Journal of Physics: Conference

Series
OPEN ACCESS You may also like
. H . - Research on Ener onsumption
Characterization for entropy and solution of set —”*;"—Eredi?mi 7 Eémbmecq Viodels i Discrete
. N anufacturing Enterprises
funct|on on |att|Ce Peng Wu, Jun Zhu and Caiyun Liu

- Research on the causes of reqional
. X X X Lo i differences in urban residential land
To cite this article: Aoi Honda and Yoshiaki Okazaki 2010 J. Phys.: Conf. Ser. 201 012014 incremental value based on shapley value
decomposition framework
Zhenhua Wu, Qinping Yu, Yabei Wang et
al.

. h icl line f d d enh - Benefit-balance model of combined
View the article online for updates and enhancements. operation of wind power and pumped
storage based on Sharply value method
Jia Li, Lei Xue, XiaoJun Song et al.

c " " - DISCOVER

how sustainability

The 3 i, intersects with
Electrochemical |
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.129.22.135 on 04/05/2024 at 03:40


https://doi.org/10.1088/1742-6596/201/1/012014
/article/10.1088/1757-899X/452/3/032016
/article/10.1088/1757-899X/452/3/032016
/article/10.1088/1757-899X/452/3/032016
/article/10.1088/1742-6596/1941/1/012052
/article/10.1088/1742-6596/1941/1/012052
/article/10.1088/1742-6596/1941/1/012052
/article/10.1088/1742-6596/1941/1/012052
/article/10.1088/1742-6596/1639/1/012081
/article/10.1088/1742-6596/1639/1/012081
/article/10.1088/1742-6596/1639/1/012081
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsu1Zk3d9ROUfs8Ctt3k7qoo3qHTXrToXOFac-sankFRNr3ArA6sFicafgttlQRUCHVdOxHFCRaDjNUkHVDpShJDA6V90wKuXmYpWkf9YsxuvIOokmkquJie4VVbCse8MQA2Z9nyN9qNSlAPYdfMBPwdzKGazIP4j3TNmHPGIFL0-j5TBp1SQMsBa3zXQyaObEE5JJnZ82RUU6oBxTZUeF9S8R5h8UasptVyfpugvwyXKHVQkNUYo-14d0sOsNU2Pm7tPuRqVSmCUx5Fxzqe58J-QC8GWcp--lVo90kpO-0a-w1gGZ9x-nGkvplXn9_FV82zu7oCECsxhdcgVhR8Qv_bVKUACQ&sig=Cg0ArKJSzH2CDOCZEUaJ&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

Mathematical Aspects of Generalized Entropies and their Applications IOP Publishing
Journal of Physics: Conference Series 201 (2010) 012014 doi:10.1088/1742-6596/201/1/012014

Characterization for entropy and solution of set
function on lattice

Aoi Honda, Yoshiaki Okazaki
Kyushu Institute of Technology, 680-4 Kawazu, lizuka City, Fukuoka 820-8502, JAPAN

E-mail: aoi@ces.kyutech.ac.jp

E-mail: okazaki@ces.kyutech.ac.jp

Abstract. We propose a definition for the entropy of a monotone set function defined on a
lattice which are not necessarily the whole power set, but satisfy the condition of regularity. Our
definition encompasses the classical definition of Shannon for probability measures, as well as
the definition of Marichal for classical fuzzy measures and may have applicability to most fuzzy
measures which appear in applications. We give also an axiomatization of this entropy. This
axiomatization is in the spirit of Faddeev’s axiomatization for the classical Shannon entropy.
After that, using same idea we introduce a generalization of the Shapley value for a set function
defined on a lattice and give two types of necessary and sufficient conditions.

1. Introduction

The classical definition of the Shannon entropy [11] for probability measures is at the core of
information theory. Therefore, many attempts for defining an entropy for a set function more
general than the classical probability measures have been done, in particular for the monotone
set function, what is called the fuzzy measure [13] or the capacity. A first attempt by Yager
[15] and Marichal and Roubens [10] proposed a definition having suitable properties, and which
can be considered as the generalization of the Shannon entropy. Another attempt was also done
by Dukhovny [2], in a different spirit. All these works considered a finite universal set, and the
power set as underlying set system. Whereas we consider more general fuzzy measure, defined on
lattices or set systems satisfying a kind of regularity, i.e., that all maximal chains have the same
length, which are not necessary the whole power set [5]. Our definition encompasses the classical
definition of Shannon, as well as the definition of Marichal [10], and may have applicability to
most monotone set functions which appear in applications. Moreover our characterization of
this entropy is in the spirit of Faddeev’s axiomatization for the classical Shannon entropy [6].
In this paper, we introduce a definition for the entropy of the fuzzy measure defined on lattices,
which is a yet more general case of monotone set functions. A set system is merely a collection
of subsets of some universal set, containing the empty set and the universal set itself. The
difference with usual fuzzy measures on power set is that the fuzzy measure, with which we are
concerned, is not defined for every subset (or coalition, in a game theoretic perspective). We
define the entropy for such fuzzy measures on set systems, provided that the set system satisfies
a regularity condition. Moreover, using join-irreducible elements, there is a close connection
between set systems and lattices, so that our definition can be applied to monotone set function
on lattices as well. We give also a characterization for this generalized entropy.

(© 2010 IOP Publishing Ltd 1
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Using the same idea, we can define a solution of game defined on a lattice. The second aim
of the paper is to provide a definition of a solution of game on lattice, which encompasses the
Shapley value. We give two types of axiomatic characterizations of a solution for game on a
lattice.

2. Preliminaries
Throughout this paper, we consider a finite universal set N = {1,2,...,n}, n > 1, and oN
denotes the power set of IV.

Definition 1 (set system) Let M be a subset of 2V. If M contains ) and N, then we call
(N, M) (or simply M if no confusion occurs) a set system.

Let A, B € 91. We say that A is covered by B, and write A < Bor B > A, if A C B and
A C C C B together with C € 91 imply C = A.

Definition 2 (maximal chain) Let M be a set system. We call € a maximal chain of 90 if
¢ =(Cy,C1,...,Cn) satisfies ) =Cy < Cy < -+ <Cpry, =N,C; €N, i =0,...,m.

The length of the maximal chain € = (Cy, C1,...,Cy,) is m. We denote the set of all maximal
chains of 9 by M(M).

Definition 3 (totally ordered set system, chain) We say that (N, M) is a totally ordered
set system or a chain if for any A, B € M, either AC B or A D B.

If (N,N) is a totally ordered set system, then it has only one maximal chain.

Definition 4 (regular set system) We say that (N,0) is a regular set system if for any
A, B € M satisfying A = B, |A\ B| =1 holds.

Definition 5 (fuzzy measure on a set system) Let (N,0M) be a set system. A function
v : N — [0,1] is a fuzzy measure on (N,MN) if it satisfies v(0) = 0,v(N) = 1 and for any
A,B € M, v(A) < v(B) whenever A C B.

For clarifying the domain of v, we denote often the triplet (N,91,v) instead of simply v. we
denotes it by the triplet (N,M,v). F(INV,9) denotes the set of all fuzzy measure defined on
(N, ).

For v € F(N,M) and € := (Cy, Cy,...,Cn) € M(M), define p*¢ by

Pt = Sy e
= (v(C1) = v(Co),v(C2) = v(Ch), .., v(Cm) = v(Cin1))-

Note that p*® satisfies p;”c >0,i=1,...,mand > ", Pt =1.

7
We turn now to definitions of the entropy. We first recall the classical definition of Shannon.

Definition 6 (Shannon entropy[11]) For a probability measure p = (pi,...,pn) on N, the
Shannon entropy of p is defined by

n
Hg(p) = Hs(p1,....pn) :=— » _ pilogpi,
i=1

where p; := p({i}) and log denoting the base 2 logarithm, and by convention 0log0 := 0.
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Marichal has generalized the Shannon entropy for applying to the fuzzy measure on 2%.

Definition 7 (Marichal’s entropy [10]) For v € F(N,2%), Marichal’s entropy of v is
defined by

Har(v) = Hu(N,2V,0) i= = Y 4l (0(AU{i}) — 0(A)) log (v(A U {i}) — v(A)),
ACN\{i}
where (n—Fk—1)k!

The axiomatization of Marichal’s entropy is proposed by Kojadinovic et al. [9]. Their
axiomatization is however rather complicated, due to the presence of a recursive axiom, whose
meaning is hard to grasp.

Using the concept of the maximal chain, we have proposed a generalization of the definition
of the entropy for fuzzy measures defined on regular set systems.

Definition 8 (entropy of fuzzy measure on set system [5]) Let (N,0M) be a regular set
system. For v € F(N,MN), the entropy of v is defined by

1
Hra(v) = Haa(N, 9 v) = o > Hs(p™).
ceM(M)

We discuss the domains of H. Let ¥, be a all regular set of N = {1,2,...,n}. The domain of
Fr = Unzi Unes, F(N,M), that is, all of the fuzzy measures defined on regular set systems.

We introduce further concepts about fuzzy measures, which will be useful for stating axioms
of the entropy.

Definition 9 (dual measure) For v € Fr, the dual measure of v is defined on M := {A €
2N | A € M} by v¥(A) :=1 — v(A°) for any A € N, where A°:= N\ A.

Definition 10 (permutation of v) Let m be a permutation on N. For v € Fg, the
permutation of v by 7 is defined on w(N) := {n(A) € 2V | A € N} by mov(A) := v(r~(A)).

Let us consider a chain of length 2 as a set system, denoted by 2 (e.g., {0, {1}, {1,2}}), and
a fuzzy measure v? on it. We denote by the triplet (0,u, 1) the values of v? along the chain and
we suppose 2 := {0, {1}, {1,2}} unless otherwise noted.

Definition 11 (embedding of v2) Let (N, €) be a totally ordered reqular set system such that
¢:={Co,...,Cu}, C;1 < C;,i=1,...,n. Forve F(N,€), v = (0,u,1) and C}, € &, v
is called the embedding of v? into v at C) and defined on the totally ordered reqular set system
(NC, €Cr) by

v(A), ifA=Cjj<k,
v (A) == { v(Chr) +u- (v(Cr) —v(Chr)), ifA=C,
U(Cj71)7 /LfA:CJ/uY >k7

where {ix} i= Ci \ Crv, i, # i, (N \ {ix}) N {if, 7} = 0, NCx := (N\ {ir}) U {il,, &}, C =
(Ck \ {Zk}) U {7’;@}7 CJI = (Cj_l \ {Zk}) U {Z;WZ/I;} for j >k, and eCk = {Co, e, Crq, C,/C, C]/<:+17
'701,1+1}'
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Definition 12 (join-irreducible element) An element x € (L, <) is join-irreducible if for
alla,be L, x # 1 and x =a Vb implies x = a or x = b.

J (L) denotes the set of all join-irreducible elements of L. The mapping 7 for any a € L, defined
by
n(a) :={z e J(L) |z <a}

is a lattice-isomorphism of L onto n(L) := {n(a) | a € L}, that is, (L, <) = (n(L),<C). In this
paper, though we consider only set functions defined on set systems, using the translation 7, we
can treat set functions defined on lattice (L, <) as one defined on set system (J(L),n(L)).

3. Axiomatization of the entropy of fuzzy measures
We introduce five axioms for the entropy of fuzzy measures.

Axiom 1 (continuity)  The function f(u) := H(0,u,1) = H(v?,{1,2},2) is continuous on
[0,1], and there ezists ug € [0,1] such that f(ug) > 0.
Axiom 2 (dual invariance) For any v? = (0,u,1) € F({1,2},2),

H(0,u,1) = H(0,1 —u,1).

Axiom 3 (increase by embedding) Let (N, €) be a totally ordered regular set system. For
any v € F(N,C), any Cy € € and any v? = (0,u,1), the entropy of vC* is

H(v) = H(v) + (v(Ck) — v(Cr—1)) - H(0, u,1).
Axiom 4 (convexity) Let (N,M), (N,M),...,(N,M) be regular set systems satisfying

M) = U§:1 M), and M(OG)NMMN;) =0 for all i # j. Then there exists (o, ..., ax) €
10, 1[F with 2?21 a; =1 such that for any v € F(N,MN), it holds that

H(v) = a1 H(vly,) + - + axH (v]om,,)-

Axiom 5 (permutation invariance) For anyv € Fr and any permutation w on N satisfying
7(N) =N, it holds that H(v) = H(mwov).

Theorem 13 ([6]) Let (N,M) be a regular set system and (N,M,v) a fuzzy measure. Then
there exists the unique function satisfying Axioms 1, 2, 3, 4 and 5, and it is given by Hyg.

Now we recall the Tsallis entropy. The Tsallis entropy was introduced in 1988 ([14]), and it
has been studied intensively by many authors.

Definition 14 Let q be a positive real number. For a probability measure p = (p1,...,pn) on
N, the Tsallis entropy of p is defined by

Hr(p) = Hr(p1,....pn) = — Y _ p! Ing pi,
=1

where p; :=p({i}) and
|

l—gq
We can define the Tsallis entropy of the fuzzy measure defined on set systems, using our
framework.

Ing(x) :=
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Definition 15 Let (N,M) be a regular set system. For v € F(N,M) the entropy of v is defined
by

A v
Hr(v) = Hp(N, M, v) == W > Hp(p"),
ceM, (M)

where A, is a positive constant that depends on q.

Modifying Axiom 3 as follows, we obtain an axiomatization of (Ht) (see also [3]).

Axiom 3’ Let (N, €) be a totally ordered reqular set system. For anyv € F(N,€), any Cy € €
and any v? = (0,u, 1), the entropy of v is

H(v) = H(v) + (v(Ck) = v(Cr—1))? - H(0,u,1).

Theorem 16 Let (N,M) be a regular set system and (N,M,v) a fuzzy measure. Then there
exists the unique function satisfying Axioms 1, 2, 3’, 4 and 5, and it is given by Hrp.

4. Solution of cooperative game

We call a function v : 91 — IR a characteristic function of the cooperative game if it satisfies
v(0) = 0. Now we consider N is a set consisting of n players. Then a subset of N is called a
coalition, and the characteristic function v means the profit by coalitions of n players. We denote
the characteristic function by the triplet (NN, 91, v) in the same manner as the fuzzy measure and
we call it generalized cooperative game or simply game. (N,2V, v) is a classical cooperative
game. The solution is the function from the whole set of the game v to n-dimension real which
measures each player’s contribution or share-out. The Shapley value is the most important
concept as a solution of the game, and they are characterized by natural axiomatizations [12].
We have generalized the Shapley value for applying games defined on 9t C 2V which satisfies
a kind of regularity, not only defined on 2%V [5][7]. Our generalization make the Shapley value
applicable to more general games, for example multi-choice game [8], bi-capacity [4], games on
anti-matroid [1]. We have also shown an axiom system which consists of six axioms characterizing
this generalized the Shapley value.

We denote the set of all games defined on the regular set system (IV,91) by G(N,N). Let X,
be a all regular set of N = {1,2,...,n} and define Gr := ;2 Upey, 9(NV, M), that is, all of
the games defined on regular set systems, and Gp := [J°°; G(N,2"), that is, all of the games
defined on power sets.

Definition 17 (original Shapley value [12]) For v € Gp, the Shapley value of v, Py, (v) =
Do (N, 2V, 0) == (¢}, (v), ..., 9% (v)) € [0,1]" is defined by

L) = ¢h (N, 2N v) == Z Ve (W(EU{i}) —v(E)), i=1,...,n.
ECN\{i}

We denote ®(N, N, v) and ¢*(N,,v) instead of ®(v) and ¢*(v) for clarifying the domain of

It is known that the Shapley value is represented with maximal chains as follows.

N2V = L (€. (i) U {i}) — (€ (i i=1,...,n
Sh( 7N72 ) |M(2N)|QE'AAZ(2N)( (6*()U{}) (Q:()))’ 17 RAg)

where €, (i) :=sup{C € €| C Z i}.
Faigle and Kern had defined a value for applying the generalized cooperative game using the
concept of the maximal chain. We extend their value for applying to more general cases.
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Definition 18 (Generalization of Shapley value) For v € Gg, the solution V(v) =
U(N,N,v) := (PL(v),...,¥"(v)) € R"™ of (N,M,v) is defined by

1 _ . | - )
Wm0 2, (G0 D =& ), =t

The original Shapley value is characterized by several reasonable axioms.

(v, N,M) :=

Axiom 6 (efficiency) For any v € Gp,

> ¢ v) =v(N).

iEN
Axiom 7 (0-valued for null player) Fiz v € Gp. For any null player i € N, i.e.,
v(AU{i}) =v(A) for any A € N\ {i}, ¢'(v) =0 holds.

Axiom 8 (symmetry) If i,j5 € N are symmetry of v € Gp, i.e., v(AU{i}) = v(AU {i}) for

any A € N\ {i,j}, ¢'(v) = ¢’ (v) holds.
Axiom 9 (linearity) For any v,w € Gp, ®(v+ w) = ®(v) + ®(w) holds.

Theorem 19 Let (N,2V,v) be a game. Then there exists the unique function ® : Gp — IR™
satisfying Axioms 6, 7, 8 and 9, and it is given by Dgy.

For yielding to our generalized value, we generalize axioms the above and add one more
axiom. We denote the set of all game defined on n-length chain (N, €) by G(N, €) and define
Ge = U,2, G(N, ), that is, all of the games defined on regular set systems which are chains.

Axiom 6’ (efficiency) For any v € Gp U Ge

3 6(v) = u(N).

1EN

Definition 20 (null-player of v on the set system)‘ 1 is called null-player if i € N satisfies
that v(AU {i}) = v(A) whenever A € M, AU {i} € M, ¢'(v) = 0.

Axiom 7’ (0-valued for null-player) Fiz v € Gp UGe. For any null-player i € N, ¢'(v) =0
holds.

Axiom 8’ (symmetry) Let o be a permutation on N. For any v € Gp U G,
¢'(N, 2V, v) = ¢"D(N, 2V 5 0v), ¢(N, € v) = ¢" D (N,0(C),00w0),
where o(€) := {a(A) | A € €},00v(S) :=v(c71(9)), S € ().

Axiom 9’ (linearity) For any v,w € Gp UGe, ®(v+ w) = ®(v) + ®(w) holds.

For yielding to our generalized value, we generalize axioms the above and add one more
axiom.

Axiom 10 (convexity) Let (N,91), (N,9),(N,Ma),...,(N,M,,) be regular set systems
satisfying M(M) = M(DMy)U- - -UM(N,,) and M(M)N---NM(N,,) = 0 and v be a game on N.
Then there exists az,. .., an €]0,1[, with >} | ay = 1 such that for every game v € G(N,N),

(v) = ar®(vloy,) + - - + D (v, ).
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Theorem 21 Let (N,M) be a regular set system and (N, M, v) a game. Then there exists the
unique function satisfying Axioms 6°, 7, 8, 9’ and 10, and it is given by V.

Our new axioms 6’, 7’, 8 and 9’ include axioms 6, 7, 8 and 9, respectively, and assertion of the
Theorem 21 includes the theorem 19, so that our new system of axioms is suitable for a solution
of the cooperative game.

We treat cooperative games defined on regular set systems. Most cooperative games which
appear in applications can be regarded as games on regular set systems using by a kind of
translations (See [5]).

Proof of Theorem 21 Assume that ® satisfies axioms 6°,7°, 8, 9" and 10.
(i) Case M is a chain. Define vj € G¢ as

oy ) LS =g,
vi(5) = { 0, otherwise.
By axioms 6’ and 7’, for any A € IR, it holds that

iy J A i =0\ Cj,
¢ (hvj) = { 0, otherwise,

that is, ‘
9" (Avj) = Avj (€ (i) U{i}) — Avj (€ (i)

v € Ge is identified by v(Ci),...,v(Cy), so that we can regard v € G¢ as the element of
n-dimension vector space. Since the linear independency of v;,j = 1,...,n, for v € G¢, there

exist \j,7 = 1,...n with
n
v = Z/\jvj
j=1

such that .
v(Cy) =N
=i

By axiom 9’, for any v € G¢, it holds that
') = ¢ | D Ny | =D (Auy) =D A (€(0) U{i}) — Ao (€.(0)}
j=1 j=1 j=1

= Z {Aj0j (€ (@) U{i}) = Ajuj (€a(d))} = 0(€u(i) U{i}) — v(€i (7))

and & = V.
(ii) Case M=2N. By axiom 10, there exist ag € [0,1],€ € M(2V) with Y gc yon) ae = 1
such that for any v € Gp
$w)= Y o' (vle) (1)
ceM(2N)

holds.

Define Ny := {5 € 2V [ § C {i} or S D {i}},i = 1,...,n, then by axiom 10 there exist
Bi,1s---,P1,n with 811+ -+ B1,, = 1 such that for any v € Gp,

¢'(v) = B11¢' (vlmyyy) + -+ Brnd' (vlmy,y)
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Assume that 31 1,..., 1, are not unique and there exists another representation

¢Z(U) = Bi,1¢i(v|m{1}> +eee ,Bi’ngbi(’(}‘m{n}).

Defining v; € Gp as
_J 1 18>,
vj(8) = { 0, otherwise,

players except 7 are null-players of Ul“ﬁ{i}, so that for any j # 1, ¢i(v|m{j}) = 0 holds and

¢'(vy) = 51,i¢)1(vl“ﬁ{i})a ¢ (v1) = 5i,i¢1(vl\m{i})'

Hence f1,; = B}, so that 31 ; is unique. Moreover let o be a permutation of players i; and i,
then by axiom 8’ for any i1,i2 € N,

O (N, Ny vily) = ¢U(i1)(NaU(‘ﬁ{i1})7UOvlf{z‘l})
¢12(N7m{ig}7v1‘{i2})

and since any players i1 and io € N are symmetry of vy, for any ¢ =1,...,n,
¢'(v1) = Brig' (vilny,,) = ¢ (v1),

so that we obtain 311 = --- = B1, = 1/n. Next define Ny ;) := {S € Ny [ S C {1,i} or § 2
{1,i}},i = 2,...,n, then by axiom 10 there exist S29,..., B2, with Bao+ -+ B2, = 1, such
that for any v[m,,, € G(IV,9y1}), it holds that

¢ (vlng,) = Brad (vlmg,,) + -+ Band (vlmy, ,,)-

Players except ¢ are null-players of Uglm{z,i}, so that for any j # i, qﬁi(v\m{l,j}) = 0 holds and
since for 7 = 2,...,n, we have ¢’(v2|m{1}) = ﬁ27i¢’(v2|m{l’i}), B2, is unique, and by axiom 8’
we have Boo = -+ = P2, = 1/(n —1). Similarly, define Mgy ppn = {5 € Ny iy | S C
{1,...,k,i} or S 2 {1,...,k,i}}, then we have generally for i = k+1,...,n, by axiom 10 there
exist B1k+1,- -5 Bk With Bey1 kg1 + - + Ber1,n = 1 such that for any vlw, , € G(NV,
N1k} )

,,,,,,,,,,

holds.
Players except i are null-players of vgy1f1,.. x4}, S0 that for any j # i, ¢i(v|m{1 k]_}) =0
holds and since for i = k+ 1,...,n, we have

,,,,,,,,,,

.....

Br+1,i is unique, and by axiom 8 we have fyi14+1 =+ = Pr+1.0 = 1/(n — k).
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For other terms, decomposing the set system to chains, we obtain

P'(v) = Bra¢'(vlmy,) + -+ Bind (vlm,,)
= B1[Ba20' (vl ) + - + Band (vl )] + Br20 (vlmyy,) + - + Brad (vlm,,,)

,,,,,,,,,,

+ > B¢ (vle)

CeM(2N)\(€1U€2)

1, 1, A
= 00l + Sd'0le)+ Y BO(vle),

ceM(2N)\(¢1Uey)

where €; := {0, {1},{1,2},...,N},& = {0,{1},{1,2},...,{1,....,n—2},{1,...,n—2,n}, N}.
Therefore for (1) ag, = ag, = 1/n! are obtained. Similary ag, € € M(2V) \ {€1, &} is
obtained uniquely as 1/n!.

Consequently, it holds that
1

= Wgﬁ(vk), (2)

¢'(v)

and ¢ = V.
(iii) Case M is a general set system.  Let M C 2V. Since

MENY = M) U U ¢,

CEME2NN\M (M)
by axiom 10 there exist a, B¢, € € M(2V) \ M(M) with
a+ > Be=1 (3)
CEME@NN\M(D)

such that for any v € Gp
$'(v) = ad'ln)+ D Bed'(vle) (4)

ce
MENP\MOY

= « Z aed(vle) | + Z Bed' (v|e) = Z Bed' (vle),

ceEM(N) CEM(2N )\ M(N) ceM(2N)

where for € € M(MN) B¢ := aag, holds. By (2) for € € M(2V)\ M(N) B¢ = 1/n! and for
¢ e M) Be = aae = 1/n!, and since (3)

1 nl— M@V _ M)

a = 1-— M) \M)| =1~ p I ()
substituting (5) for (4), we obtain
Fob) = o [d@- X gl ] = Y el
! @ CEM2NN\M(R) n! ‘ M) CEM(M) “
]
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On the other hand, we can give another different type of axiomatization for the generalization
of Shapley value, which can be characterized with the same concept of the entropy.

Axiom 11 (continuity) The function the function f(s,t) := ¢1(0, s, t) is continuous for s on

R.
Axiom 12 (efficiency) For any game (0,s,t) on 2, ¢1(0,s,t) + ¢2(0,s,t) = v(N) = t.
Axiom 13 (dual invariance) For any (0,s,t), ®(0,s,t) = ®(0,s,t)? holds.

Axiom 14 (embedding efficiency) For any v € G¢, any (0,s,1) and any Cy € €,
¢i(v0k) = ¢Z(v) for any { 7é Z?e? Z%? ¢'L§C (ka) = ¢2k ('U) : ¢1(07 S, 1) and (z)zg (ka) = ¢lk ('U) : (Z)Q(Ov S, 1)
hold, where {i} := Cy \ Cr—1 = {i}, i} }.

Axiom 15 (permutation invariance) For any v € Gr and any permutation 7 on N satisfying
T(N) =N, ¢i(v) = ¢r)(mov),i =1,...,n holds.

We obtain the following theorem:

Theorem 22 ([7]) Let (N,M) be a regular set system and (N, M, v) a game. Then there ezists
the unique function satisfying Axioms 11, 12, 13, 14 and 15, and it is given by V.
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