzzy soft Lie subalgebra under
bipolar-value fuzzy soft homomorphism needs not be bipolar-value fuzzy soft Lie subalgebra was given.
However, the bipolar-value fuzzy soft homomorphic theorem was not given.
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