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Abstract. In this paper we consider the problem of inverting annxn RSFMLR circulant
matrix with entries over Z_. We present two different algorithms. Our algorithms require
different degrees of knowledge of m and n, and their costs range, fromnlognloglogn to
nlog® nloglognlogm operations over Z ., . Moreover, for each algorithm we give the cost in

terms of bit operations. Finally, the extended algorithms is used to solve the problem of
inverting RSFMLR circulant matrices over Z .

1 Introduction

Circulant matrices have important applications in various disciplines including, image processing,
communications, signal processing, encoding, computer vision and they have been put on firm basis
with the work of P. Davis [1] and Z. L. Jiang [2].

The circulant matrices, long a fruitful subject of research [1,2], have in recent years been extended
in many directions [3,4, 6-8,11]. The f(X)-circulant matrices are another natural extension of this
well-studied class, and can be found in [9-14]. The f(X) -circulant matrix has a wide application,
especially on the generalized cyclic codes [9], where is a monic polynomial with no repeated roots in
its splitting field over a field. The properties and structures of the X" + X +1-circulant matrices, which
are called RSFMLR circulant matrices, are better than those of the general f (X) -circulant matrices,
so there are good algorithms for finding the inverse of the RSFMLR circulant matrices. In this paper
we consider the problem of inverting RSFMLR circulant with entries over the ring Z .

In this paper we describe two algorithms for inverting an nxn RSFMLR circulant matrix over
Z_. which transform the original problem into an equivalent problem over the ring Z_[X]. Our first

algorithm assumes the factorization of m is known and requires nlog2 n+nlogm multiplications
and nlog® nlogm additions over Z . This corresponds to the bit complexity bound

O(nlog® n+nlogm)z(logm) +nlog? nloglognlogm, where x(d) ) denotes the bit complexity of
multiplying d -bit integers. Our second algorithm does not require the factorization of m and its cost is
greater, by a factor logm ; than in the previous case.

Definition 1 A row skew first-minus-last right(RSFMLR) circulant matrix with the first
row(a, a,..a,,) over Z , denoted by RSFMLRcircfr(a, a, .. a,,), is meant a square matrix of the

form:
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It can be seen that the matrix over Z, with an arbitrary first row and the following rule for

obtaining any other row from the previous one: Get the i+1st row by minus the last element of
thei th row to the first element of theith row,and —1 times the last element of thei th row, and then
shifting the elements of the i th row (cyclically) one position to the right.

Obviously, the RSFMLR circulant matrix over Z, isa X" + x +1-circulant matrix [9], and that is

neither the extension of circulant matrix over Z  [3] nor its special case and they are two different

families of patterned matrices.
We define ® _, ,, as the basic RSFMLR circulant matrix over Z, that is

®., 1 = RSFMLRircfr(0,1,0,---,0). @)

It is easily verified that g(x)= X" + X +1has no repeated roots over Z  and g(x)= X" +x+1 is
both the minimal polynomial and the characteristic polynomial of the matrix ® _, . In addition,

©, 5 is nonderogatory and satisfies ®1-1) = RSFMLRcircfr 0,---,040,---,0) and
Y j n-j-1

O" -y =—I

matrix @, ,, over Z, itis clear that

-0, 4 Inview of the structure of the powers of the basic RSFMLR circulant

n

n-1 )
A= RSFMLRcircfr(ay,a,, -, a,,) = » .80, @A)
i=0

Thus, A is a RSFMLR circulant matrix over Z_ if and only if A= f(®(71,71)) for some

polynomial f(x)over Z . The polynomial f(X)= Z::aixi will be called the representer of the

RSFMLR circulant matrix A over Z_ . By Definition 1 and Equation (3), it is clear that A is a
RSFMLR circulant matrix over Z_ if and only if A commutes with © _, , , that is,
A® , ,=0©_, ,A. In addition to the algebraic properties that can be easily derived from the
representation (3), we mention that RSFMLR circulant matrices have very nice structure. The product

of two RSFMLR circulant matrices is a RSFMLR circulant matrix and A is a RSFMLR circulant
matrix, too. Further more, let Zm[G)H,fl)]:{NA: f (O 1) T(X) e Z,[XT}

It is a routine to prove that z_[e , ,]is a commutative ring with the matrix addition and multiplication.

(-1-1)

Definition 2 A row skew last-minus-first left (RSLMFL) circulant matrix with the first
row (a,,8,,---,a,,) over Z _, denoted by RSLMFLcircfr(ay,a,,---,a, ;), is meant a square matrix
of the form:
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) Ch a,, N
& a, o a1~ 8 —
: -a,-a : (4)
a, a—d - —a,3
d—8 —&~-8 - — 378, —a, nxn
0O --- 0 1
~ | -0 ) o
Lemmallet | = . . | be the nxn matrix of the counter identity.
1 0 0

Then
()  RSLMFLcirctr (081" 8)
= RSFMLRGircfr (Bnar 180 0) .
(i)  RSLMFLcircfr(ay,a,,--,a, ,)I,
=RSFMLRcircfr(a, ;, -+, &;,8,).
Assuming A is inveible over Z_, we consider the problem of computing a RSFMLR circulant
matrix B=Y"" b®'(1y, such that AB = 1.

It is natural to representer with a RSFMLR circulant matrix A=Zi:ai®(71,71) the polynomial
(over the ring Z[X]) f(x):z‘::olaixi . Computing the inverse of A is clearly equivalent to

finding a polynomial g(x) = Z:i':bixi in Z,_[x] such that
f (X)g(x) =1(mod x" + x +1). (5)

The congruence modulo X" + X +1 follows from the equality ©(, , =-0_, , — I, . Hence, the
problem of inverting a RSFMLR circulant matrix is equivalent to inversion in the ring
Z [X]K{xX" +x+1).

The following theorem states a necessary and sufficient condition for the invertibility of a
RSFMLR circulant matrix over Z .

Theorem 1 Let m= pp;z---p," denote the prime powers factorization of mand let f (x) denote
the polynomial over Z  representer to a RSFMLR circulant matrix A. The matrix A is invertible if
and only if, for i =1,---,h, we have gcd(f (x),x" +x+1)=1in Z,[x].

Proof If A is invertible, by (5) we have that there exists t(x) such that for
i=1---,h f(X)g(X) +t(X)(X" +x+1) =1in Z,[x].

Hence, ged(f(x),x" +x+1)=11in Z [x] as claimed. The proof that the above condition is
sufficient for invertibility is constructive and will be given in Section 2 (Lemmas 2 and 3).
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Review of bit complexity results [3]. In the following we will give the cost of each algorithm in
terms of number of bit operations. In our analysis we use the following well-known results (see for

example [15] or [16]). Additions and subtractions in Z  take Ologm bit operations. We denote by
u(d =0(dlogdloglogd) the number of bit operations required by the Schénhage-Strassen

algorithm [18] for multiplication of integers modulo 2% +1. Hence, multiplication between elements
of Z, takes ulogm=0(logmloglogmloglogm) bit operations. Computing the inverse of an

element xe Z,, takes p(logm)loglogm bit operations using a modified extended Euclidean
algorithm (see [15], Theorem 8.20). The same algorithm returns gcd(X, m) when X is not invertible.
The sum of two polynomials Z_,[X]in f(x)g(x)=1(mod x" + x+1). of degree at most n can be
trivially computed in O(nlogm) bit operations. The product of two such polynomials can be
computed in O(nlogn) multiplications and O(nlognloglogn) additions/ subtractions in Z_, (see

[16], Theorem 1.7.1). Therefore, the asymptotic cost of polynomial multiplication is O(IT(m,n)) bit
operations, where

[1Cm,n)=nlognu(logm)+nlognloglognlogm. (6)

Given two polynomials a(x),b(x) € Z [x] (p prime) of degree at most n, we can compute
d(x) =gcd(a(x),b(x)) in O(I'(p,n)) bit operations, where

I'(p,n) =II(p,n)logn+n(log p)loglog p 7

The same algorithm also returns s(x) andt(X) such that a(x)s(x) +b(x)t(x) =d(x) . The bound

(7) follows by a straightforward modification of the polynomial gcd algorithm described in [15]
(Section 8.9: the term nu(log p)loglog p comes from the fact that we must compute the inverse of

O(n) elements of Z ).

2 Inversion in Z [x]/(X" + X +1) Factorization of m Known
In this section we consider the problem of computing the inverse of a RSFMLR circulant matrix over
Z,, when the factorization m= pSpsz---p" of the modulus m is known. We consider the

equivalent problem of inverting a polynomial f(X) oveer[X]/(xn +X+1), and we show that we

can compute the inverse by combining known techniques (Chinese remaindering, the extended
Euclidean algorithm, and Newton-Hensel lifting). We start by showing that it suffices to find the

inverse of f(x) modulo the prime powers ;.

Lemma 2 Let m= pp;z---p/", and let f(x)be a polynomial in Z [x]. Given g,(X),---,9,(X)
such that f(x)g,(x)=1(mod x" +x+1) in Z k[x]for i=1---,h, we can find g(x) € Z,[X] which
satisfies (5) at the cost of O(nhu(logm) + x(logm)loglogm) bit operations.

Proof The proof is constructive. Since f(x)g;(x)=1(mod x" +x+1) ,in Zpki [x] ,we have
f(x)g,(x) =1+ 4 (X)(X" +x+1)(mod pl*) Let o =m/% . Clearly, for j#i, & =0(mod p}’) .
Since ged(e;, pi) =1, we can find S, such that o, 5 =1(mod p/) . Let g(x) =Z?flaiﬂigi(X) :
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A= afAX).

By construction, fori=12---,h, we have g(x)=g,(x)(mod p*)and A(x)= A (x)(mod p{).

Hence, for i =1,2---, h, we have
f(X)g(X)EZ?_la,ﬂj f(x)g;(x) = f(x)g;(x)(mod p;*)
=1+ A (X)(X" +x+1)y(mod pf) =1+ A(X)(X" + x+1)
(mod p;)

We  conclude  that f(X)g(x) =1+ A(X){X" +x+LH(modm) or, equivalently,
f(x)g(x) =1(mod x" +x+1) in Z[x].

The computation of g(X) consists in n (one for each coefficient) applications of Chinese
remaindering. Obviously, the computation of «;, £,,1=1,---,h, should be done only once. Since
integer division has the same asymptotic cost as multiplication, we can compute a, ¢,
in O(h(log m)) bit operations. Since each /S, is obtained through an inversion in Zpikj , computing

the B,f, takes o(ZLlﬂ(log p;')loglog p;’)  bit  operations.  Finally,  given

o,y B By 9(X), 00, 9, (X) we can compute g(x) in O(nhg(logm)) bit operations. The
thesis follows using the inequality
u(loga)logloga+ u(logb)loglogh

< u(log(ab)) loglog(ab)
In view of Lemma 2, we can restrict ourselves to the problem of inverting a polynomial over
Zm[x]/<xn +X+1) when m= p* is a prime power. Next lemma shows how to solve this particular

problem.

Lemma 3 Let f(X) be a polynomial in Zpk[x]. If ged( f(x),x"+x+1) =1in Z,[x], then f(x)is
invertible in Zpk[x]/<x”+x+1> . In this case, the inverse of f(X) can be computed in

O(T'(p,n)+II(p“,n)) bit operations, where T'(p,n) and II(p“,n) are defined by (7) and (6)
respectively.
Proof If ged( f(x),x" +x+1)=1in Z [x].by Bezout’s lemma there existS(X) , t(x) such that
f (X)s(X) + (X" + x+t(x) =1(mod p)
Next we consider the sequence
gO(X) = S(X)v
9:(¥) = 29,,00 —[9,_, ()T f (x) mod X" + x +1,
known as Newton-Hensel lifting. It is straightforward to verify by induction that
g, () f(x)=1+ pz'ﬂ,,(x)(mod x"+Xx+1) . Hence, the inverse of f(X) in Zpk [x]/(x”+x+1> is
g logk (x).
The computation of s(x) takes O(I'(p,n)) bit operations. For computing the sequence
9:(X), 95(X), -+, Grg7(X) We observe that it suffices to compute each g; modulo p?'i . Hence, the
cost of obtaining the whole sequence is
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2“09‘(7

O(IT(p?,n)) +T1(p*,n) +---+TI(p
=0(I1(p*,n))

,n))

bit operations.
Note that from Lemmas 2 and 3, we find that the condition given in Theorem 1 is indeed a
sufficient condition for invertibility of a RSFMLR circulant matrix. Combining the above lemmas we

obtain Algorithm 1 for the inversion of a polynomial f (X) over Zm[x]/(xn + X+1). The cost of the
algorithm is
T(m,n) =0(nhu(logm) + x(logm)loglogm
h K.
+2,, (P n) +I1(p;’, n))
bit operations. In order to get a more manageable expression, we bound h with log m and p; with

p;(" . Inaddition, we use the inequalities TI(a,n)+II(b,n)<TI(ab,n) and
I'(a,n)+I'(b,n)<I'(ab,n). We get
T(m,n) =0(nlogmu(logm) + x(log m) loglogm
+I'(m,n) +I1(m,n))
=0(nlogmg(logm)) +I1(m,n)logn).
Note that if m=0(n) the dominant term is I1(m, n)logn. That is, the cost of inverting f(X) is
asymptotically bounded by the cost of executing logn multiplications in Z_[x].

Inverse 1 (f (x),m,n) — g(x)
{Computes the inverse g(x) of the polynomial f (X) in Zm[x]/(xn +Xx+1)}

1let m=peps---p;

2.for j=12,---,h do
3. if ged( f(x), x" +x+1)=1in ij[x] then
4, compute g (X) such that
f(x)g;(x) =1(mod x" + x+1) in th. [x]
5. using Newton-Hensel lifting (Lemma 3);
6. else
7. return “ f (X) is not invertible”;
8. endif
9. endfor
10. compute g(x) using Chinese remaindering (Lemma 2).

Algorithm 1 Inversion in Zm[x]/<xn + X +1) . Factorization of m known.

3 A General Inversion Algorithm in Zm[x]/(xn +X+1)

The algorithm described in Section 2 relies on the fact that the factorization of the modulus m is
known. If this is not the case and the factorization must be computed beforehand, the increase in the
running time may be significant since the fastest known factorization algorithms require time
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exponential in logm (see for example [17]). In this section we show how to compute the inverse of
f (X) without knowing the factorization of the modulus. The number of bit operations of the new
algorithm is only a factor O(logm) greater than in the previous case.

Our idea consists in trying to compute ged( f(x),x"+x+1) in Z_[x]using the gcd algorithm
for Z [x]. Such algorithm requires the inversion of some scalars, which is not a problem in Z [x],
but it is not always possible if m is not prime. Therefore, the computation of
ged( f (x), x" + x+1) may fail. However, if the gcd algorithm terminates we have solved the problem.
In fact, together with the alleged gcd a(x) the algorithm also returns s(x) , t(x) such that
f(X)s(X)+ (X" +x+Dt(x)=a(x) in Z[x]. If a(x)=1, then s(x) is the inverse of f(x) . If
deg(a(x)) =0, one can easily prove that f(x) is not invertible in Zm[x]/<xn + X+1). Note that we
must force the gcd algorithm to return a monic polynomial.

If the computation of gcd( f (x), x" + x+1) fails, we use recursion. In fact, the gcd algorithm fails

if it cannot invert an element y € Z_ . Inversion is done by using the integer gcd algorithm. If y is not
invertible, the integer gcd algorithm returns d =gcd(m, y), with d >1. Hence, d is a nontrivial
factor of m. We use d to compute either a pair m;, m, such thatgcd(m,,m,) =1 and mym, =m, or
a single factor m; such that mjm and m|(m)* . In the first case we invert f(x) in

Zml[x]/<x” +X+1)and Zmz[x]/<xn +X+1), and we use Chinese remaindering to get the desired
result. In the second case, we invert f(X) in Zml[x]/(xn + X+1) and we use one step of Newton-

Hensel lifting to get the inverse in Z_[X]/(X" + X +1).

The computation of the factors m;, m, is done by procedure GetFactors whose correctness is
proven by Lemmas 4 and 5. Combining these procedures together we get Algorithm 2.

Inverse 2 (f (x),m) — g(x)
{Computes the inverse g(x) of the polynomial f (X) in Zm[x]/<xn +Xx+1)}

1. if ged( f(x),x"+x+1)=1 then
2. let s(x),t(x)suchthat f(x)s(x)+(x"+x+1t(x)=1inZ_ [x];
3. return s(x);
4, else if gcd(f(x),x" + x+Dt(x) =a(x),
deg(a(x)) >0 then
5 return « f (X) is not invertible”;
6 else if ged( f(x),x" +x+1) fails let d be such that d|m ;
7. let (m;, m,) < GetFactors (m,d);
8 if m, #1, then
9. 9,(x) < Inverse 2 (f(x),m,);
10. g,(x) < Inverse 2 (f(x),m,);
11. compute g(x) using

Chinese remaindering (Lemma 2);
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12. else

13. 0,(X) < Inverse 2 (f(x),m,);

14. compute g(X) using Newton-Hensel lifting (Lemma 3);
15. endif

16. return g(x) ;

17. endif

GetFactors (m;d)!(m1;m2)
18. let m, « ged(m,d" ™y
19. if (m/m)) =1 then
20. return (m;,m/m,);
21. endif
22. lete<md;

23.  let m, < ged(m,e®™y;
24. if(m/m,) #1then
25. return (m,m/m,);

26. endif
27. let m «Icm(d,e);

28. return (m1);

Algorithm 2 Inversion in Z, [X]/(X" +Xx+1) .

Factorization of m unknown.
The following Lemma 4 and Lemma 5 proved in [3].

Lemma 4 Let &, & >1, be a divisor of m and let &' = ged(m, ™). Then, o' is a divisor of
m and gcd(a’,m/a’) =1.

Lemma5s Let a, A be suchthat @8=m and ged(m, &™) = ged(m, ﬁ“"g ")) =m Then
y =lem(e, B)=m/gcd(er, f) is such that  /mand y/m?.

Theorem 2 If f(X) is invertible in Zm[X]/(X” + X +1), Algorithm 2 returns the inverse g(x)
inO(I"(m, n) logm) bit operations.

Proof One can easily prove the correctness of the algorithm by induction on m, the base on the
induction being the case in which m is prime where the inverse is computed by the gcd algorithm.
To prove the bound on the number of bit operations we first consider the cost of the single steps.

By @) we know that computing ged( f(x),x" +x+1) takes
O(I"(m,n)) = O(IT(m, n) logn + nu(logm) loglog m) bit operations. By Lemma 2, we know that
Chinese remaindering at Step 11 takes O(ng(logm))+ w(logm)loglogm) bit operations. By
Lemma 3 we know that Newton-Hensel lifting at Step 14 takes O(IT(m, n)) bit operations. Finally, it
is straightforward to verify that GetFactors computes (m;,m,) in O(u(logm)loglogm) bit

operations. We conclude that, apart from the recursive calls, the cost of the algorithm is dominated by
the cost of the gcd computation no matter which is the output of the gcd algorithm. Hence, there exists
a constant ¢ such that the total number of bit operations satisfies the recurrence

T(m,n)<cl'(m,n)+T(m,n)+T(m,,n) , where we assume T(m,,n)=0 if m,=1 . Let
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m = p*psz---p denote the prime factorization of m . Define I(m) =k, +k, +---+k, . We now
show that T(m,n) <cl(m)I"(m,n). Since I(m) <log(m) this will prove the theorem. We prove the
result by induction on I(m) . If I(m)=1, then m is prime and the inequality holds since the
computation is done without any recursive call. Let I(m)>1 . By induction we have
T(m;,n) <cl(m)I(m;,n),T(m,,n)<cl(m,)["(m,,n). We have
T(m,n)<cl'(m,n)+c[l(m)-2][["(m,n)+I'(m,,n)], which implies the thesis since
r'(m,,n)+T(my,n)<T(m,n).

In addition, by Lemma 1 (i) (ii), Algorithm 1 and Algorithm 2, it is easily to get two algorithms for
inverting RSLMFL circulant matrices over Z ,, respectively.

4 Conclusion
In this paper, the problem of inverting annxn RSFMLR circulant matrix with entries over Z . is

studied. Two different algorithms are presented. Furthermore, for each algorithm the cost in terms of
bit operation are given. Finally, the extended algorithms is used to solve the problem of inverting
RSFMLR circulant matrices over Z, .
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