Journal of Physics: Conference

Series
OPEN ACCESS You may also like

. - On the unigueness of Gibbs measure in
Two Potts Models on Cayley Tree of Arbitrary t%‘—eté‘mﬁsfn}gdel on 8 Caviey ree wit
Order ﬁ;tsr:::iav Igogachev and Utkir A Rozikov

- Complete solution of the tight binding

. . . . . . model on a Cayley tree: strongly localised
To cite this article: Nasir Ganikhodjaev et al 2013 J. Phys.: Conf. Ser. 435 012033 versus extended states

Deepak Aryal and Stefan Kettemann

- Quantum transport on modified
multilayered spiderwebs
Céssio Macédo Maciel, Walter T Strunz
and Mircea Galiceanu

View the article online for updates and enhancements.

c = DISCOVER
i - how sustainability
The vi : intersects with

Electrochemical
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.144.193.129 on 05/05/2024 at 19:55


https://doi.org/10.1088/1742-6596/435/1/012033
https://iopscience.iop.org/article/10.1088/1742-5468/ab270b
https://iopscience.iop.org/article/10.1088/1742-5468/ab270b
https://iopscience.iop.org/article/10.1088/1742-5468/ab270b
https://iopscience.iop.org/article/10.1088/2399-6528/abc1c3
https://iopscience.iop.org/article/10.1088/2399-6528/abc1c3
https://iopscience.iop.org/article/10.1088/2399-6528/abc1c3
https://iopscience.iop.org/article/10.1088/1751-8121/aae8ab
https://iopscience.iop.org/article/10.1088/1751-8121/aae8ab
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsvhJmamHcxOWW9dqIpFLl9k1S6IYs4hWXfh6h-ex80xvpTedog5HG2AZl03gw4l_DGKyqtscBL5Q1R1O1dCHrv8BKTNBrBK_92Ud8Ee3-s7jgWHjGED4b2R2jNadiB8Wfi99peaE2gmGNxXhAO4DsTY13V6jkcIGFLuDPbUpBsiaayMnR93fgQ3RaKqx77o0Y-0pv7hAZAZTTDYSxf0hsyJ553X-vto6tL8s_lHAbqcxFTB2wAcJdlZJZ-iz2DW4uzTeyF56er63Oz8cPOgDqTEtBAmv-i8xaCPzj4VHiuo4tlpvF-QxOy2Ib7z6OwZK3I6q5XtfEJi1nn74zMH8mdYNtCFew&sig=Cg0ArKJSzMLoLrk_57ZT&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012033 doi:10.1088/1742-6596/435/1/012033

Two Potts Models on Cayley Tree of Arbitrary Order

Nasir Ganikhodjaev!, Ashraf Mohamed Nawi, and
Mohd Hirzie Mohd Rodzhan

'Department of Computational and Theoretical Sciences, Faculty of Science, ITUM, 25200
Kuantan, Malaysia.

E-mail: gnasir@iium.edu.my

Abstract. On a Cayley tree of arbitrary order k we consider two different Potts models with
competing nearest-neighbour interactions J; and next-nearest-neighbour interactions J, and
Jo, where coupling J, corresponds to interaction of spins belonging to the same branch of the
tree (prolonged) and coupling J, corresponds to interaction of spins belonging to the same
shell of the tree (one-level) and find for each model in addition to the expected paramagnetic,
ferromagnetic and antiferromagnetic phases, an intermediate range of coupling values where the
local magnetization has chaotic oscillatory glass-like behaviour. We also show that the ranges
corresponding two models are different.

1. Introduction

Consideration of spin models with multispin interactions has proved to be fruitful in many fields
of physics, ranging from the determination of phase diagrams in metallic alloys and exhibition
of new types of phase transition, to site percolation. Systems exhibiting spatially modulated
structures, commensurate or incommensurate with the underlying lattice, are of current interest
in condensed matter physics [1]. Among the idealized systems for modulated ordering, the axial
next-nearest-neighbour Ising (ANNNI) model, originally introduced by Elliot [2] to describe the
sinusoidal magnetic structure of Erbium, and the chiral Potts model, introduced by Ostlund
[3] and Huse [4] in connection with monolayers adsorbed on rectangular substrates, have been
studied extensively by a variety of techniques. A particularly interesting and powerful method
is the study of modulated phases through the measure-preserving map generated by the mean-
field equations, as applied by Bak [5] and Jensen and Bak [6] to the ANNNI model. The main
drawback of the method lies in the fact that thermodynamic solutions correspond to stationary
but unstable orbits. However, when these models are defined on a Cayley tree ( or on a the Bethe
lattice; see [7] for terminology), as in the case of the Ising model with competing interactions
examined by Vannimenus [8], it turns out that physically interesting solutions correspond to the
attractors of the mapping. This simplifies the numerical work considerably, and detailed study
of the whole phase diagram becomes feasible. Apart from the intrinsic interest attached to the
study of models on trees, it is possible to argue that the results obtained on trees provide a
useful guide to the more involved study of their counterparts on crystal lattices.

The ANNNI model, which consists of an Ising model with nearest-neighbour interactions
augmented by competing next-nearest-neighbour couplings acting parallel to a single axis
direction, is perhaps the simplest nontrivial model displaying a rich phase diagram with a Lifshitz
point and many spatially modulated phases. There has been a considerable theoretical effort to
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obtain the structure of the global phase diagram of the ANNNI model in the T'—p space, where T'
is temperature and p = —J/J; is the ratio between the competing exchange interactions. On the
basis of numerical mean-field calculations, Bak and von Boehm [9] suggested the existence of an
infinite succession of commensurate phases, the so-called devil’s staircase, at low temperatures.
This mean-field picture has been supported by low-temperature series expansions performed by
Fisher and Selke [11]. At the paramagnetic-modulated boundary analytic mean-field calculations
show that the critical wave number varies continuously and vanishes at the Lifshitz point.

A phase diagram of a model describes a morphology of phases, stability of phases, transitions
from one phase to another and corresponding transition lines. The Cayley tree is not a realistic
lattice; however, its amazing topology makes the exact calculation of various quantities possible.
For many problems the solution on a tree is much simpler than on a regular lattice and is
equivalent to the standard Bethe-Peierls theory [20]. On the Cayley tree one can consider two
type of next-nearest-neighbours: prolonged and one-level next-nearest-neighbours (definitions
see below). In the case of the Ising model with competing nearest-neighbor interactions J
and prolonged next-nearest-neighbour interactions J, Vannimenus [8] was able to find new
modulated phases, in addition to the expected paramagnetic and ferromagnetic ones. From
this result follows that Ising model with competing interactions on a Cayley tree is real interest
since it has many similarities with models on periodic lattices. In fact, it has many common
features with them, in particular the existence of a modulated phase, and shows no sign of
pathological behavior - at least no more than mean-field theories of similar systems [8]. Moreover
a detailed study of its properties was carried out with essentially exact results, using rather
simple numerical methods.

This suggest that more complicated models should be studied on trees, with the hope to
discover new phases or unusual types of behavior. The important point is that statistical
mechanics on trees involve nonlinear recursion equations and are naturally connected to the
rich world of dynamical systems, a world presently under intense investigation [§].

The Potts model (with ¢ > 2 spin values ) was introduced as a generalization of the Ising
model [26]. At present the Potts model encompasses a number of problems in statistical physics
and lattice theory (see for example [27]). A Potts model just as an Ising model with competing
interactions has recently been studied extensively because of the appearance of nontrivial
magnetic orderings ( see [8], [12],[13],[15],[17],[18],[19],[16],[21],[22],[23],

[28],[29] and references therein). The Potts model with competing interactions .J; and prolonged
next-nearest neighbours interactions J, on Cayley tree of second order have been studied in
detail in [19], and Potts model that include also interaction of one-level next-nearest-neighbour
interaction J, have been studied in [28].

In this paper we define a single-trunk Cayley tree, produce the recursion equations for model
with competing interactions on the Cayley tree and for the same model on the single-trunk
Cayley tree, and show how to reduce the recursion equations on Cayley tree to the simpler
recursion equations on the single-trunk Cayley tree. Note that this approach is mathematical
justification only of the method developed in [8] and later generalized in [12]. We will consider
also the symmetry group of the corresponding model [10].

The aim of this paper is to extend the results of [28] to the Potts model with competing
interactions on a Cayley tree of arbitrary order k& and to clarify the role of the order k. The
paper has been organized in the following way. In Section 2, the model Hamiltonian is discussed.
In Section 3, the recursion equations are defined. Section 4 is devoted to the discussion of the
phase diagram features. Finally, the conclusions are given in Section 5.
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2. The Model Hamiltonian

2.1. Cayley Tree

A Cayley tree I'* of order k > 1 (or the Bethe lattice; see [7] for terminology) is an infinite tree,
i.e., a graph without cycles with exactly k + 1 edges issuing from each vertex. Let denote the
Cayley tree as T¥ = (V, A), where V is the set of vertices of I'*, A is the set of edges of I'*. Two
vertices x and y, xz,y € V are called nearest-neighbors if there exists an edge [ € A connecting
them, which is denoted by | =< x,y >. The distance d(z,y),z,y € V, on the Cayley tree T'*, is
the number of edges in the shortest path from z to y. For a fixed 2 € V we set

W, = {z € V|d(z,2°) =n}, V,={zcVl]d(x,2°) <n}

and L, denotes the set of edges in V,,. The fixed vertex z° is called the 0-th level and the
vertices in W,, are called the n-th level. For the sake of simplicity we put |z| = d(z,2),
x € V. Two vertices z,y € V are called the next-nearest-neighbours if d(z,y) = 2. The next-
nearest-neighbour vertices x and y are called prolonged next-nearest-neighbours if |z| # |y| and
is denoted by > z,y <. The next-nearest-neighbour vertices x,y € V that are not prolonged are
called one-level next-nearest-neighbours since |z| = |y| and are denoted by > z,y <.

We write x < y if the path from z° to y goes through x. We call the vertex y a direct
successor of z, if y = x and x,y are nearest neighbours. The set of the direct successors of x is
denoted by S(x), i.e., if x € W), , then

S(.ZU) = {yl € Wn+1|d(x7yl) = 171 = 17 o 7k}

We observe that for any vertex x # 20, x has k direct successors and x° has k + 1.

The collection S(z) = {y1,---,yr} we will call one-level k tuple of neighbours. Note that if
k = 2 then S(z) is a one-level next-nearest-neighbours.

Below we will consider a semi-infinite Cayley tree Fi of k-th order, i.e. an infinite graph
without cycles with k + 1 edges issuing from each vertex except for z° which has only k edges.
In this case |S(x)| = k for any x € V. Let < 2°,2 >=1 € L be an edge of semi-infinite Cayley
tree Fﬁ.

Definition 2.1 The infinite subtree I'* (1) = (V!, L!) is called a single-trunk Cayley tree, if from

0 a single edge | emanates and from any other vertex x € V!, x # 29 exactly k+ 1 edges

vertex x
emanate.

Let Wi = {x1,m9, -2} and < 2% 2! >= 11, < 29,22 >=Is,--- < 20, 2F >= [} be k edges
emanating from z°. It is evident that semi-infinite Cayley tree I’ ]_“F splits into & components -
k single-trunk Cayley trees Fi(li),i = 1,2---,k. Let V% is the set of vertices of single-trunk

Cayley tree T% (1;) and Vi =V, N Vi is the set of vertices z € V' with d(z°,z) < n.

1 k

2.2. The Models

Let Fﬁ be a semi-finite Cayley tree of order k. In addition to nearest-neighbours interaction Jy
and prolonged next-nearest -neighbours interaction J, we consider also interactions of sites in
the set S(x) = {y1,- -+, yx} of direct successors for any = € V. Here one can introduce two type
interactions:

1) jointly interaction of all sites in S(x), called one-level k-tuple interaction ;

2) binary interaction of any two sites in S(z) = {y1,- -, yx}, called one-level next-nearest neigh-
bours interaction.

For the Potts model with spin values in ® = {1, 2,3}, i.e., the spin variables o(z),x € V assume
the values {1, 2,3}, the relevant Hamiltonians with competing nearest-neighbor interactions Ji,
prolonged next-nearest-neighbor interactions J, and one-level k-tuple neighbours or one-level
next-nearest neighbors interaction .J, have the forms:
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1) Model with one-level k-tuple neighbours interactions

Ho)=—Jo > Soly)olys) o) — o Z So@ot) — 1 Y Oa@oly): (1)

yi€S(x) STy< <z,y>

2) Model with one-level next-nearest neighbor interactions

H(U) =—Jo Z 50(%)0 (y5) J Z 50’(1‘ Yo ( -2 Z 5 (z)o(y)» (2)

Yi Y €S() i) Szy< <TY>

where Jy, Jp, J1 € R are coupling constant, § in second and third sum in (1) and all sums in
(2) is the usual Kronecker symbol and ¢ in first sum in (1) is the generalized Kronecker symbol,
that is defined as follow:

5 (1 ifo(p) =oly) == o(yk)
o(yn)o(y2)-o(ya) = ) 0 otherwise.

Note that for £k = 2 generalized Kroneker’s symbol coincides with usual one and one-level 2-
tuple of neighbours coincide with one-level next-nearest neighbours. These models recover that
in [19] for k = 2 with J, = 0 and in [28] for k = 2 with J, # 0 and they coincide if J, = 0.
The generalized Kroneker’s symbol was introduced in [24]. The Ising model with one-level k-
tuple interactions was considered in [23] and Ising model with one-level next-nearest-neighbours
interactions was considered in [30].

2.8. Conditional Gibbs measures with symmetries

Recall that in the case of the Ising model with competing interactions examined by Vannimenus
[8], it turns out that physically interesting solutions correspond to the attractors of the recurrence
relations, where initial conditions chosen randomly. The main drawback of the method lies in
the fact that thermodynamic solutions correspond to stationary but unstable orbits. In this
paper we produce recurrence relations fixing boundary configuration a(V \ A).

Let A be a finite subset of V. We will denote by o(A) the restriction of a configuration
o:V—®=1{1,2,3} to A. Let (V \ A) be a fixed boundary configuration. As usual, one can
introduce the notions of total energy H(o(A)|a(V \ A)) of configuration o(A) under boundary
condition (V' \ A) and partition function Zx((V \ A)) in volume A under boundary condition
(V' \ A) that is defined as

Zy(a(VNA) = > exp(— - H(o(N)] 5V \ A))), 3)

o(A)EQ(A) kpT

where (A) is the set of all configurations in volume A, kp is Boltzmann constant and T is the
absolute temperature. Then conditional Gibbs measure uy of a configuration o(A) is defined as

exp(=fH(o(M)] a(V\A))
Za(a(V\A))

We consider the configuration o(V},), the partition function Zy, (6(V \ V},)) and conditional
Gibbs measure py;, (0(V;,)|a(V '\ Vi,)) in volume Vj, and for brevity denote them as o,,, Z(™ and
n respectively. Let S3 be a group of all permutations of a set ® = {1,2,3}. Definition 2.2
For any permutation 7 € S5 let us define transformation T} : 2 — Q by the following way: for
any o € Q assume Tro(x) = Tr(o(z)) for any x € V.

It is evident the following Proposition.

palo(A)] a(V\A)) =
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Proposition 2.1 The Hamiltonians (1) and (2) are S3 invariant, i.e., for any m € S5 we have
H(Tr0) = H(o) for any o € Q.

In order to produce the recurrence equations, we consider the relation of the partition function
on V,41 to the partition function on subsets of V;,. Given the initial condition o(z%) = ig on
Vo = {2}, where 2 is the root of the Cayley tree, the recurrence equations indicate how their
influence propagates down the tree. Below we consider following partition functions.

Let ZZ-(n) be a partition function on V,, with the spin i in the root z°, i = 1,2,3, i.e.,

ZM = N exp(—BH(0u] 7(V\ Vi), (4)

on€Qp: op(x0)=i

with
z =7+ 28 + 7§,

where n =0,1,2,---.
bt W1) 0 (42), - o)
_ g\y1),0\Yy2), - ,0\Yk
“S‘( (") )

be a configuration on the set S = % U S(z°) and Q(S) be the set of all such configurations.
Assume

Z(n)(Us) — z0) ( U(yl),o'(g?i’o) . 7U(yk) )

be the partition function on V,, with fixed configuration og on V;. There are a priori 3F*!
different partition functions Z(™(og) and the partition function Z(™ in volume V;,, can be
written as follows:

zM = 3" ZM(oy). (5)
o’sEQ(S)

Lastly let Z(")(i, j) be a partition function on the single-trunk Cayley tree V! with the
configuration (i,7) on an edge [ =< 2%,y >, where y € Wy and 4,5 = 1,2, 3.

For each model there exists corresponding correlations between the partition functions
Z™M(i,5) and Z((0g).
1) For first model with one-level k-tuple interactions

J k
205 = exp (,@;aa<yl>a<y2>...a(yk>) L2700, 0 (4:)); (6)
=1

2) For second model with one-level next-nearest neighbor interactions

k
Z"M(og) = exp (kzioT > 60(yi)o(yj)) 125 (a(2%), 0 (vi). (7)
=1

i<j

Assume that

-collz) -y i)
a = exp I{jBk‘T 0 = €exp ]{,‘BT ,C = €exp I{,‘BT y

where kp is Boltzmann constant and 7' is the absolute temperature.

We may assume that the different branches are equivalent, as is usual done for models on tree.
Let us fix boundary configuration 7, on V '\ V,, as follows: ,(z) =i for any x € V' \ V,,, where
i =1,2,3. It is evident the following Proposition.

Proposition 2.2 For fixed boundary configuration o(z) = 1 for any « € V'\V,,, the Hamiltonian
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H(o(A)|o(V \ A)) is S5 invariant, where S5 = {7 € S3: w(1) = 1} is subgroup of group Ss.
Corollary 2.1 The partition functions {Z™) (i, j) : i,j = 1, 2,3} satisfy following relations:

Z"(1,2) = Z2M(1,3);
ZM(2,1) = 2™ (3,1); <
zM(2,2) = 2™ (3,3); (8)
ZM(2,3) = 2™ (3,2);

i.e., the following 5 variables
ZM(1,1); 20 (1,2); 20 (2,1); 27 (2,2); 27 (2, 3)

are independent. Then from (6) and (7) follow that we can select only 5 independent variables
from 3*+! partition functions, the same for both models (1) and (2), namely:

Z(n)(171717"'a1)7 Z(n)(17272>72)7 Z(n)(271313"'71)a
zM(2,2,2,.-..2), 2M(2,3,3,---,3).

We note that, in the paramagnetic phase (high symmetry phase, i,e., symmetry with respect to
S3 ) we have
ZM(1,1) = 2™ (2,2);

and
zM(1,2) = z™(2,1) = 2M(2,3)

and respectively
ZM™(1,1,1,---,1) = 2™ (2,2,2,---,2)

and
ZM1,2,2,---,2) = 2M(2,1,1,---,1) = 21(2,3,3,- -, 3).

3. Basic Equations

In order to set up our basic equations in a recurrence scheme relating the partition function of
an n- generation tree to the partition functions of its subsystems, we should take into account
the partial partition functions for all the possible configurations of the spins in two successive
generations. Below we produce the recurrent equations relating the partition functions Z™ (1,7)
for Hamiltonian considered on the single-trunk Cayley tree.

3.1. First Model

Firstly we consider Potts model (1) with competing prolong next-nearest-neighbour interactions,
nearest-neighbour interactions and one level k-tuple neighbour interactions. We introduce 5 new
variables
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where k is the order of the Cayley tree.
Let Z(™ (ig, 41,49, - - -, %) be a partition function and let m; be the number of spins {1} and m;
be the number of spins {2} on first level W;. Then we have

Z(n) (17i1)i27 e 7/ik) = aik (u’inl k= ml)

Z(n) (2”L.1,Z.27 e 7Zk) — a—k? (ugnluTzu5 (m1+m2))

One gets the following system of recurrent equations through direct calculation:

g = al_k b 2u2) (buy + 2u2)k] ,
g +1) _ al—k: bku +uk + u5) (bug + ug + U5)k} ,
ué )= gk [(ak — 1 (bk + 1) u2) +(u1+0+1)u )k} , 9)
51 ) = gl-Fe [(ak — 1 (u3 + bkui + u5) + (u3 + bug + U5)k} ,
) — g1k (ak ) <u3 +uk + b’“ué) + (u3 + ug + b%)ﬂ .

The total partition function is given in terms of (u;) by
20 = (¥ = 1) [uk + 2 (ub + b + uf +ub) | + (w1 + 2u2)" + 2(uz + ws + us)",

For discussing the phase diagram, the following choice of reduced variables is convenient (see

(8)):
ny _ 208 +ul a7 (1,9) 4200 (1,3) 4200 (2,1) 120 (2,3)
u{™ u ZM(1,1)+2M(2,2)

2(

ug")-i-ui") = ZM(1,1)+Z2™M) (2,2

y(n) CaM Mz -z (33
M=

)
)
1,3)-Z™(3,1)
1,1)+2(™)(2,2)
)
)

(
(
(n) ugn)fuén) o Z(”)(
Ya ug")-i-ui”) Z0(
(

(

(n) _ ug")—ué") Z(M)(1,2)-2Z(™) (3,2
Ys = W M T ZM(L D20 (2,2

As shown above, in the paramagnetic phase (high symmetry phase, i,e., symmetry with respect
to S3) we have

and

o =l =l

The variable z is just a measure of the frustration of the nearest-neighbour bonds and is not an
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order parameter like y1, y2 and ys3. The relations (6) now have following form:

¥ = 1eD[2{(a* — 1)[V*(x — 3y2 + y3)* + 2F(1 — y1)* + (2 4+ 2 + y3)¥]
+[(b+ 1)z + (1= 3b)y2 + (b—3)ys +2(1 — y1)]"}
+H{(@" = D[ +y)* + (0F + 1) (2 + y2 + y3)"]
+[2(1 +y1) + (b+1)(z + 2 + y3)]*}
+{(a" = )[(z — 3y2 + y3)F + (2(1 — y1))* + (b(z + y2 — 3y3))"]

+[(1+ b)w + (b—3)y2 + (1 — 3b)ys + 2(1 — y1)]*});
yi = 1D[{(a* = )*(L 4+ y1)F + 2" (@ 4 y2 + y3) |+ [ (L4 1) + 2+ y2 + ys]*}
—{(a* = D)[(z — 3y2 + y3)* + 2°05 (1 — y1)" + (z + y2 — 3y3)"]
+[2(z — y2 — y3) + b(1 — y1)]F}; (11)
yy = 1eD[{(a” — 1)[b*(z — 3y2 + y3)* + 25(1 — y1)* + (z + y2 + y3)"]

(
+[(b+ 1)z + (1 — 3b)y2 + (b — 3)ys + 2(1 — y1)]*}
—{(@® = D[2FA + y1)* + (0F + 1) (z + y2 + y3)!
+2(1+ 1) + (b + 1)(x + y2 + y3)]*}]
ys = 1eD[{(a® — 1)[F(z — 3y2 + y3)* + 28 (1 — y1)* + (@ + y2 + y3)"]
+[(b+ )z + (1 — 3b)y2 + (b — 3)ys + 2(1 — y1)]*}
—{(a® = D[(z — 3y2 +y3)* + 21 — y1)* + V*(x + yo + y3)¥]
+[(b+ 1)z + (b — 3)y2 + (1 — 3b)ys + 2(1 — y1)]*}]

where

D = {@ -1pFQ+y)"+ 2"z +yo +y3)"] + L+ y1) + 2+ 3o + y3]F)
+{(a" = D)[(2 — 3y2 + y3)* + (26(1 — 11))* + (z + y2 — 3y3)"]
+[2(z — y2 — y3) + b(1 — y1)]"}]

3.2. Second Model

Now we consider Potts model (2) with competing prolong next-nearest-neighbour interactions,
nearest-neighbour interactions and one level next nearest neighbour interactions. Over again,
we select only five variables with introducing new variables, then we have

W = 20 (1,1,1,..,1) = o5 20 (1,1)]

W) = 20 (1,2,2,..,2) = T 20 (1,2)],

u{ = (f/z(n) 2,1,1,....1)=a = [2™(2,1)],

WV = {20 (2,2,2,...2) = T [20(2,2)],

uf) = Yz (2,3,3,...,3) = a'T (27 (2,3)].

=o () =o () o= e (757)
a = exp KT exp (% | ¢ =exp T )

As above let m; be the number of spins {1} and my be the number of spins {2} on first level
W1, then we we have

In this case assume

20 (1,1, ig, .. ig) = A [ufub ™™

Z(TL) (27 Z.I; iQ, “e . 7Zk‘) A [ugnluzlzulg—(ml_’_mz)}
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ZM (301,00, ,ix) = A [u?lui_(mﬁm”u??}

where A = g’ tm2* tmima—k(mitma),

Next, we produce the following recurrence system through a direct calculation:

4, = e lz( ©Y i) (Z( D) (aj)ﬁ_j)]

Then, total partition function is given in terms of (u;) by

AR i ( l; ) (a_i)kii [i})( ; ) (a_j)iij [ulf_lué +ub (uiué_j + ufl_]ug—,)}]
j=

1=

Choosing the same reduced variables as above we produce following recurrent equations (11'):

, Zf:o ( l; )(“i)ki (Z;o ( ; )(aj)ijAl(iJ@vyl,ymm))

CZ?:O ( IZ )(ai)ki(Z;o ( ; )(@j)ijD(iJ@,yhy%ya))

; )(a_j)i_jAQ(i7j71'7y1,y2793)>

( 1
O\ J
Zf:o < I; )(ai)k_i (Z;_O ( ; )(a])l_JD(z’J’m7y1 »y27213)>
o (12)
' ' ( j

. >(a—j)i_jAg(i,j,w,w,yz,ys)

N———

) (a=3) 7 D(i,j,2y1,y2,y3)

N————

a_i)kii (Z;ZO( ’L >(a_j)ijA4(ivj7x7ylva:y3)
CZ?:O( ]f (a_i)ki<23-=o< 2 >(a_j)ijD(i,j,xyy17y2,y3)

N———

N—

where
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A(iy gy, y1,92,93) = 2[b(x — 3y2 + y3)] T 2(1 — 1) (2 + ya — 3ys)!
HV[2(1 +y1)] (@ + g2 +ys) ,
+(w—3y2+y3)’“ 200 = y)" ol + y2 — 3ys));

A2(iaja1?7?/1,y2793) = [2b( +y1)] B (x+y2+y3) o
—[2b(1 — 1)) (x — 3y2 + y3)F i@ 4y — 3y3)' s (13)
As(i, gy, y1,92,93) = [b(e = 3y2 + y3)]*'[2(1 — y2))' 7 (@ + y2 — 3y3)?
—bI[2(1 + y1)]F~ l(x +y2 + y3)’;
Ag(is Jyz,91,92,y3) = [b(z — 3y2 + yz)] 1200 = y1)" (z + y2 — 3yz)?

—(z = 3y2 + y3)" 1 [2(1 — y1)" I [b(x + y2 — 3y3)[

and

D(i7ja$7y17y27y3) = [2b(1+y1)]k’—2($+y2+y3)2 o
+126(1 — y)) (z — 3y + y3)* (. + y2 — 3y3) .

3.83. The Average Magnetization

In order to investigate the phase diagram we have to look at local properties, namely the local
magnetization or the magnetization of the root z°. The average magnetization m for the n-th
generation is given by,

1-2,"4+2-Z," +3-Z Zy —Z
_ 0 _ 1 2 3 _ o 1 3
<U(x )>n o Z(n) =2 < 7(n) >

Since the form of spins of the Potts model is unessential one can replace the set of spin values
{1,2,3} by the centered set {-1,0,1} [31] and then we have

n= (o), = - (254

Below we will consider the average magnetization m to study the wavevectors.
Average magnetization for first model is given by

mo= %[(ak —D{27%((x = 3y2 + y3)" + (z + y2 — 3y3)" — 2(x + 32 + y3)")}
A —y) = Fy) "+ L +z =+ +y))" — [+ 2+ (1 + 2+ y3)]F],

where

E = [(@-1){Q+y)"+20 —y)" + 2" F[((x + 92 + y3)" + (2 — By2 + y3)*
+Ha+ye =3+ A+ttt +ty) 20+ 2 —yr —y2 — y3)"]

and average magnetization for second model is given by

() i} ]
S () @ i (1) @ N g )|

=
I
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where

M(iajaxayl)y27y3) = (1+y1)k*l(x+y2+y3)l
=257 (2 = Byy +y3)" (1 — y1) (& + y2 — Bys)

and

N(i)j)x7yl7y27y3) = 2k*1(1+y1)k*l($+y2+y3)l
+27 (2 — By2 + y3)* (1 — y1)’ (x + y2 — 3y3)"
+277 (2 = 3yo + y3)* (1 — y1)" (@ + y2 — 3y3)

4. Morphology of phase diagrams

It is convenient to know the broad features of the phase diagram before discussing the different
transitions in more detail. Below we will consider phase diagram for £ = 3. This can be achieved
numerically in a straightforward fashion. The recursion relations (11) for the first model and (12)
for the second model provide us the numerically exact phase diagram in (—J,/J1, Jo/J1,T/J1)
space. Let § = —J,/J1, a =T/Jy and v = Jy/J1 , by first model and second model, for some
fixed values of , starting from initial conditions

(1):2bk—|—ck+1 (1):ckbk—1 (1 _ bk — ck (1) _ b —1
c(ckbk +1)7 Y1 kpky1 P2 c(ckvk +1)° & c(ckbk +1)

with the parameters a = exp ((ka)_lfy) , b = exp(—a7'B), c=exp(a’!) and for
second model’s as with the parameters a = exp (™), b = exp (—a™18), c=-exp(a™})
corresponding to boundary condition & = 1, one iterates the recurrence relations (11) and (12),
we observe their behaviour after a large number of iterations. In the simplest situation a fixed
point (z*, vy}, y3,y3) is reached. It corresponds to paramagnetic phase if y7 =0, y3 =0, y5 =0
to a ferromagnetic phase if y7,y5,y5 # 0.

The system may be periodic with period p, where case p = 2 correspond to antiferromagnetic
phase and case p = 4 correspond to so-called antiphase that denoted < 2 > for compactness.
Finally, the system may remain aperiodic. The distinction between a truly aperiodic case and
one with a very long period is difficult to make numerically. Below we consider periodic phase
with period p where p < 4. All periodic phase with period p > 4 and aperiodic phase we will
consider as modulated phase.

The resultant phase diagram on the plane (3, «) for both models with some fixed values of
and k are shown in Figs. 1 and 3. (Here: P — paramagnetic phase, F — ferromagnetic phase, AF —
antiferromagnetic phase, P3 — phase with period 3, <2> — antiphase, and M — modulated phase)
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(a) (b)
Fig. 1.Phase diagram of the (a) first model and (b) second model for vy = £0.1

One can observe the significance of order k with nonzero Jy of Cayley tree in Figs. 1 — 6
where the models with competing interactions’ (1) and (2) phase diagram is illustrated. Here,
the systems for both models (11) and (12) was iterated for order k = 3 and 4 with v = +0.1,
v = #£1 and v = £10. In Fig. 1, consider both models with £ = 3 and v = +0.1, contain in
these diagrams are six phases which are ferromagnetic, paramagnetic, antiferromagnetic, phase
of period 3, antiphase and modulated phases.
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(©) (d)
Fig. 2. Phase diagram of the first model for (a) £ = 3 and v = —1 and (b) k£ = 3 and
v = 1, and for second model with (¢) k=3 and y= -1 and (d) k=3 and y = 1.

The phase diagrams are described in terms of its quadrant. When these phase diagrams are
observed, it can be seen that ferromagnetic, paramagnetic, modulated and antiphase phases are
situated in the first quadrant (—J,/J; > 0,7'/J; > 0). On the other hand, the second quadrant
(—=Jp/J1 < 0,T/Jy > 0) holds phase diagrams consisting of ferromagnetic and paramagnetic
phases. Moving on, the third quadrant (—J,/J; < 0,7/J; < 0) is observed to have four phases
namely paramagnetic, phase of period 3, modulated and antiphase phases, except for the case
in Fig. 2(d), the phase of period 3 vanish in the this quadrant. Finally in quadrant four
(=Jp/J1 > 0,T/J; <0), the diagrams contain paramagnetic and antiferromagnetic with a small
island consists of different phases.

13
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(c) (d)
Fig. 3. Phase diagram of the first model for (a) k =4 and v = —1 and (b) & = 4 and
~v =1, and for second model with (¢) k=4 and y=—1and (d) k=4 and v =1.

Order of Cayley tree with nonzero one-level next nearest neighbour interactions has played
a vital role in the phase diagram on the both models (1) and (2) with competing interactions’
result. Since the phase diagram was produced in the case k > 2, difference on the non-existing
of paramodulated phase is observed. This is because this said phase exists in the case of Cayley
tree order 2 (Ganikhodjaev et. al [19]). Also, the phase of antiphase exists in the third quadrant
when a comparison is done with the case of Cayley tree order 2.

14



2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012033 doi:10.1088/1742-6596/435/1/012033

HH+ H

Sisiminini
(SRR
:; H+H

() (d)
Fig. 4. Phase diagram of the first model for (a) k = 3 and v = —10 and (b) k£ = 3 and
v = 10, and for second model with (¢) ¥ =3 and v = —10 and (d) k£ = 3 and v = 10.

The phase diagrams in Figs. (4) — (5) were produced with different order k and v = +10 give
difference in sizes of some phases. In Fig. 4(c), we found that the paramagnetic phase cover
all in first and second quadrant, as we consider J; > 0 in the case of kK = 3 and v = —10 for
second model. Similar to Fig. 4(d), where the paramagnetic phase cover all in third and fourth
quadrant (J; < 0) in the case of k = 3 and = 10. The results were different as we see in the
case for first model (see Fig. 4(a) and (b)).

15
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(c) (d)
Fig. 5. Phase diagram of the first model for (a) k = 4 and v = =10 and (b) k = 4 and
~ = 10, and for second model with (¢) k =4 and v = —10 and (d) k£ = 4 and ~ = 10.

Looking on the fig. 5, one can see that the difference between both models occur in the case
of kK = 4 and v = 10, as phase of period 3 and antiphase not exist in the third quadrant of
our investigation area. (Figs. 5 (c¢) and (d)). Furthermore, in fig. 6, the phase diagrams were
produced with order £k = 10 and v = +£5 give an additional in sizes of some phases. In Fig.
6(c), we found that a small phase of antiferromagnetic occur in second quadrant for the second
model. Compare to first model, as in first quadrant for second model, we have more region of
paramagnetic and modulated phases (see Fig. 6(c)). In addition, one can see in Fig. 6(d), as
third quadrant of second model, same region of paramagnetic and modulated phases occur and
increase as compare to the first model.
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Fig. 6. Phase diagram of the first model for (a) £ = 10 and v = —5 and (b) & = 10 and
~ =5, and for second model with (¢) £ = 10 and v = —5 and (d) £ = 10 and v = 5.

From the previously presented resultant phase diagrams, one can see that an investigation
on the behaviour of the system (11) and (12) can be performed by applying the numerical
approach. The systems were iterated in a large number before the detailed behaviour was
studied and visualized on the («, 3) space. As been discussed, differences in the values of k
results in differences and changes in the phase. Hence it is very difficult for us to study the
behaviour of the systems analytically. Yet, the transition line separating the phases is suggested
to be solved analytically. This can be done by linearizing both systems (11) and (12). Later
on, the linearized systems and analytical justification of the phase diagrams will be discussed in
more detailed.

5. Conclusion
In this paper, we study on relationship between two types of one-level neighbour interactions
of Potts model on arbitrary order Cayley tree. Omne can consider for one-level neighbour
interactions, k-tuple interactions and binary interactions. We study on the differences for both
types of model on Cayley tree order 3 and order 4 and order 10.

We have found the phase diagram of Potts model (1) and (2) and show that there consist of
six phases: ferromagnetic, paramagnetic, antiferromagnetic, period 3, antiphase and modulated
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phase. Moreover, we study on the difference of phase diagram for both types of model by fixing
v equal to +0.1,+1,+5, and +10 . From considerations above, we can see that role of k rather
significant because there show the phase diagram quite different for each k in first and second
model.

Indeed the first and second model show us the difference, even though we only considering
two different way in competing the one level interactions. We can say that this two model are
differ to each other. They may give an unique significant to any physical phenomena occur.
Further investigation can be consider to understand how this difference attribute appear.
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