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Abstract. The problem of the waverider’s shape with maximum lift-to-drag ratio was 

formulated and solved. The waverider was constructed on a plane shock wave underplane 

symmetry and two isoperimetric conditions: the specific volume and the lift coefficient are 

given and fixed. The upper surface of the waverider is aligned with the oncoming stream and 

does not disturb it. The bottom surface consists of straight lines that make up the same angle 

with the undisturbed flow. The leading edge is a curve located in the plane of the shock wave 
and making an angle with the direction of the oncoming stream. If the leading edge does not 

come out to the base section, then its design provides lateral spacers of triangular shape with an 

angle between their edges. Besides the pressure, our model of interaction of the flow with the 

surfaces of the waverider accounts for the friction, which varies independently along each 

chord. In this problem we define the base section as two symmetrical flat surfaces. In such 

formulation, the optimization problem is considered for the first time. The distribution of the 

length of the chord of waverider in the plan is found by applying the numerical methods. 

1. Introduction 

The problem of a waverider that has a maximum lift-to-drag ratio for a certain set of isoperimetric 

conditions has been one of the central problems in aeromechanics for about half a century. 
Modern studies of promising supersonic and hypersonic vehicles of high lift-to-drag ratio show that 

the idea of constructing lifting shapes on stream surfaces in certain well-known gas dynamic solutions 

put forward as early as forty years ago is still the leading concept in designing waveriders.  
In [2], for the first time, the variational problem of the optimal waverider on plane shock waves 

was formulated and solved. The upper surface of the waverider is directed along the flow. The lift 

coefficient and specific volume of the waverider are given, as without conditions on the dimensions of 

the waverider, as well in the presence of it. In the formulation of the variational problem [2] there were 
considered the most important isoperimetric conditions for carrier aerodynamic forms that are the lift 

coefficient, the variable coefficient of friction along the length of the body, limitations on heat flux at 

the leading edge and the contribution of the blunted leading edge resistance to the full body resistance. 
It is shown that for independent functions describing the shape of the leading edge and the base 

section, the absolutely optimal body has a bottom surface in the form of a V-shaped wing. The 

purpose of this work is to determine the optimal shape of the waverider with a symmetrical relative to 

the central chord of the device, a straight bottom cut. This restriction for the bottom cut of waverider is 
useful in applications. 

http://creativecommons.org/licenses/by/3.0
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2. Geometry of a waverider constructed on a plane shock 

We will consider a waverider formed by three cylindrical 

surfaces subject to the plane symmetry 0z =  in , ,x y z

reference frame (figure 1). The upper surface 1 of the 

waverider is a stream surface of the undisturbed flow. 

The bottom surface 2 is a stream surface of the flow 
behind the oblique shockwave 3, which makes an angle θ  

with the undisturbed flow direction. The line of 

intersection of two cylindrical surfaces that are the 
leading edge 4 of the waverider is in the plane of the 

oblique shock wave 3. The angle α between the 

generators of the surfaces 1 and 2 originating from the 

same point on the waverider’s leading edge is the angle 
of flow deflection in the oblique shock wave 3. The third 

cylindrical surface is the waverider’sbottom cut 5 with 

generators perpendicular to those of the upper surface 1 
in the planes z = const. In general case the waverider has 

side washers 6 with leading edges are locatedon the 

shock wave 3.  

3. Formulation of the variational problem 

The variational problem formulated below relates to the problem of the maximum lift-to-drag ratio of 

a vehicle (waverider) with two isoperimetric conditions. 

The problem. Let the lift coefficient yC  and the specific volume of the waverider τ  be 

preassigned: 

( )3 2
,

y

y

pl pl

F V
С

q S S
τ

∞

= =      (1) 

Here 
y

F  is the waverider lift, V  is the volume of the waverider, q∞ is the velocity head, and 
pl

S is the 

area in plan. 

In order to find the solution of the problem it is necessary to minimize the drag coefficient of the 

waverider:  

x
x
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F
С

q S∞

=                                                                        (2) 

where x
F  is the waverider’s drag. 

The formulation of the variational problem for minimizing the functional ( )J η  has the form,  

0 0( ) ( ) min( ) , ( ) , 0x yJ C Cη η η τ η τ η= → = = ≥                                      (3) 

where ( )zη  is the function defining the chord length by wingspan of the waverider in plan. 

4. The method of finding the optimal solution 

The numerical method of local variations, described in [3] for the problems with one isoperimetric 

condition, was chosen as a method for solving the variational problem. In this paper, we propose a 

modification of this method of local variations for a problem with two isoperimetric conditions one of 

which is dependent on the derivative of the required extremal η . 

The modification of the method [3] is as follows: first, we discretize the interval [0,b], and second 

at an arbitrary point with index j  a weak variation of function η  of the initial contour is given. In 

order to satisfy two isoperimetric conditions, it is necessary to carry out variations in two different 

points that do not coincide with the first one. In order to find the values of these variations, we 

 

Figure 1. Waverider with side washers. 
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linearize the functions for the specific volume and lifting force by means of weak variations at two 

neighboring points different from j , which allows to approximate the derivative of the function η . 

Thus, we obtain two equations for two unknown variations. Such operations are carried out for each 
point of partition of the interval over which the function η  is defined. 

5. Results of the numerical solution of the problem 

5.1. Optimal waveriders, whose shape consists of straight line segments, do not exist 

Three parameters are introduced: 0
η  is the chord length at point 0z = , 0b

η η  is the ratio of the chord 

lengths at points with coordinates z b=  и 0z = respectively, 0
b η  is the ratio of the half-span of the 

waverider to the chord length at the point 0z =  respectively, by which one can uniquely reconstruct a 

contour composed of straight lines for a given slope of the base section�. 

A system of three homogeneous linear algebraic equations is constructed with respect to the 

variations 0 0 0
, ( ), ( )

b
bδη δ η η δ η , which is consistent only if its determinant is zero. The calculations 

show that under no conditions the optimal contour does not belong to the class of straight lines. 

5.2. The optimal form of the waverider depend only on the state of the boundary layer 

The relations (1), (2) for the waverider drag coefficient and isoperimetric conditions can be written in 

equivalent forms 1
B  and 2

B , from which it follows that the distribution of the chord over the scope of 

the optimal waverider does not depend on the Reynolds number. Thus, within the framework of the 

considered model of aerodynamic forces on a waverider, the extremal depends only on the state 

(laminar or turbulent) of the boundary layer given by the parameter m : 

� 23 2 4 2 2
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where (see [2]) 
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       (9) 

Here, n
A  is the coefficient, which depends on the parameters of the flow and the number n  ( n  = 2 

and n  = 5 in the cases of laminar and turbulent boundary layer, respectively), 1m n= , pc  and b
c  are 

the pressure coefficient behind the plane shock wave and the bottom pressure coefficient, respectively, 

and ω  is the exponent in the viscosity-temperature dependence. 

5.3. Optimal contours with the heat flux limitation on the leading edge 
According to [4], the main parameters determining the heat flux to the blunt leading edge of the wing 

are the Mach number of the undisturbed velocity component, normal to the leading edge and the 

radius of its blunting. In order to simulate the limiting conditions for the heat flux at the leading edge, 

it is sufficient to specify a lower limit for the sweep of the leading edge, angle γ . In other words, it is 

sufficient to introduce a top constraint for the Mach number normal to the leading edge of the 
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waverider, if blunting does not introduce fundamental changes in the lift and drag coefficients [2]. In 

the following figures, which correspond to the various restrictions on the heat flux with different 

slopes C of the base section, the results of the calculation for the following parameters are presented: 

M  = 3, m  = 0.5, Pr  = 0.71, α  = 5°, ω  = 0.72, and the waverider’s wall temperature is equal to the 

equilibrium temperature.  

  

Figure 2. Waverider with γ = 20°. Figure 3. Waverider with γ = 10°. Figure 4. Waverider with γ = 10°. 

  
Figure 5. Waverider with γ = 10°. Figure 6. Waverider with γ = 10°. 

In all figures, solid straight lines 1 show the initial shapes of the waverider in plan, the dashed 

curves 2 are the optimal shapes, and the dashed straight line 3 shows the sweep angle of the leading 

edge that determines the limitation on the heat flux. In figure 2 and 3 to 6, this angle is equal to 20° 
and 6–10° respectively. Figures 2 and 3 show the results for C  = 0, figure 4 for C  = 0.5, and figure 5 

and 6 for C  = -0.5. As can be seen, under limitation for the heat flux, there is always a straight section 

at the leading edge of the optimal waverider. It is very important that in all cases, except of figure 5, 

the optimal waveriders has the side washers. All calculations were carried out for the half-size b  = 1, 

since the dimensions of the waverider do not have a fundamental value, and, as shown in [5], its lift-

to-drag ratio can be increased by increasing the characteristic size of the vehicle.  

Table 1. Data for contours with heat flux. 

Figure �
0yС  �

yС  �
0τ  τɵ  0

K  K  

2 0.0715 0.0715 0.0275 0.0275 4.2282 4.3007 

3 0.0715 0.0715 0.0275 0.0275 4.2282 4.3235 

4 0.0714 0.0714 0.0242 0.0242 3.8945 3.9657 

5 0.0715 0.0715 0.0316 0.0316 4.4977 4.5897 

6 0.0715 0.0715 0.0312 0.0312 4.5574 4.6270 
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The numerical values of K  are obtained for the Reynolds number 5Re 10∞ = . The gain in the lift-

to-drag ratio of the optimal waverider in comparison with the equivalent waverider with the initial 

shape in plan is from tenths to several percent in each case. 

5.4. The influence of the Mach number on the optimal contour in plan 

Figure 7 shows the dependence of the optimal contour on the Mach number. The curves 1, 2 and 3 

show optimal contours for the number M = 3, 5, 7, respectively. In all three cases, the original contour 

was the same, 5Re 10∞ = . 

Table 2. Data for contours with different Mach number. 

Contour �
yС  τɵ  K  

1 0.0715 0.0278 4.383 

2 0.0456 0.0273 3.411 

3 0.0354 0.0288 2.914 
 

  
Figure 7. The influence of the Mach  

number. 

Figure 8. The influence of the state of  

boundary layer. 

As can be seen, with an increase of the Mach number, the contour of the leading edge becomes 

more convex, and the lift-to-drag ratio decreases. 

5.5. The influence of the state of boundary layer on the form of the optimal contour 

In figure 8, the straight lines 1 indicate the original contour, which in both cases was the same. The 

results are shown for M =3 and C =0. The dashed lines 2 and 3 correspond to the optimal contours 

with the parameter n =5 and n =2. 

5.6.  The influence of the angleαon the optimal contour. 

In figure 9 the straight lines 1 indicate the initial contour, which in both cases was the same. The dashed 

curves 2 and 3 correspond to the optimal contours constructed for α  = 20 и 5°, respectively. Mach 

number M  = 3. As can be seen, the effect of the angle α  on the optimal contour is small. An increase in 

the lift-to-drag ratio of the optimal waverider is observed if the angle α  is reduced (see also Table 3). 

Table 3. Data for contours with different angle α . 

Contour �
yС  τɵ  K  

1 - 20° 0.440 0.1175 2.535 

1 - 5° 0.0715 0.0282 4.296 

2 0.442 0.1175 2.542 

3 0.0715 0.0282 4.383 
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Figure 9. The influence of the angleα . 

6. Summary 

We have formulated and solved the problem of the waverider’s shape with maximum lift-to-drag ratio. 

The waverider is constructed on a plane shock wave subject to plane symmetry and under two 

isoperimetric conditions: the specific volume of the waverider and the lift coefficient are given. In 

addition to the pressure our model of interaction of the flow with the surfaces of the waverider 

accounts for the friction, which varies on the plate independently along each chord from the leading 

edge to the base section. The upper surface of the waverider is aligned with the oncoming stream and 

does not disturb it. The bottom surface consists of straight lines that make up the same angle α  with 

the undisturbed flow. The extremal that is the distribution of the length of the chord of the waverider 

in the plan by scope is found by using the numerical method of local variations adapted to the 

variational problem with two specified isoperimetric conditions. We have studied the shape of the 

optimal waverider in plan as function of the Mach number, the angle α , the boundary layer state, and 

restrictions on the heat flux at the leading edge. 
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