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Abstract. An asymptotic formula for the Lesbegue constant of the Riesz means of Fourier-
Laplace series on the sphere obtained in this paper.

1. INTRODUCTION
Let us define σα

nf(x) the Cesaro means of order α of the partial sums of Fourier-Laplace series
on unite sphere SN as

σα
nf(x) =

∫
SN

Θα(x, y, n)f(y) dσ(y),

where the kernel

Θα(x, y, n) =

n∑
k=0

Aα
n−k

Aα
n

ak∑
j=1

Zk(x, y),

Zk(x, y) =
ak∑
j=1

Y
(k)
j (x)Y

(k)
j (y) , Y

(k)
j (y) are spherical harmonics and Aα

n =
(
n+α
α

)
.

Investigations on the behaviour of the Cesaro means σα
nf(x) can be found in works [4] - [5]

and [11] - [16]. The different aspects of the convergence and summability can be also found in the
book [18]. Since σα

nf(x) is an integral operator the precise estimation of its kernel Θα(x, y, n)
is essential for the study. First estimations of the kernel Θα(x, y, n) obtained by Gronwall [6]
for the case of Legendre polynomials and Kogbetliantz [8] for the Gegenbauer polynomials.

The Lebesgue constant is L1 norm of the kernel above. Note, that estimations of
the Lebesgue constants of the Cesaro means studied by Khocholava [8], Akhobadze [2] and
Macharashvili [10]. The Lebesgue constants of multiple Fourier series studied in [1] and [9].

This article focuses on Lebesque constants related to Fourier-Laplace series of the Laplace-
Beltrami operator:

Lα
n =

∫
SN

|Θα(x, y, n)|dσ(y). (1.1)

1

37th International Conference on Quantum Probability and Related Topics (QP37)                         IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012018         doi:10.1088/1742-6596/819/1/012018

International Conference on Recent Trends in Physics 2016 (ICRTP2016) IOP Publishing
Journal of Physics: Conference Series 755 (2016) 011001 doi:10.1088/1742-6596/755/1/011001

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

http://creativecommons.org/licenses/by/3.0


2. MAIN RESULT.
In the present paper we consider the Riesz means instead the Cezaro means of the partial sums
of Fourier-Laplace series. The Riesz means of the partial sums will also be an integral operator
and its kernel can be represented by

Θα(x, y, n) =
n∑

k=0

(
1− λk

λn

)α Γ
(
k + N−1

2

)
Γ(k +N − 1)

π
N+1

2

P
N−1

2
k (cos γ),

where P ν
k (t) denote the Gegenbauer polynomials as follows

P ν
k (t) =

(−2)kΓ(k + ν)Γ(k + 2ν)

Γ(ν)Γ(2(k + ν))
(1− t2)−(ν− 1

2
) d

k

dtk

[
(1− t2)k+ν− 1

2

]
.

By this representation it is evident that Θα(x, y, n) depends only on the spherical distance
between x and y hence, allows the Riesz means of the spectral function to be written as
Θα(x, y, n) = Θα

n(cos γ). The Riesz means of the kernel is studied in the works [3] and [17].

The main goal of the paper is to obtain the estimation of the Lebesque constant ( L1 norm
of the kernel). Let us use the same notation Lα

n for the Lebesque constant as in (1.1) . Then
following theorem is valid.

Theorem 2.1. The Lebesgue constants for Fourier-Laplace series have the following estimations

C
′
n

N−1
2

−α < Lα
n < C

′′
n

N−1
2

−α, α <
N − 1

2
,

C
′
lnn < Lα

n < C
′′
lnn, α =

N − 1

2
,

0 < Lα
n < C, α >

N − 1

2
.

3. PROOF OF MAIN RESULT.
To estimate Lα

n, we first denote (1.1) as follows,

Lα
n = C

π∫
0

|Θα
n(cos γ)| sinN−1 γdγ (3.1)

Let us divide the integral on the right hand side of (3.1) into three parts as follows

Lα
n =C

1
n+1

π
2∫

0

|Θα
n(cos γ)| sinN−1 γdγ + C

π− 1
n+1

π
2∫

1
n+1

π
2

|Θα
n(cos γ)| sinN−1 γdγ

+ C

π∫
π− 1

n+1
π
2

|Θα
n(cos γ)| sinN−1 γdγ

=I1 + I2 + I3.

(3.2)
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3.1. Estimation from above
If 0 < γ0 ≤ γ ≤ π and 0 ≤ γ ≤ π, the kernel Θα

n (cos γ) can be easily estimated by

|Θα
n (cos γ)| ≤ C4n

N−1−α and |Θα
n (cos γ)| ≤ C5n

N .

For the Riesz means of the spectral function Θα
n(cos γ) in 0 ≤ γ ≤ π we have the following

estimation
|Θα

n(cos γ)| < CnN , 0 ≤ γ ≤ π.

The first integrand I1 can be estimated as follows

I1 < CnN

1
n+1

π
2∫

0

sinN−1 γ dγ ≤ CnN

1
n+1

π
2∫

0

γN−1 dγ =
CnN

(
π
2

)N
(n+ 1)N (N)

≤
C
(
π
2

)N
N

= O(1). (3.3)

Similarly, for the third term I3 one has

I3 < CnN

π∫
π− 1

n+1
π
2

sinN−1 γ dγ ≤ CnN

π∫
π− 1

n+1
π
2

sinN−1(π − γ) dγ.

Applying the change of variables ω = π − γ the last estimation gives

I3 < CnN

1
n+1

π
2∫

0

sinN−1 ω dω = O(1). (3.4)

To estimate I2 we need the following estimation of the kernel Θα
n(cos γ) (refer [17])

Θα
n(cos γ) = (N − 1)n

N−1
2 −α sin

[(
n+ N−1

2 + α+1
2

)
γ − π

2

(
N−1
2 + α

)]
(2 sin γ)

N−1
2

(
2 sin γ

2

)α+1 +
ξαn (γ)(n+ 1)

N−1
2 −α−1

(sin γ)
N+1

2

(
sin γ

2

)α+1

+
ηαn(γ)

(n+ 1)
(
sin γ

2

)N+1
.

(3.5)

By (3.5), the integrand I2 is bounded by the sum of the following integrals

I2 <C

π− 1
n+1

π
2∫

1
n+1

π
2

n
N−1

2 −α

(sin γ)
N−1

2 (sin γ
2 )

1+α
sinN−1 γ dγ + C

π− 1
n+1

π
2∫

1
n+1

π
2

n
N−3

2 −α

(sin γ)
N−1

2 (sin γ
2 )

1+α
sinN−1 γ dγ

+ C

π− 1
n+1

π
2∫

1
n+1

π
2

|εn(γ)|
(sin γ

2 )
N+1

sinN−1 γ dγ = I
′

2 + I
′′

2 + I
′′′

2 .

(3.6)

We first estimate I
′
2:

I
′
2 = C

π− 1
n+1

π
2∫

1
n+1

π
2

n
N−1

2
−α sinN−1 γ

(sin γ)
N−1

2
(
sin γ

2

)1+α
dγ = C

π− 1
n+1

π
2∫

1
n+1

π
2

n
N−1

2
−α (sin γ)

N−1
2(

sin γ
2

)1+α dγ

= Cn
N−1

2
−α

π− 1
n+1

π
2∫

1
n+1

π
2

(sin γ)
N−1

2
−α−1 dγ ≤ Cn

N−1
2

−α

π− 1
n+1

π
2∫

1
n+1

π
2

γ
N−1

2
−α−1 dγ.
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Consider the cases: α < N−1
2 , α = N−1

2 and α > N−1
2 .

If α < N−1
2 , then

I
′
2 ≤

C
N−1
2 − α

[(
π − π

2(n+ 1)

)N−1
2

−α

−
(

π

2(n+ 1)

)N−1
2

−α
]
n

N−1
2

−α ≤ Cn
N−1

2
−α. (3.7)

If α = N−1
2 ,

I
′
2 ≤ C

π− 1
n+1

π
2∫

1
n+1

π
2

1

γ
dγ = C ln

[
(n+ 1)

(
2− 1

n+ 1

)]
= C ln(2n+ 1) ≤ C lnn. (3.8)

If α > N−1
2 ,

I
′
2 ≤ Cn

N−1
2

−α

π− 1
n+1

π
2∫

1
n+1

π
2

γ
N−1

2
−α−1 dγ ≤ Cn

N−1
2

−α

(α− N−1
2 )(n+ 1)

N−1
2

−α
(−π

2
)
N−1

2
−α ≤ Cα. (3.9)

Hence, from (3.7), (3.8) and (3.9) we obtain

I
′
2 ≤


Cn

N−1
2

−α, α < N−1
2 ,

C lnn, α = N−1
2 ,

Cα, α > N−1
2 .

(3.10)

The term I
′′
2 is estimated by:

I
′′
2 = C

π− 1
n+1

π
2∫

1
n+1

π
2

(n+ 1)
N−3

2
−α |ηn(γ)|

(sin γ)(N−1)/2+1
(
sin γ

2

)α+1 sin
N−1 γ dγ ≤ Cn

N−3
2

−α

π− 1
n+1

π
2∫

1
n+1

π
2

(sin γ)
N−3

2(
sin γ

2

)α+1 dγ

≤ Cn
N−3

2
−α

π− 1
n+1

π
2∫

1
n+1

π
2

γ
N−5

2
−α dγ.

Let us consider the following cases:
If α < N−3

2

I
′′
2 ≤ Cn

N−3
2

−α

π− 1
n+1

π
2∫

1
n+1

π
2

γ
N−5

2
−α dγ =

Cn
N−3

2
−α

N−3
2 − α

[(
π − π

2(n+ 1)

)N−3
2

−α

−
(

π

2(n+ 1)

)N−3
2

−α
]
≤ Cn

N−3
2

−α.

(3.11)
If α = N−3

2

I
′′
2 ≤ Cn

N−3
2

−α

π− 1
n+1

π
2∫

1
n+1

π
2

1

γ
dγ ≤ C lnn. (3.12)
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If α > N−3
2

I
′′
2 ≤ Cn

N−3
2

−α

π− 1
n+1

π
2∫

1
n+1

π
2

γ
N−5

2
−α dγ =

Cn
N−3

2
−α

α− N+1
2

[(
π

2(n+ 1)

)N−3
2

−α

−
(
π − π

2(n+ 1)

)N−3
2

−α
]

≤ C

α− N+1
2

(
π

2(n+ 1)

)N−1
3

−α

n
N−3

2
−α ≤ C.

(3.13)

By (3.11), (3.12) and (3.13), I
′
2 is estimated by

I
′
2 ≤


Cn

N−3
2

−α, α < N−3
2 ,

C lnn, α = N−3
2 ,

C, α > N−3
2 .

(3.14)

Finally, to estimate I2 from above, I
′′′
2 is estimated as follows:

I
′′′
2 =

C

n+ 1

π− 1
n+1

π
2∫

1
n+1

π
2

|εn(γ)|(
sin γ

2

)N+1
sinN−1 γ dγ ≤ C

n+ 1

π− 1
n+1

π
2∫

1
n+1

π
2

1

γ2
dγ ≤ C

n+ 1

π(n+ 1)

2
≤ C,

(3.15)

Then from (3.6) taking into the note (3.10), (3.14) and (3.15) we obtain

I2 ≤


Cn

N−1
2

−α, α < N−1
2 ,

C lnn, α = N−1
2 ,

C, α > N−1
2 .

(3.16)

Consequently, using (3.3), (3.4) and (3.16) the Lebesgue constant Lα
n (see (3.2)) is estimated

as follows

Lα
n ≤


Cn

N−1
2

−α, α < N−1
2 ,

C lnn, α = N−1
2 ,

C, α > N−1
2 .

(3.17)
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3.2. Estimation from below
The next step is to obtain the lower bound of the Lebesgue constant. We proceed by first
estimating I

′
2 from below:

I
′
2 = C

π− 1
n+1

π
2∫

1
n+1

π
2

n
N−1

2
−α(N − 1)

∣∣sin [(n+ N−1
2 + α+1

2

)
γ − π

2

(
N−1
2 + α

)]
]
∣∣

(2 sin γ)
N−1

2
(
2 sin γ

2

)1+α
sinN−1 γ dγ

=
C

2α

π− 1
n+1

π
2∫

1
n+1

π
2

n
N−1

2
−α(N − 1)

∣∣sin [(n+ N−1
2 + α+1

2

)
γ − π

2

(
N−1
2 + α

)]∣∣(
sin γ

2

)α−N−3
2

(
cos

γ

2

)N−1
2

dγ

≥ Cn
N−1

2
−α

3
4
π∫

1
n+1

π
2

n
N−1

2
−α(N − 1)

∣∣sin [(n+ N−1
2 + α+1

2

)
γ − π

2

(
N−1
2 + α

)]∣∣
γα−

N−3
2

dγ.

A new variable ω = (n+ N
2 + α

2 )γ − π(N−1+2α)
4 is introduced and substituted into the chain of

inequalities:

I
′
2 ≥ Cn

N−1
2

−α

(n+N−1
2

+α+1
2 ) 3π

2
−π(N−1+2α)

4∫
(n+N−1

2
+α+1

2 ) π
2(n+1)

−π(N−1+2α)
4

| sinω|(
ω+

π(N−1+2α)
4

n+N−1
2

+α+1
2

)α−N−3
2

dω

n+ N−1
2 + α+1

2

≥ Cn
N−1

2
−α

(
n+

N − 1

2
+

α+ 1

2

)α−N−1
2

nπ
2∫

π

| sinω| dω(
ω + π(N−1+2α)

4

)α−N−3
2

.

Since (
n+

N − 1

2
+

α+ 1

2

)
π

2(n+ 1)
− π(N − 1 + 2α)

4
≤ π,

and (
n+

N − 1

2
+

α+ 1

2

)
3π

4
− π(N − 1 + 2α)

4
≥ nπ

2
,

we can now estimate I
′
2 as

I
′
2 ≥ C

[n2 ]π∫
π

| sinω| dω(
ω +

N−1
2

+α

2 π

)α−N−3
2

= C

[n2 ]−1∑
τ=1

(τ+1)π∫
τπ

| sinω| dβ(
ω +

N−1
2

+α

2 π

)α−N−3
2

.

Applying the change of variable β = t+ τπ, we obtain

I
′
2 ≥ C

[n2 ]−1∑
τ=1

π∫
0

| sin(t+ τπ)| dt(
t+ τπ + π(N−1+2α)

4

)α−N−3
2

≥ C

[n2 ]−1∑
τ=1

π∫
0

sin t dt

τα−
N−3

2

= C

[n2 ]−1∑
τ=1

1

τα−
N−3

2

≥ C

[n2 ]−1∫
1

dt

tα−
N−3

2

.

6

37th International Conference on Quantum Probability and Related Topics (QP37)                         IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012018         doi:10.1088/1742-6596/819/1/012018



Once more, the following 3 cases are considered:
If α < N−1

2 then

I
′
2 ≥ C

[n2 ]−1∫
1

t
N−1

2
−α−1dt =

C
N−1
2 − α

{([n
2

]
− 1

)N−1
2

−α
− 1

}
≥ Cn

N−1
2

−α. (3.18)

If α = N−1
2 then

I
′
2 ≥ C

[n2 ]−1∫
1

dt

t
= C ln

([n
2

]
− 1

)
≥ C lnn. (3.19)

If α > N−1
2 then

I
′
2 ≥ C

[n2 ]−1∫
1

t
N−1

2
−α−1dt =

C

α− N−1
2

{
1−

([n
2

]
− 1

)N−1
2

−α
}

≥ C. (3.20)

From (3.18),(3.19) and (3.20), we have

I
′
2 ≥


Cn

N−1
2

−α, α < N−1
2 ,

C lnn, α = N−1
2 ,

C, α > N−1
2 .

(3.21)

Applying the reverse triangle inequality, |a − b| ≥ |a| − |b| with the Riesz mean of the spectral
function from (3.5), gives the following

I2 =C

π− π
2(n+1)∫
π

2(n+1)

|Θα
1 (cos γ) + Θα

2 (cos γ) + Θα
3 (cos γ)| sinN−1 γ dγ

≥C

π− π
2(n+1)∫
π

2(n+1)

|Θα
1 (cos γ)| sinN−1 γ dγ − C

π− π
2(n+1)∫
π

2(n+1)

|Θα
2 (cos γ)| sinN−1 γ dγ

− C

π− π
2(n+1)∫
π

2(n+1)

|Θα
3 (cos γ)| sinN−1 γ dγ

=I
′
2 − I

′′
2 − I

′′′
2 .

(3.22)

Given the inequalities (3.21), (3.14) and (3.15) of (3.22), I2 is bounded as follows

I2 ≥


Cn

N−1
2

−α, α < N−1
2 ,

C lnn, α = N−1
2 ,

0, α > N−1
2 ,

(3.23)
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and by manner of (3.2), Lα
n ≥ I2. Consequently, gives the following estimates

Lα
n ≥


Cn

N−1
2

−α, α < N−1
2 ,

C lnn, α = N−1
2 ,

0, α > N−1
2 .

(3.24)

Combination of the estimated upper bound of the Lebesgue constant in (3.17) and lower bound
in (3.24), provides estimate of the Lebesgue constant, Lα

n in form of

C
′
n

N−1
2

−α < Lα
n < C

′′
n

N−1
2

−α, α <
N − 1

2
,

C
′
lnn < Lα

n < C
′′
lnn, α =

N − 1

2
,

0 < Lα
n < C, α >

N − 1

2
.

Theorem 2.1 is proved.

4. ACKNOWLEDGEMENT.
This paper has been supported by the Intenational Islamic University Malaysia under the post-
doctoral scheme, Fundamental Research Grant Shceme, Grant Number: FRGS 14-142-0383.

REFERENCES
[1] Alimov Sh A, Ashurov R R and Pulatov A K 1989 Itogi Nauki i Tekhniki. Ser. Sovrem. Probl. Mat. Fund.

Napr. 42 7–104
[2] Akhobadze T 2007 Bull. of Georgian National Acad. Sci. 175 (2) 24-26.
[3] Ahmedov A 1997 Uzbek Mathe. Jour. 4 20-27
[4] Bastis A I 1983 Math. Notes 33 857–862.
[5] Bonami A and Clerc J L 1973 Trans. Amer. Math. Soc. 183 183–223.
[6] Gronwall T H 1914 Math. Ann. 75 321–375.
[7] Khocholava V V 1981 Proc. Georgian Polytech. Inst. 237 29–34.
[8] Kogbetliantz E 1924 J. Math. Pures Appl. 9 107-187.
[9] Liflyand E 2006 Jour. Anal. Comb. 1 .
[10] Macharashvili N 2011 Proc. Second Inter. Conf. of Georgian Math. Union 2 5.
[11] Meaney C 1984 Monatsh. Math 98 65-74.
[12] Pulatov A K 1981 J. Soviet Doclads 258:3 554-556.
[13] Pulatov A K 1977 Mat. Zametki 22:4 517–523.
[14] Rakhimov A A 1987 Izvestiya of Uzbek Academy of Science 2 28-33.
[15] Rakhimov A A 2009 ArXiv:0902.48681
[16] Rakhimov A A 2016 Malaysian Jour. Math. Sci. 10(S) 55–60.
[17] Rasedee A F N 2015 Spectral expansions of Laplace-Beltrami operator on unit sphere, (PhD Thesis: University

Putra of Malaysia)
[18] Zhizhiashvili L V and Topuriya 1977 Itogi Nauki i Tekhn. Ser. Mat.Anal. 15 83–130

8

37th International Conference on Quantum Probability and Related Topics (QP37)                         IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012018         doi:10.1088/1742-6596/819/1/012018




