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Abstract. In the case of rigid perfectly plastic material the strain rate intensity factor appears in
the vicinity of maximum friction surfaces. This factor controls the magnitude of the equivalent
strain rate in a narrow region near the surface. On the other hand, the equivalent strain rate
controls the evolution of material surfaces. Therefore, the existence of the strain rate intensity
factor in theoretical solutions are in qualitative agreement with experimental observations that
demonstrate that a narrow layer with drastically modified microstructure is often generated in
the vicinity of frictional interfaces in machining and deformation processes. In order to use the
strain rate intensity factor for describing such material behaviour, it is necessary to develop an
efficient numerical method for calculating the strain rate intensity factor. Since this factor is
involved in a singular series expansion, it is evident that commercial finite element packages
are not capable of calculating the strain rate intensity factor. In the case of Tresca’s solids the
theory of characteristics can be used for the development of the method in question. This paper
presents a first step in this direction

Keywords: strain rate intensity factor, rigid perfectly plastic material, axisymmetric flow, total
plasticity

1. Introduction

Numerous experimental observations demonstrate that a narrow layer with drastically modified
microstructure is generated near frictional interfaces in machining and deformation processes. This
layer is usually called white layer in papers devoted to machining processes and fine grain layer in
papers devoted to metal forming processes. A complete review of results on white layer/fine grain
layer generation published before 1987 has been presented in [1]. According to this review article
there are three main contributory mechanisms responsible for white layer generation. One of these
mechanisms is the mechanism of intensive plastic deformation. This mechanism can be described by
means of the strain rate intensity factor introduced in [2]. This factor is the coefficient of the leading
singular term in a series expansion of the equivalent strain rate near maximum friction surfaces. This
expansion shows that the equivalent strain rate is infinite at the friction surface. Therefore, the strain
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rate intensity factor controls the magnitude of the equivalent strain rate in its vicinity. On the other
hand, the equivalent strain rate controls the evolution of material properties. In the case of rigid
perfectly plastic materials a necessary condition for the existence of the strain rate intensity factor is
the friction boundary condition that postulates that the friction stress at sliding is equal to the shear
yield stress (maximum friction law). This boundary condition is often adopted at the tool - chip
interface (at least, over a portion of this interface) in machining processes [3 - 10]. This zone is usually
called the sticking zone. The existence of such zones has been reported in deformation processes as
well [11 - 14]. However, it is worthy of note that the actual seizure (the velocity vector is continuous
across the interface) may or may not occur in theoretical solutions. It depends on the constitutive
equations chosen. Also, the interpretation of experimental results on this issue is controversial [15]. In
the present paper, it is assumed that sliding occurs at maximum friction surfaces. In this case models
for describing the generation of fine grain layers near frictional interfaces based on the strain rate
intensity factor have been proposed in [16, 17]. In order to apply these models to industrial problems,
it is necessary to carry out a special experimental program and to develop an accurate method for
calculating the stain rate intensity factor. Since this factor is involved in a singular asymptotic
expansion of the equivalent strain rate, it is evident that commercial finite elements packages are not
capable of calculating the strain rate intensity factor. Probably, the generalized finite element method
[18] can be used for this purpose. However, no specific code is currently available. To the best of
authors’ knowledge, the only available numerical approach for calculating the strain rate intensity
factor is based on the method of characteristics [19]. This approach is valid for plane strain
deformation of rigid perfectly plastic material. On the other hand, most of experimental results are
available for axisymmetric deformation, for example [20, 21]. Using analytic and semi-analytic
solutions the strain rate intensity factor in axisymmetric flows has been determined in [22, 23].
However, comparison of the accurate numerical plane strain solution derived in [19] and the
corresponding approximate analytic solution demonstrates that the accuracy of the analytic solution is
not sufficient for practical applications. Therefore, an efficient numerical method for calculating the
strain rate intensity factor in axisymmetric flow is needed. In the case of Tresca’s solids (i.e. solids
satisfying Tresca’s yield criterion and its associated flow rule) such a method can be based on the
theory of characteristics and can be considered as an extension of the method developed in [19]. In
particular, the general theory of characteristics for this case is presented in [24]. In the present paper,
as a first step to the development of a numerical method for calculating the strain rate intensity factor
in axisymmetric flows, this theory is used in the conjunction with the finite difference method to build
up the field of characteristics and, as a result, the field of stress for the problem formulated in [23] but
without using simplified assumptions accepted in this paper. Then, comparison of the numerical and
analytic solutions is made.

2. Boundary value problem and constitutive equations

Consider the compression of rigid perfectly plastic tube on a rigid fibre of radius a (Fig. 1). The outer
radius of the tube is b and its inner radius is a. The length of both the fibre and tube is 2L. Pressure
applied at the outer surface of the tube causes axisymmetric plastic deformation in it. Cylindrical
coordinate system (r, 9, z) is taken such that the z-axis coincides with the axis of symmetry of the flow
and the plane z = 0 is the plane of symmetry. Then, it is sufficient to consider the region 0 <z <L. The
non-zero stress components are denoted by oy, gy, 7, and z,. Velocity components in the radial and
axial directions are denoted by v, and v, respectively. The boundary conditions are

7,=0 at r=bh, (1a)
;=K at r=a, (1b)
0;=0and 7,=0 at z=L (1c)
vv=—U at r=b, (2a)

vv=0 at r=a (2b)
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here k is shear yield stress. On the plane z = 0, by symmetry
v,=0 and 7,=0 €))
In the present problem, the case of interest is that in which v, < 0. Then, under conditions of axial

symmetry, it is assumed that the material of the tube satisfies Tresca’s yield criterion in the regime of
total plasticity (see, for exemple [24, 25]), so that

(0r— o)’ +412, = 4K 0y= L(or+ ;) & (4)
The stress components satisfy the equilibrium equations

d d or—og __
Bor 4 9tz 4 7% — (5a)

otry | 90y | Trz _
ot T =10 (5b)

and, there are four equations for the determination of the four unknown stress components, i.e. the
problem is statically determinate.
The velocity components are determined by the incompressibility and isotropy conditions

vy vy vy __
% + aairz)/ % - aaizz) = 27, /(0y — 03) @)
It is known that these systems (i.e. (5a)-(5b) and (6)-(7)) are hyperbolic and the characteristics for the
stresses and the velocities coincide, furthermore, they coincide with the slip-lines. Therefore, there are
two distinct characteristic directions at a point, denoted by o and f respectively. In such a case the
method of characteristics can be used to solve the problem under consideration. Substituting
0,0, =0% ksin2¢, 1., =kcos2e ()]
here o = (or + 6,)/2 and ¢ is the anti-clockwise angular rotation of the a-line from the z-axis. Then,
equations for a-lines and S-lines are
dr/dz =tanp and dr/dz = —cote 9

Now the o-line and f-line are regarded as a pair of right-handed curvilinear axes of reference and
denoted by s, and

T A

Rigid perfecrlv plastic rube
-

Rigid fibre O

2r

rTr17171717 11
y2d

Figure 1. Configuration and coordinate system.

sy respectively. Then, following [24] in transforming from the coordinate system (z, r) to the
characteristic coordinates (s, , S), with v, and v, being the components of the velocity vector along the
characteristic coordinates, the equations (5a), (5b), (6) and (7) take the form

do — 2kdg = “(-ar-daz) along an o-line (10a)
do + 2kde = %-ar+daz) alonga p-line (10b)
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dve —vpdep = — %(vadz—vﬁdr) along an a-line (11a)
dvg + Vod = —— (vadr+vpdz) alonga p-line (11b)
and the boundary conditions (1a-b-c) and (2a-b) become
p=Trl4 at r=h, (12a)
p=2r at r=a, (12b)
c=-k and ¢=7x/4 at z=L (12¢)
vy =V, —UV2 at r=b, (13a)
vy =0 at r=a. (13b)

3. Numerical solution

3.1. Numerical scheme for the problem of Sect. 2

Small displayed equations: Some examples: Several numerical schemes based on the method of
characteristics have been proposed to determine the stress and velocity distributions in axisymmetric
flow of rigid perfectly plastic solids [24]. In the present paper we adopt one of these scheme, which is
analogue to the scheme presented in [19, 26] for the problem in plane strain flow, to solve the problem
formulated in the previous section.

The general structure of the characteristics and Cartesian coordinates (z, r) are symbolically illustrated
in Fig. 2. Starting from base-line AB, the stress distribution across a network of characteristics (slip-
lines) can be uniquely defined by using the systems (9), (10a-b), and the boundary conditions (12a-b-
c). The equations (9), (10a-b) (expressed in finite-difference form) are nonlinear and solved by
suitable iterative procedures.

@ =71t/4
8= 0, UV2 Bline
] \' / i
b5 7 n ©=7n/4
Boundary of plastic Region /] 6=—
I a-line /
] c
' a-line /
Rigid zone B
a = S rA
J |
@=2n !
=0 I
|
0 T z

Figure 2. Configuration and coordinate system (z>0, r>0).

The stress solution and slip-line field in the region ABC are determined by the conditions (12c) at N
equally spaced nodal points on the segment AB. The nodal points on S-line BC were taken as the
intersections with the a-lines (through the nodal points on AB). The nodal points on a-line AC were
taken in a similar way. Next, the field BCD is defined by the solutions on BC and the boundary
condition (12a). The point A is a singularity through which pass all a-lines within an angle of 45°
between AD and AG. Having the solutions on AD, the field ADE is defined by the numerical
procedure proposed in [24, 27]. The construction of the field continues in similar way up to the slip-
line through the point R located on the intersection of the plane z =0 with the outer surface of the tube.
This curve is the a-line and also the boundary between the rigid and plastic regions.
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Having completed the slip-line field, the velocity solution is built up from the left in Fig. 2 and
uniquely determined by the conditions for the velocities on BR, AQ and RQ. At this moment a
suitable velocity boundary conditions should be set on the rigid plastic boundary RQ. The wedge
shaped area included between RQ and its counterpart in the left-hand quadrant is rigid and do not
move down as a whole body but lose material to the plastic region. Using (11a), (12a) and taking into
account that the normal component of velocity vector is continuous across RQ yield

vp =0, v,=U./2b/r on RQ (14)

It is evident that the tangential component of velocity v, is discontinuous across RQ.

Now that all the velocity boundary conditions have been identified, starting from rigid plastic
boundary RQ, the velocity solution can be found using linear system of equations (11a-b) in finite-
difference form. The construction of the velocity field is almost identical to the one used in the stress
determination.

3.2. Numerical results and comparisons.

An analytic solution to the problem formulated in the section 2 has been given by Spencer A. J. M. in
[25]. This solution is approximate because the boundary conditions at z=0 and z = L are ignored.
However, all the equations and the boundary conditions at r = a and r = b are satisfied. Since
Spencer’s solution gives a good approximation to the solution for compression of rigid perfectly
plastic tube on a rigid fibre, except near the ends and center of the tube, it is inferred that Spencer’s
solution is appropriate to verify numerical results obtained here if the length of the tube is large
enough compared to its radius. Note that when calculating the stress and velocity fields by Spencer's
formula, the following boundary conditions in the integral form have been used [23]

b b
J, 10,l=0dr =0, [ rvy|,—odr =0 (15)

Without loss of generality, it is assumed that U = 1 and (b — a) = 1. The calculations were performed
for tubes with a ratio L / (b — a) in the range of 5 — 25, and an inner radius a in the range of 1-20. Fig.
3 shows two slip-line field configurations corresponding to {L = 5.54, a =1} and {L = 6.25, a = 3}
respectively. In both cases, the number of nodes N on the segment AB are equal to 6. It is seen from
Fig. 3 that both families of characteristics are straight in the triangle ABD in which the two
relationships are satisfied : dr = — dz along an a-line and dr = dz along a B-line, therefore all the stress
components are constant by (8) and (10a-b). Thus, the stress state is uniform in the region ABD.

Next, the radial stress and axial velocity distributions on AQ (along the friction surface r = a) for the
both numerical and analytic solutions are compared in Fig. 4. With N = 11, the calculations were
performed for the tube with L = 13.86, a = 1. In this case, as expected, the numerical and analytic
solutions for o, and v, are very closed to each other when the variable z lies in the distances greater
than 2(b — a) from the ends and greater than 3(b — a) from the center of the tube.

Figure 3. Slip-line fields calculated for tubes of diferent radius and length-diameter ratio (N = 6).
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Figure 4. Comparison of numerical and analytical values of o, , v, along the friction surface r=a
(L=13.86,N=11).

Considering that Spencer’s solution is accurate, at least in places situated at a long enough distance
from the center and the ends of the tube, it is reasonable to introduce the following definitions for the
investigation of the distribution of relative error within the plastic region:

p - a set of all the nodal points on the g-line, which is selected for comparison.
BL|za - a set of all the nodal points on the f-line passing through point (z =z, , r = a).

o(f |/f) - the maximum absolute value of the relative error of the value f in the set 8

_ FD(zirD)-fFM (2,1
8(f1B) = max(y, rep }(‘:)(Zi,ri) - (16)
here f(z;, ;) and fMN(z;,7;) are the calculated values of Spencer’s and numerical solutions
respectively at (z; ;).

Now there are three S-lines selected within the plastic region for each tube. The first passing through
point (z, , a) located close to the end of the tube, but z, < L — 2(b — a). The second passing through the
point located near the middle of AQ. The third passing through point (z, , @) located close to the center
of the tube, but z, > zo (the z-coordinate of the point Q). The positions of these f-lines are relatively
specific to the distribution of the calculated values. Having calculated the stress and velocity fields (for
two cases L =L1=13.86,L =L2=22.2 with N = 11) according to Spencer’s and numerical solutions,
the maximum relative errors of all the calculated values on the above selected g-lines are found from
(16) and presented in Tab. I. It is seen from this table that the relative errors are very small for the
middle f-lines despite the number N is relatively small. Also, the error decreases as the length-
diameter ratio increase over plastic zone except the ends.
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Tablel. Relative Errors of Numerical values.

Maximum Value of The Relative Error
0ea|p) | d|p) oW|p s0u|p)
Puns 3.9e-1 2.9e-3 5.6e-2 2.2e-1 5.2e-3
Brz|202 7.0e-2 3.4e-2 1.3e-1 2.7e-1 5.0e-3
Buijra 2.7e-2 2.1e-3 1.4e-3 1.0e-2 1.9¢e-4
Brz|ia 1.9e-4 6.5¢-4 8.4e-4 7.5¢-4 4.2e-3
BLi|ass 3.6e-4 5.9¢-4 7.8¢e-4 3.0e-1 2.5e-2
BLa|s.07 5.5e-4 5.6e-4 6.4e-4  84e-2 0.9¢-5

Set B

4. Conclusion

A numerical approach for determining the stress and velocity fields of rigid perfectly plastic material
in axisymmetric flows of a plastic tube on a rigid fibre has been performed. The approach is based on
the method of characteristics. The accuracy of the numerical results has been verified by comparison
with an accurate analytic solution. If the length-diameter ratio of the tube is large enough, the
magnitude of the stress and velocity components at the places situated in the distances by 2-3 times the
tube thickness from its ends and center is very close to that found from the approximate solution in
which the end effects are neglected.

Since the determination of the strain rate intensity factor is based on the derivation of the equivalent
strain rate in the vicinity of an envelope of characteristics, the calculation of the velocity and
characteristic field with high accuracy is of high importance, therefore the numerical approach
presented in the present paper is the first and right step to the development of a numerical method for
calculating the strain rate intensity factor in axisymmetric flows.
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