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Abstract. In this work we study the effects of a first order phase transition EoS and a lattice
QCD based EoS on the pion interferometry. We use a simple hydrodynamical model with
cylindrical symmetry and longitudinal boost invariance. We conclude that the results of the
HBT radii are very similar for both EoS.

1. Introduction
Hydrodynamics has a long history in high-energy collisions [1]. Nowadays, it is an essential
tool for describing the collective behaviour of the matter produced in relativistic heavy-ion
collisions at RHIC and LHC [2, 3, 4, 5, 6, 7]. Because the hydrodynamical approach involves
thermodynamical properties of the system, it is the perfect tool to study the equation of state
(EoS) of the strongly interacting matter formed in the collision.

While several hydrodynamical models have successfully used equations of state with first-
order phase transition between a hadronic matter and a quark-gluon plasma (QGP), results of
lattice QCD have shown that the transition between these phases of matter is not of first-order,
but it is of crossover type [8]. It is importante to see how the hydrodynamical evolution is
affected by the use of different equations of state and how much the observables are affected in
these process. Our aim in this work is to perform a study of interferometry of identical pions
(HBT effect), by using a simple hydrodynamical model with two different equations of state:
an EoS with first-order phase transition between a QGP and a resonance gas with excluded
volume correction and a QCD EoS with a crossover transition between the QGP and the hadron
phase. The hydrodynamical calculations are performed for central Au + Au collisions at RHIC
energy of

√
s = 130A GeV, by using cylindrical symmetry and Lorentz boost invariance along

the collision axis.
This work is organized as follows. In Sec. 2 we describe the hydrodynamical model used here;

in Sec. 3 we show the equations of states used; in Sec. 4 we present the HBT effect; in Sec. 5 we
show the numerical results; finally, conclusions are presented in Sec. 6. Much of this work has
been presented in [9].

2. Hydrodynamic Evolution
In the hydrodynamical description of a relativistic heavy-ion collision, we assume that a matter
in local thermal equilibrium is formed and its evolution is governed by the conservation of energy-
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momentum and other conserved numbers (baryonic number, strangeness, electric charge, etc.).
Here, we assume that all the conserved numbers are zero. Thus, in an arbitrary coordinate
system, the hydrodynamic equations are written as [10]

Tµν;µ = ∂µT
µν + ΓµσµT

σν + ΓνσµT
µσ = 0, (1)

where Γµσν are the Christoffel symbols. The energy-momentum tensor, Tµν , for a perfect fluid
is given by

Tµν = (ε+ P )uµuν − Pgµν , (2)

where ε, P , uµ, and gµν are, respectively, the energy density, the pressure, the fluid flow
four-velocity, and the metric tensor. Here, we use a simplified approach for describing the
fluid evolution: we suppose transversal and longitudinal expansion by using longitudinal boost
invariance [11] and cylindrical symmetry. In this framework, it is more convenient to use
hyperbolic-cilindrical coordinates, {τ, ρ, φ, η}, defined as: τ = (t2 − z2)1/2, ρ = (x2 + y2)1/2,
φ = tan−1(y/x), and η = (1/2) ln [(t+ z)/(t− z)]. The hydrodynamical equations (1) are
explicitly written as

∂τT
ττ + ∂ρ [(T ττ + P ) vT ] + (T ττ + P )

(
1

τ
+
vT
ρ

)
= 0, (3)

∂τT
τρ + ∂ρ (T τρvT + P ) + T τρ

(
1

τ
+
vT
ρ

)
= 0, (4)

where T ττ = (ε + P )γ2T − P and T τρ = (ε + P )γ2T vT , with γT = (1 − v2T )−1/2. To solve these
equations, we need to provide initial conditions and an equation of state.

We assume that the hydrodynamical evolution stops on a sharply defined hypersurface
characterized by a freeze-out temperature Tfo. The invariant momentum distribution of observed
particles is given by the Cooper-Frye formula [12]

E
d3N

dp3
=

∫
dσµp

µf(x, p), (5)

where dσµ is a normal vector to the freeze-out surface and f(x, p) is the equilibrium distribution
function.

3. Equation of state
We consider equations of state for a system with zero net baryon density, neutral charge, and
neutral strangeness. We compare two types of equations of state: EoS with first order phase
transition (1ST), and EoS based on lattice QCD (QCD-s95p).

The EoS 1ST corresponds to a first order phase transition between a hadronic gas, which
includes resonances up to 2 GeV and excluded volume correction [13], and a QGP, described
by the MIT bag model (see Ref. [2] for details). The critical temperature used in EoS
1ST is Tc = 160 MeV. The EoS QCD-s95p [14] is constructed by using the trace anomaly,
Θµ
µ(T ) = ε(T ) − 3P (T ), which is evaluated on lattice points. This EoS is parametrized to

connect the trace anomaly of a QGP (high temperature) with the trace anomaly of a hadron
gas (low temperature). The pressure is calculated by using

P (T )

T 4
− P (Tlow)

T 4
low

=

∫ T

Tlow

Θµ
µ(T ′)

T ′ 5
dT ′, (6)

where P (Tlow) is the pressure of the hadronic gas. The Fig. 1 shows a comparison of the two
EoS.
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Figure 1. Phase diagram comparing the two EoS: first-order phase transition (1ST) and based
on lattice QCD (QCD-s95p).

4. Pion interferometry
The interferometry of identical particles (or HBT effect) [15] is a powerfull method for probing
the space-time geometry of the particle-emitting source. For two particles with four-momenta
p1 and p2, we can define the two-particle correlation function as

C2(p1, p2) =
P2(p1, p2)
P1(p1)P1(p2)

, (7)

where P1 and P2 are, respectively, the one and two-particle inclusive distributions. The
two-particle correlation function can be calculated from the emission function, S(x,p), which
describes the probability of a particle to be emitted from a space-time point x with momentum
p. We can write [16, 17]

C2(q,K) = 1 +

∣∣∫ d4x exp(iq · x)S(x,K)
∣∣2∫

d4xS(x,K + q/2)
∫
d4xS(x,K− q/2)

, (8)

where q = p1 − p2 is the relative four-momentum and K = (p1 + p2)/2 is the average four-
momentum of the pair. The emission function can be written as

S(x,p) =

∫
dσµ(x′)pµδ(4)(x′ − x)f(x′,p), (9)

where f(x,p) is the equilibrium distribution function.
∫
d4xS(x,p) coincides with the one-

particle spectrum (5).

5. Numerical results
In this section, we show the results for the transverse-momentum distribution and HBT
radii for pions calculated by using two equation of state, namely, 1ST and QCD-s95p. To
solve the hydrodynamical equations (3) and (4), we use the method RHLLE [21] and simple
initial conditions. We consider only central collisions with constant initial energy density of
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Figure 2. Temperature evolution (in MeV) in xy plane (η = 0). Left : EoS with first-order
phase transition is used. Right : EoS based on lattice QCD is used. Coordinates x and y are in
units of the nucleus radius.

10 GeV/fm3. The initial time is fixed in 0.3 fm. We look at two scenarios: (A) without initial
transverse velocity; (B) with initial transverse velocity parameterized as [22] tanh(αρ/RA),
where the parameter α = 0.1 and the nucleus radius RA = 7 fm.

5.1. Transverse-momentum distribution
The transverse-momentum spectra for pions are shown in Fig. 3 for scenario A and in Fig. 4
for scenario B. The figures show the results for the following freeze-out temperatures: 120 MeV,
130 MeV, 135 MeV, and 140 MeV. We see a small difference between the two equations of
state. The pT distribution is lightly flatter for QCD-s95p, because, in this equation of state, the
pressure is not constant in the crossover transition region causing a larger acceleration of the
system. This can be seen in Fig. 2 where the temperature evolution of the fluid is shown for
both equations of state: 1ST on the left and QCD-s95p on the right. We see that the fluid cools
faster for the QCD-s95p EoS, showing a larger acceleration. We also note that the presence of
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an initial transverse velocity (scenario B) gives better results when comparing with experimental
data.

Figure 3. Transverse-momentum distributions for pions in Au+Au collisions at 130A GeV,
calculated by using four differents freeze-out temperatures. Scenario without initial transverse
velocity. Comparison of 1ST EoS (solid line) and QCS-s95p EoS (dashed line). Data are from
PHENIX collaboration [20]; centrality 0-5%.

5.2. HBT radii
We choose the freeze-out temperature Tfo = 120 MeV to calculate the HBT radii. To compare
our results with experimental data, we use the Bertsch-Pratt out-long-side coordinates [16]
defined as:

qo =
qT ·KT

KT
, q` = qz, qs =

(K× q)z
KT

, (10)

and fit the correlation function (8) with the three-dimensional gaussian

C2(q,K) = 1 + λ exp
[
−R2

oq
2
o −R2

`q
2
` −R2

sq
2
s

]
. (11)

Figures 5 and 6 show the radii Ro, R`, Rs, and the ratio Ro/Rs for the scenarios A and B,
respectively, as function of KT . The results are compared with experimental data for Au+Au
collisions at 130A GeV from PHENIX [19] and STAR [18] collaborations. We can see a small
difference between the equations of state, with QCD-s95p EoS giving smaller Ro, R`, and Ro/Rs.
This behaviour is associated with the larger acceleration of the system for QCD-s95p EoS. The
Rs radius does not show any significant difference for the two EoS. It should be noted that the
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Figure 4. Transverse-momentum distributions for pions in Au+Au collisions at 130A GeV,
calculated by using four differents freeze-out temperatures. Scenario with initial transverse
velocity. Comparison of 1ST EoS (solid line) and QCS-s95p EoS (dashed line). Data are from
PHENIX collaboration [20]; centrality 0-5%.

scenario B shows a better Ro and Ro/Rs behaviour when comparing with experimental data.
In scenario A, Ro radius is approximately constant with KT ; in scenario B, it decreases with
KT (same behaviour shown by experimental data). It shows the importance of initial transverse
velocity in explaining the HBT radii, as already discussed in [23].

6. Conclusions and Perspectives
In this work, we have used a simple hydrodynamical model in 1+1 dimensions for calculating
both pT distribution and HBT radii for pions. We have studied the effects of two types of
equations of state. We have found that, although the use of different equations of state affects
the hydrodynamical evolution, the effects on both pT distribution and HBT radii are small. The
HBT radii show a tendency to be closer to the data for QCD-s95p EoS, although our numerical
results are far from the data.

For a complete understanding of the effects of the equations of state on pion interferometry
a more realistic treatment should be done. It includes: hydrodynamics in 3+1 dimensions
with viscous effects; event-by-event initial conditions; equations of state with non-zero baryonic
chemical potential. Also, others observables should be studied. In part, some of these points are
addressed in [24]. In fact, in [25], the HBT effect was studied by using the 3+1 hydrodinamical
code NEXSPHERIO, but with a phenomenological parametrization of QCD EoS, that differs
from the QCD-s95p EoS used here.
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Figure 5. KT dependence of HBT radii for pions in Au+Au collisions at 130A GeV.
Scenario without initial transverse velocity and Tfo = 120 MeV. Data are from STAR [18]
and PHENIX [19]; most central collisions.
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