Journal of Physics: Conference
Series

PAPER « OPEN ACCESS You may also like

. H - Tuning the electronic properties of hi
DM-induced frustration of the weakly coupled Brisoiropis 2D danoiig:bond-ree sheets

from 1D V,Segy chain structures

Helsenberg Chalns Weon-Gyu Lee, Dongchul Sung, Junho

Lee et al.

. . . . - (De)localization and the mobility edges in
To cite this article: Wen Jin and Oleg A. Starykh 2017 J. Phys.: Conf. Ser. 828 012019 a disordered double chain with long-range

intrachain correlation and short-range
interchain correlation
Yi Zhao, Suging Duan and Wei Zhang

- Non-perturbative methodologies for low-
dimensional strongly-correlated systems:
From non-Abelian bosonization to
truncated spectrum methods
Andrew J A James, Robert M Konik,
Philippe Lecheminant et al.

View the article online for updates and enhancements.

G N & | Discover

how sustainability

The e : intersects with
Electrochemical ¢ |
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.141.35.60 on 26/04/2024 at 17:07


https://doi.org/10.1088/1742-6596/828/1/012019
https://iopscience.iop.org/article/10.1088/1361-6528/abc6de
https://iopscience.iop.org/article/10.1088/1361-6528/abc6de
https://iopscience.iop.org/article/10.1088/1361-6528/abc6de
https://iopscience.iop.org/article/10.1088/1361-6528/abc6de
https://iopscience.iop.org/article/10.1088/1361-6528/abc6de
https://iopscience.iop.org/article/10.1088/1361-6528/abc6de
https://iopscience.iop.org/article/10.1088/0953-8984/24/24/245502
https://iopscience.iop.org/article/10.1088/0953-8984/24/24/245502
https://iopscience.iop.org/article/10.1088/0953-8984/24/24/245502
https://iopscience.iop.org/article/10.1088/0953-8984/24/24/245502
https://iopscience.iop.org/article/10.1088/1361-6633/aa91ea
https://iopscience.iop.org/article/10.1088/1361-6633/aa91ea
https://iopscience.iop.org/article/10.1088/1361-6633/aa91ea
https://iopscience.iop.org/article/10.1088/1361-6633/aa91ea
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjstunQxIO6KmCdOsoEZiDtbrLs2q_zDUgnIg2Eju5D9HgHbC_EcVudgk_fD0-X649CzPzq_e7Ms1G1ojbPIarNnjGZMLMuhCD-zEEfhKkUPu6pAhd-3FvMcMyPQGyP4L59Gn1-QKHrVhmbzaZHEQiJ418LDaCCFT7C8s7xkoBGJEs605xFjoRLAnrPG38lhHcVh5ZCzmhVn9MWe4R8QLVHDCh8K15w4S9FDFJirMwFPb90BwxANuDl3fm-6jHWptIdITbZnJQJuj24EWtolIdaAF6RlD14O4mi_H1ik0NqE5Ut5zdciAYpGoYC43E5PZEItmvoRUfc3aigaQfrVK3Ap6XpKQAg&sig=Cg0ArKJSzCCRNZAuBczz&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

8th International Conference on Highly Frustrated Magnetism 2016 IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 828 (2017) 012019 doi:10.1088/1742-6596/828/1/012019

DM-induced frustration of the weakly coupled
Heisenberg chains

Wen Jin and Oleg A. Starykh
Department of Physics and Astronomy, University of Utah, Salt Lake City, Utah 84112, USA

E-mail: wen.jinOutah.edu

Abstract. We present theoretical procedure for estimating interchain exchange coupling J’
between antiferromagnetic spin-1/2 Heisenberg chains with frustration due to Dzyaloshinskii-
Moriya (DM) interaction characterized by DM vectors D, which are uniform within each chain
y, but staggered between adjacent chains, Dy ~ (—1)?D. Under a magnetic field h || D we
obtain a field-temperature phase diagram which favorably agrees with the one experimentally
observed. We then apply chain mean-field (CMF) technique to calculate interchain exchange J’
from the critical field h. at which the transition between the collinear spin-density wave and the
cone states takes place. The CMF calculations are found to provide good physical description
of the experimental measurements for the wide range of D/J’.

1. Introduction

Many experimental realizations of Heisenberg spin chain materials have become available
over recent years. Here we present comparative analysis of two new interesting materials
— K9CuS0O4Cly and KoCuSO4Bry [1,2] — which represent an interesting and novel case of
Heisenberg spin chains with uniform Dzyaloshinskii-Moriya (DM) interactions.

Both materials are believed to be described by the Hamiltonian (1) below and are
characterized by a different set of parameters (J, D, J’), where J is the dominant intra-chain
exchange, D is the DM interaction strength and J’ is the interchain spin exchange. Despite close
structural similarity, the two materials are characterized by different h — T" phase diagrams, as
has been established by experiments in Prof. Zheludev’s group in ETH [1-3]. That difference is
attributed to the different D/J’ ratio — according to Ref. [1] DM interaction is relatively weak
in KoCuSO4Cly, so that D/J" ~ 1, while KoCuSO4Brs can be characterized as a strong DM
material with D/J" ~ 10.

As we describe below and show in more details elsewhere [4], large D/J’ ratio places Br-
based material into a novel category of materials where interchain interaction between spins
from adjacent chains is strongly frustrated by the uniform in-chain, but staggered between
chains, DM interaction. This unique geometry of DM interactions makes KoCuSO4Bry somewhat
similar to the honeycomb iridates family LisIrO3 an incommensurate magnetic order of which
is characterized by unusual counter-rotating spirals on neighboring sublattices [5]. This kind of
frustration requires theoretical re-evaluation of the kind and mechanism of the eventual two- (or,
three-) dimensional magnetic order that develops in the system at sufficiently low temperature.
Our work provides such an analysis.
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A variety of experimental techniques has been employed to characterize the parameters of
K5CuS0O,4Cly and KoCuSO4Bry [1,2]. The dominant intra-chain exchange J has been estimated
using the empirical fitting function of Ref. [6] to fit the uniform magnetic susceptibility data as
well as by fitting the inelastic neutron scattering continuum, a unique feature of the Heisenberg
spin-1/2 chain, to the Miiller ansatz [7]. DM vector D has been measured by electron spin
resonance (ESR) [2,8]. However the interchain exchange interaction J' has been estimated
from the chain mean-field theory fit based on Monte-Carlo improved study in Ref. [9]. This
fit, however, completely neglects crucial for understanding of these materials DM interactions
and moreover assumes that spin chains form simple non-frustrated cubic structure. The second
assumption is not justified as well. Inelastic neutron scattering data show that the interchain
exchange between spin chains in the a — b plane is at least an order of magnitude stronger than
that along the c-axis, connecting different a — b planes. As a result, it is more appropriate to
consider the current problem as two-dimensional whereby spin chains, running along the a-axis,
interact weakly via J' < J directed along the b-axis.

This is the geometry assumed in the present work. Using bosonization technique, we account
for the intra-chain DM interaction non-perturbatively, and describe the competition between the
cone and the longitudinal spin-density wave (SDW) orders. The interchain J’ is estimated from
the value of the zero-field critical temperature T, which is calculated with the help of the chain
mean field (CMF) approximation [10]. The obtained T¢’s are found to be in a good agreement
with experimental measurements.

2. Hamiltonian

We consider weakly coupled antiferromagnetic Heisenberg spin-1/2 chains subject to a uniform
Dzyaloshinskii-Moriya (DM) interaction and an external magnetic field. The system is described
by the following Hamiltonian,

H = Z[Jsz,y ’ SxH,y + J/Sx,y ’ Sx,yH] +D- Z(*l)ysx,y x Sx+1,y —h- Z S;,y? (1)
z,y

x?y x7y

where S, is the spin-1/2 operator at site (z,y). J and J’ denote isotropic intra- and inter-
chain antiferromagnetic exchange couplings as shown in Fig. 1, and we account for interactions
between nearest neighbors only. The inter-chain exchange is weak, of the order of J' ~ 1072.J.
DM interaction is parameterized by the DM vector D = DZ, direction of which is staggered
(note the factor (—1)¥) between adjacent chains. Importantly, vector D is uniform within a
given y-th chain. h = gupB is an external magnetic field along DM interaction.

N

y+1—] —Q—Q—Q—é— ®-D
Figure 1. Sites, exchange couplings and

Y4 —e—e—ee—— (® D DM vectors on coupled spin chains. Intra-
chain bonds J (thick lines along ), inter-

V-l — ¢ ® chain bonds J’ (dashed lines along §), and
J' < J. DM vectors on neighboring chain
have opposite direction, either point into or
x-1  x  x+1 out off paper.

Y

2.1. Bosonization
In the low-energy continuum limit, Hamiltonian is expressed by bosonization [11-13],

Hchain = 7'10 + 7:[bs + flintera (2)
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where Ho has quadratic form in terms of abelian bosonic fields ¢, 6 (see details in Appendix
A), the Zeeman and DM interaction terms are absorbed in Ho by linear shifts of fields ¢ and
0, correspondingly. The harmonic Hamiltonian is perturbed by chain backscattering Hyps and
inter-chain Hinter interactions, which read

Hys = /da:{wvyB(J;{Jge_mw +h.c.) + QWUszJZ%Jf‘c}a ty = h/v, 3)

and Hinter = Heone + Hsdw, where

21

3 (0y — dy+1)].  (4)

Heone = €1 /diL‘ cos[B(0y — Oyt1) +2(—1)Ytpz], Heaw = cz/d:v cos|

The coupling constants are,
Cc1 = J/A?)), Cy = J/A%/Q. (5)

v ~ Jma/2 is the spin velocity, a is lattice constant and tg = D/v. Jr(x) and Jg(x), are the
uniform left and right spin currents, which are defined in Appendix A. The parameter 8 = 27 R
is related to the “compactification radius” R in the sine-Gordon (SG) model. In the absence
of external field, the SU(2) invariant Heisenberg chain has 2rR? = 1. The amplitudes A; and
As have been determined numerically [14]. Hcone and Hgsqy are the transverse and longitudinal
(with respect to the z-axis) components of inter-chain interaction respectively.

Table 1. Exchange constants for KoCuSO4Cls and KoCuSO4Bry: The intrachain exchange J is
obtained by thermodynamic and neutron measurements. D values are from ESR measurements.
Inter-chain exchange J' in fourth column is obtained by fitting data to Ref. [9]; inter-chain
exchange J' in the last column is obtained by fitting data to our CMF calculation in Eq. (7), (9)
and (10).

J D J by Ref. 9] J' by CMF
K2CuS0O4Cly 31K ~004K 0.031 K 0.073 K
K2CuSO4Brs 20.5 K 0.28 K 0.034 K 0.20 K

2.2. Two phase diagrams

We notice that there is a position dependent oscillation term in Hcone (4). The physical meaning
is that staggered DM interaction forces spins in neighboring chains to rotate in opposite direction
thereby frustrating the transverse inter-chain interaction. If the DM interaction is weak, D < J’
(the case of KoCuSO4Cly), oscillation in Hcope is slow and does not affect renormalization group
(RG) flow of the coupling constant ¢;. One finds that in the presence of external magnetic
field the more relevant Hcone dominates over the Hgqw and the ground state is cone state.
Minimization of the argument of cosine in Hcone has the effect of undoing the shift (A.9),
resulting in a commensurate cone configuration shown in Fig. Bl. The temperature-field phase
diagram for this case is shown in Fig. 3.

If the DM interaction is strong, D > J' (the case of KoCuSO4Br3), Heone oscillates rapidly
and averages to zero. As a result, the only inter-chain interaction that survives in this situation
is the Hggw, which promotes incommensurate longitudinal SDW order. However, a cone-like
interaction between more distant chains can be generated by quantum fluctuations at low
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energies [15]. The simplest of such interactions is given by the transverse interaction between
the next-neighbor (NN) chains Hnn (derivation of this term is presented in Ref. [4]),

wJ"? 4 2A1—1F(1 —Ay)

HNN = —C3/d3: cos[B(0y — Oy12)], c3= 16143?59 L(Ay) ©

where A; ~ 1/2 at low fields. This is an indirect exchange, mediated by an intermediate chain
(y + 1), and therefore its exchange coupling is rather weak, (J')?/D < J'. Importantly this
interaction is not frustrated (spins in chains y and y 4 2 are rotating in the same direction) and
becomes more relevant with increasing magnetic field. Hyn competes with Hgqw, and results in
a phase transition from SDW to coneNN, a cone-like incommensurate order induced by Hnn,
at some critical field h.. For KoCuSO4Brj it appears that h. ~ 0.1 T [1]. This coneNN order
corresponds to 6, — 0,42 = 27w/, and the resulting spiral spin configuration is illustrated in
Fig. 2. The main role of DM interaction is to induce incommensurability, oc D /v, in the counter-
rotating spiral orderings in the neighboring spin chains, see Appendix B for more details.

Figure 2. Staggered magnetization of
the coneNN state, illustrated for a field
h | D, where all spins are ordered in the
transverse plane. Red circles with arrows
indicates the procession direction of spins,
as one moves along each chain. Note that
the arrows’ direction alternates between
consecutive chains, owing to the staggering
of the DM vector. Blue and green curves
illustrate spin orientation in neighboring
chains.

3. Chain mean field calculation

The chain mean-field (CMF) approximation [10] allows one to calculate critical temperatures
for different possible instabilities desribed in Sec. 2.2. There are three states that need to be
considered, and we present the critical temperature for each state in the following. Details of
the calculations can be found in Ref. [10] and Appendix C.

3.1. Cone order
Ordering temperature for the cone state Tcopne is the solution of equation,

on,—2 (1 — Aq)

1 =m (27 Teone/v) T(Ay IT(A1/2 + iy)]4[cosh(27ry) — cos(mA1)], (7)
with ;
_ v _ o
A Teone | = oy (8)

A is the scaling dimension of N7, its value in the limits of zero and full magnetization is
shown in Table 2. The plot of T¢ope for KoCuSO4Cls is shown as the blue curve in Fig. 3 —
this corresponds to Fig. 14 in Ref. [1]. Here we took the exchange constants J = 3.1 K and
D = 0.04 K from Table 1. By fitting the zero-field experimental value of Teone (Teone|n=0 =77
mK in Ref. [1]) to Eq. (7), where Ay = 1/2, we obtain J¢; = 0.073 K. The (approximately)
factor of 2 difference between our result and the previous estimate in Ref. [1] is caused by the
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Figure 3. Critical temperatures of SDW
(Tsaw, orange dashed line) and cone (Ttone,
blue solid) as a function of magnetization
M for KoCuSO4Cly, with J =31 K, D =
0.04 K in Table 1 and J¢, = 0.073 K from
Eq. (7) by setting Teone|n=0 to 77 mK. The
order with the larger critical temperature is
the one realized. Here the phase diagram
consists of a single cone phase.

Figure 4. Critical temperatures of SDW
(Tygw, orange dashed line) and coneNN
(TeoneNN, blue solid line) as a function of
magnetization M for KoCuSO4Bro, with
J =205 K, D = 0.28 K are taken from
Table 1 , and Jj, = 0.20 K from critical
field B, ~ 0.1 T (details in Sec. 4). Two
curves intersect at very low field, indicating
a SDW-coneNN phase transition.

accepted here two-dimensional geometry of the system, as described in the Introduction. Fig. 3
shows that Tione is enhanced by field, and has a max close to 150 mK, which agrees well with
the experimental maximum of Teope, see Fig. 14 in Ref. [1]. At high magnetic field Ttope starts
to decrease because orthogonal to the magnetic field spin projection (the amplitude As in (5))
decreases to zero on approaching the fully polarized phase.

Importantly, increasing the ratio D/J’ suppresses Teone, until at some critical value D./J" ~
1.2, the solution of Eq. (7) disappears completely. Mathematically, this value is determined by
the maximum of the right-hand-side of Eq. (7) as a function of y [4]. Physically, strong DM
interaction (D/J’ > 1) frustrates transverse interchain coupling, effectively turning it off. As a
result, the cone order is destroyed.

3.2. SDW order
The ordering temperature for SDW state is,

I'(1— A2)F(A2/2)2/<1

il T(Ay —1/2)
271 LPT(A)T(1 — Ay /2)2

(1 = AT (Ay)

)} 1/(2—24A2)

Tsdw = 5 (9)

with 79 = mcg/v. The denominator compensates the non-physical divergence which occurs
when As — 1 near the saturation transition, see Table 2. Calculated Tggy for KoCuSO4Cls
and KoCuSO4Bry are shown in orange in Fig. 3 and Fig. 4, respectively. In Fig. 3, Tiqw is
smaller than Teone, so that SDW does not realize. However, in Fig. 4, T, 4y is dominant at small
fields h < he. At higher h (higher magnetization M) TconenN takes over, corresponding to the
SDW-coneNN phase transition.
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3.8. ConeNN
When it comes to coneNN state, its ordering temperature has a simple form, due to the fact
that Hyy is free from oscillation and Tionenn is free from divergence (A; < 1/2),

: (10)

(% F(l - Al)F(Al/Q)Q 1/(2—24A1)
TconeNN = { :|

27 UPT(ANT(1 — A /2)?
with 13 = me3/v. Teonenn for KoCuSO4Bry is shown in Fig. 4, where values for J and D are
from Table 1. J4, = 0.20 K is obtained from the calculation in Sec. 4, where we describe that

for strong DM interaction the value of the interchain exchange [’ can be obtained directly from
the transition field h..

Table 2. Scaling dimensions A/, of transverse (N +) and longitudinal (N?) components of
staggered magnetization N at magnetization M. The last two columns are the scaling dimensions
in the limit of zero and full polarization, respectively.

Operator Field Expression M =0 M =1/2
Ay N* 0 T R? 1/2 1/4
Ay N* 10) /B> 1/2 1

4. Determination of 7' from the critical field h. for strong DM interaction
Experiments on KoCuSO4Bry have observed phase transition at a very small magnetic field
B. ~ 0.1 T [1,2]. This corresponds to a critical field h. = 0.1343 K (with h. = gupB., and
set g = 1). Clearly h. < J, which is consistent with our low-field consideration. Using field-
theoretical expression for the low-field magnetization, per site, m(h) of the spin-1/2 Heisenberg
chain [16]
h 1
27V 1+ 21n(J/h)]7 (11)

m —

then we can estimate the critical magnetization m, ~ 7.29 x 107 at h.. Here, spin wave
v = wJ/2, and the predominant exchange J = 20.5 K. Scaling dimensions of operators N*
and N? are A; and A, respectively, with A; = 7R?, Ay = 7/% In the limit of small
magnetization, the parameter 2 R? is well fitted [10] by

1

MR?=1— -
mh 2In(Mo/m)’

(12)

where My = /8/(mwe). Therefore, the two scaling dimensions are modified by the magnetization

in opposite ways,
1 1 1
A

=2l ey A o

T : (13)
~ TIaCfo )
These relations are illustrated in Fig. 6.

We now use ordering temperatures of the two competing orders, Tygw (A2, J'/J) in Eq. (9)
and Teonenn(A1,J'/J) in Eq. (10), together with Eq. (13) and experimental value of m,. in order
to find the ratio J, = J'/J. The critical magnetization m, satisfies the condition,

Tsdw(m07 Jp) = TtoneNN (mCa Jp)- (14)
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Figure 5. Parameter 27 R? as a function
of magnetization m, in the limit of small
m, illustrating Eq. (12).

Figure 6. Two scaling dimensions Ay, as
a function of magnetization m, in the limit
of small m, illustrating Eq. (13).

Fig. 7 shows that in the vicinity of the m., which is denoted by the red dot in the plot, J,
varies linearly with magnetization m. We find J, = 0.01024, which results in the inter-chain
exchange Jf, ~ 0.2 K. The curves for Tyqyw and Teonenn intersect at Ty = Teqw(me, Jh,) =
TeoneNN (mm j]ér) ~ 77 mK.

With J5, = 0.2 K, we compute the zero field ordering temperature of SDW order,
Tsdw|n=0 ~ 112.12 mK, which agrees with the zero field specific heat anomaly at 100 mK [1].

0.012

0.011

™ o010F
Figure 7. Relation between ratio J, = J'/
0009 1 J and magnetization m near m.. The
coordinate of the red dot is (me,Jp)
00085 2 r 6 8 10 (7.29,0.01024), which gives the inter-chain

exchange for KoCuSO4Br; as J4, ~ 0.2 K.

5. Order parameters at T'=0
Here we propose to study the magnetic orders in more details by calculating the associate order
parameters, even though experimental attempts to measure them, via neutron scattering and
muon-spin spectroscopy, remain inconclusive for now [3]. The spin configuration is determined
by the relative ordering of 6 (for cone and coneNN states) and ¢ (for SDW) phases on neighboring
chains, as well as by the magnitude of the local staggered magnetization, ¥. The former
is described in Appendix B, while the latter is calculated in Appendix D. For example,
commensurate cone state is characterized by
Sxy = (0,0, M) + (—1)""¥|Wcone|(— sin[bp], cos[fo], 0). (15)

The results of calculation in Appendix D are presented in Fig. 8 and 9. Comparing the
two figures, we notice the order parameter has smaller magnitude in Br-compound, due to the
stronger DM interaction which frustrates the system more. Also, cone-like orders are enhanced
by magnetic field, while SDW order is monotonically suppressed by it.
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Figure 8. Order parameter of cone (Wcope, Figure 9. Order parameters of SDW

blue) in KoCuSO4Cly, where J'/J = 0.024  (Wsdw, orange dashed line) and coneNN

and D/J" = 0.55, and W gy, is enhanced by (Vconenn, blue) in Br-compound, where
field. J')J=0.01 and D/J" = 1.4.

6. Conclusion

We have studied effect of weak exchange J' between antiferromagnetic Heisenberg spin-
1/2 chains on the phase diagrams of quasi-one-dimensional materials KyCuSO4Cly and
KoCuSOyBry [1, 2], subject to the uniform but staggered between chains Dzyaloshinskii-Moriya
(DM) interaction and external magnetic field. With the help of chain mean field calculation, J’
can be determined quantitatively, and our results, denoted by J’, are summarized in Table 1.
For spin chains with strong DM interaction (KoCuSO4Brs), one can extract value of J’ directly
from the critical field corresponding to the phase transition between the spin density wave to
the coneNN states. The order parameter at zero temperature for each state is calculated as well.
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Appendix A. Bosonization
In the low-energy continuum limit the spin operator is represented by [11],

S(z) = Jp(x) + Ir(z) + (—1)%/*N(2), (A1)

with a is the lattice spacing, and continuous space coordinate is introduced via x = na, with
n an integer. Jr(x) and Jgr(z), are the uniform left and right spin currents, and N(z) is the
staggered magnetization. These fields can be conveniently expressed in terms of abelian bosonic
fields (¢, ),

Jh = o) gt _

o iei\/ﬂ(aﬂ-e)’ JE = 0w — 0u J? — 0 + 0,0 (A.2)
™

2ma 202 L= 221
. . 2T
N(z) = ( — Assin[86], Azcos[30], —A; sm[?qﬁ]). (A.3)
Then Hamiltonian in Eq. (A.4) can be expressed,

7‘[ = Z[HO + )% + Hbs + Hinter]a <A4)
Yy
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where,
2mv v 9 9
Mo = =2- [ do(r - In+ - Ju) = 3 [ del@.0)° + (2:0)7), (4.5)
V = Hy + Hpw = —hz/d;c(Jf2 )+ (—1)yD/dx(J]§ _ ), (A.6)
His = —gbe / de[J5TE + 4TV + (14 N)J3T7),  Hinter = J' / deN, - Ny.1, (A7)

where v ~ Jma/2 is the spin velocity, A = ¢’ D?/.J? describes an Ising-like anisotropy induced
by DM interaction [13]. V contains the last two terms of Eq. (1), it collects all vector-like
perturbations of the bare chain Hamiltonian Hg. Hz and Hpy are the Zeeman and DM
interactions, respectively. Hps describes residual backscattering interaction between right- and
left-moving spin modes of the chain, its coupling is estimated as gps ~ 0.23 X (27v), see Ref.
[13] for details. The constant ¢/ = (2v/2v/gus)? is about 3.83 from the Bethe ansatz solution, see
(B2) in Ref. [13]. The inter-chain interaction is described by Hinter, in which we kept the most
relevant, in renormalization group sense, contribution, S; , - Sz y11 — Ny - Ny 1. Evidently,
the linear terms in V can be absorbed into Hg by shifting fields ¢ and 6 appropriately,

t h
Set g 4= A8
¢ — ¢ Nor 0= (A.8)
00+ (10 y =2 (A.9)

As a result of the shifts, the spin currents and the staggered magnetization are modified as

» . ty — to ty + to
JE = JhemMetr by preittetto)e gz gz o (¢’47r9), Ji = Ji+ (¢>44;9)7 (A.10)
+ + itYz z . 27
NT — NTe%" N* — —A; sm(ﬁqb +tyx). (A.11)

Here ¢} = (—1)Ytp depends on the parity of the chain index y. Notice that the shift introduces
oscillating position-dependent factors to transverse components of J and N. The Hamiltonian
now reads as Eq. (4). The complete form of Hyqy is,

Heaw = J'A3 / dx sin[Q;qSy + tyx] sin[?cbyﬂ + ty]
1 2 2
= 5J’Af / dx{ cos[%(% — Oyt1)] — cos[%(qﬁy + dys1) + 2t¢x]}. (A.12)

The effect of position-dependent phase ¢4 is to induce sign-changing oscillations on the spatial
scale oc 1/tg ~ J/h. The corresponding RG scale is £y ~ In(J/h). This needs to be compared
with the RG scale linter ~ In(J/J’") on which Mgy reaches strong coupling. For lipter < €4
(h < J') the oscillations are not important and SDW order is commensurate. In the opposite
limit linter > ¢4 (b > J') the oscillations are frequent and wash out the second term in
(A.12). This corresponds to the development of incommensurate SDW. The commensurate-
incommensurate change takes place at h ~ J'. Here we assume that magnetic field h., at which
SDW-coneNN transition takes place (see Sec. 4), satisfies h, > J’ condition and use the reduced
form of Hgqy, first term in (A.12) and Eq. (4). The obtained estimate for the interchain J' ~ 0.2
K is found to be consistent with the made assumption.
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Appendix B. Spin configurations
The spin operator has two parts,

Sxy = M+ (—1)*Ny(x), (B.1)

with M is magnetization along the magnetic field, and Ny (x) is the staggered magnetization on
site (x,y). We have three competing interactions Heone, Hsaw and Hyn as in Eq. (4) and (6).
When the dominant interaction is Heone, and the ground state is commensurate cone phase.

Ny (z) = (=1)Y|¥cone|(— sin[b], cos[bp], 0). (B.2)

This cone order is illustrated in Fig. B1. When the most relevant interaction is Hg4yw, the ground
state is collinear SDW state. The system will be ordered in ¢ field, with ¢, = ¢g + \/§y+ _ha

2mv’
and staggered magnetization is

Ny (#) = (1) Waau (0, 0, sin[v2rgn + 7)) (B.3)

If Hnn is the most relevant interchain interaction, we obtain cone-like order in the plane
perpendicular to the external magnetic field, similar to Hcone case. The order corresponds
to 0y = 6o + (—1)Y \/[2)—:1). (In principle, the constant phase 6y can be different for even and odd

chains — it remains unclear how these two subsystems couple to each other in the regime of
strong DM interaction.) As a result, the staggered magnetization reads

Ny (2) = [Veonenn|(— sin[v270p + (—1)Y Dz /v], cos[v2m0y + (—1)Y Dz /v], 0). (B.4)

This order is shown in Fig.2. Different from order in (B.2), coneNN is spiraling in the transverse
x — y plane.

¥
i L L L L Figure B1l. Staggered magnetization of
SR B L L the cone state, illustrated for a field h || D,
Al A A A A where all spins are ordered in the transverse
NN N T plane. This order is commensurate. Spins
I I I I I pointing to opposite directions, reflecting
IR \ \ . : b the anti-ferromagnetic interaction between
¥ NN NN /

neighboring chains.

Appendix C. Chain mean field approximation
For an interaction,

Hy =Ho — c/da: cos[B0y] cos[58y+1], (C.1)

with the approximation of chain mean field(CMF), the spin (staggered magnetization part) takes
an average value

5 = (cos[88,)) (€2)
Then the Hamiltonian (C.1) reduces to,

Hy =Ho — 2c1) / dx cos[0,], (C.3)

10
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where the factor of 2 arises from two neighboring chains. Eq. (C.3) is just the sine-Gordon
Hamiltonian, to which three interchain interactions in Eq. (4) and (6) along with Hg in Eq. (A.5)
can reduce. We can rearrange Heone in Eq. (4), by shifting the fields 6,

0y — 0y + (—1)'n/(28) — (—1)"toz, (C.4)

then Hcone changes sign and transforms to,

Heone = —2¢111 /dx cos[30,)], (C.5)

with ¢, = (cos[36]) and cosBf ~ cos[B0 + (—1)Ytyx] is the z-component of staggered
magnetization in Eq. (A.11). Similar procedure (but shift is independent of position) can be
applied to Hgqw in Eq. (4) and Hyy in Eq. (6),

2

Hedw = —262152/6&6[(308 5

dyl, HnN = —263’&3/0137 cos[8,], (C.6)

where 1y = (cos[27¢/]), 3 = (cos[36]).
To determine the critical temperature, we can expand Eq. (C.3), with self-consistent
condition,

I/TC .
% (g =0, = 0:T,) = /dx/o drei @ nT (0 (2, 7)0/(0,0))o (C.7)

X(q,wn;T) is momentum and frequency dependent susceptibility at finite temperature 7. Here
the operators in consideration are,

O = cos(vV4rA10) or O = cos(\/4rAs9). (C.8)

With two scaling dimensions in Table. 2, A; = 7R? and Ay = 7/3%. Here we follow the standard
calculation in Ref. [10], where Eq. (D.55) gives the expression of static susceptibility,

Tuc? an_o (1 — AT(A/2)? (A —1/2) ]

X(q= 0,0, = 0:T.) = — |(2nTa) AT = A2 ~ A ATA)) (C.9)

Here, A is either A; or As, and second term removes the non-physical divergence as A
approaching to 1.

Appendix D. Order parameter at T'=0
For a sine-Gordon model in Eq. (C.3), its action

S = / d:cdy(%(@xe)z + %(@9)2 ~ 2yucos(3)]). (D.1)

here, u = c(cos[f0])/v, and 7 = y/v. According to Ref. [10,17], we have the expression for
1 = (cos f6) as a function of magnetization M,

a1 = [(&7 o =), D2
where 3 = 3/+/87, and
o tanfrg/2] [ T(§) 1P Al - gRa-sn g g
o' (M) = 2m(1 — B2) [F(%)] [ T(37?) } ;&= 132 8r_p2 (D.3)
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Eq. (D.2) is a general form of order parameter for sine-Gordon model. The three interactions
in consideration are Eq. (C.4) and (C.6), with 8 = 27 R, and their corresponding parameter [’
are,

Bis=A1/2, By =00/2 (D.4)

where 517273 are associated with 1[1172,3. Now we can compute the order parameters for two
materials KoCuSO4Cly and KoCuSO4Bry with their exchange constants in Table 1. For
KoCuSO4Cls, there is single cone with order parameter,

RN 5 A 11/(2=280)
Veone = A3 [(;) IUI<M) 1} : (D5)
Weone is shown in Fig. 8. For KoCuSO4Bro, two order parameters need to be considered,
C2\A 2-A l/(2_2A2) C3\ A 2—A 1/(2_2A1)
saw = A (T)%20" ()72 - Weoneny = Az | ()30 (M) ] (D-6)
and they are shown in Fig. 9.
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