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Abstract. In 1997, Castillo-Chavez and Feng developed a two-strain tuberculosis (TB) model,
which is typical TB and resistant TB. Castillo-Chavez and Feng’s model was then
subsequently developed by Jung et al. (2002) by adding two control variables. In this work,
Jung et al.’s model was modified by introducing a new control variable so that there are three
controls, namely chemoprophylaxis and two treatment strategies, with the application of three
different scenarios related to the objective functional form and control application. Pontryagin
maximum principle was applied to derive the differential equations system as a condition that
must be satisfied by the optimal control variables. Furthermore, the fourth-order Runge-Kutta
method was exploited to determine the numerical solution of the optimal control problem. In
this numerical solution, it is shown that the controls treated on TB transmission model provide
a good effect because latent and infected individuals are decreasing, and the number of
individuals that is treated effectively is increasing.

1. Introduction

Since 1993, WHO said that tuberculosis (TB) was one of global emergency issues. Since 2003 until
2011, it was estimated that there are still approximately 9.5 million new cases of TB at present, and
almost 0.5 million people died because of TB around the world®. Meanwhile, controlling TB offers
new challenges such as TB/HIV co-infection, drug-resistant TB, and other challenges with a higher
complexity for humanity.

In human beings, TB is caused by Mycobacterium tuberculosis bacteria (Mtb) and it is an airborne
transmitted disease. Mth droplets are released into the air by sneezing or coughing infectious
individuals, and so TB can be transmitted by it. TB is not highly infectious and so occasional contacts
with an infectious individual that rarely leads to infection. TB is described as a slow disease because
of its long and variable latency period distribution and its short and relatively narrow infectious period
distribution. Latent stage of TB is a phase where Mtb lives inside a person’s body but don’t make
them feel any pain, don’t show TB symptoms, and can’t spread the disease. However, if the bacteria
inside their body became active and developed, they can be infected with active TB™. Individuals who
are latently infected are neither clinically ill nor capable of transmitting TB™. Most latently infected
individuals do not become infectious (active TB).

Treatment on latent TB plays an important role in reducing the risk of TB become active. Every
effort must be done to initiate an appropriate treatment and to make sure the treatment is done
completely to individuals with latent TB. It is really important for infected individuals that are being

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1


mailto:syadza.nr@outlook.com
mailto:tbakhtiar@ipb.ac.id
mailto:jaharipb@yahoo.com
http://creativecommons.org/licenses/by/3.0

ISS IOP Publishing
IOP Conf. Series: Earth and Environmental Science 58 (2017) 012025 doi:10.1088/1755-1315/58/1/012025

treated to consume their medicine as prescribed. If an individual stop consuming their medicine before
the preferred time, the disease will relapse, and if they don’t consume it regularly, the bacteria that still
living inside their body will be resistant to the drugs. This condition can lead to a new disease called
resistant TB, and this will be harder and require much more expenses to be treated.

TB transmission can be controlled by reducing the number of patients and doing actions that can
prevent susceptible individuals become infected by infectious individuals. One of the prevention that
can be done is applying chemoprophylaxis, that is giving drugs and therapy routinely to prevent the
infection on latently infected individuals, and also avoid the disease transmission on infected
individuals. Incomplete TB treatment can cause the disease to relapse, even on recovered individuals.

In 1997, Castillo-Chavez and Feng developed a two-strain TB transmission model, that is typical
TB and resistant TB. Typical TB is a TB disease in general, while the resistant TB is caused by
infectious individuals who didn’t obey and complete their treatment so that the disease inside is
resisting the drugs that were given. Afterwards, this model is developed by Jung et. al (2002) by
adding two control variables.

In this paper, the authors integrated the models developed [4] and [1]. The model is taken from [4],
and then added one control variable from [1] to the model in [4], then a model with three control
variables, that are chemoprophylaxis and two treatment strategies, is obtained. This model represents
the rate of typical TB and resistant TB transmission, and with these controls will be studied what are
the impacts to the transmission model.

2. Mathematical model

2.1. Tuberculosis transmission model
The tuberculosis model from Jung et. al (2002) divides the total human population into the following
sub-groups that are susceptible individuals S, those latently infected with typical TB and resistant TB
respectively L; and L,, those infected with typical TB and resistant TB respectively I; and I,, and
those who are treated (effectively) T. The total population size at time t is given by N(t) = S(t) +
Li(t) + 1,(t) + L,(t) + L, (t) + T(t).

The state system is the following system of six differential equations in [4] and the relapse
parameter g™ is added to it:

ds_ bl
dt - ﬁl N :8 N Ho,
dL, I I, . I,
o Blsﬁ — W+ k)Ly +praly +32Tﬁ_ B Ly N
dl; .
o kily = (u+dy)l; — 21y + q°T,
1)
dL, . I,
ar qraly — (u+ kz)Ly + (S + Ly +T)N'
dl,
- kyL, — (u+ dy)ly,
dT I,

I
== @+ D)k~ (@ + T = fT =BT
with initial conditions:

5(0) = So;L1(0) = L1o;11(0) = Lo, Lz(O) = L20r12(0) = IZOIT(O) =Ty, (2)

and S(¢tr), L1 (tr), I (tr), L2 (tr ), I2(tr ), T(ts) are undetermined.
We assume that an individual may be infected only through contacts with infectious individuals. It
is also assumed that susceptible humans are recruited into the population at per capita rate A. §; and

N:
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B, are the rates at which susceptible and treated individuals become infected by an infectious
individual with typical TB, respectively. B* is the rate at which an uninfected individual becomes
infected by one resistant-TB infectious individual. The per capita natural death rate is ¢ while the per
capita disease induced death rates are d; and d, for the typical TB and resistant TB, respectively. The
rates at which an individual leaves the two latent classes by becoming infectious are k, and k,. Some
treated individuals relapse back into the infective state at rate g*. r;, and r, are the treatment rates of
individuals with latent and infectious typical TB, respectively, and p + q is the proportion of those
treated infectious individuals who did not complete their treatment (p +q < 1). Some treated
individuals relapse back into the infective state at rate g*.

There are three control strategies used to control the spread of the two-strain TB; applying
chemoprophylaxis to latently infected individuals of typical TB, treatments for infected individuals of
typical TB, and treatments for treated individuals to reduce the probability of disease relapse. With
these controls, model (1) becomes:

das A I e
— = —315N—ﬂ Sy THS

dt

dL, I, Lo
T ﬁlSN —(u+k)Ly —uyr Ly + (1 —up)pral; + ﬁzTN —p"Lq N
dl )

a kily — (u+d)l — ol + (1 —u3)q’T,

dL2 _ % 12 (3)
o (1 —up)qraly —(u+ k)L, + (S + Ly +T) N

dl,

ar koL, — (u+ dy)ly,

dr ) I
Frin ur Ly + (1 —(1-uy)p+ Q))T211 - ((1 —u3z)q" + #)T - BZTN

I
- BT
FTy

The coefficient u, represents a routine therapy for individuals latently infected with typical TB
who are carrying on treatments, 1 — u, represents the effort that prevents the failure of the treatment
in typical TB infectious individuals, such as supervising individuals who are undergoing treatments,
and 1 —uy represents the effort that prevents the disease relapse of treated individuals. Basically,
model (1) can be obtained by assigning u; = u, = uz = 0.

2.2. Analysis of optimal control
The optimal control problem faced is to determine the control functions u,,u,, and u; that are
carrying the system from initial state (S, L1g, 110, L20, 120, Tp) t0 an undetermined terminal state

(Stf,thf, Lies Loty Iztf,th). Optimal control uj,u3, and uz are seek to be found so that it minimize

the objective function:

tr

](ul, u,z,U,3) = -[ [aL1 + bll + CL2 + dlz + Clu% + Czu% + C3u%] dt, (4)

0
with coefficients a, b, ¢, and d are non-negative, and C;, C,, and C5 are positive constants which are
weight parameters on controls. The objective function is to minimize the latent and infectious
individuals with typical TB and resistant TB. Therefore, the optimal control problem can be expressed
as:

min J,
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with dynamical system constraints (3), the state variables initial values are known and the terminal
values are independent from the following control variables:

0<a;<u <h )
0<a,<u,<b, (6)
0<a;<u;<b; (7

The necessary conditions that an optimal control must satisfy come from the Pontryagin’s
maximum principle. In general, Hamiltonian function H is defined as follows:

I I
H = aly +bly + cly + dly + Cyud + Caud + Coud + py (A = fuS = 7S 12 = uS)

I I 1
+ D2 (ﬁlsﬁl —(u+ k)L —ur Ly + (1 —up)pryly + .BzTﬁl —B*Ly NZ)
+ps(kily — (w+d)h — Iy + (1 —u3)q™T)

+ P4 ((1 —ux)qrply — (u+ k)L, + B*(S+ Ly +T) %) + ps(kaLly — (u+ dy)ly)
+ D6 (u1r1L1 + (1 —(1-u)p+ Q))T211 - (1 —uz)qg" + WT — ﬁzTINl
12
-p7E)
with p; (t), p2 (t), p3(t), p4(t), ps(t), and pe(t) are adjoin functions to be determined.
The optimality conditions from Pontryagin’s maximum principle is used to obtain the controls

uj, usy, and uz, o it gives:

JH
= 0 (= 2C1u1 - pzrlLl + p6T1L1 = O,

ou,q

0H

f)_uz =0 © 2Cup; — popraly — paqraly + pe(p + @)1l = 0,
0H

— =0 2Cuz —p3q°T +peq’T =0,

Jdus

hence, the controls obtained are:
(P2 — Pe)T1L1 (1)

v P2P +Paq —Ds(p + Q1211 (8)
s — P T(D)
" P3 — Pe)q

Since the optimal control problems above are using bounds on the controls, we conclude for control
Uq:

( a ] (2 — Pe)71ly <a
(P2 — Pe)T1L1 (P2 — Pe)T1L4
=== - - . - T - - <b
“ 2C, M ST o0 1
(P2 —Pe)T1L4
b ; ————>b
L ! 2C, !
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In compact form
s (P2 — Pe)T1L4
u] = min{max3a,,——————¢, b1 ¢
2C,
Similarly, for control u, and u; we have

p2p +0aq — 6 (p + Q1214 b
y Y2 (y
2C,

(8)

u; = min {max {az,

and
. { { (pg—pa)q*T} }
Uz = min{maxija;,—————¢, b3 .

Then the adjoin system based on (4) can be written as:
. L b Iy 2
P1=D1 (ﬁlﬁ‘l'ﬁ N) —pzﬁlﬁ—mﬁ N’
: 2 e
p2=—-1+p,; (M + ki tun + B N) — p3ky — p4B N Peta’y

. S S T
ps=—-1+ plﬁlﬁ — D2 (.Blﬁ-l' (1 —ux)pry + ﬁzﬁ) +p3(u+d;+13)
T
—pa(1 —uz)qry — ps (1 — 1 -u)p+qg)r, + B, N)' ©)

Pa = =1+ ps(u + k) — psky,

.S Ly S+L 4T
ps =—1—-pB N"‘Pzﬁ ﬁ—mﬁ EEEre—

T
N +P5(M+d2)+P65*N:

. Iy . L2 . Iy L2
P6=—P2.32N—P3q — Daf N"‘Pts (1—u3)q +#+ﬁzﬁ+ﬁﬁ -
with transversality conditions:

p1(tr) = 0,p2(tr) = 0,p3(tr) = 0,p4(ts) = 0,p5(tf) = 0,ps(tf) = 0. (10)

3. Numerical results and discussion
In this section, the optimal treatment strategies for the two-strain TB model will be studied
numerically. For solving the optimality system we use an iterative method, starting from solving the
state equation using a forward fourth order Runge-Kutta scheme. Because of the transversality
conditions (10), the adjoin system is solved by a backward fourth order Runge-Kutta scheme using the
current iteration solution of the state equations. All numerical solutions are carried out using Scilab.
There are three scenarios examined in this problem associated with the objective functions
formulation and controls application, as described in table 1. These scenarios aim to see the impacts of
the objective functions formulation to the controls effectiveness and population dynamics in some
compartments.

Table 1. Scenarios of the objective function formulation and controls

application.
. Coefficients Controls
Scenarios
a b c d Uuq U, Us
| 0 0 1 1 on on off
Il 1 1 0 0 on on on
1 1 1 1 1 on on on
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With these different scenarios, the effectiveness of the controls will be demonstrated. Time observed is
5 years, and the numerical parameters used in the system are adopted from [4] and [1] with N =
12000, given in table 2.

Table 2(a), (b) and (c). Parameters and their values.

Parameters  Values Parameters  Values Parameters  Values
A 171.6 kqy 0.5 S(0) 7,600
By 13 k, 1 L,(0) 3,600
B 13 o 2 1,(0) 400
g 0.0131 ) 1 L,(0) 200
U 0.0143 p 0.4 1,(0) 100
d, 0 q 0.1 T(0) 100
d, 0 q* 0.005

Coefficients used in all scenarios are given in table 3 below.

Table 3. Coefficients and their values.

Coefficients Values

a; 0.05
by 0.95
a, 0.05
b, 0.95
(o 50

C, 500
Cq 55

For the first scenario, the objective function is to minimize the number of the latent and infectious
individuals of resistant TB, and control u5 is deactivated. The optimal control problem formed is:

tf
minJ(uy,uy) = f [L, + I, + Cyu? + Cyu3] dt,
0

subject to system (3). Meanwhile the optimal control problem for the second scenario can be written
as:
ty
min](ul, uZ,u3) = f [Ll + Il + Clu% + Czu% + C3U.§] dt,
0
subject to system (3). The above equation is expressing the population to be minimized are the latent

and actively infectious individuals from typical TB, and all controls are activated. And in the last
scenario, all latent and infectious individuals from both typical TB and resistant TB is minimized, and
all controls are activated with each lower and upper bounds. The optimal control problem for this

scenario is given by:
t
min](ul,uZ,U3) = f [Ll + 11 + L2 + 12 + Clu% + Czu% + C3u§] dt,
0
subject to system (3).

Figure 1 to 3 shows the impacts of the scenarios applied to the system. From all scenarios, it can be
concluded that there are considerable differences between the presence and the absence of controls.
With the first scenario, the total number of individuals L, + I, at the final time t; = 5 years is 453 in
the case with control and 1,498 without control. Meanwhile, with the second scenario, the total
number of individuals L, + I, at final time ¢ is 8,432 with control and 11,412 without control. With
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the last scenario, the total number of individuals L, + I; + L, + I, after 5 years is 8,966 with control
and 13,304 without control. So the total cases prevented at the end of control program are 1,045 for
the first scenario, 2,980 for the second scenario, and 4,388 for the third scenario. From these results, it
can be concluded that the third scenario is the best strategy for our problem.

Figure 4 illustrates the optimal control strategies for the third scenario. The control u, is applied
over the most for 5 years, while the control u, and u5 are applied at the upper bound during almost 3.6
years and then it decreases to the lower bound until the fifth year.

Scenario 1
2 000

without contral

= — -+ + with control

1 8OO

1 600
1 400
1200 —

1000

L2+12 {individuals}

an0
600

400

200 T T T T T T T T T

years

Figure 1. The population dynamics with and without control in
scenario 1.

Scenario 2
13 000

12 000 —_
11 000
10 000 —_

5000

8000 —

L1+I1 {individuals)

7000
6000 -
5000
4000 . without control
N, + = + - with control
3000 T T T T T T T T T
0 0.5 L LS 2 2.5 3 35 4 4.5 5

years

Figure 2. The population dynamics with and without control in
scenario 2.
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Scenario 3

14 000

13 000 —-
12 000
11 000 —_
10 000

5000

2000

L1+11+L2+12 {individuals)

7000
6000

5 000

withaut cantral
= = + = with control
3000 T T T T T T T T T

0 0.5 L L5 2 25 35 4 4.5 5

years

4000 —

w

Figure 3. The population dynamics with and without control in
scenario 3.

Optimal Controls with Scenario 3

0.9

0.8 o

0.7
ul

0.6

05 —
0.4 4
0.3 4
0.2 4

0.1

1] 0.5 1 L5 2 2.5 3 3.5 4 4.5 5
years

Figure 4. The optimal control strategy for scenario 3.

4. Conclusion

In conclusion, the application of controls on two-strain TB transmission model gives positive
influences for it reduces the number of latent and infected individuals from both typical TB and
resistant TB. From three scenarios studied, the best scenario is the third one, so we can say that
minimizing the population with susceptible, latently infected and actively infected with typical TB,
and treated individuals plays an important role in giving those positive influences.
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