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Abstract. In the context of global climate change, human activities dramatically damage the 

consistency of hydrological time series. Peak Over Threshold (POT) series have become an 

alternative to the traditional Annual Maximum series, but it is still underutilized due to its 

complexity. Most literature about POT tended to employ only one threshold regardless of the 

non-stationarity of the whole series. Obviously, it is unwise to ignore the fact that our 

hydrological time series may no longer be a stationary stochastic process. Hence, in this paper, 

we take the daily runoff time series of the Yichang gauge station on the Yangtze River in 

China as an example, and try to shed light on the selection of the threshold provided non-

stationarity of our time series. The Mann-Kendall test is applied to detect the change points; 

then, we gave different thresholds according to the change points to the sub-series. Comparing 

the goodness-of-fit of the series with one and several thresholds, it clearly investigates the 

series that employs different thresholds performs much better than that just fixes one threshold 

during the selection of the peak events. 

1.  Introduction 

In hydrology, the term non-stationarity refers to hydrological properties that are different from similar 

properties in the past. It has drawn wide attention, and many studies have contributed to non-stationary 

hydrological analysis[1-2]. Non-stationarity in floods can result from a variety of anthropogenic 

processes, including urban land-use modifications, climate change, and modifications to water 

infrastructure[3]. The interactions among these processes make it difficult to determine the cause of 

the non-stationarity. 

Usually, flood frequency analysis (FFA) has a local basin perspective and is based on the 

assumption that floods are the consequences of random processes that are independent and identically 

distributed[4]; however, considering the changing environment, this assumption is no longer valid[5]. 

Therefore, to obtain a reliable flood estimation, new statistical models are needed to dynamically 

capture the changes of probability density functions over time. Numerous approaches[6-7] have been 

developed for FFA by using non-stationary observed data, namely, backward and forward 

restorations[8], the spatial Bayesian hierarchical approach[9], the climate-informed approach[10], and 

the Time- Varing Moments method[11]. 

Additionally, efficiently planning, designing, and operating hydrotechnical works require an in-

depth understanding of the probabilistic behavior of extreme events[12]. Thus, the prerequisit lies in 

making a sound selection of extreme events. Extreme event series vary from each other due to 
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different sampling techniques. An annual maximum series (AMS) is extracted from a flow series. A 

POT series tries to retain all peak values that exceed a certain threshold value, so it is not confined to 

only one event per year. 

The differences between the two methods have been frequently discussed, and it is generally 

agreed that the POT approach gives more robust results as long as certain pre-conditions are met, such 

as peak event independence and selecting appropriate threshold levels[13]. 

Compared with the AMS sampling method, POT enlarges the sample number; at the same time, it 

can reflect both the flood magnitude as well as the flood process. Moreover, POT modeling provides 

more flexibility in representing floods, and a more comprehensive description of the flood generation 

process [14]. 

The extreme events of discharge observations can be described by many candidate distributions. 

For POT series, the Generalized Pareto distribution (GPD) has been proved to be ideal for POT 

samples[15-16]. Thus, the GPD was used in this paper. 

2.  Materials and methods 

2.1.  Generalized pareto distribution 

Picklands first introduced GPD to describe exceedances over high thresholds. The GPD cumulative 

distribution function (with the 3 parameters  ,, ) is given below: 
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Where is the shape parameter,  is the scale parameter, and  is the location parameter.  

The distribution moments (order = 0, 1, 2) can be easily deduced as follows: 
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From the Equation(4), we can find that if we use moment methods (regardless of the method of 

moments or the probability weighted moments), they are theoretically applicable only for 
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Besides,   cannot exceed 0.5, because when  tend to be 0.5, the variance will tend to be infinite. 
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The quantile function, which we pay more attention to, especially in FFA, is given by Equation (5): 
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2.2.  The peak-over-threshold modeling 

Because the POT approach focuses only on higher maximum values, it allows for a wider range of 

events that can be considered floods; therefore, it can capture more information concerning the whole 

flood phenomena than can its AMS counterpart. In terms of information about the flood process, the 

POT approach is more advisable in FFA.  

Typically, a POT series is obtained by setting a threshold and selecting the highest values from a 

continuous hydrological time series. So, a POT sample can be described with the following statement: 
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If X is a random variable, we define sX as the maximum value of X in an episode. An episode is 

defined as a function of a threshold level “s”; it begins when )(tX exceeds “s” and ends when )(tX falls 

below “s”. All )(tX in each episode will form a POT series. 

There is still no universal method for choosing an available threshold. Referring to the existing 

research, the POT series should meet two criteria: independence criteria and threshold selection rules. 

The two criteria are described below. 

2.2.1.  Independence criteria. Meeting the independence condition is a prerequisite of any statistical 

frequency analysis. Regarding the POT series, we assume that the mean occurrence number of POT 

events per year meets the Poisson process. Researchers raised several independence criteria, such as 

those proposed by Water Resources Council (1976) (see Equation(6)) and Cunnane (1979).  

],min[*75.0)log(5 21min QQorXAdays   (6) 

Where   is the time interval between two peak events, days ; A is the basin area, 2mile ; minX is the 

minimum runoff, sm /3 ; 21,QQ are the runoff of two peak events, sm /3 . 

2.2.2.  Threshold selection. Selecting the threshold should ensure that the peak values meet 

independence condition, but a considerably low threshold will lead to the selection of minor peaks that 

are not always independent. Raising the threshold will obviously increase the series independence. 

However, if the threshold is too high, fewer peak events will be retained.  

Some rules are imposed on threshold selection, such as on the basis of a given return period. For 

instance, researchers [18] in China concluded that if the mean number of POT per year varied within a 

range of 2-3, the POT series rivers in China can be described by a Poisson process; Begueria insisted 

that the number should be within 1.2-5.0[19]; Cunnane suggested that if we choose the POT approach 

rather than the AMS method, the average number of POT samples must exceed 1.65[20]. 

2.3.  A new method of threshold selection for non-stationary time series 

Previous studies tended to employ only one threshold to the time series regardless of whether the 

series is stationary or not. To our knowledge, the properties of hydrological time series have changed 

significantly, so it is not advisable to use the same threshold as the non-stationary series.  

In this paper, we suggest using different thresholds when the series is no longer stationary, and it is 

especially important to the change points in the time series. Through this approach, we can obtain a 

POT series with different thresholds due to a thorough consideration of the changes of characteristics 

in the series. The steps are listed below. 

 Step 1: Use a Mann-Kendall test to detect whether or not the hydrological time series is 

stationary. If the time series is stationary, use the same threshold to the series. If the results 

indicate that the points have changed, proceed to the next step.  

 Step 2: Assuming change points are detected, divide the series into )1(  parts ( )1(  sub-

series).  

 Step 3: Give different thresholds to these sub-series according to the rule that ensures the 

average occurrence number of peak events per year in each sub-series within the range of 2-3 

(referring to the results of Chinese scholars). Thresholds that are relatively lower are 

preferable, as they obtain more peak samples. 

Additionally, independence criteria proposed by Water Resources Council was used in this paper. 

For the sake of comparison, we use two POT series for FFA. The first POT series was selected by 

employing the same threshold to the whole series, and the second series was given special attention to 

considering the non-stationarity in the series due to the existence of change points.  

After the POT series was selected, we used the retained peak events to estimate the parameters in 

GPD and compare the goodness-of-fit of two POT series. All the parameters were estimated by the 
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Probability Weighted Moments (PWM) method. Mean relative errors were used to estimate the 

adequacy of the two theoretical curves. 

3.  Case study 

3.1.  The introduction to the study area 

The Yangtze River is China’s longest river. The Yichang gauge station is a hydrological station on the 

main stream of the Yangtze River. The Gezhouba Water Control Project and the Three Georges Dam 

are all on the upper stream of this river. They are 6 and 44 kilometers away from the Yichang gauged 

station, respectively (see figure 1). Due to inconsistent recorded data prior to the year 1946, this study 

only examined runoff data collected from the year 1946-2012.  

                                          

 

 

 

 

 

 

 

 

 

Figure 1. Location of Yichang gauged station. 

It is an undeniable fact that human activities have significantly affected hydrological properties. 

Because of the construction of the Three Georges Dam, the hydrologic cycle in the local watershed 

has been changed dramatically, especially downstream of the Yangtze River [21]. We applied the new 

method detailed in 2.3 to the peak runoff of Yichang gauge station. 

3.2.  Results 

3.2.1.  Results: peak over threshold series selection and change points detection. If we ignore the 

existence of the possible change points in the time series, we can obtain the first POT series. From 

figure 2, we can see that when the threshold equals 35000 sm /3 , the average number of peak events 

per year is close to 3, so 35000 sm /3 is the minimum threshold. Thus, we get 182 peak events from the 

year from 1946 to 2012. 

Additionally, figure 2 also reveals the absolute value of the average relative errors (ARE) 

between the empirical points and the theoretical curve (the parameters are estimated by PWM) of the 

series corresponding to different thresholds (35000, 36000, 37000, 38000, 39000, 40000 sm /3 ). When 

the threshold is 37000 sm /3 , the absolute value of ARE reaches the minimum. Hence, 37000 sm /3 is 

the perfect threshold with the best goodness-of -fit to the whole series. 
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Figure 2. Relative curves between thresholds and  

(a) the absolute value of ARE; (b) average number  

(b) of peak events per year. 

However, given human activities, some properties of our hydrological time series may have 

changed, so estimating hydrology information becomes a priority. The Mann-Kendall test was applied 

to test the mutability (or variant properties) of the POT series.  

Researchers in China revealed through repeated trials that when the average occurrence per year 

was within 2~3[19], the theoretical curve fit with the observed data. Our hope is that the average 

occurrence per year is the largest one within the range of 2-3. Thus, we set 35000 sm /3  as the 

threshold (nearly 2.98 peaks per year) because 35000 sm /3 is the minimum threshold that can obtain as 

many peak events as possible. 

Figure 3 below illustrates that two change points, in 1954 and 1984 respectively, separate the time 

series into three parts (1946-1954, 1955-1983, and 1984-2012). In each part, we can test its 

stationarity and the possible trend. The results show that each part of the series can be regarded as 

stationary. 

                                  
 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. The results of the Mann-Kendall test (with a 95% significance level). 

We take each part as a new population and study its threshold and peak event occurrence per year. 

Figure 4 illustrates how the mean numbers of over-threshold events per year change with the 

thresholds in the three sub-series. From figure 4, we can recognize the average occurrence per year of 

the first sub-series fell from 3.98 to 2.73, while the threshold increased from 35000 sm /3  to 40000

sm /3 , so we selected 38000 as the threshold (the average number of peak events per year was 2.889, 

the largest number within 2 to 3). The second sub-series showed a similar decrease as the first one; 

thus, we selected 36000 as the threshold to this sub-series (the average number of peak events per year 

is 2.9); 35000 sm /3  was selected as the threshold in the third sub-series. In conclusion, we gave three 

different thresholds (38000 sm /3 , 36000 sm /3 , and 35000 sm /3 ) to three sub-series (1946-1953, 1954-

1983 and 1984-2012, respectively). 
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Figure 4. Selecting the threshold to the three sub-series according 

to how the average number of peak events per year changes with  

the thresholds. 
 

 

 

 

 

 

                                                                                                         

 

 

 

 

 

Figure 5. Comparison between the series threshold (daily runoff  

time series of 1946-2012, which ignores the non-stationarity) and 

the three sub-series (daily runoff time series of 1946-1953, 1954- 

1983 and 1984-2012, which takes change points into account). 

3.2.2.  Results: comparison of the goodness of fitting with the empirical points. According to the above 

threshold selection, we obtained two different POT series. Two POT series were used to FFA. 

Samples of two series were applied to estimate the parameters in the GPD, and the PWM method is 

employed here [16].  

In terms of frequency calculation, we should notice that the second POT series comprises data from 

three different sub-populations, so this data is less likely to be identically-distributed. For the sake of 

comparing the goodness-of-fit, the same frequency calculation method should be used. Consequently, 

the traditional frequency formula is applied here. 

ni
n

i
ixP ,...,1,0,

1
)( 


  

(7) 

Where n is the number of peak events. 

Figure 6(a) and 6(b), respectively, show how the first and the second POT series fit with their 

theoretical curves. In figure 6(a), the theoretical curve is slightly above the empirical points. In figure 

6(b), the theoretical curve fits much better than that in figure 6(a); most of the theoretical curve fits 

with the empirical points. 
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(a) The POT samples when the threshold equals  

37000 sm /3
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) The POT samples with different thresholds. 

Figure 6. The comparison between the empirical 

curves and corresponding theoretical curves. 

The average relative error (ARE) is used to compare the goodness-of-fit of two POT series, and the 

expression is given below (take  as an example). 

obs

simobs






-
  

(8) 

Where obs is the observed data of


, and sim
is the theoretical value of


. 

Table 1 below shows the results. It is clear that regardless of the flood frequency, the theoretical 

curve of the POT series with full consideration to the change points shows a better fit with the 

empirical points. The theoretical curve obtained by the second POT series fits with the observed data 

especially well with the high frequency floods. 

Table 1. The average relative errors between empirical points and the theoretical curves. 

  The first POT series  The second POT series 

Total 0.017253538 0.005606272 

Low frequency flood  0.018960411 0.013587264 

High frequency flood 0.015115555 -0.002906787 
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*Low frequency flood indicates a flood frequency higher than 50% ( %50P ); if %50P , this 

indicates high flood frequency. 

4.  Conclusions 

The above study sheds light on a new method to select a threshold when the POT approach is used to 

FFA. The conclusions are given below. 

 Due to climate change and human activities, the characteristics of hydrological data may 

encounter dramatic changes. Estimating hydrology information enables us to have a deeper 

insight into the change.  

 Quantile estimation by other POT series, which gives different thresholds to sub-series 

according to the change points, performs better compared to the POT series without 

considering the change points detection. Besides, the theoretical curve corresponding to the 

peak data extracted on the basis of different thresholds shows superior goodness-of-fit to the 

POT points, especially in the upper tail. 

If a POT series is non-stationary, it is more advisable to distribute different thresholds according to 

the results of the Mann-Kendall test, rather than to employ the same one. 
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