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Abstract. Employing the covariant formalism, we derive the evolution equations for two
scalar fields with non-canonical field space metric up to third order in perturbation theory.
These equations can be used to derive predictions for local bi- and trispectra of multi-field
cosmological models. Our main application is to ekpyrotic models in which the primordial
curvature perturbations are generated via the non-minimal entropic mechanism. In these
models, nearly scale-invariant entropy perturbations are generated first due to a non-minimal
kinetic coupling between two scalar fields, and subsequently these perturbations are converted
into curvature perturbations. Remarkably, the entropy perturbations have vanishing bi-
and trispectra during the ekpyrotic phase. However, as we show, the conversion process
to curvature perturbations induces local non-Gaussianity parameters fyy, and gni, at levels
that should be detectable by near-future observations. In fact, in order to obtain a large
enough amplitude and small enough bispectrum of the curvature perturbations, as seen
in current measurements, the conversion process must be very efficient. Interestingly, for
such efficient conversions the trispectrum parameter gni, remains negative and typically of
a magnitude O(10?)-0(10%), resulting in a distinguishing feature of non-minimally coupled
ekpyrotic models.
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1 Introduction

In order to further our understanding of the beginning of the universe we can learn from at
least two main sources; electromagnetic radiation and gravitational waves. So far, all our
knowledge is derived from the first, presenting us with a picture of the density distribution in
the universe after photons from the surface of last scattering have been emitted. On the one
hand, satellites like PLANCK [1-3] have probed the Cosmic Microwave Background (CMB)
radiation to exceedingly great detail. Surveys of the large-scale structure of the universe
are quickly catching up, to the point where they might be able to rival the precision of the
CMB maps in the near future, as our understanding of structure formation is continuously
improving [4]. Further information will come from the detection (or absence) of primor-
dial gravitational waves. In this light, it remains as important as ever to understand the
predictions of cosmological models of the early universe.

The most popular theory of the early universe is inflation — see [5] for a review. Simple
models of inflation lead to rather clear predictions: the fact that the inflaton must roll down



a very flat potential implies that it is approximately a free field. This in turn implies a
spectrum of density perturbations that is Gaussian to high accuracy, implying that both
the bispectrum and trispectrum are expected to be very small. More complicated models
can however be designed, involving multiple fields and/or higher derivative kinetic terms,
such that essentially all potential combinations of observations can be matched. One may
hope that this uncomfortable fact may be circumvented if additional constraints on model
building, arising from the combination with particle physics or eventually quantum gravity,
will become available. In the meantime, it is interesting to observe that simple inflationary
models also typically predict primordial gravitational waves at observable levels, so that the
current non-observation already starts to rule out a number of long-favoured models [2].

A complicating feature of (most) inflationary models is the process of eternal inflation,
by which the universe is turned into a multiverse of infinitely many “pocket universes” with
different physical properties. In this way, even a single model of inflation can lead to an
infinite number of possible outcomes. Despite many attempts, the process of eternal inflation
and the resulting non-predictivity of inflation remain serious open problems of early universe
cosmology, and they motivate the investigation of alternative models [6].

In the present paper we will be interested in ekpyrotic models, which form an alternative
to inflation in that they can solve the flatness and horizon problems of the early universe,
while also generating primordial density perturbations — see [7] for a review. Moreover,
they are not plagued by the runaway behaviour of eternal inflation [8, 9]. However, they also
present one big challenge: the ekpyrotic phase is a contracting phase assumed to precede
the big bang and in order to obtain a complete model one must be able to explain a bounce
linking the contracting phase to the currently expanding phase. Such bounces are not fully
understood yet, but this is an active field of research in which significant progress is being
made — see for instance [10-15]. A distinguishing feature of ekpyrotic models is that they do
not amplify gravitational waves [16] (except for a small effect at second order in perturbation
theory, where the density perturbations act as a source [17]). For this reason, we are all the
more motivated to try to understand the predictions for the primordial density perturbations
in great detail. In the present paper, we will therefore calculate the non-Gaussian corrections
to the primordial density fluctuations, and in particular we will extend our previous treatment
of the bispectrum/3-point function [18] to the trispectrum/4-point function.

The precise model we are interested in is the non-minimally coupled entropic mecha-
nism, first proposed by Qiu, Gao and Saridakis [19], and by Li [20], and generalised in [21].
Here, nearly scale-invariant entropy perturbations are generated by a field-dependent cou-
pling between two scalar field kinetic terms. Subsequently, these entropy perturbations can
then be converted into curvature perturbations. This model was shown in [18] to lead to a
vanishing bispectrum during the ekpyrotic phase. Our aim in the present paper is twofold: we
would like to understand the predictions of this model for the trispectrum, and investigate the
effect of the conversion mechanism on both the bispectrum and trispectrum in detail. Note
that, even though the scalar field space is now endowed with a non-trivial metric, the model
does not contain higher derivative kinetic terms. For this reason, only the non-Gaussianities
of local form are relevant, and these can be calculated from the classical evolution on large
scales. Thus, we will first have to develop cosmological perturbation theory up to third order
(since we are interested in the trispectum), for the case of a non-trivial field space metric and
for models with two scalar fields. This will extend the existing treatment up to second order
in perturbation theory of Renaux-Petel and Tasinato [22], as well as the existing development
of third order perturbation theory for trivial field space metrics [23]. Note that this part of



our paper is entirely general, and may be used for applications to any two-field cosmological
models with arbitrary field space metrics (i.e. to general two-field non-linear sigma models).
For a related study on the impact of the Ricci curvature of such a general field space metric,
see [24].

What we find is that the non-minimally coupled ekpyrotic phase also leads to a precisely
vanishing trispectrum, but that the conversion process has a crucial impact on the final
predictions for the bispectrum and trispectrum of the curvature perturbations. In particular,
we find that the conversion process must be very efficient in order for these models to be in
agreement with current limits on the bispectrum parameter fyr,. Interestingly, such efficient
conversions then lead to a non-trivial prediction for the trispectrum non-linearity parameter
gNL, Which is expected to be negative and of a magnitude of several hundred typically. This is
thus an observational signature to look out for in future observations of the cosmic microwave
background.

2 Covariant formalism and perturbation theory up to second order

We will start by reviewing the covariant formalism for cosmological perturbation theory, up to
second order in perturbations and for a theory comprising two scalar fields (with non-trivial
field space metric). Readers familiar with these results may proceed to the next section,
where new results at third order will be presented.

In the present work, we will adopt the 1+ 3 covariant formalism developed by Langlois
and Vernizzi [25-28], which was inspired by earlier works of Ellis and Bruni [29, 30] and
Hawking [31]. See also [32, 33] for related studies of Lagrangians with general non-canonical
kinetic terms. This formalism builds on the insight that in a purely time-dependent back-
ground metric (in particular in Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetimes)
spatial derivatives of scalar quantities are automatically gauge-invariant. The formalism
allows one to derive rather compact all-orders evolution equations for cosmological perturba-
tions, which, with suitable care, may then be expanded up to the desired order in perturbation
theory.

We study the cosmological fluctuations of a system of two non-minimally coupled scalar
fields, i.e. two scalar fields with a non-trivial field space metric (but minimally coupled to
gravity). The action of such systems is of the form

5= / d'zy/ g (;R — GV v - V(¢>K>> , (2.1)

where the indices I,J, K = 1,2 label the two scalar fields (in our later examples we will
also write ¢! = ¢, ¢> = x). The field space metric and its inverse can be used to lower
and raise field space indices, respectively, e.g. ¢; = Grs¢”. Such actions were studied by
Renaux-Petel and Tasinato [22] up to second order in perturbation theory and, for trivial
field space metric Gyjy = d;7, the formalism was extended to third order by Renaux-Petel and
one of us [23]. Considering theories with two scalars fields is conceptually of importance, as
two-scalar theories admit both adiabatic/curvature and entropic/isocurvature perturbations.
The extension to having more than two fields is then straightforward, as the presence of
additional fields simply augments the number of independent entropic perturbations.

2.1 Covariant formalism

Let us consider a spacetime, with metric gq;, where a congruence of cosmological observers
is defined by an a priori arbitrary unit timelike vector u® = da®/dr (with u,u® = —1), where



7 denotes the proper time. The spatial projection tensor orthogonal to the four-velocity u®
is then given by
hab = Gab + Uap , (h%hb, = h%., hluy =0). (2.2)

To describe the time evolution, we make use of the Lie derivative w.r.t. u%, i.e. the covariant
definition of the time derivative. It is defined for a generic covector Y, by (see e.g. [34])

Y, = L,Y, = u’V,Y, + Y},Vaub, (2.3)

and will be denoted by a dot, as has been customary in works on the covariant formalism.
For scalar quantities, the covariant time derivative reduces to

f=u"V,f. (2.4)

To describe perturbations in the covariant approach, we project the covariant derivative
orthogonally to the four-velocity u®; this spatial projection of the covariant derivative will
be denoted by D,. For a generic tensor, its definition is

DT, = hhy® .. hf . VT, (2.5)
Again, for the case of a scalar, this simplifies,
Dof = hVif = 0of +uaf . (2.6)

The covariant derivative of any time-like unit vector field u® can be decomposed uniquely
as follows

1
Vg = 0gp + Wap + gGhab — QqUp , (27)

with the (trace-free and symmetric) shear tensor o, and the (antisymmetric) vorticity tensor
wqp- The volume expansion, O, is defined by

0 =V, (2.8)

where the integrated volume expansion, «, along u?,

J— 1 _ .
a = 3/d7@ (0 =3a), (2.9)

can be interpreted as the number of e-folds of evolution of the scale factor measured along
the world-line of a cosmological observer with four-velocity u® since ©/3 corresponds to the
local Hubble parameter. The acceleration vector is given by

a® = u’Vyu. (2.10)
Finally, it is always possible to decompose the total energy-momentum tensor as
Tap = (p + P)uaup + qattp + UaQy + GabP + Tab » (2.11)

where p, p, q, and 7, are the energy density, pressure, momentum and anisotropic stress
tensor, respectively, as measured in the frame defined by u®.



2.2 Two scalar fields with non-trivial field space metric

The energy momentum tensor derived from the action (2.1) is then
1
Tuy = G1sVad' V" + gab (— 5G1IVes' Vo' — V) : (2.12)

Comparing to the decomposition in (2.11) one finds for the energy density, pressure, momen-
tum and anisotropic stress, respectively,

R 1
p = Tapuu® = Togu'u® = 661 + 5 G1 V) VG +V, (2.13)
1 1 1
p = gh"Tuhe = 3G1sDu! D67 = SG1 Vet Vo —V, (2.14)
o = —ulTych’, = —¢Dad’ ~ —u'Ty; (2.15)
h
Tab = hiTeah’ — phay = GryDad’ Dyo” — ?abGIJDcﬁbIDCQSJ' (2.16)

The equation of motion for the scalar fields is obtained by varying the action w.r.t. the fields
themselves,

0= GV V% + Tk Ve Vi —V;

; o . (2.17)
:¢I+F5K(¢J¢K_DaQsJDad)K)+@¢I+G1J‘/7J_DaDa¢I_abDb¢I7

where I'yj = GILFgK = %(GIJ,K + Grr,; — Gjk,1) and the second equality above makes
use of equations (2.2), (2.5)—(2.10).

We introduce the following derivatives of field space vectors in curved coordinates in
order to simplify notation. The spacetime derivative, given by

D Al =V, AT 4 T4, V,07 A, (2.18)
is used to define a time derivative in field space,
D Al = uD, AT = AT 4 1T, 67 AK, (2.19)
and a spatially projected derivative in field space,
D1 Ty = hihg .. hG... DT . (2.20)
We can then rewrite the evolution equation (2.17) in a more concise form as
Dud! + 06! + GV — D1 (D) — a*Dyd! = 0. (2.21)

In the two-field case it is convenient to introduce a particular basis in field space which
consists of an adiabatic and an entropic unit vector. This decomposition was first introduced
in [35] for two fields in the linear theory. The generalisation to multiple fields is discussed
in [36, 37] for the linear case and in [38] for the nonlinear theory. The adiabatic unit vector,
denoted by ¢!, is defined in the direction of the velocity of the two fields, i.e. tangent to the
field space trajectory. The entropic unit vector, denoted by e!, is defined along the direction
orthogonal to it (w.r.t. Gyy), namely
d)l
-

€(I, =), G[Jege;] =1, GIJegeg =0, (222)



with

o =1/Grsold’. (2.23)

Note that this is only a short-hand notation, i.e. ¢ is generally not the derivative along u”
of a scalar field o. Furthermore, we introduce the quantity 6 to express the time evolution
of the basis vectors,

Duel = bel Duel = —bel (2.24)
where Dyel, = ¢l + T gelell| (a = 0,5) is given by the definition in (2.19). Again, 0 is

not the derivative along u® of an angle 6, although such an angle can be defined for a trivial
field space metric [28].

Making use of the basis (2.22), we can then introduce two linear combinations of the
scalar field gradients and thus define two covectors by analogy with the similar definitions in
the linear context [36]: the adiabatic and entropic covectors, denoted by o, and s,, respec-
tively, and given by

0o = €a1Vad!, (2.25)
Sa = es1Vad!. (2.26)

By definition, the entropic covector s, is orthogonal to the four-velocity u®, i.e. u®s, = 0.
By contrast, the adiabatic covector o, contains a longitudinal component: u®c, = . At any
location in spacetime, one may think of o; as describing perturbations in the total energy
density (and thus perturbations in the expansion/contraction history of the universe), and
of s; as describing perturbations in the relative contributions of the two scalar fields to the
total energy density.

A covariant generalisation of the comoving energy density perturbation is given by the
covector

¢a=Dop— Lot (2.27)
o
L = e,1Dy¢! = 04 + Gug is the spatially projected version of (2.25). It has been
shown in [28] that if the shear is negligible on large scales, so is €, =~ 0.
Then, in our two-field system, the full evolution equation of the entropy covector s, can
be expressed on large scales (i.e. to leading order in spatial gradients) as [22]

where o

. 6
84+ 0Osq + (Vigs + 36% + dQeges‘]efegR[KJL)sa ~—2—¢,, (2.28)
g
with
Ve=¢clvy, Vs = ele!DyD;V and DDV =V —TEV, (2.29)

and where RIKLJ = 8]F§(L — 8LF§(J + FgPFQL - Fipr}J is the Riemann tensor associated
with the metric Gyy. An equality valid only on large scales will be denoted by ~.

It is a well-known result that in cosmological models with a single scalar field the curva-
ture perturbation is conserved on large scales [39]. However, when a second field is present,
entropic perturbations may arise and these can source the curvature perturbation on large
scales [35]. We will now derive a particularly simple and useful form of the evolution equation
for the comoving curvature perturbation on large scales, extending known versions [40-42]
to the case of having a non-trivial field space metric. We will work in comoving gauge and



take the background to be described by a flat FLRW metric. On large scales the perturbed
metric can be written as .
ds? = —dt*> + a(t)?eE") dat da; | (2.30)

where ¢ denotes the comoving curvature perturbation and can be thought of as a local
perturbation in the scale factor. We will denote derivatives w.r.t. physical time ¢ with primes.
In our model (2.1) the equation of continuity is given by

pr+3H+)p+p) =0, (2.31)
with the background (denoted by overbars) satisfying
p+3H(p+p) =0. (2.32)

On co-moving hypersurfaces the energy density is uniform, p = p (and hence also H = H
because of the Friedmann equation). We then obtain

o

‘= _H— 2.33
¢ p+p+0op (2.33)

where dp = p(t, z') — p(t). Since, by definition, §p = 0 on these hypersurfaces, we can imme-
diately relate the pressure perturbation to a perturbation in the potential, dp = —25V|5,—0.
Plugging this relation into equation (2.33), we obtain a compact expression for the evolution
of the comoving curvature perturbation on large scales, writing H = H,

¢ =2V (2.34)
g2 — 20V
which is valid to all orders in perturbation theory.

In the following subsection, we will introduce a coordinate system. The evolution equa-
tions for the entropy perturbation (2.28) and the comoving curvature perturbation (2.34) can
then be straightforwardly translated into the linearized and second-order perturbation equa-
tions, while we derive new results at third order in the following section. For convenience,
we have collected various background as well as first- and second-order expressions that will

be used in the rest of this paper in appendix C.

2.3 Perturbation theory up to second order

We introduce coordinates ## = (t,z%) to describe an almost-FLRW spacetime, in order to
relate the covariant formalism to the more familiar coordinate based approach. We will
denote a partial derivative with respect to the cosmic time t by a prime, i.e. " = 9/9t, since
the dot is already reserved for the Lie derivative (2.3). Fields are expanded without factorial
factors:

X(t2") = X(t) +6XD(t,2°) + 6X D, 2°) + 6 X O (¢, 27) . (2.35)

Quantities with an over-bar like X are evaluated on the background, first order quantities
like 5X@) solve the linearised equations of motion, second order quantities like X the
quadratic equations, and so on. In the following, we drop the superscript () for perturbations
at linear order when the meaning is unambiguous. For simplicity we choose u® such that
u; = 0. In appendix C we show how wg is then determined in terms of metric quantities.



We start by presenting the definitions of the adiabatic and entropic perturbations up to
second order. By expanding eqs. (2.25) and (2.26) up to second order, one finds, for o; and
s; respectively,

So; = Dido 60 = e,100! (2.36)
§s; = 0;0s, 0s = e,10¢!. (2.37)
at linear order and

1

n/
502 = 0,50 + L 500,55 — i, (2.38)
o o
55\ = 0,65 + (S_ifaias’, (2.39)
o
at second order [22], with
| 1
Y > Pl -K-Ls a
(50'(2) = 6015¢ (2) + ieo—]FKLea 6550’ 50'/8 =+ ﬁéS(SS/ i (240)
® = 6,50/ 4 Lo PL oKelsoase® 07 (544 7
ds\ = egrop '\ + QGS[FKLGQ e300%60 — (08" + 250 , (2.41)
o

where the inverse zweibeine are defined via d¢! = e /50 and a = (o,s). The curved nature
of the field space metric manifests itself in the appearance of the terms with Christoffel
symbols in §¢(® and 6s?. It is convenient to introduce the spatial vector

V= %(53@63’ —05'9;0s), (2.42)

which vanishes when ds and ds’ have the same spatial dependence. Since relative spatial
gradients are heavily suppressed for super-Hubble modes both in inflationary and in ekpyrotic
models, ds’ and ds indeed obtain the same spatial dependence, i.e. ds’ = g¢(t)ds, to high
precision.
The gauge transformation of a tensor T generated by a vector field £* is given by the
exponential map [43]
T — 5T, (2.43)

With the perturbative expansion { =) % §(n), the first and second-order perturbations of
a tensor T are then found to transform as [44]

1
1 1 0 2 2 1 2 0
0T — 6TW 4 £, TO,  6T® = 6T® 4 £, 6TW + <£§(2> - 2£§(1)>T( ). (2.44)

Using these relations, it can easily be verified that the entropic perturbations 6s()-(2) are
gauge-invariant. The adiabatic perturbations, however, are not gauge-invariant, but they
have been defined such that setting them to zero is equivalent to going to comoving gauge,
on large scales. This can be seen by expanding the momentum density ¢; given by (2.15),
which ought to vanish in comoving gauge:

0q; = —61'(5,50') (2.45)
at linear order, and

i

=1
5q(2) = —9;|'60@ + %%502 + 05065 | — %56(91‘50 + Vi, (2.46)
lok g



at second order. As already mentioned, V; = 0 on large scales for the models we are interested
in, and therefore setting the adiabatic perturbations to zero (as a gauge choice) corresponds
to adopting comoving gauge on super-Hubble scales.

The equations of motion of the scalar fields were presented as (2.17), which for the
background can be rewritten as

Gr/O¢" +T1kr0,6" 0"  — V=0, (2.47)
Substituting ¢’ = '€/ and using (2.24), they read
eo1(6" +3H5") + 516’0 + Vi =0. (2.48)

Multiplying with €. and &l, we obtain the background equations of motion for ¢ and s,
respectively:
"+3H¢' +V,=0, (2.49)

and B
70 +Vsy=0. (2.50)

Expanding the equation of motion for s, (2.28) to linear order gives

_ 20’
68" + 3HOs + (Vigs + 302 + 5"%elelel el Ry y1)0s = ——r0em0, (2.51)

where we have used B
©=3H. (2.52)

At second order, we get

9/ /2 N’ VUG/ 3 n/ / 1- 5‘7;539_/ 95/3
—7 {9 I L il I A o =N O 00
= = 1 _ 20
+ égégégéé’ <5/9/R[KJL — 25'/2ééVDNR]KJL>:| 5s® — 7(56( )

where we have used V; ~ 0 on large scales in the second term on the r.h.s., and de® ~ 0.
The equation for the entropy perturbation forms a closed system; on large scales, it evolves
independently of the adiabatic component.

In comoving gauge, expanding the expression for the curvature perturbation (2.34) up
to second order, we have

2HOV  so=0 2H

2
2 1)32
C/:5’2—2(5 R —m 6V()+6V()+6’2(5V( 2|, (2.54)

where the do = 0 statement above the =~ sign indicates that the equations are valid in
comoving gauge. Using equations (C.33)—(C.34), we obtain
C(l)/ 50;0 _2H0_/68

5./

(2.55)

at first order, and

— 50652 —

2)/ 5030 2H 1- =9 9
¢ o0 2 (21/;55 + 2072 )65 (2.56)



at second order. It becomes clear that the curvature perturbation is sourced by the entropy
perturbation.

In the next section, we will derive the corresponding third-order equations, which are
needed for the study of the primordial trispectra of cosmological perturbations.

3 Deriving the third order equations of motion

We are now in a position to present our main technical developments: we use the covariant
formalism to derive the third-order evolution equations for the entropy and the curvature
perturbations for two scalar fields with a non-trivial field space metric. These equations
will then allow us to calculate and make predictions for the trispectrum of current ekpyrotic
models.

The covariant formalism has the advantage of allowing one to derive simple all-orders
evolution equations for the adiabatic and entropic co-vectors. However, given that the general
all-orders definitions of the adiabatic and entropic convectors are rather implicit and formal,
in using the covariant formalism to make actual predictions a non-trivial step consists in
identifying the proper definitions of adiabatic and entropic fluctuations up to the desired
order in perturbation theory. Once these definitions are at hand, it becomes a straightforward
exercise to expand the all-orders equations up to the desired order. Thus our first and main
task is to find the appropriate definitions of adiabatic and entropic perturbations at third
order. Expanding eq. (2.26) at third order using egs. (C.19) and (C.21), one obtains

‘ , 2 2
5353) = 31'53(3) + 570&'68(2) + 50 05’ 20;85' + 5 7 0:05"

’) o

sl[ — 0Ty + Tipl T + fiPF;;M] ele)el —elel)o;(606s°)

[\
q\
N

(53 +20'60)650;65 — 0; <6(_f’2

éf_CL,R[KJL@Jz@i(SS — 00080;00)

+
Wl -

Q!

_|_

where we have defined

(2) B 2 7/ — 1/
553 = e,166T — 50—7/<5SI T F60) — 605 @' _ %(0/253 v 058/>
g

5o 9’ é' 9
60’ \o 6
) Lok (s 1 / K [ 552 4 oo 0
+ ésily (e 00 + egos) e, | o' — F&S&S +eé, | ds §s' + 50
o a’

1 = -7 = R _
- 6(—6MF§<L + Diepliar + TLpl R8st
x [(eMso +elos)(ehoo + elds) (el so + el os)
+ 0ds(ehdo + 2elas) (el el —elel)]. (3.2)

Using the transformation of the third-order perturbations of a tensor T, given by [44]

1 1
3 3 2 2 1 3 0
ST®) — 6T® 4 Le, 6T® + <£§(2> +2£5(1)> sTM 4 (ﬁg(s) +Le Le, +6£5<1>> TO, (3.3)
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one can show that the entropy perturbation as defined in (3.2) is gauge-invariant. Note

that, compared to the earlier work [23], we have added the gauge-invariant term 61,2 555"

to the definition of §s() (and correspondingly subtracted off its derivative from 551(- )). This
improved definition is motivated by our considerations of ekpyrotic models in section 4, as
we will further discuss there. Moreover, in appendix B we will present additional arguments
that the term that we are adding to the definition of the entropic perturbation is the only
sensible one.! Apart from this small modification, the present definition now also includes
terms due to the curvature of field space.

On large scales, our new definition leads to an extremely simple relationship between

®3)

the covector ds,”" and the entropic perturbation 8s3): in comoving gauge we have

do= 1
55 °%° 9,65 +3 —50i(0057)
= 9;0s® + 5 0s'Vi (3.4)
~ 0;0s%)
with
55 °Z° &, 1561 Lo 6K 552 — L K55
60 25" (3.5)

1 _ o
+ géslé;’éféﬁ [0,T cp, — 2T pT1e 1 ] 657,

where we have simplified the last term due to the symmetry in the vielbeine.
The adiabatic perturbation do is not a gauge-invariant variable, so there is more freedom
in choosing a definition. Expanding eq. (2.25) using egs. (C.13) and (C.15), we obtain

50\ = 9,60® + z(daa 55@ + 50 0;65) + %(53’ +0'60)0:65 + Fl,g(as’ +0'60)20;60
Ki) %" — (Vigs +20)8s + — Vo 58]5082»53 - %vf”) - 33',253‘4
+ (efel 1 efelyel50650;(eldo + elds) B(GIP,J —Grp)ThL
—GypTig + — ! (GKL 17— Grxps — Groky + 2G1JKL)] (3.6)

with

2(58/

1 / 0
_ - I
60® = e,16031 + ﬁ(&slés(z) + 05652 + 657

0/
ek (50(2) - 215,5355’> + ek <5s<2> oo <5.s 40 50))]

_ 1 _ o
eleleB el Ry 10065 + éeaj(egefegda +elelelos®) [0, T, — 2T pTk L] -
(3.7)

+ ey, (ekoo + elos)

!This new definition does not change the results of [23], as our new definition differs from the old one by
a gauge-invariant term.
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We have defined the natural generalisation of the third order non-local term V; as

]. / ’
v = 5 (052005’ + 550,65 — 5512 0,65 — 55/0:05™), (3.8)
which again vanishes when the total entropy perturbation ds = 8514552 factorizes in terms
of its time and spatial dependence, i.e. ds’ = g(t)ds. We can neglect it as such differences
in spatial gradients are heavily suppressed on large scales in both inflationary and ekpyrotic
models. For do = d0(2) = 0 the adiabatic perturbation at third order reduces to

6o=0

1
5o "= e, 1003 + 2—_(53'58(2) + 0565 + 58258

652
+ GU[FKLe 0s 6 58(2) - % K(58(55/ + éégjé;]éféé(ssg [an‘é(L - 2F§PF§L] .
(3.9)

One may check that this is a useful definition of the adiabatic perturbation by expanding

the momentum density (2.15) to third order and verifying that it vanishes on large scales,
50

5q( )

i O in comoving gauge do = do(?) = §o3) = 0.

Now that we have the definitions of the adiabatic and entropic fluctuations, we can
obtain their equations of motion. To this end, we expand the equation of motion for s, (2.28)
to third order, with the result

0 ’
+3H6s®) + + (Vigs + 30" + "%l Jeo eURIKJL)&S( ) + 2_—/(55/55(2)
o

2 2 = 3 -
+ <,9” + —5V,0 - ,H9’> (65653
g g g
_ 10— - 18 - _ _
+ (V — gv;sse’ — ge’S +elelelel(—26'0 Ry, + 6°eN DRk JL)>5355<2>
V, 1 [2- 2vZ 1 8 0 i T eI =
+ 36’,358’3 + -2 [31/;00 + 6—/’2 + gHVJ — Vigs — 50’2 — J'Qege;]efegRIKJL} 555"
2 T 11 13 1 . 18 _,
+ |:— @9/9” - @‘/;sso - 35_7/3‘/253‘/,0' - 3573 ‘/,0'0, - ﬁHVY;ss + EHH,
4V o’
357 éle‘]ea GO.R[KJL Eégés‘]éé{é(g g/[ MR]KJL 55 os
1_ 7 5 - 19 -~ 24
| g Vissss = g7 Visssl + 302% + 5 Vsl + 50"
1 _ _ _ _ _
+ gégé;]éfég (RIKJL(V;SS + 0% - 25'0eN DN Rk L

1 _ _ _ _ _
+ 5'2656? <2DQDNR[KJL — R[KJPRI;VLQ + R[KJLRI?VPQ)>] 5537
(3.10)

where we have used V; ~ 0 and Vi(g) ~ 0 on large scales. The equation of motion is fully
covariant, as it should. Notice that upon the introduction of the extra term in the definition
of 65 in (3.2) compared to [23] the numerical factors of some of the terms have changed
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— see appendix B for the equivalent equation of motion without the extra term. Moreover,
the non-trivial field space metric manifests itself in the appearance of terms with Riemann
tensors and their covariant derivatives. Just as was the case at lower orders, the large-scale
equation for the entropy perturbation is closed at third order.

On large scales, the evolution of the curvature perturbation at third order is given by
expanding (2.34) and using (C.33)—(C.35), leading to

¢ "= 7 [51/( )+ ﬁW( oV @ 4 ﬁwv( )
[/ n/
= 2@_% [— 50653 — ;/;, (65652 + (Vigs + 40')6565?) + %5353’2 (3.11)

1oV, 1 - oo, (14 OVss 03\ . 4

+ (6 5'/2 - Ti_/‘/;sa' 58 58 + 6‘/;355 - 2 5‘/ - 4? (SS .
It is the third-order counterpart of equations (2.55) and (2.56) and shows how the adia-
batic/curvature perturbations are sourced by entropic perturbations. As is apparent from
the first line, once the potential V' becomes irrelevant, ¢ is conserved on large scales. This is
for instance the case in the approach to the bounce in ekpyrotic models.

4 Ekpyrotic examples

4.1 The non-minimally coupled ekpyrotic model

The evolution equations derived in the previous section 3 can be applied to any inflationary
or ekpyrotic model described by two scalar fields with a non-trivial field space metric and a
potential. In this paper we are chiefly interested in the “non-minimal entropic mechanism”,
which is a mechanism for generating ekpyrotic density perturbations. It was first proposed by
Qiu, Gao and Saridakis [19] as well as by Li [20], and further developed and generalised in [18,
21]. The model contains two scalar fields: ¢ is assumed to have an ordinary kinetic term and
a steep negative potential — thus ¢ drives the ekpyrotic contracting phase. A second scalar,
X, is non-minimally coupled to ¢ such that in the ekpyrotic background it obtains nearly
scale-invariant perturbations. Compared to the standard entropic mechanism, the model
has the advantage that it does not require an unstable potential to generate nearly scale-
invariant perturbations. In fact, in this model the potential need not depend on the second
scalar y at all during the ekpyrotic phase. The entropic mechanism consists of a two-stage
process: first nearly scale-invariant, Gaussian entropy perturbations are produced during the
ekpyrotic phase, which are then converted into curvature perturbations in the subsequent
kinetic phase by a bending in the field space trajectory. We will assume that the conversion
process also occurs during the contracting phase of the universe. To complete the model,
one may then consider both a prescription for initial conditions [45-48] and a non-singular
bounce into the current expanding phase of the universe — see for instance [10, 11, 13, 14]
for a discussion of non-singular bounces and [49, 50] for the proof that the perturbations
generated during the contracting phase pass through such non-singular bounces unharmed.

As just described, we will consider the case where the second scalar field x is coupled to
the first scalar ¢ by a function (¢)?, i.e. the field space metric and its inverse are given by

Gy = (é ﬂ(?b)?> , and G = (é Q(;))_2> . (4.1)
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In a FLRW universe, the background equations of motion derived from the action (2.1)
are then

¢ +3H¢ + V4 — Q057 =0, (4.2)
X'+ BH +2071Q 48 )Y +Q?V, =0,

1 _ _
H? = 8(¢’2 + Q22 +2V). (4.4)

In the next subsection, in order to obtain the non-Gaussianity parameters we solve for
the entropy and curvature perturbations, first analytically during the ekpyrotic phase, and
then numerically for the conversion phase. Simplifications brought about by our choice of
field space metric Gy are detailed in appendix D.

4.2 The ekpyrotic phase

During the ekpyrotic phase, the potential is a function of ¢ alone, V' = V(¢), and hence
V = 0. From the background equation of motion for x (4.3) it is immediately clear that
X' = 0 is a solution. The remaining background equations (4.2), (4.4) then reduce to those
for a single scalar in an ekpyrotic potential, V(¢) = —Voe_*/?qb, and they admit the scaling

solution [51] 1
aoc (=), ¢= \/fln [— <(6V0_€23)>2t] , (4.5)

where t is negative and runs from large negative towards small negative values. The fast-roll
parameter € = ¢2/(2H?) is directly related to the equation of state w = 2¢/3 — 1 and for a
successful ekpyrotic phase where the universe becomes flat and anisotropies are suppressed
we need € > 3. It has been shown in [21] that for any ekpyrotic equation of state it is possible
to choose the potential and the kinetic coupling such that nearly scale-invariant entropy
perturbations are produced.

We will now turn our attention to the perturbations, first reviewing the results at linear
and second order. During the ekpyrotic phase, the curvature perturbations obtain a blue
spectrum [52] and moreover they are not amplified [53, 54], such that we do not need to
discuss them. More interesting are the entropic perturbations. In the constant y background
the entropic direction in field space is precisely the x direction.

The specification of comoving gauge, do(!) = §o(@ = 0, translates directly to

5 ey = 0 (4.6)
at linear order from (2.36), and
1 - 1 o
56D |ep = 27},(5353’ — Q710 ,¢/05%) = —59%’ 15xox (4.7)

at second order from (2.40). With the definitions of the entropy perturbation at linear and
quadratic order from equations (2.37) and (2.41),

05lekp = —$2()dx , (4.8)

and
65(2)|ekp = _Q(¢)5X(2)7 (49)
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the evolution equations for the entropy perturbation simplify significantly: at linear order,
starting from (2.51) we obtain

08" +3Hos + [ 4V — Q710 440?65 ~ 0, (4.10)
which rewritten in terms of §y and making use of the background equation for ¢ (4.2) becomes
ox" + (3H +2Q71Q 48")6x' ~ 0. (4.11)

It is immediately clear that 6y’ = 0 is a solution during the ekpyrotic phase.? This further
simplifies our definitions; the second order perturbation in the first scalar field (4.7) vanishes,

5P |ap = 0. (4.12)

It is straightforward then to show that during the ekpyrotic phase, the equation of
motion for the entropy perturbation at second order, given by (2.53), takes the same form
as the first order one, namely

55" +3H55@ + [0,V — Q710 448?65 ~ 0. (4.13)

There arises no source term for the second-order entropy perturbation 8s@ . and we have the
trivial solution
65 |ep =0, (4.14)

generating no intrinsic non-Gaussianity for the entropy perturbations. By contrast, the
entropy perturbations develop significant local non-Gaussian corrections in the standard
entropic mechanism already during the ekpyrotic phase, due to the y-dependence of the
potential [23, 41, 42, 55-58].

Having solved for the entropy perturbation, we can use equations (2.55) and (2.56) to
obtain the evolution equation for the curvature perturbation at linear and quadratic order,
respectively, as [18]

¢V egep =0, (4.15)
noting that 0|, = 0, and
, HV HV
¢ | ~ 5,2"’5 (6710505 + Q710 4057 = — (]3/3"73925)(6;(’ =0, (4.16)

where the last equality follows from (4.11). Thus, during the ekpyrotic phase, no second-
order curvature perturbation is generated, fNLintegrated = 0 [18]. This becomes clear once
one realises that the linearised solution, given by dx = constant, behaves analogously to the
background.

We can now apply our new results to extend this discussion to third order. During the
ekpyrotic phase and with the field space metric given in (4.1) the equation of motion (3.10)
at third order simplifies to

55" 4+ 3H5s®) + [Q71Q 4V — Q710 446653 ~ 0 (4.17)

allowing the solution
55| ep = —20x®) = 0. (4.18)

2The solution at linear order is non-zero ((5X(1) = constant) due to the quantization and associated ampli-
fication of the perturbations.
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Like at second order, no intrinsic non-Gaussianity for the entropy perturbations is generated
at third order for this class of models. Note that if we had not added the gauge-invariant
term 6;,2 8585 to the definition of the third order entropy perturbation in (3.2), then 55
would have been non-zero. This would not have changed any results for physically measurable
quantities, but it is clear that our present definition of the third order entropy perturbation
is preferable to the older definition of [23], both on physical and aesthetic grounds.

The curvature perturbation at third order can be calculated by noting that during the

ekpyrotic phase, V,, = ¢’ = 0, and hence

_ _ 1- _ _ 15
OV lekp = Vo0 + V00 + 5 V55067 + Vp00%) + V006 + < Vipgedd® + O(4),  (4.19)

which simplifies to
do=0

Ve = Vdd® +0(4), (4.20)
in comoving gauge. From equation (3.9), we have that during the ekpyrotic phase (in co-
moving gauge on large scales)

50| "= —56® = 0. (4.21)

Thus there is no source for the curvature perturbation during the ekpyrotic phase,

2H

C(g)/|ekp _ 77/25‘/(3) 5050 2H
ag

6"2

V4009 =0, (4.22)

and at third order also the comoving curvature perturbation remains zero during the ekpyrotic
phase, i.e. we have gnL integrated = 0.

In summary, we find that the ekpyrotic phase produces no local non-Gaussianity at all
— at least up to third order in perturbation theory — both for the entropy and the curvature
fluctuations. As we will now see, the conversion process of entropy into curvature fluctuations
will change this result appreciably.

4.3 The conversion phase

After the ekpyrotic phase has come to an end, during the subsequent kinetic phase the
conversion from entropy to curvature perturbations is achieved by a bending in the field
space trajectory. This bending occurs naturally in the heterotic M-theory embedding of the
ekpyrotic/cyclic model [51, 59-61], though other origins of such a bending may of course also
be envisaged. The bending of the scalar field space trajectory can be modelled by having
a repulsive potential (given a specific realisation of the cyclic model in heterotic M-theory,
this repulsive potential can in principle be calculated [61]). Here, in order to be general, we
consider four different representative forms for the repulsive potential, namely

Via =z~ 4727, o(sinha)"? + r(sinha) ] (1.23)

with 7 = 0,1 and where the dependence of the potential on x = —% + @ expresses the
fact that the repulsive potential forms an angle (here chosen to be 7/6) with respect to
the background trajectory. The different potentials as well as a typical reflected field space
trajectory are shown in figure 1.

One of the important parameters is the duration of the conversion process. We measure

it by the number of e-folds N of the evolution of |a H| during conversion. That is, one e-fold of
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Figure 1. Left: the repulsive potentials (V4 2 with » = 0, 1) given in equation (4.23). Right: the field
space trajectory in the repulsive potential V;(r = 0).

conversion corresponds to @’ (tcony-end) = €@’ (tconv-beg). In our numerical studies we determine
N by determining the number of e-folds during which 90 percent of the total bending takes
place, i.e. we require fticc;"v";:gd g'dt/ Liki:j:gd §’'dt = 0.9. Conversions lasting about one e-fold
correspond to what we call smooth conversions, while shorter conversions are sharper. We
find that the results depend very significantly on the smoothness of conversion.

As previously argued in [18], in the non-minimal entropic mechanism the local bispec-
trum produced during the conversion process is small when the conversion is efficient (which
corresponds to the conversion being smooth [57]). However, it is rather non-trivial to obtain
such an efficient conversion process. This becomes clear when we analyse the equation of
motion for y given in (4.3), where the potential is now the repulsive potential modelling the
conversion. Even small changes along the background trajectory (along o ~ ¢) lead to an
enormous factor Q=2 ~ e? multiplying the now non-zero y-derivative of the potential. This
causes the background trajectory to be sharply deflected leading to an extremely inefficient
conversion. So whenever the scalar curvature, given by

Q.40

R = —27 , (4.24)
is significant, the conversion is highly inefficient. This has the consequence of leading to a
small amplitude for the curvature perturbations, and large non-Gaussianities in clear con-
tradiction with observations. What this means is that the field space metric, taken to be
Q = e /2 quring the ekpyrotic phase, has to become flatter again during the conversion
process. Thus, in the same way as the potential turns off after the end of the ekpyrotic phase,
the field space metric must progressively return to being trivial.

4.3.1 Linearly decaying field space curvature

Motivated by the previous discussion, we want to analyse cases where the field space metric
returns to being trivial during the conversion process, after the end of the ekpyrotic phase.
We will first concentrate on the case where the Ricci scalar of the field space decays linearly
with time. This can be modelled by a kinetic coupling function of the form

Q=1-b-Iy(d-e??), (4.25)
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Figure 2. The evolution of the fields (left), the field space metric and the scalar (Ricci) curvature
(right) during one e-fold of conversion (from ¢ = —275 to t = —47), plotted for the specific case
with Va(r = 1) = v[(sinhz) "2 + (sinhz) "], and Q(c = 1,b =d = ) = 1 — 1o({5e%?), giving
fyL = —1.3 and gnp, = —544.
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Figure 3. Non-Gaussianity plotted against different slopes of the scalar curvature (R') for different

durations of the conversion (N = %, %, %, 1) for the repulsive potential Vo with 7 = 1. The slope R’ is
varied by choosing different values for d = 1—10, %, %. Note that the magnitudes of fyi, and gni, are

significantly reduced for smoother conversion processes.

where [ is a modified Bessel function of the first kind. This has the nice property that the
scalar curvature (4.24) has a constant slope R’ and decays linearly, as seen in the rightmost
panel of figure 2. We have plotted €2 in in the central panel in the region of the conversion,
and the leftmost panel of the same figure shows the bending of the trajectory for a typical
smooth conversion lasting one e-fold.

Figure 3 shows plots of the local non-linearity parameters fyr, (parameterising the lo-
cal bispectrum) and gny, (parameterising the local trispectrum) for different durations of
conversion and as a function of the slope R'. (The non-linearity parameters of the comov-
ing curvature perturbation are defined in appendix A.) There are two obvious trends: the
smoother, and thus the longer and more efficient, the conversion process is, the smaller the
non-Gaussianity. And the closer the field space metric is to trivial, again the smaller in mag-
nitude are the non-linearity parameters fyi, and gnyp. Note that for smoother conversions,
the dependence on the slope R’ is much weaker, and hence, to some extent, the predictions
converge for smooth conversions. Referring back to our previous discussion, it is easy to see
by extrapolation that large and rapidly varying field space curvatures very quickly lead to
values of the non-Gaussianity parameters that are much larger than current observational
bounds allow for. On the other hand, for smooth conversions and small and slowly changing
field space curvatures the local bispectrum parameter fyi, is of magnitude |fnr,| < 5 while the
trispectrum parameter is always negative and of magnitude |gng| ~ O(102)-O(103). These
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Figure 4. Non-Gaussianity plotted against different slopes of the scalar curvature (R') for different
potentials (V3 o with » = 0, 1) for a conversion duration of one e-fold. The two r = 0 lines happen to
be virtually coincident. Note that the values for fyr, are clustered around zero, while the values for
gn1, are always appreciably negative. This is a characteristic feature of current ekpyrotic models.
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Figure 5. The evolution of the fields, the field space metric and the scalar curvature during one
e-fold of conversion (from ¢ = —304 to t = —46), plotted for the specific case with Va(r = 1) =
v[(sinh2) =2 + (sinhz) ], and Q(b=d = &) =1 — 25e?/1% giving fxr, = 1.0 and gng, = —235.

values are confirmed by an analysis of the effect of changing the functional form of the re-
pulsive potential (while specialising to smooth conversions lasting one e-fold), as shown in
figure 4. Note that the two potentials Vi and V5 with r = 0, colour-coded in blue and green,
respectively, give nearly identical predictions.

4.3.2 Asymptotically flat field space metric

In order to check the robustness of our results, we will now consider a different functional
form of the metric, namely we will consider the case where a trivial metric is approached
exponentially fast (in field space),

Q=1-—be®/?, (4.26)

where b and d are parameters. We have plotted 2 in the central panel of figure 5 in the
region of the conversion. The corresponding field space trajectory and curvature scalar are
shown in the left and right panels, respectively.

Once again, we can verify the importance of the efficiency of conversion — see figure 6.
We have plotted the results as a function of b = d — for b # d we found similar results (though
typically slightly less variation in the non-linearity parameters). As the figure demonstrates,
an efficient /smooth conversion is crucial, in the sense that in this case the typical values of the
bispectrum are of O(1). Note that for less efficient conversions the spread in values is much
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Figure 6. Non-Gaussianity plotted against different field space metrics (2 =1 — bed®/2 with b = d)
for different durations of the conversion (N = 3, %, 3.1) for the potential Vo with r = 0. Note that
as in the case with a linearly decaying field space curvature, the magnitudes of fyi, and gnr, are
significantly reduced for smoother conversion processes.
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Figure 7. Non-Gaussianity plotted against different field space metrics (Q = 1 — be?®/? with b = d)
for different potentials (V; o with r =0,1) for a conversion duration of one e-fold.

larger, and hence no generic predictions can be made. For the trispectrum, the situation is
analogous, with efficient conversions drastically reducing the range of possible values of gng,.

We can also determine the effect of changing the functional form of the repulsive po-
tential in scalar field space. The results are shown in figure 7, where for all cases we have
assumed one e-fold of conversion. As can be seen from the figure, for such smooth conver-
sions the expected values for the bispectrum are in the range |fxi,| < 5, while those for the
trispectrum are |gn| ~ O(10%)-O(10%) and negative in sign, exactly as for the case of a
linearly changing scalar field curvature.

4.4 Comparison to the minimally coupled entropic mechanism

It may be interesting to compare these results to those obtained via the older, minimally
coupled entropic mechanism [62-66]. In that case, the kinetic terms of the scalar fields are
canonical, but one assumes a potential that is unstable in the entropic direction. During the
ekpyrotic phase, the potential is usefully written as

Vmin. entropic mech., ek — _Voei\/ﬂg 1+ 682 + %63/283 + %6284 +...1, (427)
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where k3 and k4 are important for the bispectrum and trispectrum, respectively. In these
models, and in contrast to the non-minimal entropic mechanism, a substantial part of the
total non-Gaussianity can already arise during the ekpyrotic phase. This can be seen by
solving the equation of motion (3.10) for the entropy perturbation during the ekpyrotic
phase. Expanding to leading order in 1/e, for large €, we have as the initial conditions for
the start of the conversion phase

R3VE . o ke K3 19\, 4
ds =190 ) — 4 = — — |0s],. 4.2
s =0sp + S SL+6<60+80 60 ) 051 (4.28)

Notice the different numerical factor in the term proportional to e compared to [23] due to
the change in the definition of the third order entropy perturbation. As is clear from this
expression, there is typically already a significant non-Gaussian component to the entropy
perturbation prior to the phase of conversion. What is more, some of this conversion al-
ready occurs during the ekpyrotic phase, where the comoving curvature obeys the evolution
equation (where ¢ = ¢ 4 ¢ 4 ¢B)

2H[ V. - 1
¢'= g | = 270508 + Vieabs® + g Visasbs® || (4.29)
Using (A.6), this leads to
5 [53L(tek—end)]2
. = — orexend/] 4.30
fNL integrated 12 |CL (tconv—end) ‘2 ) ( )
275 (651 (tekend)]?
. = . 4.31
9NL integrated 1296 HS\/E ’CL (tconv-end> ‘3 ( )

In order to calculate the contribution from the additional conversion process due to the
subsequent bending of the scalar field trajectory, we have solved and integrated the equations
of motion (3.10) and (3.11) numerically, using the expression (4.28) as the initial condition
for the entropy perturbation.

The minimal case was analysed in [23] in some detail. There it was shown that the range
of predicted values for the non-Gaussianity parameters narrows drastically as the conversion
process becomes smoother, just as we have found here. Specialising to conversions lasting one
e-fold, we have reproduced the results of [23]: figure 8 shows the expected values of fxi, as a
function of k3 and those of gni, as a function of x4 (this time assuming k3 = 0). As already
discussed in [67], one can obtain a bispectrum in agreement with observations by assuming
that the potential is (nearly) symmetric, which corresponds to |k3| < 1. In this case, the
trispectrum remains negative and of O(10%). Thus we see that if we restrict to symmetric
potentials, the minimally coupled entropic mechanism leads to similar predictions for the
non-Gaussianity parameters fyr, and gnp, as the non-minimally coupled model considered
in the present paper, though gni, is typically up to an order of magnitude larger in the
minimally coupled case due to the significant intrinsic contribution represented by the very
last (k34-independent, but e-dependent) term in (4.28).

5 Discussion

In this paper, we have adopted the covariant formalism to derive exact evolution equations
for nonlinear perturbations, in a universe dominated by two scalar fields with a non-trivial
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Figure 8. Non-Gaussianity plotted against different potentials (V5 2 with » = 0, 1) for a conversion
duration of one e-fold for the minimal entropic mechanism.

field space metric. We have then expanded the equations of motion for the entropy fluctua-
tion (3.10) and the comoving curvature perturbation (3.11) up to third order in perturbation
theory. These equations constitute our main technical result from which the non-linearity
parameters for the observed density perturbations can be deduced.

We applied the equations to ekpyrotic models in which the primordial curvature per-
turbations are generated via the non-minimal entropic mechanism. In these models, in a
two-stage process nearly scale-invariant entropy perturbations are generated first due to the
non-minimal kinetic coupling between two scalar fields. Subsequently, these perturbations
are converted into curvature perturbations by a bending in the field space trajectory. Solving
the equations of motion analytically during the ekpyrotic phase we find vanishing bi- and
trispectra for the entropy perturbations. However, this property is significantly modified
during the conversion process to curvature perturbations.

Indeed, what we find is that the efficiency of the conversion process is crucial: inefficient
conversions would lead to curvature perturbations with a small amplitude and very large
and wildly varying non-Gaussianities. On the other hand, for efficient conversions the results
converge and lead to the following predictions (which we compare to the current observational
bounds [3]):

Non-minimal entropic mechanism Observational bounds
| fiocal) < 5 ocal — 08450 (lo) (5.1)
gieal ~ O(—10%) or O(—10%) gioeal — (9.0 +7.7) x 10*  (10) (5.2)
s ~ O(—1073) as = 0.003 +£0.007 (lo) (5.3)

Here, for completeness, we have added the prediction for the running of the spectral index
as = ddl’ffk that is expected in these models [68]. Note the highly interesting prediction that
all three observables ought to actually be observable in the near future. Also, an important
feature is that fyp, may be small, but gnr, is typically not simultaneously close to zero as
well, and in fact there is a clear correlation between all observables, as both the running and
gnL are expected to be negative and significant. As in all currently known ekpyrotic models,
one would not expect to see any primordial gravitational waves. Thus the present model has
the potential to be refuted or supported by observations with significant levels of confidence.

As a final comment, let us return to the issue of the efficiency of conversion and model

building. As we saw, the kinetic coupling between the two scalar fields has to return to
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trivial after the ekpyrotic phase, in much the same way as the potential has to turn off.
One may wonder whether such a feature could arise in a plausible manner from the point of
view of fundamental physics. A more complete answer to this question will of course have to
await further developments in fundamental physics, and especially in quantum gravity, but
we would like to exhibit one example where such a feature is indeed seen. This comes from
considering supergravity coupled to scalar fields with higher-derivative kinetic terms [69, 70].
In this class of models, the higher-derivative terms add corrections to both the ordinary
kinetic terms and the potential of the theory, even when the higher-derivative terms are
not significant dynamically. More precisely, in these theories the bossing contribution is of
the form

(0A)2(0A*)?2 —2eKBFF*9A - 0A* + 23 (FF*)?, (5.4)

where A is a complex scalar field (or may be thought of as two real scalars, just as in the
theories considered here), while F' is a complex auxiliary field and K is the Kéher potential,
which is just a function of A and A*. The value of the auxiliary field depends on the
superpotential — crucially, F' is small when the superpotential is small. Now keeping in
mind that the expression above is a correction term to the usual kinetic terms, we see that
when the superpotential becomes unimportant, then the potential in the theory turns off
but so does the correction to the kinetic term FF*0A - 0A*. This is exactly what would be
required for the conversion process in the class of models we have analysed in the present work.
It would certainly be interesting to see whether a more complete embedding in supergravity
can be realised. This is a topic we will leave for future work.
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A Local non-linearity parameters

The observable that is relevant for comparison with observations is the comoving curvature
perturbation, ¢ = ¢ + ¢@ 4+ ¢B) 4 ... Linear (Gaussian) perturbations are related to
observations of the power spectrum, P(k;), defined by the 2-point correlation function,

(Cry Cro) = (2m)?6% (kq + ko) P (k) - (A1)

Similarly, quadratic and cubic corrections to these perturbations are related to observations of
the 3- and 4-point functions, respectively. For an exactly Gaussian probability distribution
all information is contained in the 2-point correlation function. In particular this implies
that for odd n, all n-point functions are zero, while for even n the n-point functions can
be written as products of 2-point functions. The bispectrum, i.e. the 3-point correlation
function, is defined as

(Chy ChaCls) = (2m)36% (ka + ko + k3) Bk, ko, ks) - (A.2)

The connected part of the 4-point function which is not already captured by the product of
two 2-point functions is given by the trispectrum,

<Ck:1 (kz(k‘ng4> = (27T)353(k1 + k2 + k3 + k4)T(k17 kQa k37 k4) . (A3)
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The d-functions result from momentum conservation, while B and T are shape functions for
a closed triangle and a quadrangle, respectively.
In momentum space, B is then parameterised by the shape function fyr, via

B = ngL [P(kl)P(kg) + 2 permutations] . (A.4)

T describes two different shape functions parameterised by 7ni, and gni, see e.g. [71] for
additional details. These are defined by

T = 71 [P(k13) P(k3) P(ks)+11 permutations] + %QNL [P(k2)P(k3)P(ks)+3 permutations| ,
(A.5)

where kij =k; + kj.
For the local types of non-Gaussianity that are relevant for the models we consider, the
parameters fni, and gnp, can also be related to the (real space) expansion of the curvature
perturbation on uniform energy density surfaces in terms of its Gaussian component (z,, via

) gNLCL 5 (A6)

¢=C¢L+ fNLCL+ o5

which is related to the Bardeen space-space metric perturbation &y = & + fNL<I>% +
gNL<I>?}J [72] through (7, = gQ)L during the era of matter domination. For models in which the
density perturbations originate from the dynamics of a single field (as in our case, where the
origin of the perturbations is originally solely from the entropy field) 7wy, is directly related
to the square of fnr, — explicitly we have

36
TNL — 275f1%]_4 . (A?)

In order to obtain the non-Gaussianity parameters we first have to solve the equation of
motion for ds up to third order in perturbation theory. This allows us to integrate the
equation of motion for (’, also at the first three orders in perturbation theory. We then
obtain the local non-linearity parameters by evaluating

f conv-end C(Q),
INL = D tetarbes (A.8)

(j;tconv end )2 ’

ekp-beg

conv-end C

25 Iy
gNL = Cekp-hee (A.9)

(j‘tconv Cnd )3 ’

ekp-beg

where the integrals are evaluated from the time feip-peg that the ekpyrotic phase begins until
the conversion process has been completed at tconyv-enda and ¢ has evolved to a constant value.

B A new definition of the entropy perturbation §s(®

In this section of the appendix we show how we are led to defining 853 as given in equa-
tion (3.2). Expanding the equation of motion for s, (2.28) to third order without the extra
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— 2—5/ €.ere e Rrxgr — 5 €565 €5 €565 DyRikyr|0s“ds

21 - 27 G2 _
V;ssgl2 + ﬁeﬂl + ?(égé;]éfégRIKJL)Q

1- 7T - = 2 -
gussss - @‘/;sssel + ﬁvgs +

5./2

@]
@
@]

L (RIKJL(3V;85 + 70" - 260N Dy Rk s1

1 _ _ _ _ _
+ 5—’2656? <2DQDNR[KJL — RIKJPRIJDVLQ + R[KJLRIjva)>] (533’
(B.1)

where we have used V; =~ 0 and Vi(3) ~ 0 on large scales. This equation reduces to the one
derived in [23] for a trivial field space metric. During the non-minimally coupled ekpyrotic
phase the equation of motion for §s®) simplifies to

s |lg +BHISP g + [0 6V — Q71 450%] 55|01

—o |2 2 1 1 _ (B.2)
2 -30)2 —202 -2 -2 3
+¢/ §Q Q#)Q,qsqs + gQ Q,¢¢ + gQ Q’¢Q7¢¢¢ — WQ Q7¢,Q,¢¢V¢ 0s° =0,
where we used 652 = 0 as well as ds’ = —¢’ Qflﬁ,dﬁs. However, the third order entropy
perturbation, given by
1
05 ot erp = —Q0X?) — Q7207 65%, (B.3)

contains a ds3-term acting as a source in the equation of motion, while 6y = 0 trivially
solves the equation of motion (B.2). It is certainly more natural to define the entropic
perturbation in such a way that during the non-minimal ekpyrotic phase the solution is
given by ds(3) = §x(®) = 0. This motivates us to add a gauge-invariant term to the definition
of 85 that reduces to +%Q_2Q?¢(SS3 during the ekpyrotic phase. The choice is not unique
however, and the terms that can be added are

T = Ads™ + Bosds™ + C6s%5s' + Dos, (B.4)

where we leave A, B, C, D arbitrary for now. During the ekpyrotic phase, s’ = —5'Q71Q 4ds,
and hence we need

1
T = 2Q7Q0s% = [ - 470700 + BaRQ70 — C5'Q710 4 + D]os” (B.5)
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It is immediately clear that we can set A = 0. The derivative of the term T added to the
definition of §s®) has to be subtracted off (5353), giving the following contribution to the

entropic equation of motion at third order:

— [T" + 3HT' + (Vos + 307 + 52elelef el Rix j1)T)| =

S O' 0'

553

S

— D" 4 2[D + '~ B(Vius +30° + 57l et Rixc 1)

(Viss + 307 + %elel el el Ry ) — 3HD' + C|6'Vigso — 6HO? —4— TV, 4 80'0"
3 o o J/ 5
— 25 (3H0’ —I-V )é é é 5R[KJL +53%e Sjefegeg/[DMRIKJLH
+ 05208 [— 6D —C"+3H'C +3HC' + (6C +4B" — 12HB)
0/2

(Viss +30% + 5"elelef el Ry yr) + 2B [a’ff;m —6HO"? — 4—V + 86'9"

S g

—25'(3HG' +V,)éelelel ﬁRIKJL+a’3efe§efe£eMDMR1KJL]

+ 5353’2[ — 6D —4C'+3H(4C —6HB) — B"+6H'B+9HB'
+ GB(V;SS + 36" + 5/2616;]60 €O.R[KJL)]
+6s®[—2C —2B' + 12HB]. (B.6)
In order to satisfy equation (B.5) during the ekpyrotic phase C' would have to contain one
Christoffel symbol, and D the product of two I'’s. As can be seen from the previous equation,
this is problematic as the terms that would be added to the equation of motion are not
covariant. Take the simple example of C' ~ I': there are no terms in the equation of motion

that can be combined with the new term ~ ['§s” to make it covariant. Similarly for D # 0.
We are forced to choose B = 6(.%,2 with C' =D = 0.

C Useful formulae

Metric. On large scales where spatial gradients can be neglected, the metric can be writ-
ten as

ds® = —(1 4+ 24)dt* + a(t)*(1 — 2¢)6;dx'da; (C.1)

where A = AM + A®@ + AG) and ¢ = O 4+ @ 4+ G up to third order.
Thus, the 00-component of the inverse metric is given by
g0 = —1+240 1 24@) _4(AM)2 1 24G) _gAM AR L g(AM)3 = %0 (C.2)

I

from which we can deduce
WO —1— A _4® 4 %(A(l)y _A®) 4340 4@ _ g(Au)):a_ (C.3)

Moreover, for simplicity we choose u® such that u; = 0, and on large scales we can show that
'~ 0.
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Scalar field perturbations. Rewriting the perturbation in the scalar fields in terms of
adiabatic and entropic fields we have

6¢7 =eloo +elds, (C.4)
5¢”7 =elso’ +elos + 0 (eldo — elds) — 5T ek (eX oo + ek ds), (C.5)

at linear order and

[ea

@7 _ gl @ 1 d gl d0(., O
Y0) =e, |00 — —dsds'| + €5 |ds\Y + — (s + —do
2a7 o’ 2 C.6
L - ()
- ifiK(égéa +éelos)(eB oo +efos),

- =/ /
57 =&l |60 — fdsés +e’ [5s<2> oo <5s + o (50)]

0/
156 = Lsess) — el {65® + 27 (55 + L0
207 a’ 2
5 C.7
el 5o — L se5s +eV 55@ 4 9% (554 Vo (©.1)
205" o’ 2

— T g (eLoo + eLos) [eX (60" — 0'8s) + X (65’ + 8'50)]

+ ¢

— &', yed

+5'eM(eloo + elos)(eB oo + &5 os) [— §8Mf‘iK + I’iNI’J\N/A,K}

at second order. The perturbation in the scalar field at third order in comoving gauge is

given by?
5B ~ e {55 ) — = 5855’2} —e! [21_,(5555@)’ +65'6s2)) + 255}
o
(C.8)
— I elds [efés( ) — 6?21/(5858:| - éé elel [81I‘KL QF{PF}ZL](SS:S

Field space metric. Explicitely, we have (using equations (C.4) and (C.6))

0G5 = G]JJ((éf(;U + 5558) (Cg)

<5a< )~ ;,5353’) +ek <5s<2> i (53 L7 &,))
g

1.
- EFﬁN(éyéa +eMs)(eN oo + éévés)]

at linear order, and

5G\Y) = Gryk|e

(C.10)

1_
- 5GU,KL(éff b0 + e os)(eLoo + elds)

at second order.

3This includes the term T = 5585 from the new defintion of 55,

6/2
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Riemann tensor. The Riemann tensor with all indices downstairs is given by

Rigsr = GruRY 1 = G (0,7 i — 0T Y i + TN eI i — T pT k)

1 _ _ _ _ _ _ _ _
= §(GJK,IL —Grr1s— Grigr +Giois) +T prle =T pryT
(C.11)
where the Christoffel symbol with all indices downstairs is defined as
_ o 1 _ _
Tryx =Gl = §(GIJ,K + G, —Gik,1) - (C.12)
Vielbeine. Expanding the o-vielbein, g = ‘%J, up to second order, we obtain at linear
order
Sel =571 (08 + 0'60)e! — T ekl oo + elos), (C.13)
and with field space index lowered
Seor = o105 +95U)€5[+FLK]6 (e, 50—1—er53) (C.14)
At second order we have
1 1 _ _
5e?7 = ~527 el(6s' +0'60)? + = —e’ [— 'Y (00" — 0'65) (5" + 0'0)
_ /
! - 1
1+ | 65@ + 5_—0 5s' + 9—50 +0(60® — — 5308
o’ 2 20’
1 _ 1
+ §éjé§”é§ eXeL Ryenpds® — Ty |e <5a( ) — 2_,5365’> (C.15)
o

L el(eKs0 + ¥ 55) (55" + 9’50)]

)

n/
+ ek ((53(2) + 5_*7 <58' + 0(50))
o 2

1 _ _ _
M (Koo + K 5s) (eLoo + eLos) {_ SowThey + FiNrf\VM] |

and
s = 1 & (65" +6'60) + lé — &80’ — 0'55) (65 + 0'60)
ol 2 /2 ol O'/ sl
/
+ <6s(2) da (65 + o 50)) +6 <5a(2) — 21/5558’>]
g
+ léafééwéévéfégRMKNLésQ + gy lek e (602 — éésés’
2 20" (C.16)

/ésL(éff S0 +e6s) (05 + 9’50)]

1 ek (55(2) + = o0 <58 + o 50))

1 _ _ _
+ M (&850 4 efos)(eldo + eLos) [2(GIP,M — Grup)Thy

— Tl + = (GKL v — Grxom — Groem + 2Gru KL)]
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In order to obtain the s-vielbeine we note that
ei 5JIe] = (egégl + és‘]ésj)eg. (C.17)
Expanding and rearranging the definitions
Grielel = Grjelel =1 and Grjelel =0 (C.18)
up to second order, we obtain

det =

T = (elegr +eles)del = -7 (08 + 0'd0)el — T ek (el oo + elos) (C.19)
at linear order. Lowering the field space index gives
desy = Y5 4+ 060)esr + Triret(eB oo +eXos). (C.20)

At second order we have

(5622)‘] = (égéd + égésj)éegml

=% 1,2 el (0s' +0'60)* — i,éf, [— ' 1(60" — 0'65)(0s' + 0'60)
g

= !/
+ [ 6s® + 5_£ os’ + 0—50 +0(60® — 45855/
o’ 2 25"

1 1
+ éMeK (26J6N6L50' + egeo € 5058) RyknNL — I‘KLeL [ (50’(2) (_;/5555’)

0!
+eX <5s(2) + % <5s/ + 0250'>>

M (&Koo + K 5s)(eLbo + eLos) [_ S onThey + rgNr%K] | (C.21)

+ 670 (ekdo + eLos)ek (65 + 0'60)

Lowering the field space index gives

569 =5 1,2 es1(65' +0'60)? — %éal [— (60" — 0'65)(08' + 0'60)
o
= /
4| 6s@ ¢ 67—0 os' + 9—50 10 (66@ — 455(55’
a’ 2 26"
+ éﬁwéf,( (;6316 €, Lso? + 6016 e 5055) Ryrgnt + fLIKésL [eff <5o(2) — 2—53(53 )
o’

+ ek (53(2) o0 <5s + o 5a>>] — ' Tk (860 + el os)ek (s + 0'50)
1 = _ _
+eM(e&so + ek os)(ekoo + eLos) {Q(GIP,M — Grup)Thy

1
— Tl + = (GKL v — Grxom — Gro v + 2Gru KL):| (C.22)
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Lie derivative expansions. Expanding the Lie derivative up to second order, we have for
the fields

3= u00yd! = & + 56! — I AD 4 5D _ sl AW _ GI' A@) 4 gqglfA(ng (C.23)
Similarly, expanding &2
6> = Grd'¢’
= 57 +25 (60" — 065 — ' AWM)
+ 52 (4AM? —24A@)) — 45’ AN (50" — §'65) + (60" — 0'65)? + (65" + 0'60)?

+ 25 [50( ) - 2/5553] —25'¢ [58(2) vy <6S ! : 60)} —o"elelel el Rk Los®

+ 25055 + 25’0652 — Vs 5

;S

60’ 0 7/2

(C.24)

where the last expression is valid on large scales and in comoving gauge and where we have
used the expressions for AV and A®) given in (C.31) and (C.32), respectively.
We can then compute the perturbation expansion in ¢ = ¢(® 4 §¢(V) 4 56 +

50 = /(6O = VG166 =5 (C.25)
at zeroth order,
52(1) _ =0 ~
s = 6(20. (2» = d0' — 055 — 5’ AW °=° ¢/ (C.26)
g

at linear order, and

5(62)@ — (56M)2
25(0)

1 do o' 1 _
— 2 _ _~ / 0| 5.(2) / TS . 1c N2
[50 20,5358] —0 [5 + = (6 + 25(;)} + 50 (05" + 6'60)

562 —

(C.27)

— (60" — 0'55) A —5'42) 4 5&’A(1)2 — —5”eleleR el Ry 1105°

do V 1 ~
Sy e 50508 = o (Vs + 0%)ds”
257
at quadratic order.

Metric perturbations A®) and A®). To determine AM) and A®? we make use of the
fact that on large scales the comoving energy density perturbation is zero, de =~ 0. Moreover,
in comoving gauge, it simplifies to dp:

se=op— 2509 5p ~ 0 C.2
at first order, and
=/ =\ / =/
56 = §p?) — e—éa(z) — 57—0 5e' + L @ 0o + ?—é’és be=0 §p? ~0 (C.29)
o’ o’ 2\ o’ o’

at second order.
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The comoving energy density is given by (2.13), and can be expanded up to second

order:

1 R 1 iy 1
p= §G,J¢I¢J + ieug”viqﬂvjqﬂ +V izf? +V

. p~ —250'5s — 572 AN

(C.30)

o opP) x —25'065) — 5242 — ‘f—’fésés' + (Vigs 4 20)65% + 25" AV (055 + 5" AD)) |
g

where we have neglected spatial gradients.
At linear order, we thus have

n’
A ~ —2?—,53,
5

and at second order

@ ol s L Lagnse Vossi oY W
A% ~ —27—/(53 + fa(v;ss +20%)6s* — %65853 + 24 7/55 + A
o o o o
0 . o 1 S s 2 Vo
~ —2g58( ) + ﬁ(uss + 69/ )65 — ﬁ(SS(SS/.

Perturbations of other important quantities.
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Useful derivatives.
o v,
0" = Vo +3HO +2 — (C.42)
a
‘7,/0 = 7/(‘7;00 - §/2) (C-43)
Vi =0"Visso — 20'Vigo (C.44)
e/ = —0'e) -1}, a'elet (C.45)
[elelel el Riwyr] = elelelela'e Dy Rk (C.46)
D Simplifications for our specific model
In our specific model, the metric and its inverse are given by
(1 0 (1 0
6= (o a@r) ™ = (0@ —
The non-trivial connections derived from this metric are then
I, =-00, (D.2)
and
0y =0'9,, (D.3)

while the only non-trivial component (up to those related by symmetry) of the Riemann
tensor is

R¢x¢x = _QQ7¢¢ : (D.4)
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The covariant derivatives of the Riemann tensor in our model are

DXR¢X¢X =0,

Dy Roxox = LoRps — W oo »
DyDyRoxgx = —MWgp00 + 22,60 06 + Vs — 2071050 40,
Dy Dy Rgxgx = =020 g4 + Q050 4.,
DyDyRoxsx = DxDyRyypx = 0.

iLJ
We can define the zweibeine, via el = %, such that

- B
N ~_ X
6?2:, ef,(:j/,
g ag
—/ T
=0 _ X X 71(25
68—— pup GS—Q =
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X _ ¢
esd): Qg, eSX:Qj/
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© 00 I O Ot
— — ~— — ~—

(D.10)
(D.11)
(D.12)

(D.13)

Note that within this setup we must take éﬁ = —1 during the ekpyrotic phase; this is because
o is defined to increase along the background trajectory [22] and thus 6 = —¢' is the velocity
of the background trajectory in the constant x backgrounds that we are interested in.

Simplifications during the ekpyrotic phase.

08|ekp = —Q0X

08 |ekp = —¢'Qp0x = —7'Q71Q 405 X |ekp = 0
53(2)\61(10 =0

V,U‘ekp = _Vmb

V,S‘ekp =0'=0
Vioolekp = Vs
Visolekp =0

‘7;85|ekp = Q_IQ#J/#’
Vissolekp = (=7 Qg + Q7205 Vs — Q7104 V56
Vissslekp = 0
Visssslokp = =3Q7Q% Vg +3Q720% Vs + Q720 40 54V
,DXRX¢X¢>‘6kp =0

Dy Rysxolep = 29266 = 2 ss0
Dy Dy Rygpyolerp = Q2 (2,62 06 — Q2 450)

A(l)‘ekp - A(Z)’ekp - 07
50"2|ekp = 5(d2)(2)|ekp = 0)

6= 3H, 5@’ekp = 56(2)|ekp =0,
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6‘/Ess|ekp = 5V;gg;)|ekp = 0, (D31)
5é|ekp = 59(2)|ckp = 07 (D32)
o[6%elel el el Ryscyr) | = 0[0%elel el et Rixc 1] P ey = 0, (D.33)
5552)|ekp = 61'55(2)|ekp = 07 (D.34)
5S§3)|Ckp = 5:9i(3)|ckp = 5gi(3)’okp =0. (D35)
5€g|ekp = 6€U¢|ekp =0, (D36)
56§|ekp = 5eax|ekp =0, (D.37)
56?‘ekp = desglexp = 0, (D.38)
5e§|ekp = 6esx|ekp =0, (D.39)
2

56?(2)|ekp = 5€§¢)’ekp =0, (D.40)
5@ = 020,058 5Dl = L0052 D.41
¢o " lekp = 5 6057, Cox lekp = 57$2,605", (D.41)

2 0
662® |y = 6e T oy = —5=0 10 4652, (D.42)
56§(2)|ekp = 5€s(>2c)yekp =0. (D.43)
6Grlekp =0, (D.44)
5GP ep = 0. (D.45)
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