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Abstract. The physical model of the particle system describing the thermodynamics of
mixtures of ultracold Rydberg gases with different levels of excitation are proposed. In our
model system of particles is a mixture of atoms in S-state and atoms in the P -state. To
calculate the thermodynamic of the mixture Rydberg gases the method of Monte-Carlo was
used. Computational results of the spatial correlations of dipoles depending on the coupling
parameter are presented. At some value of the nonideality parameter the dipole chains are
formed.

1. Introduction

The equation of state of highly excited gas in gas lasers (room temperature and atmospheric
pressure), was first discussed in [1, 2]. These works have demonstrated the possibility of decay
of the excited gas into two phases with different relative contents of excited atoms. This is
due to the fact that the dipole-dipole interaction (Vd ∼ 1/r3) of two identical atoms with
different energy levels averaged over all possible orientations does not disappear. This is possible
only, if we assume that all orientations of the dipole moment have equal probability. It was
shown [1, 2] that a more correct averaging, which takes into account the mutual correlation of
the orientations leads to the fact that the main contribution to the sum of the states of the gas
gives terms proportional r−3. All the estimates in [1,2] were made by the virial expansion under
the condition of small number of excited atoms.

Our interest in studying the equation of state of highly excited gas is caused by the possibility
of a phase transition in an ultracold gas of Rydberg atoms [3–7], the density of which is small, but
the temperature is a few millikelvins. The possible numerical calculation of the thermodynamic
functions for this physical model is the Monte-Carlo method.

So, the paper considers a physical model of a system of particles that describe the thermal
dynamics of the mixture of ultracold Rydberg gases with different levels of excitation. In our
model system of particles is a mixture of atoms NS in S-state and atoms NP in the P -state.

2. Quantum calculation of average dipole moment

We must take into account the fact that in the experiments [6, 7] not only the energy of the
valence electron was fixed, but also its orbital angular momentum l. As a result of the transition
2P1/2(3/2) → nS1/2 to a highly excited state 7Li formed a state with l = 0. In this case NP = 0,
so the only interaction is one between two nS atoms.
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In order to calculate the probability of a certain value of the dipole moment projection let
us present the state nS1/2 as the combination of the parabolic eigenfunctions. The coefficients
of the expansion of spherical functions |n, l,m〉 on a parabolic |n1, n2,m〉 (n1, n2 > 0, n1 + n2 =
n − |m| − 1) are coefficients of the Clebsch-Gordan. This is due to the fact that the functions
|n1, n2,m〉 are eigenfunctions of the two moments jjj1, jjj2 (|n1, n2,m〉 = |j1, µ1〉|j2, µ2〉) and
j1z =

1
2(m+ n1 − n2) = µ1, j2z = 1

2(m− n1 + n2) = µ2, j1 = j2 =
n−1
2 and lll = jjj1 + jjj2.

The function, which a decomposition we are interesting in, is the function |n, 0.0〉 (state
nS1/2), have non-zero dipole moment directed along the axis z or in the opposite direction.
The probability of a certain value of the dipole moment is determined by the square of the
corresponding coefficient Clebsch-Gordan.

Xµ is a native vector of the matrix ÎII
2
with eigenvalue 0. Non-zero components of this matrix

µ−µ′ = ±1,0. The system of n homogeneous equations forXµ has the form (A
−

n−1

2

= Cn−1

2

= 0):

AµXµ−1 +BµXµ + CµXµ+1 = 0. (1)

The coefficients of the equations satisfy the equality Aµ + Bµ + Cµ = 0. The solution of
this system is the sequence of numbers equal in absolute value. Therefore, in the expansion
of functions |n, 0.0〉 by parabolic functions all of these functions are presented with an equal
weight.

This in turn means that in the decomposition of functions |n, 0.0〉 by parabolic functions
|n1, n2.0〉 they are all presented with an equal weight. The average value of d = ez in this state
(see for example [8]) is:

〈d〉 =
6η2

me
(n2

1 − n2
2). (2)

Believing n1 = k, n2 = n− 1− k, k > (n− 1)/2, we have:

〈d〉 =
6η2

me
(2k(n − 1)− (n− 1)2), dmax =

6η2

me
n2. (3)

It can be shown that the maximum value of 〈d〉 is four times more than in the classical case,
and its probability distribution function, in contrast to the classical case, is constant.

3. The calculation of the spatial structure of the excited gas using the average

dipole moment

The atomic configuration in this case determines not only by the spatial coordinates rrri but also
by the value (dmaxσi − 1 ≤ σi ≤ 1) and direction ΩΩΩi of the dipole moment of each atom. The
magnitude σi as well as the direction of vectors ΩΩΩi are equally probable. Using dimensionless
coordinates ρρρi = N1/3rrri we introduce the interaction potential between atoms of different levels
of excitation in the form of

Vij = d2maxσiσj(ΩΩΩiΩΩΩj − 3(ΩΩΩikkkij)(ΩΩΩjkkkij)/|ρρρi − ρρρj|
3), (4)

limiting its strong repulsion at distances of a few Bohr radii. The exponent in the configuration
integral (the weight function of Monte-Carlo calculations) has the form:

exp(−βd2max

∑
i<j

σiσj(ΩΩΩiΩΩΩj − 3(ΩΩΩikkkij)(ΩΩΩjkkkij)/|ρρρi − ρρρj |
3), kkkij = (rrri − rrrj)/|rrri − rrrj|. (5)

When implementing the Monte-Carlo method, it is necessary to add to the usual change in
spatial coordinates the steps with changes of magnitudes of σi and directions of vectors ΩΩΩi. In
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Figure 1. An example of spatial correlations of the dipoles for λ = 0.075. Light and dark color
of the semispheres indicates the poles of the dipole.

order to determine the possible region of the phase transition it is necessary to estimate the
nonideality parameter. The nonideality parameter can be can be determined as follows:

λ = Nβd2max ≈
Nn2

T
10−24, (6)

where [N ] = 1 m−3, [T ] = 1 K.
When N = 1010 cm−3 = 1016 m−3, T = 10−4 K, n = 100, one has λ = 1.
We have done calculations for different nonideality parameters.
Figures 1 and 2 show the typical configuration of an ensemble of particles in the periodic cell

for different values of the nonideality parameter. The figures show that in case of grater value
of λ the atoms put together in long chains.

4. Accounting for paired quantum effects

Let us consider the mixture of NS atoms in S-state and NP atoms in the P -state taking into
account only the dipole interaction of atoms in different states. The configuration integral has
the form:

Q =

∫ NS∏
i=1

drrri

NP∏
j=1

drrrjΦ(rrri, rrrj), (7)

Φ = 〈Ψ(rrri, rrrj)| exp(−β

NS∑
i=1

NP∑
j=1

V̂i,j)|Ψ(rrri, rrrj)〉, (8)

〈Ψ(rrri, rrrj)| =
∏
i

〈S,rrri|
∏
j

〈P,rrrj|, (9)
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Figure 2. The only difference from the condition of figure 1 is λ = 0.085.

where 〈S,rrri| and 〈P,rrrj | correspond to atoms in S-state at the point rrri in the P -state at a point
rrrj :

V̂i,j =
(d̂ddid̂ddj)− 3(d̂ddikkki,j)(d̂ddjkkki,j)

|rrri − rrrj |3
. (10)

In the pair approximation, with taking into account the quantum effects only in two-particle
interactions, we have:

Φ =

NS∏
i=1

NP∏
j=1

〈S,rrri|〈P,rrrj| exp(−βV̂i,j)|S,rrri〉|P,rrrj〉. (11)

Replacing each factor in the last formula by symmetric one does not change the value of the
configuration integral, but makes it easy to calculate the value of this multiplier. In this case
note that P -states are characterized by a value of m (the projection of orbital momentum on
z-axis). By averaging on m, we get finally for the weight function the expression:

Φ =

NS∏
i=1

NP∏
j=1

(2 cosh(βd2/3|rrri − rrrj |
3 + cosh(2βd2/3|rrri − rrrj |

3))ϑ(|rrri − rrrj| − a)/3, (12)

a is the hard core diameter, d is independent on m the reduced matrix element of the operator
d̂. For large R, this value of each factor behaves like 1 + β2d4/9R6 (R = |rrri − rrrj |), and when
R is small as exp(2βd2/3R3)/6. The latter implies that the calculations should not allow the
approach of the particles at the distance of about the size a for atom. To do this, we added a
multiplier ϑ(|rrri − rrrj| − a). When the concentration of particles n ≈ 1012 cm−3 the argument
in cosh changes to 12 orders of magnitude when R changes from a0 to the average interatomic
distance.
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For the evaluation of the resonance transition in Li (n = 2) one can use the expression of the
known lifetime of the P -states (τ ≈ 0.3× 10−7 s) with dipole moment:

1

τ
=

1

4πǫ0

4ω3d2

3~c3
(13)

(ω ≈ 2.8× 1015 s−1).
For the maximum depth of the potential well at the point R = a (a = a0 = ~

2/me2) we have:

2d2

3a30Ry
=

1

8πǫ0

c3m2e2

ω3~3τ
≈ 3. (14)

Apparently the value ∼ 0.1 is more realistic that means a larger radius of the solid sphere
a = 3a0.

5. Conclusion

Some physical models are formulated in the paper to calculate the thermodynamics of the gas of
Rydberg atoms. We obtained the spatial correlation of the dipoles in the equilibrium state for
different nonideality parameters. It is established that there is a formation of chains of dipoles
under certain nonideality parameters.
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