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Abstract. We investigate an Ising model with two restricted competing interactions (nearest
neighbors, and one-level neighbors) on the Cayley tree of order four. We derive a recurrent
equation for the Cayley tree of order k. We found an analytic solution for the given interactions
in the case of order 4. Our result of the critical curve shows the existence of the phase
transition occurs in this model. We also give the calculation of the free energy from the
description of Gibbs measure of the given Hamiltonian on Cayley tree of order four.

1. Introduction

There are many mathematical models that can describe the phenomenon of phase transition such as in
the Potts model [1], Heisenberg model [2], and Ising model [3, 4]. The Cayley tree Ising model was
originally works of Hans Bethe [6]. Unlike the original Ising model, the Cayley tree Ising model takes
the basic graph to be a tree rather than set the graph into a lattice point. It is an approximation to Ising
model and an alternative model for researchers to mathematically understand about this model
especially it’s qualitative properties.

The study of the phase transition of the Cayley tree Ising model with competing interactions of
ternary and binary on a Cayley tree of order 2, was investigated in [3]. This study is continued by
considering a zero external magnetic field and restricted interactions on nearest neighbors and second
neighbors to find the exact solution which is also using a recursive method as in [3,4]. A paper on the
Ising model with three competing interactions on a Cayley tree [5,10] is investigated with
considerations on the external magnetic field and restricted interactions and proved in different cases.

In this paper, a general part is devoted to the Ising model on Cayley tree of order k (see also [8])
and a specific part is provided on finding phase transition curve for the model on Cayley tree of order
4. Note that analytic solution is rarely seen in the study of phase transition, there are only numerical
results in [9,11] for studying the Ising model with competing interactions on Cayley tree. Some
numerical results for this model are found earlier in [12] that phase transition occurs in Ising model
with competing interactions which corresponds to nearest neighbors and one-level neighbors on semi-
infinite Cayley tree of order 3 and 4. Our analytic result shall confirm the earlier one.

2. Gibbs Measures & Phase Transition

Let /A be a finite subset of an infinite lattice, /. Given that Q1{/\} is the set of all configurations, o {/\)
on/ and F{I/A) be a boundary condition on [/A. Assume a Hamiltonian, A is defined on state
space, €. For any finite A = I, a Gibbs measure, P is given by

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012032 doi:10.1088/1742-6596/435/1/012032

P(oln)) = J P(d5 {1/ Nuy(o(A)) (2.1.1)

if it satisfies a DLR equation [10]. The conditional Gibbs measure, 1, in /A volume under the boundary

condition, (" /A) is given as

exp (—BH(a(A)|F(1/A))
Z,(5(V/A))

and the normalizing constant, Z or partition function, is defined by

Uy I:G:::;"a}) =

1 TP
Zy [5::1-’,*’;"5}] = g Rp e WAELV/A
g LA ER(A)
where £ is the universal constant and 7 is the temperature.

The non-uniqueness of Gibbs measure of a given Hamiltonian selected from an equilibrium state
will produce a phase transition in physical system. We can say that a phase transition occurs with the
existence of the non-uniqueness of Gibbs measure. Indeed, phase transition usually occurs at low
temperature. In other words, if it is possible to find the exact value of temperature, T* such that phase
transition occurs for all T =2 T+, then T * is called a critical value of temperature.

3. The Recurrent Equations for Partition Functions in the Ising Model with Competing
Interactions

A semi-infinite Cayley tree of order & (figure 3.1) is a graph with no cycles, each vertex emanates
k + 1 edges. The root, x° in the graph is called the 0™ level. From the root, x each vertex emanates
exactly & edges. From the vertex at these edges, we called the vertices as the vertex of the first level.
The vertices from the edges at first level called as the vertex of the second level and so on. A
configuration on a tree is assigned as “+” or “—* to each point.

x0
Figure 3.1: Semi-infinite Cayley tree of order k&

Let Cayley tree, I'* = (V,L), & = 1 where V is given by the set of vertices of the graph, I'* and L
is the set of edges of I'*. Let x,v £V, then the vertices x and v are called nearest neighbors
(<x,v=) if there exists an edge between them. Note that a collection of
pairs < x,xq =, < X1,X7 =, .., < Xz_q1,V = are neighboring vertices which called a path from x to v.
Thus, the distance d{x, v}, x,v € V is the shortest path on the Cayley tree.

For the fixed x® £V, we set



2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012032 doi:10.1088/1742-6596/435/1/012032

n
W, ={x eVldxx®) =n}, V, = W,, L,={=<xy>€Llxyel}k
k=1

Note that y is the direct successor of x, and x, v are nearest neighboring vertices. In other words,
any vertex ¥ = x° has k direct successor and from vertex x° has k + 1 direct successor. Thus, we
define the set of direct successor of x, 5{x) as follows

5(x) = {y € Wosq:dlx, y) = 1}, x €W,

The vertices x, v £ V' are called second neighbor (= x, v =I) when there exist vertex z £ IV such
that x, v € 5(z).

In this model, we consider the spins values in the set € = {—1,4+1}. A configuration, & on V' is
defined as a function x € V — g(x) € € where the set of all configurations coincides with 12 = "
Definition 3.1. Ising model with competing interactions on Cayley tree is defined by the following
Hamiltonian

Hig) =—] Z alx)a(v) — Z alx)a(yv) —h Z alx). (3.1)
LENE Ex xEV

The first term is the total sum for all nearest neighbors, and the second term is the total sum for all
second nearest neighbors. The third term is zero since external magnetic field, & in this case is
considered zero. The values of its spin variables, & {x) is considered as +1. Both signs refer to the
state of the spin “up” or “down”. Second nearest neighbor = x, v = is called one-level neighbors
(=X, v =) if x and y are on the same level, n.

Definition 3.2. One-level Ising model with competing interactions on Cayley tree is defined by the
following Hamiltonian
H{o) = -] Z o(x)a(y) — 4 Z a(x)al(y) —h Z 7(x) (3.2)
LENE FEE xEV
where the sum in the second term is only taken over one-level second neighbors and assume i = (0.

In this study, we consider [ = 0, and [; € E. Let us define the set of all configurations on
1 = {x%x1, ..., x%] (see figure 3.1). We consider F(V"\I},) as &,. The conditional Gibbs measure,
U, (@&, ) is defined on volume ¥}, as

exp {—fH{c"|5,)}

w,(o™|G,) = — (3.3)
Halrlon z°(5,) -
where
H{g™|G,) = —] Z a™{x)a™(v)— ] Z a™(x)a™(y)
<XV yEVR Pz EVR
-/ Z a®(x)a™{y)—] a™x)a™(y) (34)
Lx eV ey Fr i vEVRxElVy
and partition function is defined by
2°G) = ) exp(-pH(5"I5,) (3.5)
s ey
where 3 = Pt and 7 is the inverse temperature.
For Cayley tree, I'® of order k, the partition function is divided into two terms
Z“:'-:"":' = Z'“'—::'-:"r!:' +2Z%_ :'-:"":' :3'5:':'

where _ :
I (5y) = Bpe=s18xp {—FH{o™|7,)] and Z"_(5,) = Zoe=—1exp {—FH(o"|7, )}

To have general equations relating the partition function of %** order on Cayley tree, all possible



2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012032 doi:10.1088/1742-6596/435/1/012032

configurations of the spins is considered. Let + be the number of spin down (—), g{y) = —1land k —r
be the number of spins up (+), () = +1 . The following diagram illustrates spins up and spins down
onlj.

k-r

+

|

|

|

|

|
+

Figure 3.2: Number of spin up (+) and spin down (-) on ¥ with & vertices.

Since we are considering ferromagnetic cases where [,J; = 0, we let & = exp(5/) which
corresponds to nearest neighbours, and & = exp{/5];) which corresponds to one-level neighbors.

ker ker

o+ -
(a) (b)

Figure 3.3: Interactions for positive and negative boundary conditions on (a) nearest neighbors and
(b)one-level neighbors

Lemma 3.1. For a given configuration with r number of spin “—* and (k —v) of spin “+” on
W, one-level interactions give an interaction factor as
v ppei-mkr—ghear? J—
8 = 8] . (3.7)

Proof. Let p = €% which corresponds to a combination of choosing any two sites with spin down (-),
g = C377 corresponds to combination of choosing any two sites with spin up (+), and 5 = 7 is the
total combination of spins at one-level neighbors. The total number of interactions, denoted by v is
equal to
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Theorem 3.1. For any positive integer n and a fixed k** order of Cayley tree,l'* the recurrent
equation (3.6) can be rewritten as the following
K
Zn = Z Ci(zr O (znty gi-rgy =
r=0 )
- Lom o L.z
+Z CH(Zn )T (gn-1)r g2r-kgs = (3.8)
r=0

Proof. Interactions with nearest neighbors and one-level neighbors are illustrated by the figure
3.3.

From Hamiltonian (3.1), exponent of total interactions of nearest neighbors on 1] can be
straightaway calculated as:
E‘-"Ef"f‘-" = §7"TRTT = % (with +ve boundary) and
grgT kT = g7 TRTT = 37K (with —ve boundary).

Meanwhile, exponent of total interactions of one-level neighbors on 1} are taking over two
competing interactions on the same level (figure 3.2 b). Therefore, from lemma above, we have

L4
zZn = Z CE(Zr O (zn ) gh-rgs T

r=0
= oo . L e
Z7 = Z E(gamtyer(gumtyr gakgst TR
=0
Substituting into equation (3.4), immediately we have the equation (3.5).
Now, let the ratio be

ooy Z8 3.9)
U WX e —— L3
= =
Theorem 3.2. For any positive integer n, the ratio (3.9) will be as follows:
L BECRukTigrwgr TR |
u, (x0) =222l L _ (3.10)

—ZRF—oR+2r”
Z

PN s Tt - R '5‘1_?;“
Proof. Straightforward from Theorem 3.1 and definition of (3.9).
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4. Gibbs Measure and Analysis of Recurrent Equation of Order 4

4.1. Gibbs Measure for Ising model on Cayley Tree of order 4

Let t:x — R be a real valued function of x € V. The probability measure, L,, is defined as follows:

exp {_J'EH ::.'-T' “:' + EA‘E’.’.-,:-._ tyo :X:I}
z?’!

Unlo™) = (4.1.1)

where

H{g™) =—] Z a™x)a™(y)— ] Z a™{x)a™(yv) (4.1.2)

Lx N VEVR Fx X VEVR
for any n = 1,2,3, ... and partition function for 1}, is defined as
77 = 7B, F) = z exp {— BH(5™) + Z £.5(0)). (4.1.3)

S =TTy
grely, xEWN,

1 ..
where § = Pt and T is inverse temperature.

Let consider consistency condition be as follows: for u, (™), n = 1, the consistency condition is
given by

Y #al0™0,) = (o™, (41.4)

o
where a,, = {olx), x € W, }.
Let V, oV, c--UZ W, and pyq,1s,.. be a sequence of the probability measures on
@', &%, where & ={—1,+1} for which it satisfies (4.1.4). Based on Kolmogorov theorem
(Kolmogorov, 1956), a unique limiting Gibbs measure, i, on [ existed for positive integer n and
o™ € @' the equality is given as
ul{olV, = "} = p, (e,

We describe the statement below for the conditions on t.. guaranteeing consistency condition
of measures, i, (™). In this case we will consider for & = 4.

Theorem 4.1. Probability measure, i, (™), for n = 1,2,.. satisfying the consistency condition
(4.1.4) if and only if for any x € V, it holds the following equation:

tptiz) 2eptirtis)
BTRE 4 gmETE

ge6; e\ riaTirtrel 4 gegR (g tpT et 4 g2t

+e\feTirTtly 4 @262 (% + o7t + @2t + g7t5) + G (e”\0F
+elltettr) 4 g2lrgter) o 2(eptes) 4 p2(eq+ts) 4 E:Err—rf_'-:l+ 518

2 gBeiltptatirtts) 4 grg2(p2leptegter] 4 p2leptegtes) | p2lepter

+eltaTiTiy 4 g8gl (2 + o7 + o204 g205) 4 g7\
Al 2 Af -

4ol tr) + E:l.*;—.~,~-_| + EM:l:_;——rf_l + E_:l:;—rf_l + E_,.,\-—rf_'-)_k 58518 ::4.1.5}
Proof. Necessity. Based on the consistency condition (4.1.4), it gives us the following equation:

tal

tz)

:-Q_I

:::Z"}_iz exp {—FAH{a™ 1) + 5] Z G:::X?J(G::?:}:I +alg)+alr)+ G::E:l:] +

O .I'Er."r:-._-'

5l Z {a(p)(alg) +o(r) + a(s)) + alg)(a(r) + als)) + a(r)als)) +

.I'Er."r:-._-'
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. P . F" , o
t,olp) + Z Z toolg) + Z Z t.oir) +
XEWn_ s pESiX) XEWn_s gESi) XEWR_, rESi X}

t.0(s)} = (Z°~1)~texp [~ fH("1) + Z 5()t,)
KEWN o 5SS %) HEWR—y

Z.“!—'l

E.“'!

exp{—ﬂH:ﬁa-“-“—}}Z exp {B] Z a(x)(a(p) + olg) +6(r) +ol(s)) +
L] .:('Erulr?rl_-'_

Bl Z {G:::‘F}:.I[G::q:l +alr) + u:-::s}) + G::q:l[ﬁl:‘]":l + G-::E:l:] +olr)als)l +

IEr.J."E\-l_-'_
tyo(p) + Z Z toolq) + Z Z t.olr) +
XEWN_. pESix) FEWn_q gESix) XEWR_q rESI )
F el — [7n—1y—1 i —m—17 o v - -
to(s)) = (2" V) lexp{—FH{c" )} exp alx)t. ). (4.1.6)
KEWN . SESx) FEWR_g

From (4.1.6), we have

Zﬂ_i PN o R A T ("o )
= Z 1_[ exp (5] o(x)(alp) +alg) +o(r) +o()) + f/1{o(p)(clq) + o(r) +05(s))

AT
O HEWR—a

+a(g) (o) +a(s)) + a(r)al(s)) +t,0(p) + t,0(g) + t,.o(r) +t.0(s))

= 1_[ expio(x)t.}. (4.1.7)
XEW_y
When o, = lJ .rE’.‘.-;'rl_-_G."!x7 equation (4.1.7) could be derived as follow. Let x & IW,_y and

5lx) = {olp),elg), alr), els)}, thus

Z."!—i
n

1_[ Z exp {f] G::X:lliﬁi:]t}:l +olg) +olr) + rs::s}] + Bl {a:ﬁi’,t}}lia::q} +olr) + rs:ﬁis}]

s r.‘r?'l_-'_ T

m

+a(@) (o) +a(s)) + a(r)a(s)} + t,o(p) + t o(q) + tool(r) + t.a(s))
= 1_[ explo(x)t. ). (4.1.8)

xE r.l.'?-l_-'_

For oi{x) = 1 and a{x) = —1, equation (4.1.8) can be rewritten as

exp {8] o(x)(a(p) + olg) + o(+) + a{s)) + 81 {o(p)
ReE=(olmolq)em.e1 (@) + o(r) +a(s)) +a(@)(o(r) +a(s)) + o(r)a(s)}
+t,0(p) + toolq) + t,.alr) + t.0(s)}

exp {8)(o(p) + o(q) + a(r) +5ls)) + £)1{cp)
EL—I:::.:L-.:.P,;.,L-.;,;;.,L-.;,-;.,b-.;s;.}I:g[:q} +a(r) +0(s)) +alg)(a(r) + a(s)) + olr)ols)}
+t,o(p) + too(q) + t.alr) +t.0(s)}
= exp{2t.} (4.1.9)



2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012032 doi:10.1088/1742-6596/435/1/012032

where x € W, _4 is fixed.

Below is the basic diagram for 1] of Cayley tree of order four

Figure 4.1.1: Basic diagram for Cayley tree of order 4

Based on this diagram, we denote both negative and positive condition as follows:

V.=exp(4f] + 66 +t,+to+ i+t ) +exp(26]+t,+t +t,—t. )+
exp(2f] +t,+to— .+t ) +exp(26]+ 1, —t +t,. +1 )+
exp(26] —t, +t +t. +t ) +exp(—26/ +t,—t, —t,—t.) +
exp(—28] —t,+t,—t,—t.) +exp(—26] —t, -t +t,— )+
exp(—28] —t,—t,—t.+t.)+exp(—26/+t, +t,—t, —t.)+
exp(—28] +t,—t o+t —t.)+exp(—26/—t, +t,+1. —t.)+
exp(—28] +t,—t,—t.+t.)+exp(—26/—t, +t, -t +1.)+
exp(—2f] —t,—t o+t +t)+exp (—46/ + 66, —t, —t —t, —t.)
Y. =exp(—4f] +6F/, +t,+ o+t + 1) vexp(—26/+t, +t,+t. — 1)+
exp(—26] +t,+ t,—t 1) vexp(—26/+t, —t, +1,. +1.)+
exp(—26] —t,+t o+t +t ) vexp(26/+t, —t, -t —t.)+
exp(2f] —t,+to—t.—t)+exp(2f] —t, —t +t, — )+
exp(2f] —t,—to—t 4t ) +exp(—26/+t, +t,—t, —t.)+
exp(—26] +t,—t o+t —t.)+exp(—26/—t, +t,+1, —t.)+
exp(—28] +t,—t,—t .+t ) +exp(—26/—t, +t, -t +1.)+
exp(—28] —t,—t o+t +t.)+exp(4f/+ 66 —t,—t,—t, —t.).

From equation (4.1.9), the following equation could be obtained
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= o= %]ug?. (4.1.10)
Let & = exp(i]) and & = exp(5fy), thus

47 & tettptiytiz 2 EnTlgtTir—is 2 EpTlg—tytis En—Eptiytis

V. = 846, ®efr tat it | glefrtiat vt 4 glatytaTirTls 4 glaty i Tt
gle~trtigtirtts | g-2otpmtg=trts 4 g2 tptigTtris | g2 tp—tgtir—is

o :':-_: :'q_:':-_:'f+e—:e:':-_:_:'q_:':-_:'f_i_e—:e:':-_:_:'q :':-_:'g_l_e—:e .:-_:_:'q_.:- LE

-
A e L P —

gtpTEgTEr rf+e—je_r; Iy :'r'_:'s+e—fe—:';—:'q—:';- Tf+e—;_ E'E—.;;—:'q—:';-—:'f
'5_7_ — E—;_&lﬁle.;—.n—.;-—:'f+ E__E:-::_:-q_:-r'_:-f + E_:Er;_:—q_:—r_:—f'F e—_e.; :'q trtis

q
a—:e_r;—fq_:}'_rf + E:Er;_fq—fr—ff_i_ E:E—:';—:'q—:-:_.—:-f + E:E_:-::_:-?_:-r__:.f
e:e—r;‘?q r¥ts 4 e—fe 5T q—:';-—:'f_'_ E—je:-;—:-q—a-,___a-{ + E_:E_ gt tgte—ts
1 te—to—trtts N e b ieir i B r—e s s
g=2efrfaTirtts 4 g2 tpttgtrits | g2g tpm gttt gdg © o mtp g Es

t, = 2 log % multiply with 877275775 for both numerator and denominator. Hence, it implies (4.1.5).
1R

Sufficiency. To show that the consistency condition is sufficient in this case, let assume equation
(4.1.5) is accepted, then it gives us as in (4.1.10) and hence (4.1.9). From (4.1.9), equation (4.1.11)
could be obtained as follows:

exp (8] olx)(clp) + olq) +olr) + ols)) + BJ {o(p)

Z I:G::q} +olr) + G::E:lj + G::q:l[l_’a::‘l":l + G::E:l:] + al(r)ois))
cE={c(p).olgle(rlie(} +t,0(p) +t o(q) +t,.0(r) + t.0(s)}
= blx) exp{o(x)t, } (4.1.11)

where {x) = +1. Equation (4.1.11) implies the following equation

exp (8] o(x)(o(p) + olq) + olr) + ols)) + Gl iolp)

Z I:G::q} +elr) + G-:::E:.IJ + alg) [G:::‘.T":l + u:-::s}) +alr)als)]
xEWn-s oi={o(p).e(gle(rl.o()} +t,0(p) +tyolq) + t,olr) + t.a(s)}
- 1_[ b(x) exp{a(x)t, ). (4.1.12)

ST
FEWRn_o

"

_, b{x). From equation (4.1.12) we have

Fr—1 Bﬂ_i_Hﬂ_-l::Gn_i:' = Fn Z un (gn-1 G“:'

it

It is known that probability measure occurred when each p,,,n = 1. Thus, we have

Z _;,!_,,!I::g”_ijgn} =1, Z _.'.4_1,!_1[::_7"_1} =1.
it =2

=2 o Fi—-L

Finally, from these equalities, it is obtained that
Zn-ipgn-1 = g» (4.1.13)
where it can be concluded that consistency condition (4.1.4) holds.
Based on Theorem 3.1, problem on Gibbs measure is done by describing the solutions of functional

equation (4.1.5). According to proposition 3.1, we note that any transformation 5 of the group Gy
induces a shift transformation 3: {1 — [ by



2012 iCAST: Contemporary Mathematics, Mathematical Physics and their Applications IOP Publishing
Journal of Physics: Conference Series 435 (2013) 012032 doi:10.1088/1742-6596/435/1/012032

(So)(t) = o(St),t €G,,0 €N
By iy, we denote the set of all shifts on 1. A Gibbs measure,i: on I is said to be translation-invariant
if for any T € G, equality u(T(D)) = u(D) is valid for all D £ F.
The solution of the functional equation (4.1.5) is tricky to be analyzed. Hence, it is natural to begin
with £, =t is constant for all x € V. In this case, Gibbs measure corresponding to this solution is
clearly to be translation-invariant one [8]. Thus, from (4.1.5), we have
G865 u* + 46%6 1% + 66 u” + 46767 u + 67
CBfut+ 46767 ud + 667U + 4656 u + 667

u (4.1.14)

where u = %%,
Corollary 4.1. Equation 4.1.14 is coincide with the classical result for Ising model when &, = 1, and

JIr-_|_ = ':', i.e.,

(4.1.15)

o (B () + 1)"
Uylx~ )= .

4.2. Analysis of the Recurrent Equation
The general recurrent equation (3.5) and its ratio (3.8) are identified in previous section. The recurrent
equation obtained for Cayley tree of order 4 is given as below:

Uy T6%67 + d1p, 1 3607 + 6u, 26" + du, 677+ 67060
Upoy F6HE0 + 1y, 3670+ 6uy, 4 26T+ du, 187+ 6367
Equation (4.1.14) describes the fixed points of the equation (4.1.5). If there is more than one solution
in equation (4.2.1), then we can say that there is more than one translation-invariant Gibbs measure
existed. Thus, based on Theorem 3.1 a phase transition occurs in our case study. Here, we give the
analytic solution for the restricted interactions given in our case.

Let the functional equation, f{1) be

U, (x%) =

(4.2.1)

wEES + 4ute? + eulE T + dubr + 6767
w6 + 4uPE7 + 6ulE T + duft + 6467

r ::u} =

From (4.2.2), we have

_ uB6 + 4367 + 6ul6 T + dub "+ 6746 (4.2.3)
= utGTES + P67 + 6ule T + dub + 6367 o

We simplify equation (4.2.3), thus we have o _
WAERES + P67 + 6utE T+ dub T + 6T —utE T — duteT — 6utE T — dutEt —
uf*6F =0

(u—Du+flf+ e+ +fu+1)=0 (4.2.4)
6@-2080] 4078505+ A8
where @@ = = L h= I

10
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From the equation (4.2.4), we can straightaway see that u; = 1 is a fixed point. Thus, it is worthwhile
to solve the second part of the equation. If & =0, this implies y =0, then
u* 4+ fud +{a + 5)u’+ fu+1=0 only has one solution, i.e. u; = 1.

1 ., a1 . 4 - -
Lett =u+ - t==u"+— Hence, u~ + fu* +io + flu-+ fu+ 1 =0 becomes
tP+ G+ +5)—-2=0

From this quadratic equation, it is found that
‘ —f+ B —4la+5-2) .
= =

Given that value of t = y4,¥2. To solve the equation, we let & =y or £ = ¥5. It is showed that }5 is
rejected since

BB -4a+p-2)
Y= 3 = L,

Now, let 14 equals to
B+ —4a+F-2)

¥i= 5 =2
If @ = 0, and we have
i) B —4a—48+8=(f—-2)*+4—4a >0 and

iy 4+f>—JF7—4da—4f+8

Therefore,

JEl—4n—48+8=44+ 5> — P —4a —45+8
(4+ )2 < fi—4a—4F +8
0=8f+16+4a+5-2)
0=3f+a+2
Substituting z, and 3, we have
0 = 126767 — 36%6F + 567 + 66 — 46%6;. (4.2.5)

From (4.2.5), we find another two fixed points, uj and w3. Hence, we can say that
phase transition occurs when there exist more than one fixed point. In this case, according to
equation (4.2.3), we have a non-negative values given by w3, us =1, and uz. The critical
curve we intend to find is

0 = 126767 — 36%6F + 567 + 66% — 46%6. (4.2.6)

Let C(6,6) = 126767 — 36%67 + 567 + 66% — 46%67 = 0 be the implicit function of (&,8;). It
can be shown that C{&, & ) = 0 is a one to one function of {&, ;) for the domain of (&, &) such that,
a . . . . L, o . -

%Clﬁ, g ) =—246{66;, — l) (86, + l:l:._ETEff' +E6 +6-+67)=<0

. Z . =
where o = 0, ie., f; = e

monotone decreasing respect to &, C{&, & ) =0 is a function of & to & . Assume there is multiple
solution of & for a given & in (4.2.6), we rewrite (4.2.6) into
(—36% +5)67 + (1262 — 46%)6] + 66% = 0

which implies I:Efu.‘:'fi - l:l always positive. Since C(#, & ) is always

11
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and the necessity condition for this equation to have more than one solution for & is —36% +5 =0
and 1267 — 46% < 0 is impossible.

Hence, we could summarize our result as follows:
Theorem 4.2. For the Ising model (3.2) with h=0, the curve C{&,8 ) =0 in the plane {8,8,)
is a critical curve for phase transitions, namely, for an arbitrary pair of parameters {(8,8,) above the

critical curve the phase transition takes place and for any pair of parameters (8,8, ) below the critical
curve there occurs a single Gibbs state.

5. The Free Energy

In this section, we derive the free energy for Ising model on Cayley tree of order 4 with restricted
competing interactions. Let the partition function Z,,{,¢) of the state ,L-!E (which corresponds to the
solution of t = {t..,xel"}) of the equation (4.1.5) be as follow:

Z,(8,t) = Z exp (—BH(5,) + Z £, 503}

Enelil., xely

Then, the free energy [12, 13] is defined as
m]nzniﬁ, t). (5.2.1)

The aim of this section is to prove the following Theorem.

Theorem 5.2.1.(i) The free energy exists for all t, and is given by the formula

F(B1) = —éﬂjﬂ,4n_1_ljz Z A0y tutatnt) (522)

wherep =plx),g=qglx).r =rix),s=5s __x ; are direct successors of x;

F{5,t) = —lim, ...

Ap U,h,t;_,, tht,.,tEJ =ap; (26 L +p - s+ ang:::—Eﬁji +p—s) +ag (26 +q—5)
+ag (=281 +q— s) +ag;(28]y +r —s) + ag;/(—26]; + r—s) + (8], 611);

aglx) = 2 In[4 coshix — ) coshix + §); (5.2.3)
1
ﬁngngr,_:__D,' = ;]]‘1 D,
(ii) For any solution t = {t..,xeV} of (4.1.5)
F(8,t) = F(§,—t)

where -t = {—t.., xel'}.

6. Conclusion

We have calculated a recurrent equation of partition function for a ferromagnetic Ising model with
competing interactions on Cayley tree of arbitrary order k. For the case of order k=4, we show that
phase transition occurs, i.e., Theorem 4.2, in this model and the critical curve is given by equation
(4.2.6). Free energy for the same model is also calculated.
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