Journal of Physics: Conference
Series

OPEN ACCESS You may also like

- Finite size corrections in the random

The digital randomness of black-body radiation enerqy model and the replica approach

Bernard Derrida and Peter Mottishaw

To cite this article: Sandor Varré 2013 J. Phys.: Conf. Ser. 414 012041 - Quantum annealing for industry
applications: introduction and review
Sheir Yarkoni, Elena Raponi, Thomas

Béck et al.

- Activated aging dynamics and effective
View the article online for updates and enhancements. trap model description in the random

energy model
M Baity-Jesi, G Biroli and C Cammarota

G '. | Discover

how sustainability

The 3 : intersects with
Electrochemical ¢ |
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.143.228.40 on 05/05/2024 at 09:52


https://doi.org/10.1088/1742-6596/414/1/012041
https://iopscience.iop.org/article/10.1088/1742-5468/2015/01/P01021
https://iopscience.iop.org/article/10.1088/1742-5468/2015/01/P01021
https://iopscience.iop.org/article/10.1088/1361-6633/ac8c54
https://iopscience.iop.org/article/10.1088/1361-6633/ac8c54
https://iopscience.iop.org/article/10.1088/1742-5468/aa9f43
https://iopscience.iop.org/article/10.1088/1742-5468/aa9f43
https://iopscience.iop.org/article/10.1088/1742-5468/aa9f43
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjssp2nMI2Sfbqa68QdKC8eVP7Kv6ChcCLhu_gWFRUm727amnTY0q2liHL3gXklCL3iupVa037U24MJaZtoy7rl9DvkJunqBC1lVs71feGTM-KypGlr0mvwGcS771Pim6OyMCswaKh4gkGc-sBQhCuTtho1uXBEmYOfuMUNNvcSHs2jXyDkyzZkD4hETJSQlFiyUpPzPXXDGSiAqM2fcZQAEnj4d0Tx4WyiLJ2MV8CQ6IaF7tU1F3YpJ0RRm-oWwVRwqFa0hILN2y81rpNQg4nmz9yUwSZOPkhLWWtFk_GxKyGON9qEaj7I_W-TFrEqUjmG66UyXwXRRLfSJQ4oXKHxTvPGOw7Q&sig=Cg0ArKJSzLrw0OyGCZxu&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

21st International Laser Physics Workshop IOP Publishing
Journal of Physics: Conference Series 414 (2013) 012041 doi:10.1088/1742-6596/414/1/012041

The digital randomness of black-body radiation
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Abstract. The statistical properties of the fractional part of the random energy of a spectral
component of black-body radiation have been analysed in the frame of classical Kolmogorovian
probability theory. Besides the integer part of the energy (which satisfies the well-known Planck-
Bose distribution) the realizations of its fractional part (related to ‘round-off errors’) has been
represented by binary sequences, like z = 0.001011000010.... It has been shown that the binary
variables realized by the 0-s and 1-s at different positions are independent. From the condition of
independence the original distribution of the fractional part z can be recovered. If these binary
variables have the same distribution, they describe a temperature-independent (random) energy,
whose expectation value is the well-known zero—point energy. Thus, the zero—point fluctuations
can be considered as a physical representative of an ideal random number generator.
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1. Introduction

In the present paper on ‘digital randomness’ we mean the following: when we express the measurement
data acquired in a physical experiment, then the digits of the representing real numbers are always
undergoing some random changes from one measurement act to the other. These uncertainties may come
from the imperfect control of the boundary conditions, from the always ‘finite resolution’ of the
measuring apparatus, or from the ‘loss of precision’ in data acquisition, processing, and in displaying
these data. Accurate numbers, like sharp and reproducible sequences of the 1 (yes) and 0 (no) digits
within some finite time interval, can be obtained if we can answer with certainty the questions ‘what is
unity?” and ‘what is zero?’. Of course, it is an important matter at what accuracy can we decide (draw the
level of some physical quantity for distingtion) between these ‘yes’-es and ‘no’-s. The uncertainties can
also be caused by the “objective randomness’ of the constituents and transitions of the physical system
under study, which cannot be avoided by any means. In the present paper we shall deal with this kind of
randomness, which manifest itself in the energy distribution of black—body radiation.

Thermal noise, due to the universal presence of black-body radiation (Planck, 1959) is the main
basic source of unavoidable fluctuations and uncertainties in physical measurements. It has already been
emphasized by Planck (1908) that even the splitting of the total energy of a moving body in two parts; to
the ‘translation energy’ and to the ‘internal energy’, is conceptionally impossible, because the ‘thermal
part’ of this latter energy necessarily contains heat radiation, whose energy (and mass) depend on the
velocity of the body. Taking the simple numerical example due to Planck (1908); if an ideal gas is heated
at constant volume, then the ratio, at which the acquired energy is distributed among the black-body
radiation and the mechanical energy of the molecules, is ¥ at 0.001 Hgmm pressure and temperature
2063 Kelvin (~ the melting point of platinium). It is also well-known that in order to have a computer
reliably working, the proper cooling of it has to be secured. Otherwise — as is expected merely on physical
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grounds — sooner or later the system becomes to much loaded with thermal noise, and finally a ‘physical
loss of precision” may occur, even if no parts are mechanically or electronically damaged.

Objective indeterminacy has been widely accepted as an inherent property of quantum systems,
and the task of the theory is just to quantify this property. In quantum theory the elementary measurement
acts are represented by projectors on Hilbert spaces, which form the non—distributive lattice associated to
the physical systems. On the other hand, in real experiments, every piece of information on ‘genuine
quantum objects’ like single photons (Oxborrow and Sinclair, 2005) or biphotons (Bogdanov et al., 2007)
is gained through macroscopic interfaces, which are necessarily loaded by additional noise. The ‘signal—
to—noise ratio’ define the reliability of any experiment, and it is calculated from relative frequencies,
according to classical probability theory (which is based on the ‘common sense’ distributive Boole
algebra of events). In this context we note that recently, several useful concepts and quantities (like for
instance the Rényi entropy) introduced in classical probability have received an increasing importance in
guantum optics, too (Man’ko and Man’ko, 2011). In the present paper we base all of our considerations
on the classical Kolmogorovian probability theory (see e.g. Feller (1970) or Rényi (1970)).

In our earlier studies concerning black—body radiation, on the basis of classical probability theory
we have already proved that from the classical chaotic energy distribution — by subtracting the ‘dark’,
fractional part — one can derive the Planck—Bose distribution (Varr6, 2007). The boson gas of photons can
further be uniquely decomposed into the assembly of ‘binary photons’, which follow Fermi-Dirac
statistics, and they may serve as a natural physical basis for binary representation of integer numbers
(\Varr6 2006a-b). In the present work we discuss the fractional part of the energy, which may also be
considered as a ‘round—off error’ in the relative count number of photons of energy hv, or an error in
measured correlations of photon count numbers (Varro, 2011). It is assumed that the counter has reached
the thermal equilibrium during long enough experimental runs. The (random) fractional part ¢ of the
energy is represented by binary sequences e.g. z = 0.001011000010.... We analyse the connection
between the distribution of { and the distribution of zeros and ones, which are being realizations of
binary random variables.

In order to have the present paper possibly self-contained, in Section 2 we summarize our results
on the fractional part and the integer part of the energy of a mode of black—body radiation. Section 3 is
devoted to the proof of the independence of the binary components. In Section 3 we summarize the results
of the present paper.

2. The fractional part and the integer part of the energy of a chaotic field component

In the present section we briefly summarize the main steps of the derivation of the Planck—Bose
distribution, by subtracting the “dark’, fractional part from the chaotic energy, according to our earlier
work (Varrd, 2007). In classical physics the black-body radiation, a radiation being in thermal
equilibrium in a Hohlraum (a cavity with perfectly reflecting walls at absolute temperature T) is
considered as a chaotic electromagnetic radiation. The average spatial distribution of such a stationary
radiation is homogeneous and isotropic and the electric field strength and the magnetic induction of its
spectral components have completely random amplitudes which are built up of infinitely many
independent infinitesimal contributions. In this description the electric field strength and the magnetic
induction of a mode (characterized by its frequency v, wave vector and polarization) of the thermal
radiation are proportional with the random process

a, (t) = a, cos(2zv-t) +a sin(2zv-t) = /a2 +a’ coszv-t-9), I=arg(a, +ias), (1)
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where a, and a are independent random variables. According to the Central Limit Theorem (see e.g.
Feller, 1970), these amplitudes have Gaussian density functions,

1 2 1nn2 1 2 12
P(g<a.<qg+dg;p<a.<p+dp)= exp(—g“/2a“)dg -« ———exp(-p“/2a“)dp;, 2
(@<a, <g+dg;p<as < p+dp) {aﬂ p(=q )q}{am p(=p )p} 2)

where the parameter a is related to the spectral energy density u, = <a5 (t)/87r> =a’/8r = Z,&, with

Z, =8mv?/c? being the well-known spectral mode density in vacuum. The average energy of one
mode is denoted by £, and u,dv gives the energy density of the chaotic radiation in the spectral range

(v,v+dv). By introducing the mode energy as a classical random variable, E = (ac2 + asz)/ZV167z, and
the ‘action-angle parameters’ ¢ = (q* + p2)/Z,16x and 6 =arg(q+ip) , we have from (2)

P(g<a, <q+dg;p<ag < p+dp) @)
=P(e<E<e+de)P(0<3<0+dO)=[(1/g)exp(—¢/g)de](dO] 2r).

Thus, the mode energy, E satisfies an exponential (Boltzmann type) distribution, which stems from the
two-dimensional Gauss distribution (2). Henceforth, we shall not display the uniform phase distribution,
represented by the factor (d@/2x) in (3). In our earlier analysis (Varr6, 2007) we have introduced two

independent energy parameters, ¢,, &€, containing two universal constants, and derived their physical

meaning, too. £ has turned out to be & =kT , where k =1.831><10’16erg/K is the Boltzmann constant
and T is the absolute temperature of the radiation. ¢, =hv is proportional woth the Planck’s quantum

of action, h=6.626x10"2"erg-sec. In terms of the dimensionless energy variable 7 = E/¢q, equation
(3) can be brought to the form

P(ysp<y+dy)=f,(0dy, f,(y)=p" (0<y<w), n=Elg, B=glz. 4)

By introducing the Boltzmann entropy S, = —kj(:o f,log f,dy, and by using the basic relation
0S, /0, =1/T of phenomenological thermodynamics, we immediately have E, =&y77 =& =KkT , the
law of equipartition of energy. From (4), the distribution function of a mode reads

Pir<y)=F,(y)=1-e? (0<y<w), n=Elg, B=¢/KT. (5)

According to our earlier work (Varré, 2007), the density function and the distribution function of
the fractional part ¢ ={r}=#n—[n] of the mode energy reads

~ 1-e P e
P({<2)=G(2)= o7 fg(Z)—l_e_

where [r] denotes integer part, i.e. the largest integer which is smaller than or equal to 7. The
expectation of the fractional part of the energy is

(0<z<1), &={n}=n-[nl, (6)

_ 1 1 : 1
E, =60l =60 f,(2)2dz=¢, lim E, =5 %0 7)
0

(60/KT) exp(ey/KT)—=1]" T
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which means that we have derived the Planck factor [exp(eq /KT) —1]7* from the continuous distribution
(6). It is remarkable that for very high temperatures the expectation value of the fractional part tends to a
temperature-independent constant, as is shown in the second equation of (7). On the basis of (6) and (4),
we have proved that the integer part & =[7] must satisfy the Planck—Bose distribution, i.e.

P(ézn):#, &=[nl. ﬁfﬁ: E: =60¢ = &M,
Sg =k[@+M)log(1+n)—-nlogn]. (8)

From Wien’s displacement law (Planck, 1959), written in the form S. =¥(v/T), where S is the

entropy and ¥ an universal function, it follows from (8) that the energy parameter g, must be
proportional with the frequency, i.e. & =hv. The constant of this proportionality is just Planck’s
universal quantum of action h, and then the universal function is given in (8). According to ¢, =hv and
the relation n =[] +{n}=<+ ¢, from (8), (7) and (4) , for the spectral energy density u, we obtain the
well-known Planck’s law of black-body radiation (Planck, 1959),

hv &

—_—
Ik _1 " )

U _87zv2 hv T -
VT8 K g

9)

In the second equation of (9) we have also displayed the average energy U of a Planckian oscillator,
containing the zero—point energy % hv(Planck, 1911), which remains finite even at zero absolute
temperature. It is interesting to note that, according to (7), the fractional part of the energy of the chaotic
field, {E, }, approaches exactly this value at high temperatures, E- — hv/2. It can also be shown that

the integer part £=[n] can be decomposed into a sum of independent binary random variables

Ug = 1 (£)-2° (us =0 or 1), which satisfy Fermi-Dirac statistics (\Varrd, 2007), i.e.
&=[n]= Zf:ous = Z:O:oﬂs (&)-2°,

1 b?
= Pus(©=)=——r,

1+b 1+b

Equation (8) and (10) shows that there is a natural basis to express the possible photon excitation in terms

of excitation of the “binary photons’, represented by the fermionic variables u. In the next section we

P(ug(£) =0) = b=exp(~hv/KT) (s=0, 1 2..). (10)

shall show that a similar decomposition is possible for the fractional part £ ={}, too.

3. The statistics of the binary digits of the fractional part of the energy
In the present section we discuss the interrelation between the statistical properties of the fractional part of
the scaled energy, ¢ (0< ¢ <1), and the zeros and ones in its dyadic expansion. We express ¢ as

C=Y0 vie=dr a2, vi=()12", &(£)=0or 1, (11)

i.e., a possible realization of ¢ may look like z=0.011010010... (with & =0, &, =1, &3 =1...).
Following Chatterji (1963), the algebraic construction of this problem can be formulated as follows.
First, let [Q,7,P] (k=123,...) be a sequence of measure spaces which defined as
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Q ={01, 4 ={0, {0{8} P} =pc, P{0})=1-p =0 (0<p,<1). 12)
In the o —algebra | the elementary sets {I} and {0} represent that in the physical system under
discussion there exists an excitation of energy hv/2% (with probability P({1}) = Py ) or not (with

probability q, = P({0}) ), respectively. Then we construct the Cartesian product [Q,-, P]of the measure
spaces [,k R, i.e.

Q=xQ,, “=x/4, P=xR, 13
Sl ok Xk (13)

and introduce [I,.~,m], a measure space in the closed unit interval, where | =[0, 1], the algebra .~ is
built up from the Borel sets, and m(A) denotes the Lebesgue measure of Ae.»~ . The expansion

introduced in equation (11) corresponds to the mapping ¢(5)=z<|f:lgk/2k of Q onto |, where
e=(&,&5,..) and the g, ’s are 0’s or 1’s. According to this construction, the interrelation between the
distributions of ¢ and the ¢, ’s is the interrelation of the probability measure P on the product space
(,77) and the Lebesgue measure m on the Borel space (I,.~). Besides various results, Chatterji
(1963) has shown that the & ’s are independent, with respect to the absolutely continuous induced
measure m , then the density function of m have the form

Fa(X) =] ae D e @=f.@)=,  a=-p=—hv/KT, (14)
: X it az0’ TP T 1e

e’ -1
where a is an arbitrary real number. It should be remarked that the measures with exponential densities
are the only absolutely continuous measures for which the ¢, ’s are independent. In our case, we have to

put in (14) a=—p=—hv/kT , and then recover the density function f(z)=ge™”? /(1—e™”), which
has been shown already in equation (4), as a result of our earlier work (Varro, 2007).

Before we prove the independence of the ¢, ’s, we make some remarks on &, (x)’s considered as
ordinary functions.
In the interval (0, 1) the functions &, (X) are piece-wise constant, namely
& (x)=0,1, 0,1 0, ... onthe intervals zikSX<—q2:1 with q=0, 1, ... 2¥ 1. (15)
Accordingly, the function ¢, (x) =1-2¢,(x) will take on the values +1, -1, +1, -1, +1, ... on the
intervals shown in (15). Thus, the ¢, (x)’s are closely related to the Rademacher (1928) sytem of

orthogonal functions {ry(x) =1, r, (x) = sign(sin 2K x) (k=1 2, ..)}, infact ¢ (x) =r.(x) for k0.
In order to prove the independence of the &, (x)’s in the case a= 0, by analogy from equation

(10) for the distribution of the binary photons, we take

ealzk 1 eaa‘klzk
P.(ex(X)=1) = P (e (x)=0) = P,(ex (X)=0y) =
1+e? 1+e? 1+e?

where 6, =1 or 6, =0. The products of such probabilities reads

(16)

j2k P 12k’
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ﬁpa(gk(x):5k): , Sc=lors =0. (17)
k=1

Since (L= )AL+ X)L+ X2)-...-(L+xZ ) =1=x2", by taking x = (€¥'2) we have

1_(ea/2k)2k Hk-1

k K v ;
@7 =@+ )@+ %)) 1+ €% )Y 1+ (3% )7 ),
—(e
1 ~ ea/2” _1 .
HE:1(1+ea/2k) ed_1
thus the product of the probabilities can be brought to the closed form
: [exp(@Y"_, 5 12°)1(e*/?" -1)
HRe00=007 = eka 1 ' (19)
k=1 ~

On the other hand, because x=Yr & (x)/2", the relation Y| & /2" <x<Y| & /2" +1/2"
means the joint event {&;(X) = d1}-{&,(X) = 5>} -{&,(X) = 5, }, and since the density function (14) is in

ae®™ 1 iea"
e -1 e?-1dx

fact the derivative f,(x)=

we may write
Shad 125 +1/2"
P(ey (X) =Sl<k<n)= [ fa(dx=
S 2%

By comparing (20) and (19) we see that the probability (20) of the products of events {g, (x) = 6} equals

o exp(aX]_; & /2")](e""/2n ~1). (20)

the product (19) of the probabilities of these events, i.e.

P(&1(X) = 61, 62(X) = 6.+, 60 (X) = ) = P(&1(X) = 61)P(£2(X) = 82) -+~ P& (X) = 6,) - (21)
Equation (20) shows the independence of & (x)-s with respect to the measure whose density is f,(X),
which coincides our f.(z) in (4), by choosing a=-8=-hv/KT . On the basis of (10) and (16) our

results can be summariyed as follows

n=EHe, E=X U =Y 0us() 20, C=20 =D ad¢)- 2 (22)
or, by introducing a uniform notation A, for x4, and &,
n=._ A2 A=), rx0and 4 =£(), r<0. (23)

Equations (22) and (23) show that the energy of the chaotic radiation can be decomposed to an integer
part and to a fractional part. The distribution of the integer part is just the Planck — Bose distribution (8),
which can be further decomposed to the Fermi — Dirac distributions (10) of binary photons (Varro, 2007).
The fractional part of n =[n]+{n}=<&+ ¢ has been expanded in the dyadic representation (11), whose

factors, &, (x), have been turned out to be independent random variables.
In the first case (a =0) shown in equation (14) the distribution function is unity, f,_,(x)=1 and

the expectation value of the fractional part of the energy would be hvj; fazo (X)xdx =hv /2, which just

the zero—point energy. However, this energy £, cannot stem from the original chaotic distribution,
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because for the fractional part of that we have already derived the temperature dependent result f,__;(z)

in equation (14) and (4). For the study of distribution of the &, (x)-s in this case (a =0) one would need

more sofisticated reasonings and more space, thus, we leave this discussion to a separate paper (Varro,
2012).

4. Summary
In Section 2 we summarized our results on the fractional part, ¢ ={r}, and the integer part, & =[7], of

the scaled energy n of a mode of black—body radiation, which has been represented by a Gaussian

distribution. In Section 3 is we proved the independence of the binary components of the fractional part.
By using a mathematical theorem, we have shown that, if the ‘digital randomness’ is such that the binary
variables at different positions are independent, then we may recover the distribution of the fractional part
of the energy of the thermal radiation mode. We have also seen that if, in addition, ‘the randoness is
maximal’, then these digits have the same distribution, and ¢, has a uniform distribution, and its

expectation value is just the zero—point energy. According to the present description, this cannot be
associated to the photon mode, but rather, it can be a property of a resonant absorber , like the Planckian
oscillators being in equilibrium with the mode. We think that the above considerations and results may
have even technological relevance in the contex of physical round-off errors in data processing.
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