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Abstract. In this paper, we are interested in the numerical simulation of the mathematical
model of Keller-Segel Elliptic-Parabolic problem using finite volume scheme. The finite volume
scheme is applied to the elliptic-parabolic model’s problem and we have shown under certain
assumptions, the existence of a unique and positive approximate solution. Moreover, under
adequate regularity assumption of the exact solution, the finite volume scheme is the first order
accurate. A good agreement between our numerical simulation and the theoretical results has
been obtained.

1. Introduction

Chemotaxis is an important means for cellular communication. It is the influence of chemical
substances in the environment on the movement of mobile species. This can lead to strictly
oriented movement or to partially oriented and partially tumbling movement. The movement
towards a higher concentration of the chemical substance is called positive chemotaxis whereas
the movement towards regions of lower chemical concentration is called negative chemotactical
movement.

The classical chemotaxis model of the so-called Keller—Segel model defined in system (1) was
first introduced by Paltak [9], E. Keller and L. Segel [7]

ur — V (aVu) + V (xuVv) =0 (t,r) € RT x R?
avy — Av+ T+ pu =0 r € RY

(1)

where u(t, 2) denotes the density of bacteria in the position x € R? at time ¢, v the concentration
of chemical signal substance, a > 0 the relaxation time, the parameter y the sensitivity of cells to
the chemoattractant and a, T, 8 are given smooth functions. As it can be seen, when « # 0 the
model is called Parabolic-Parabolic while it is an Elliptic-Parabolic model when o = 0. This
model is very simple. It exhibits a profound mathematical structure and only dimension 2 is
well understood, especially chemotactic collapse. It has been extensively studied in the last few
years, see [5, 6, 11, 10] for a recent status of the problem.

Finite volume method is a class of discretization schemes that has been proven highly
successful in approximating the solution of a wide variety of conservation law systems. It
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is extensively used in fluid mechanics, meteorology, electromagnetic, semi-conductor device
simulation, models of biological processes and many other engineering areas governed by
conservative systems that can be written in an integral control volume form. Numerical
simulations for biological Keller-Segel model’s problems were investigated in the following
references [1, 2, 4].

The aim of this paper is to study the finite volume scheme applied to the elliptic-parabolic
model’s problem defined as

( g — Au + div (uVv) =0 (t,z) e RT x Q
(P1)¢ u=0 o0
u(0,2) =u x €N

) (02) = uo @)
—Av+Tv=0 ASRY)
(P2){v:g 9.

where
Assumption 1

(i) € is an open bounded polygonal subset of R? or R3
(ii) 7 >0,
(iii) g € C (0, R)
(iv) up € C*(Q,R)
First we state the existence and uniqueness of the solution.

Theorem 1.1. Based on [§]. If g € L3 (), up € L?(Q) . Then the problem (P) has a unique
solution.

Remark 1.2. If the function g is positive on 0S), then the third condition of the assumption
assure existence and uniqueness as well as positive of variational solution to problem (P3) via
Laz- Milgran’s Theorem and Maximum principle

To obtain a finite volume discretization of problem (P), we introduce some important
notations and definitions:

(i) size(T) =sup{diam(K), K € T}.

(ii) For any K € T and o € E, m(K) is the d-dimensional Lebesgue measure of K and m(o)
is the (d-1)-dimensional measure of o.

(iii) Denoting the set of interior (resp. boundary) edges by Zin: (resp. byZeqt) ).

(iv) Let N(K) be the set of neighbors of K. If 0 = K |L, we denote d, or dg 1 the Euclidean
distance between g and 7, and dk , is the distance from i to 0. If 0 € Eg NEeyy, doy OF
dk - denote the Euclidean distance between i and y,, where y, is the point of intersection
of the straight line ¢ and the straight line which is orthogonal to ¢ and contains the point
TK.

(v) The transmissibility through o is defined by 7, = %:) and ng , resp (ng) denotes the
outward normal unit vector to o resp (0K) .

We note that throughout this paper we consider T is an admissible mesh in the sense of
Definition 3.1 in [3].

For the time discretization, we define a temporal partition ¢" = nk, for n € {0,..., Ny + 1}
where k € T is the time step and Ny = maz{n € N,nk <T}. The value (u}%,vk) is an
approximation of (u(nk,zk),v(xk)) at (t",zx) € (0T) x K.
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Definition 1.3. Let Q be an open bounded polygonal subset of R4, d = 2 or 3, and T is an
admissible mesh. Define X(T) as the set of functions from Q to R which are constant over each
control volume of the mesh.

Definition 1.4. (Discrete H} norm) Let Q be an open bounded polygonal subset of R%, d =2
or 3, and T an admissible finite volume mesh. For v € X(T), define the discrete Hi norm by

1,7 = (Z To (DUU)2> (3)

v
oEe=
where
Dyv = Jo, vkl Yo €Sy 0 = KL,
Dov = |ug| if o€ ExgNEeut.

The paper is organized as follows. In section 2, we give some results related to the existence
and the uniqueness of the approximate solution of problem (P2). Under adequate regularity
condition on the exact solution of this problem, the finite volume scheme is the first order
accurate. In section 3, we prove the same results as in section 2 (existence, the uniqueness, and
C? error estimate) for problem (P;) which is based on the proof of Theorem 2.3 and Theorem
4.1 in Ref. [3]. We conclude in section 4 the same results obtained in the previous sections for
problem (p). Finally, in Section 5 we illustrate the methods performance against test problems
from the literature, and verify that the results are in agreement with our numerical analysis.

2. Finite volume method for a elliptic problem (P3)
A finite volume scheme for the problem (Ps) is given by

> Fr,+mm(K)vg=0 VKeT (4)

oEEK
FK,U = —TK|L (UL — UK) Vo e g, ifo= K’L (5)
Fg,, =—To (Vo —vK) V0 € Zeqy NOQ where vy = g (yo) (6)

and y, is the point of intersection of the straight line ¢ and the straight line which is orthogonal
to o and contains the point xx.

We recall some important results of the approximate solution of elliptic problem (P2) (for proof
we refer to [3] ).

Proposition 2.1. Based on [3]. Under assumption 1. Let Tbe an admissible mesh . If
9 (Yo) >0 for all 0 € Eeyy, then the solution (vi)xer of (4)-(6) is positive for any K € T.

Lemma 2.2. (Ezistence and uniqueness [3]). Under assumptions 1, let T be an admissible
mesh ; there exists a unique solution (vi )xer to the equations (4)-(6).

Theorem 2.3. (C? error estimate) [3]. Under assumption 1, let T be an admissible mesh,
(vK)keT 15 the solution to (4)-(6). Assume that the unique variational solution v of problem

(P2) satisfied v € C?(QQ). Let, er € X(T) defined by er = ex = (v(vk) — vi) for a.e. v € K
and for all K € T. Then, there exists C > 0 depends only on v, 7 and § such that
lerlly,r < Csize(T), (7)

ler|lr2(q) < Csize(T), (8)
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and

UeEint
oc=K|L

+ S m(o)ds <(9 (yf’c)lg_ vK) _ mta) /U vu(a;).nK,gda(x)f

UEEext
oc=KNo

< O (size(T))2.

3. Finite volume method for a parabolic problem (P;)
In this section, we applied the following implicit finite volume scheme for the discretization of
parabolic problem (P;) which can be written as follows.

n+l

m (k) <~ Vi + 3 Y Vieeult = VK €T, Yne{0,...,Ny}, (9)
OEEK ocEEK
ul = ug (Tx) VK e T, (10)
where
Fg , = =7k (u] —uf) forallo € Ziy such that o = K|L, forn € {1,..., Ny +1}, (11)
Fg =1, (uk) Vo €ZeNOQ, for n e {0,.., N+ 1}, (12)
u” = u if Vi >0
o,+ K yo — ? . _
{ W=, if Vi, <0, for all o € E;,,; such that 0 = K|L, (13)
u = ul% Vg >0
o,+ K o — b -
{ W, =0 if Vi, <0, for all o € Zg such that o C 012, (14)
Vi, =15 (v, —vk), forall 0 € iy such that o = K |L (15)
and
Vi, =70 (9 (Ys) —vK), forallo € Zcp such that o C 0Q, (16)

with vk satisfies the equations (4)-(6) for all K € T'.

3.1. Error estimation
In the following Theorem we give a L™ estimate as well as the estimate error.

Theorem 3.1. Let §2 be an open bounded polygonal subset OfRd,E > 0. Letu € C?’(Ry x Q, R)
be defined in (Py) andv € C%(Q,R) defined in (Py) . Letug € C*(Q,R) and g € C°(9, R,). Let
T be an admissible mesh and k € (0,T). Then there exists a unique vector (ug)ker Satisfying
(9-16). In addition to that, there exists C' depends only on ug, such that

sup{|uk|, K€ T, ne{l,..,Ny+1}} <C. (17)

Furthermore, let € =u (t",zx) —ulf, for K € T ,n € {l,..., Ny + 1} and h = size(T). Then
there exists C > 0 depends only on u, v, Q@ and T such that

(Z m(K) (e’}<)2)2 <C(h+k) VKeT, Yne{l,..,Ny+1}. (18)

KeT
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i) Existence and uniqueness and L*>estimate
For the existence and uniqueness of the solution of finite volume scheme , we can follow the
proof of Lemma 3.2 page 42 in[3].
Let us now prove the estimate (17). Let Xg € K, n € {0,..., Ny} for all K € T'. Then, we claim
that
min {u}"!, K € T} > min{min{uf, K€ T}, 0} (19)

Indeed, if mm{u”“, K e T} < 0, let Kg € T such that u"+1 = min {u”“, K e T}. Since

u’}jl < 0 and replacing in the relation (9) K by Ky to get

K “71?;1 — U, o et % utt n+1 v n+1
m( ) k - K07U Koo ng Ko,o U

UEEKO UE_KO UGHKD

with Ko € T and Vn € {0, ..., Ny} .
From the definition of F}gi and ugtl, we deduce that

n+1 n+1 n+1
Z FKO’J <0 and Z VKoo (u[r’+ — U )SO.

O'EEKO UEEKO

Next, in view the Proposition 2.1, the function v is positive verifying -Av + 7v = 0 then we find

> Vool = 231/ Voni, (2)7(x) —Tunjl/ v dz 0.
6KO KO

UGHKO

Thus, we have

n+1 n
Upeo >uK0,

this proves (19) and by induction, we deduce that:

min {v}, K € T} > min {min {uf, K € T},0}. (20)
This implies that

max {uf, K € T} < max {max {u},K € T},0}.

So, the inequality (17) is satisfied with C' depends only on ug.

ii) Error estimate

One uses the regularity of the data and the solution to write an equation for the error
€ = u(t",zg) — uf, defined for K € T and n € {1,.., Ny +1}. Note that e =0 for
K e T. Let n € {1,...,N;}. Integrating the first equation of problem (P;) over each control
volume K of T, at time t = t"*+1 :

/ Ut (t"“, z) dv — / (Vu (" 2) —u (", 2) Vo (2)) .nk () dy(z) = 0. (21)
K oK

Subtracting (9) to (21) yields:

n+1

m (K) %+ 3 <G”+1 + W”+1) —— 3" mes(o) (R, +7,)—Sk VK € T, (22)

0EEK o€EK
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where
n+1 __ n+l n+1 = = B
GK}U = T (eL K ) VO'E\_;intﬂ\_‘K’ O'_K‘L’
n+l __ n+1 - =
GK’O, - To'eK VO- E —ext ﬁ ZK
n+l n+1 n+1
WK,G = W + Wy
with

ex = (v(zK) — vK)
W;}j’;ll = Ts ( er — 6[() n+1 = TUDU (6) ntl’
WL = (o) — (i) (1 (00 0,0) — 041 = 70D 0) (6241,

where x, , = rx (resp. z1) 0 € Ein, 0 = K|L and Vu.ng, > 0 (resp. Vung, < 0 ) and
r,, =g (resp. yYo) if 0 € Zesr N Ek, and Vung,, > 0 (resp. Vu.ng, , <0).
Using a Taylor expansion and as the regularity of w is considered, then there exists C'; and Cs
which €1 depends only on v and T and Cy depends only on u, v and T such that for all x € K
and all K € T we have

(u (tn+17 HUK) — (Y, xK))
k b}

Sk = / w (8", z) dx — m (K)
K

—m (o) R"K’U = T4 (u (t”+1,mK) — u(t"+1,ajL)) + / Yu (tn+1,x) niedé(x) if o = K|L € Ejpy,

o

—-m (o) R, = 7o (u (t”“, xK)) + / Vu (t”“, x) NK,edo(z) if o € Zepe NEK,
g

m(o)rg, = To(v(rk)—v(zr))u(r, )+ / Vo(z).ngeu (", z) do(z) if o = K|L € Sy,

m(o)rk, = To(v(zk)—9gWo))u(z, )+ / Vo(z)ngu (", 2) dé(x) if 0 € Eepe N Eg,
where
ST < m(K)Cy (h+ k), (23)
and
|Rfe | + |rk o | < Ca2h VK € T and o € Zg. (24)

Multiplying (22) by e"+1 summing for K € T, and noting that

> > el = 3o (@) = e

KeT oe=Ek S
Z Z WntIQ 7Il<+1 Z 07
KeT oez
>SomE) () = e e
KeT

where el € X (T), e} (x) = €} for a.e. € K , we obtain

e 2 e —i—kHe"HHLTS—kZKeTZae Kmes( o) (Ric. +¥.) K ucer KIS

(25)



ICMAE'l7 IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 949 (2017) 012015 doi:10.1088/1742-6596/949/1/012015

Using (23), (24) and Cauchy-Schwarz’s inequality yields, with some C3 only depending on u, v,
Qand T

e+ 22y + § e I r

< Cs3kh? + Cik (h+ k)Y e rm (K ‘enﬂ kZKeT Y oe=x KalenKH + 2 kerm(K) eiter.
(26)
Applying again the Cauchy-Schwarz’s inequality and the estimate (ab < % (a2 + b2)) to estimate

(h—f—k)k:Zmes( ettt < (h+k)k (Zmes > (Zmes n+1)>2

KeT KeT KeT
= (h+k)k(mes(Q))? ler | 20y

and

I\

|

3
=
o
~i
o
_l’_
| =
3
)
G
N:
=

= S g + 5 I
Using the estimation (7) of the Theorem 2.3 to find
Z Z Wi o er "H = ZTUDU () ug "t (e:’il - e?tl)
KeT o€y o€E
Cler|, T He
< Cabller™ ||,

IN

'

where

n+1 =ey if VK,U > 0, Ztl =er if VK,U
and Vi = Tng (v). We note that if 0 € =, then e?fl = egil =0.

Then, we obtain

n+1 _.n : n+1 _
=e ifVg <0 e = Vg >0
{ K Koo = o K K for all 0 € 2

I 22y + 5 B 2 o
< C3kh? 4 Cy (h + k) k (mes(Q))2 He”+1HL2 @ T+ Cak ||+ 5 el 720
So, applying again the estimate (ab < % (a + b2)) to Cykh He"“ HLT to deduce
He"'HHLQ < Cskh? 4 201 (h + k) k (mes(Q) He"+1HL2(Q) + He%H%z(Q) : (28)
Since, we obtain
HenJrlHL2(Q) < 06 <h2k + (h + k k Hen+1HL2(Q)> + HQ%H%Q(Q) : (29)

Similarly as in proof of Theorem 4.1 in [3], we get the estimate (18).

Proposition 3.2. Under assumption 1. Let T be an admissible mesh. If ug(x) > 0 for all
K € T, then the solution (uk)xer of (9)-(16) satisfied ug >0 for all K € T.

Proof. We have ug (z) > 0 and from the relation (20), we deduce that
min {u”+1 K € T} > min {min {u(}(,K € T},0} =0,

therefore, u”Jrl >0, VK € T. So this proves this Proposition. O
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4. Finite volume method for a Elliptic-parabolic problem (P)
A finite volume scheme of the problem (P) can be defined by the following set of equations:

up — +1 +1
n n+l _
m (K) ="+ Z Fpil - Z Fr,u"t'=0 VKeT, (30)
oEZK TEZK
Y Fg,+mm(K)og=0 VK¢ T, (31)
OEEK

e =ug (zxg) VK eET, (32)
Fg_ =—1giL (U —uf) Yo €Eipy ifo=K|L, (33)
Fg, =70 (uk) Vo€ Eew NEk, (34)
FK,U = —TK|L (’UL — UK) Yo € Emt fo=K |L , (35)
Fi,=—-T5(9(yo) —vK) Vo € ZEczt such that o € Ek. (36)

with u?f is defined by the relations (13)-(14),(we note that Fx = —Vi ). In this work, we
assume that the unknowns u and v are constants over each control volume K of the mesh T'.

Now, from sections 2 and 3 we are able to conclude that the main result is represented by
the following Theorem .

Theorem 4.1. Let Q be an open bounded polygonal subset of RY, T > 0. Let (u,v) €
C?(Ry x Q,R) x C?(,R) be defined in (P). Let ug € C*(Q,R) and g € C°(OQ,R,). Let T
be an admissible mesh and k € (0,T). Then there exists a unique vector (ur,vi)xer Satisfying
(30)-(36). Furthermore, let € = u(t",2x) — uy and ex = v(vg) — vk for K € T and
n € {1,..,Np+ 1} and h = size(T). Then there exists C only depending on u, v and T such
that

N
NI

(Z m (K) (6}2)2)

KeT

+<Z m(K)(eK)2> gC(h+kﬁ), VnG{l,...,Nk—i—l}

KeT

The demonstration of this Theorem is a consequence of Lemma 2.2, Theorems 2.3 and 3.1.

Proposition 4.2. Under assumption 1. Let T be an admissible mesh. If ug(x) > 0 for all
K € T, then the solution (uk,vi)xer of (30)-(36) is positive for all K € T, (ug > 0 and
vg > 0VK € T)

The proof of this Proposition follows from the Propositions 2.1 and 3.2.

5. Numerical simulations
In this section we present the results of numerical simulations. Two examples of problem (P)
are considered.

e In the first example ug and g are positive such that

ugp = sin(mz)sin(my),
v(0,y) =0
g = v(l,y) =1

v(z,0)=v(z,1)=1—2?
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e In the second example we choose

up = wy(l—=z)(1—-y)

v(0,y) =0

g = v (1,y) =sin (3y)
v(z,0)=0
v (z,1) = sin (3x)

In our numerical scheme of the finite volume method, we consider {2 = [01]2 and the time (in
second) ¢t € [0,0.2]. The domain 2 is discretized on a regular square grid of 21 x 21 nodes so
that the spatial step size is h = 0.05. For the time, we have used the time step size k = 0.02s.

Discussion
In both examples the function g is chosen to be positive.

(i) In figures 1(a) and 2(a), the function v is also positive. Therefore, the principal of maximum
is verified.

(ii) In figures 1(b) and 2(b), the initial condition ug is positive and the point (z,y) = (0.5,0.5).
The solution is given as a function of time ¢. It is clear in this case that the solution u of
the problem (P) is positive. Therefore, the principal of maximum is verified.

(iii) In figures 1(c) and 2(c), the initial condition ug is positive. It is clear from these figures
that the maximum of the solution u of the problem (P) remains positive during the time
evolution ¢t € [0 1]. Moreover, the solution u is also positive. Therefore, the principal of
maximum is verified.

0 002 004 006 008 01 012 014 016 018 02

(c) Max of u (d) Countour plot

Figure 1. Numerical solution for the Example 1
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0

0 002 004 006 008 0.1 0.12 014 0.16 0.18 0.2
t

(b) u(0.5,0.5)

g

®

(c) Max of u (d) Countour plot

0 0.02 004 006 008 0.1 0.12 0.14 016 0.18 0.2

Figure 2. Numerical solution for the Example 2

10] 10"

08y o8

06} q 06l

04} 1 o4f

02} 1 o2f

0ol | ‘ ‘ ool | ‘ ‘ g
0m 0% 010 015 00 0m 06 010 015 0

(a) Example 1: u(t,0.5,0.5) (b) Example 2: 100u(t,0.5,0.5)/6

Figure 3. Comparison between the numerical solutions obtained by finite volume method and
the finite element method.

(iv) The figures 1(d) and 2(d) represent the contour plot for the solution. One can see that the
solution is always positive.

(v) We remark that for positive values of up and g , the solution is also positive. This means
that the principle of maximum remains numerically valid .
We compare the numerical solutions obtained by finite volume method and the finite element
method ( from Mathematica 10.2T) at the coordinates (0.5,0.5). There is a good agreement
between these two solutions. (see Fig. 3a and 3b

(vi) From the figures. 1(d) and 2(d) we see that during the evolution the amplitude of u decreases.
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