
            

PAPER • OPEN ACCESS

Reasonable fermionic quantum information
theories require relativity
To cite this article: Nicolai Friis 2016 New J. Phys. 18 033014

 

View the article online for updates and enhancements.

You may also like
Fermionic computation is non-local
tomographic and violates monogamy of
entanglement
G. M. D'Ariano, F. Manessi, P. Perinotti et
al.

-

Eternal black holes and superselection in
AdS/CFT
Donald Marolf and Aron C Wall

-

Work required for selective quantum
measurement
Eiji Konishi

-

This content was downloaded from IP address 3.12.161.77 on 26/04/2024 at 17:32

https://doi.org/10.1088/1367-2630/18/3/033014
https://iopscience.iop.org/article/10.1209/0295-5075/107/20009
https://iopscience.iop.org/article/10.1209/0295-5075/107/20009
https://iopscience.iop.org/article/10.1209/0295-5075/107/20009
https://iopscience.iop.org/article/10.1088/0264-9381/30/2/025001
https://iopscience.iop.org/article/10.1088/0264-9381/30/2/025001
https://iopscience.iop.org/article/10.1088/1742-5468/aac13f
https://iopscience.iop.org/article/10.1088/1742-5468/aac13f


New J. Phys. 18 (2016) 033014 doi:10.1088/1367-2630/18/3/033014

PAPER

Reasonable fermionic quantum information theories require
relativity

Nicolai Friis
Institute for Theoretical Physics, University of Innsbruck, Technikerstraße 21a, A-6020 Innsbruck, Austria
Institute forQuantumOptics andQuantum Information, Austrian Academy of Sciences, Technikerstraße 21a, A-6020 Innsbruck, Austria

E-mail: nicolai.friis@uibk.ac.at

Keywords: fermionic entanglement, superselection rules, relativistic quantum information

Abstract
We show that any quantum information theory based on anticommuting operatorsmust be
supplemented by a superselection rule deeply rooted in relativity to establish a reasonable notion of
entanglement.While quantum informationmay be encoded in the fermionic Fock space, the
unrestricted theory has a peculiar feature: themarginals of bipartite pure states need not have identical
entropies, which leads to an ambiguous definition of entanglement.We solve this problem, by proving
that it is removed by relativity, i.e., by the parity superselection rule that arises fromLorentz invariance
via the spin-statistics connection. Our results hence unveil a fundamental conceptual inseparability of
quantum information and the causal structure of relativistic field theory.

1. Introduction

Over the past two decades, quantum information (QI) theory has been developed into a rich and highly
successful framework for information processing. Operating in the domain of quantummechanical Hilbert
spaces,manyQI tasks can be approached froma viewpoint that is strongly influenced by computer science,
while the physical systems represented by theHilbert spaces are sometimes of secondary concern. This
abstraction from the physical context is asignificant virtue ofQI theory. Dealingwith problems purely on the
level of aHilbert space, its subsystems, and operations thereon, without reference to the specific physical
implementation, provides a level of freedom and generality that is highly desirable. Statements can bemade for
allHilbert spaces of a certain type. For instance, QI processingwith qubits can typically be investigatedwithout
reference to their implementation—although examples exist, where specifying the encoding of the qubit is
relevant for an abstract problem, see, e.g., [1]. Besidesmulti-qubit systems, quantumharmonic oscillators are
prominent examples for successful abstraction. Based on the commutation relations, a bosonic Fock space is
constructed, that provides aplayground for quantumoptics, irrespective of the particular realization, be it as
opticalmodes, superconducting circuits, or vibrational degrees of freedom, to name only a few examples.

Here, another type ofHilbert space—the fermionic Fock space—will be considered. That is, the basic
algebra is based on anticommuting operators, rather than commuting ones. Absent physical interpretation, one
may yet workwith such aHilbert space, identify its subsystems, and their correlations. In other words, onemay
attempt to construct an abstract fermionicQI theory, see, e.g., [2–10]. Conceptually, it is of great importance to
collect all types of particles encountered in nature in a common framework, and hence strengthen the generality
ofQI theory as awhole. However, as we shall discuss, the physically unrestricted fermionicQI theory suffers
from a disconcertingmalady: as noted already a decade ago [11–13], themarginals of bipartite fermionic pure
statesmay not havematching spectra. This leaves the typical notion of entropy of entanglement in a state of
ambiguity due to themismatch of reduced state entropies. Depending on the choice of subsystem, different
amounts of entanglement would be attributed to the system. Indeed, facing a globally pure state, for which one
subsystem ismaximallymixed, while the other remains purewould be a significant concern, for instance, in
connectionwithHawking radiation and the black hole information paradox (see, e.g., [14]). These problems do
not occur in theories with a natural tensor product structure, like bosonicmodes or qubits, where the Schmidt
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decomposition guarantees symmetricmarginal entropies for pure states. For fermions, on the other hand,
mappings to a tensor product space, i.e., to qubits, do not generally preserve the structure of the subsystems [15],
and the issue persists.

In this work, we resolve this problem.We show that it is overcome by imposing a superselection rule (SSR)
that forbids coherent superpositions of even and odd numbers of fermions. This property of the SSR, which is
equivalent to the restriction to parity-conserving operator (sub-)algebras, ismost fortunate, since the SSR also
gives rise to a natural definition of subsystems [9], and is hence widely used. Although, aswe shall show, the
problemof asymmetric pure statemarginals is thus removed, it seems rather artificial to enforce such a
restrictionwithin the abstract theory. In particular, since the often referenced argument byWick et al [16] in
defense of this SSR is based on time reversal symmetry, which cannot be an exact symmetry of nature in the face
of charge–parity (CP) violation [17, 18] and the charge–parity–time (CPT) theorem [19–21]. In contrast, we
discuss the later argument for the SSR from [22] invoking invariance under rotations by p2 . Crucially, we note
that the causal structure of relativistic quantum field theory (QFT) enters into this line of reasoning, i.e., Lorentz
invariance is required to establish the spin-statistics connection.We argue that, only once the fermionicmodel is
embedded in a physical context, in this case relativistic QFT, does the SSR arise naturally. The significance of this
approach is twofold. First, it ensures that the entropy of entanglement remains awell-defined concept in
physical QI theories. Second, provides a newperspective on themotivation for using the SSR, which has been
employed in detailed studies of fermionic entanglement, such as [9]. Third, this result knits together the fabrics
ofQI and relativistic QFT in a fundamental way: we argue that the fermionic theory, and by extension all QI
theory,must be viewed in the physical context of relativity.

Besides the possible interest for fermionicQI theory and applications such as entanglement withinQFT in
curved spacetimes, this work adds a new facet to the discussion of informational constructions of quantum
theory (see, e.g., [23–25]), by introducing an information-theoretic aspect of SSRs—afascinating topic in its
own right (see, e.g., [16, 26–33] for a selection of literature). It is also of interest to note that the SSR does not
remove the intrinsically different character of fermionicmodes and qubits, as indicated by the existence of pure
states that satisfies the SSR, but still cannot be consistentlymapped tomulti-qubit states, see the appendix.

In the following, wewillfirst outline the construction of the fermionic Fock space, as well as of the pure and
mixed states in such aHilbert space in section 2. To understand the origin of the problemdescribed above, we
will then discuss the subtleties involved in forming subsystems of fermionicmodes in section 3, and give an
example for a pure state that featuresmarginals with different entropies. Finally, the role and the origin of SSRs
are discussed in section 4, andwe showhow the problem can be disposed of in section 5.

2. Fermionic Fock space

Let us consider a systemofn fermionicmodes withmode operatorsbk and †bk for = ¼( )k n1, , , which satisfy
the anticommutation relations

d= ={ } { } ( )†b b b b, , , 0, 1i j ij i j

for alli j, . The vacuum state is annihilated by allbk, i.e., = " ⟫b k0 0k , and the purpose of the double-lined
notation for the state vectors will become apparent shortly. The creation operators †bk populate the vacuumwith
single fermions, that is, = ⟫ ⟫†b 0 1k k .When two, ormore, fermions are created, the corresponding tensor
product of single-particle states needs to be antisymmetrized due to the indistinguishability of the particles.We
use the convention

=  =¢ ¢ ¢    ⟫ ⟫ ⟫ ⟫ ⟫ ( )† †b b 0 1 1 1 1 , 2k k k k k k

wherewe use the double-lined notation to imply the antisymmetrizedwedge product ‘∧’ between single-mode
state vectors with particle content (as opposed to the standard notation ñ ñ = ñ Ä ñ∣· ∣ · ∣· ∣ · ).With this
definition at hand, and postponing possible physical restrictions, onemaywrite arbitrary pure states on the Fock
space as

å åg g gY = + + +
=

     ⟫ ⟫ ⟫ ⟫ ⟫ ( )0 1 1 1 . 3
i

n

i i
j k

jk j k0
1 ,

Where the complex coefficientsg0, gi, g ¼,jk are chosen such that the state is normalized. Similarly,mixed state
density operators can bewritten as convex sums of projectors on such pure states. Formore details on this
notation and the fermionic Fock space, see, e.g., [15, 34].
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3. Partitioning the fermionic Fock space

The basic ingredients for an abstract fermionicQI theory are pure states on the totalHilbert space, yñ Î∣ , and
reduced states with respect to some bipartition ( ∣ )A B , i.e., r y y= ñá(∣ ∣)( ) ( )trA B B A .With this, onemay already
study correlationmeasures such as themutual information, and,most importantly, the entropy of
entanglement  y r rñ = =(∣ ) ( ) ( )S SA B , where r r r= -( ) ( ( ))S tr ln . As thefirst step in such a construction, it
is hence necessary to establish ameaningful notion of subsystems. Since the particle number in the Fock space
need not befixed, wewill consider entanglement between differentmodes.However, due to the
antisymmetrization, the Fock space is not naturally equippedwith a tensor product structure with respect to the
individualmode subspaces. These subspacesmay nonetheless be defined by invoking consistency conditions
[15] that ensure that the expectation values of all local observablesA (i.e., as in, operators pertaining only to the
modes of the subspace A) yield the same result for the global staterAB, and for the corresponding local reduced
statesr r= ( )trA B AB , i.e.

 á ñ = á ñr r ( ). 4A AAB A

This procedure uniquely defines themode subspacemarginals of any global state, i.e., the partial trace operation
in the followingway. For an arbitrary number ofmodes, up to scalar prefactor, all densitymatrix elements of the
reduced state rA that is obtained by ‘tracing out’ onemode labelled by k can be brought to the form

¼ ¼m m n n ⟫⟪† †b b b b0 0
i j1 1 for some m n ¹ k,m n wherem=1,K, i and n=1,K,j. The information about

thesematrix elements arises from ignoring (or ‘forgetting’)whether themode k is occupied or not. That is, the
partial trace operationmay be defined as

¼ ¼ = ¼ ¼

= ¼ ¼

m m n n m m n n

m m n n

   

 

( ⟫⟪ ) ( ⟫⟪ )

⟫⟪ ( )

† † † † †

† †

b b b b b b b b b b

b b b b

tr 0 0 tr 0 0

0 0 , 5

k k k k
i j i j

i j

1 1 1 1

1 1

while all other elements of rAB, proportional to operators of the form ¼ ¼m m n n ⟫⟪† †b b b b b0 0 ki j1 1 and

¼ ¼m m n n ⟫⟪† † †b b b b b0 0ki j1 1 do not contribute to the reduced state when k is traced out. The rule can hence be
expressed as follows: operators corresponding tomodes that are being traced out are anticommuted towards the
vacuumprojector before being removed. The ordering of the operators on the left-hand side of equation (5), that
is, the position of the operators bk and

†bk relative to the other annihilation and creation operators, is determined
by the condition in equation (4). Intuitively, it can be seen that the ordering is chosen such that the number of
commutations tomove bk and

†bk towards the projector on the vacuum state keeps track of any signs incurred
when applying observablesA to the state rAB before the partial trace and commuting these past the operators bk
and †bk . Amore detailed derivation and a rigorous proof of this argument is given in [15]. An equivalent notion of
subsystemsmay alternatively be obtained by restricting the operator algebras to the corresponding subalgebras
forA andB, see [10].

At this point, it is helpful to understand the differences between fermionicmodes and qubits. For anyfixed
numbern, the fermionic n-mode Fock space is isomorphic to an n-qubit space. Awidely known example for
such an isomorphism is the Jordan–Wigner transformation, (see, e.g., [9]). Suchmappings generally do not
commutewith the procedure of partial tracing [15], since localmode operators aremapped to global qubit
operations. In other words, it is generally not possible to establish isomorphisms between a fermionic n-mode
state and an n-qubit state in such away that also all of the respective fermionicmarginals are isomorphic to their
qubit counterparts. An illustration of this problem is shown infigure 1. Consequently, the (quantum)
correlations betweenn fermionicmodesmay generally not be identifiedwith those of the isomorphic n-qubit
states.

In spite of this inequivalence, the partial trace, and hence the subsystems and their entropies remainwell
defined for fermionicmodes.Moreover, the construction of the density operators and itsmarginals is based
solely on the algebraic structure of equation (1), together with the requirement that the expectation values of
subsystemobservables yield the same result when evaluated using either the global states or the corresponding
marginals. No other assumptions are required for a consistent definition of the subsystems, and their total
correlations. For instance, themutual informationAB, ameasure of the overall correlation between
subsystemsA andB, is in this context alreadywell defined by the expression

 r r r r= + -( ) ( ) ( ) ( ) ( )S S S , 6AB AB A B AB

where r r= ( )( ) ( )trA B B A AB , and r r r= -( ) ( ( ))S tr ln is the vonNeumann entropy of the density operatorρ.
But, as we shall elaborate on shortly, the same cannot be said for genuine quantum correlations, i.e.,
entanglement. Consider, for instance, the non-superselected two-mode pure state given by

y g g g g= + + +¢ ¢ ¢ ¢     ⟫ ⟫ ⟫ ⟫ ⟫ ⟫ ( )0 1 1 1 1 . 7k k k k kk k k0
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According to the prescription of equation (5), the single-mode reduced states can be quickly checked to be

* *

r y y g g
g g

g g g g

= = +

+ +

+ + +

¢ ¢

¢

¢ ¢

   
 
 

( ⟫⟪ ) (∣ ∣ ∣ ∣ ) ⟫⟪
(∣ ∣ ∣ ∣ ) ⟫⟪
[( ) ⟫⟪ ] ( )a

tr 0 0

1 1

0 1 h.c. , 8

k k k

k kk k k

k k kk k

0
2 2

2 2

0

* *

r y y g g
g g
g g g g

= = +

+ +
+ - +

¢

¢ ¢ ¢ ¢

¢ ¢ ¢

   
 
 

( ⟫⟪ ) (∣ ∣ ∣ ∣ ) ⟫⟪
(∣ ∣ ∣ ∣ ) ⟫⟪
[( ) ⟫⟪ ] ( )b

tr 0 0

1 1

0 1 h.c. , 8

k k k

k kk k k

k k kk k

0
2 2

2 2

0

where the symmetry between the subsystems is broken by the different relative signswithin the off-diagonal
elements. The eigenvalues of the two reduced states do notmatch in general. For example, when
g g g g= = = =¢ ¢ 1 2k k kk0 , themodek appears to be in a pure state (with eigenvalues 0 and 1), whereas the
state of themode ¢k ismaximallymixed (both eigenvalues are 1/2). Normally, the entropy of the subsystemof a
pure state would be considered as an entanglementmeasure. Here, depending on the choice of subsystem, one
would either conclude that the overall state ismaximally entangled, or not entangled at all. This problem is not
limited to pure states. It persists formixed states, where the entropy of entanglement is of central importance for
the entanglement of formation. Such an ambiguity in the definition of entanglement is of course highly
undesirable. One possibility to resolve the issue, would be to change the definition of entanglement, andwork
with a non-symmetric quantity. On the other hand, such a drastic stepmay not be required, if one is willing to
embed the abstract fermionicQI theory in a physical framework. Aswe shall show in the following, a reasonable
definition of entanglement between fermionicmodes is obtainedwhen invoking an additional physical principle
— the spin-statistics connection, which itself arises from (special) relativity.

4. Invoking relativity—SSRs

NoSSRs have been introduced up to this point. Note that the term SSRmay refer to different restrictions. For
instance, theymay arise from fundamental symmetries of the system, such as parity [16], or charge conservation
[26–28]. Alternatively, effective (or generalized) SSRs originate frompractical limitations, such as particle
number conservation due to energy constraints, see, e.g., [29–31, 35, 36]. Both type of restrictionsmay be
formalized as constraints on the observables, see, e.g., [7, 8].

Here, wewill formulate such constraints in a different, but equivalent way, as restrictions on the
componentsg0, gi, g ¼,jk (see equation (3)), of pure state decompositions with respect to the Fock basis. In

particular, wewill consider any coherent superpositions of even and odd numbers of fermionic excitations as
unphysical. The argument thatwewill employ to defend this position is based on thewell-known spin-statistics
connection, relating the anticommutation relation algebra to the transformation properties associated to objects
of half-integer spin. Recall that, a priori, we havemade no assumptions on the physical realization of the
anticommutation relations of equation (1). Nonetheless, as an inevitable consequence of this anticommutation
relation algebra, the excitations of themode operatorsmust satisfy Fermi–Dirac statistics.

To explain this, wemust surrender some level of abstraction and provide a physical context.Whenwe place
the fermionicQI theory in the context of relativistic field theory, the spin-statistics connection follows from

Figure 1. Inconsistency between fermions and qubits: the global n-mode fermionic staterAB may bemapped to an isomorphic n-
qubit state r̃AB . Themarginals of rAB, e.g., r r= ( )trA B AB , are well-defined by equation (4), andmay also bemapped to isomorphic
qubit states (e.g., r r« ¢˜A A). However, as shown in [15], it is in general impossible tomatch all themarginals of the n-mode state to all
marginals of the n-qubit state, r r r¢ ¹ =˜ ˜ ( ˜ )trA A B AB . An example for a state featuring this problem can be found in the appendix.

4

New J. Phys. 18 (2016) 033014 NFriis



Lorentz invariance (see, e.g., [37, 38] and [39], p 52]). Thus, the (special) theory of relativity enforces thatwe
must interpret the fermionic excitations of our theory as particles of half-integer spin. In other words, relativity
establishes a connection between the algebra of themode operators and the transformation properties under
spatial rotations of the corresponding fermionic particles. In particular, the states of odd numbers of these
fermions switch their sign under rotations by p2 , while even numbers of fermions are left invariant. If
superpositions of even and odd numbers of fermionswere permitted, rotations by p2 would change the relative
sign of the respective contributions within the superposition. For example, suppose that an observer was able to
prepare a superposition + = +  ⟫ ( ⟫ ⟫)0 1 2k in some fermionicmodek. By rotating their frame by p2 ,
the state + ⟫ is converted to the orthogonal state - = -  ⟫ ( ⟫ ⟫)0 1 2k . Here, onemay think of the
observer physically rotating their preparation device relative to the detector distinguishing the orthogonal states
+ ⟫ and - ⟫. In other words, if one demands that rotations by p2 should leave physics unchanged, one thereby
enforces the parity SSR that forbids superpositions of even and odd numbers of fermions [22].

Crucially, this line of reasoning is intimately tied to relativity, whereas the argument for the parity SSR
presented in [16] is based1 on time-inversion symmetry. However, with the observation of CP violation [17, 18],
the CPT theorem [19–21] suggests that time-reversal is no (exact) symmetry either. Here, on the other hand, the
argument for the parity SSR is constructed such that we rely only on Lorentz invariance via the spin-statistics
connection, which happens to also be a central requirement for CPT symmetry. On the other hand, the SSR
constraint imposed in this way provides the essential ingredient to guarantee ameaningful quantum
(information) theory based on anticommuting operators, as wewill shownext.

5. SSRs and symmetric pure statemarginals

We shall nowprovide themain technical statement of this work, and its proof.

Theorem1.Themarginals r y y=  ( ⟫⟪ )( ) ( )trA B B A of any bipartition ( ∣ )A B of a pure state y ⟫ in the fermionic

Fock space have the same spectrum, if y ⟫ satisfies the SSR prohibiting superpositions of even and odd numbers of
fermions, i.e.

y r r = " ⟫ ( ) ( ) ( ∣ )A Bsatifies SSR spetr spetr .A B

Proof.To show this, let us consider a pure state y ⟫N
even in ann-mode fermionic Fock space, where

= ¼{ }N n1, 2, , denotes the set ofmodes, andwithout loss of generality we have chosen y ⟫N
even to be a

superposition of states with even numbers of fermions. The setN is then partitioned into the subsets
m m m m= Î ¹ ¹ = ¼ <{ ∣ }M N i j i j m n: if ; , 1, 2, ,i i j i j, and = ⧹M N MC , such that È=N M MC and

Ç = ÆM MC .With respect to this bipartition, wemaywrite the state y ⟫N
even inthe pure state decomposition

å

å

y g g y

g y

g y

= +

+

+

+ ¼

m m m

m m m m m m

m m m m m m

=

>

¼ ¼

=

   

  



  

⟫ ⟫ ⟫ ⟫

⟫ ⟫ ⟫

⟫ ⟫ ⟫ ( )

0 1

1 1

1 1 , 9

N

i

m
M

j i

m
M

M

even 0
1

,odd

,even

,odd

i i i

C

i j
i j i j i j

C

m m m

C

, 1

1 1 1

where g g¼ Îm m m¼, ,
i m1

, y y =⟪ ⟫ 1N N
even even , andwithout loss of generality we have here selectedm to be

odd. The states ym m¼ ⟫( )
M

,even oddi k

C

contain only even (odd)numbers of excitations, and only inmodes from the
setMC. Any sign changes thatmay occurwhen rewriting a given state in such a decomposition can be absorbed
into the γ-coefficients. Adhering to the ‘outside-in’ tracing rule of equation (5), we note that the state has been
brought to a form,where the partial trace overMC is achieved by simply removing all projectors

y ym m m m¼ ¼ ⟫⟪M M
i k

C

i k

C

pertaining toMC from the projector on y ⟫N
even , without incurring any additional sign

flips. On the other hand, if we trace over themodes in the setM instead, anticommuting the operators
corresponding tomodes inM towards the vacuumprojector in the process, wemay generate sign changes.
However, for the superselected state, all the nonzero contributions to the partial trace overM are generated from
elements such as

1
Indeed, [16] hints at the possibility of basing the proof on rotations instead of time-inversion, but this argument is not elaborated on in [16]

andwas only later published in [22].
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g y y g y y=m m m m m m m m   (∣ ∣ ⟫⟪ ) ∣ ∣ ⟫⟪ ( )†b btr . 10M
M M M M2

,odd ,odd
2

,odd ,oddi i i

C

i

C

i i i

C

i

C

There, the parity of the number of anticommutations towards ⟫0 from the left, is the same as the parity of the
number of anticommutations towards ⟪0 from the right. In other words, once the state has been brought to the
formof equation (9), the partial trace can be carried out as if operating on a tensor product ofHilbert spaces, i.e.,
as if  = ÄN M MC . In particular, this implies that the two reduced states onM andMC, which are
isomorphic to the correspondingm-mode and -( )n m -mode reduced fermionic states, respectively, have the
same spectrum. For any bipartition of the Fock space, a decompositionwith this property can be found,
although, in general, no decomposition exists that simultaneously accomplishes the required task for all
bipartitions at once. An example is presented in the appendix.We hence conclude that the SSR forbidding
superpositions of even and odd numbers of fermions, guarantees that the spectra of themarginals for any
bipartition are pairwise identical. An analogous argument applies if the initial state is a superposition of only odd
numbers of fermions, or ifm is even, and the proof therefore applies without restriction. ,

6.Discussion

WithinQI theory and quantum computation, discussing problems in an abstract context has proven to be very
useful. However, when attempting a similar approach to aQI theory based on a fermionic Fock space one
encounters difficulties. Aswe have shown, an unrestricted fermionicmodel features pure states with non-
symmetric bipartitions. That is, pairs of reduced states across bipartitions need not have the same spectra, which
is very problematic for the definition of entanglement. Aswe have shown, this problem is removed, when
superpositions of even and odd numbers of fermions are forbidden.Nonetheless, the removal of an
inconvenience appears to be a ratherweak justification for the introduction of a restriction of generality within
the abstractmodel. On the other hand, when placing the fermionic systemwithin the physical framework of a
relativistic QFT, the SSR follows naturally from the requirements of Lorentz invariance and symmetry under
rotations by p2 .

We hence argue that, in contrast to bosonic or qudit-based variants, any fermionicQI theorymust be seen as
(part of) a relativistic QFT.Without such a physical context, a reasonableQI theory based on anticommuting
operators can be obtained by adding the parity SSR as an axiom, but such an approachwould seem to be rather
ad hoc. This strong hint at the inseparability ofQI theory and the theory of relativity is rather surprising, butmay
provide deeper insight into constructions of quantum theory based on informational principles, see, e.g., [23–
25].Moreover, our results provide fresh insight into the debate of entanglement in systems of indistinguishable
particles (see, e.g., [35, 36]) in general, and questions of entanglement between fermionicmodes [40] specifically.
Finally, it will be of significant interest to see towhat extent simulations of fermions, for instance in
superconductingmaterials [41], or in graphene [42, 43], can capture the behaviour of superpositions of different
particle numbers.

Acknowledgments

Weare grateful to Sergey Filippov for valuable discussions, and for bringing the problemof non-symmetric pure
statemarginals to our attention.We are also grateful toVedranDunjko, GezaGiedke,Michalis Skotiniotis, and
Sterling Archer for their enlightening comments. This work has been supported in part by the Austrian Science
Fund (FWF) through the SFB FoQuS: F4012.

Appendix. Superselected fermionic pure state inequivalent to qubits state

Here, we shall present an example for a pure state of four fermionicmodes that satisfies the SSR that forbids
superpositions of even and odd numbers of fermions.We explicitly compute themarginals of this state and
show that the subsystem spectramatch for any bipartition.We further prove that, nonetheless, this state and its
marginals do not admit a consistentmapping to a four-qubit state (and itsmarginals). Themost general pure
state for four fermionicmodes, labelled 1, 2, 3, 4, that only contains even numbers of excitations,may be
written as
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y a a a
a a
a a
a

= + +
+ +
+ +
+

     
   
   
   

⟫ ⟫ ⟫ ⟫ ⟫ ⟫
⟫ ⟫ ⟫ ⟫
⟫ ⟫ ⟫ ⟫

⟫ ⟫ ⟫ ⟫ ( )

( ) 0 1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1 , A.1

even
4

0 12 1 2 13 1 3

14 1 4 23 2 3

24 2 4 34 3 4

1234 1 2 3 4

where a a a a a a a a+ + + + + + + =∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ 10
2

12
2

13
2

14
2

23
2

24
2

34
2

1234
2 . First, let us consider the

bipartitions into two subsets containing one and threemodes, respectively. For instance, let us consider the
bipartition ( ∣ )1 2, 3, 4 .Wemay decompose the state y ⟫( )

even
4 into terms containing excitations inmode1, and

thosewhich do not contain such terms, i.e., wewrite

y g f g f= +    ⟫ ⟫ ⟫ ( )( ) , A.2even
4

1 1 1 1

where g g+ =∣ ∣ ∣ ∣ 11
2

1
2 , f f= ⟫ ⟫†b b1 1 1 1 , and f = ⟫b 01 1 . Since f f =⟪ ⟫ 01 1 , themarginals with

respect to the bipartition ( ∣ )1 2, 3, 4 are then easily obtained as

r y y g g= = +      ( ⟫⟪ ) ∣ ∣ ⟫⟪ ∣ ∣ ⟫⟪ ( )( ) ( ) atr 1 1 0 0 , A.31 2,3,4 even
4

even
4

1
2

1 1 1
2

r y y g f f g f f= = +        ( ⟫⟪ ) ∣ ∣ ˜ ⟫⟪ ˜ ∣ ∣ ⟫⟪ ( )( ) ( ) btr , A.32,3,4 1 even
4

even
4

1
2

1 1 1
2

1 1

where f f f f=   ˜ ⟫⟪ ˜ ( ⟫⟪ )tr1 1 1 1 1 . Because y ⟫( )
even
4 contains only even numbers of fermions, the same is true

for f ⟫1 and f ⟫1 , whereas f ˜ ⟫1 contains only odd numbers of fermions.Hencewemay conclude that
f f =⟪ ˜ ⟫ 01 1 , and it is thus easy to see that themarginals have the same spectrum. The same argument goes

through for the bipartitions ( ∣ )2 1, 3, 4 , ( ∣ )3 1, 2, 4 and ( ∣ )4 1, 2, 3 .
Let us now turn to the bipartitions into pairs ofmodes.We use the tracing rule

¼ ¼ = ¼ ¼m m n n m m n n   ( ⟫⟪ ) ⟫⟪ ( )† † † † †b b b b b b b b b btr 0 0 0 0 , A.4k k k
i j i j1 1 1 1

i.e., operators pertaining tomodes that are being traced over are anticommuted towards the projector on the
vacuum state, before being removed. This prescription, which uniquely determines themarginals (see, e.g.,
[15]), is a direct consequence of the requirement that expectation values of local observables give the same result
when evaluated for the global state, or for the reduced state, that is

 á ñ = á ñr r ( ). A.5A AAB A

For themarginals of the bipartition( ∣ )1, 2 3, 4 wefind

r y y r r= = + ( ⟫⟪ ) ( )( ) ( ) p p atr , A.61,2 3,4 even
4

even
4

1,2
even

1,2
even

1,2
odd

1,2
odd

r y y r r= = + ( ⟫⟪ ) ( )( ) ( ) p p btr , A.63,4 1,2 even
4

even
4

3,4
even

3,4
even

3,4
odd

3,4
odd

where the reduced state density operators in the even and odd subspaces are given by

* *

r a a

a a

a a a a

= +

+ +

+ + +

 

   
  

(∣ ∣ ∣ ∣ ) ⟫⟪

(∣ ∣ ∣ ∣ ) ⟫ ⟫⟪ ⟪
[( ) ⟫⟪ ⟪ ] ( )

p

a

0 0

1 1 1 1

0 1 1 h.c. , A.7

1,2
even

1,2
even

0
2

34
2

12
2

1234
2

1 2 2 1

0 12 34 1234 2 1

* *

r a a a a

a a a a

= + + +

+ + +

   

 

(∣ ∣ ∣ ∣ ) ⟫⟪ (∣ ∣ ∣ ∣ ) ⟫⟪

[( ) ⟫⟪ ] ( )

p

b

1 1 1 1

1 1 h.c. , A.7

1,2
odd

1,2
odd

13
2

14
2

1 1 23
2

24
2

2 2

13 23 14 24 1 2

for the subspace ofmodes1 and2. Similarly, for3 and4we obtain

* *

r a a

a a

a a a a

= +

+ +

+ + +

 

   
  

(∣ ∣ ∣ ∣ ) ⟫⟪

(∣ ∣ ∣ ∣ ) ⟫ ⟫⟪ ⟪
[( ) ⟫⟪ ⟪ ] ( )

p

a

0 0

1 1 1 1

0 1 1 h.c. , A.8

3,4
even

3,4
even

0
2

12
2

34
2

1234
2

3 4 4 3

0 34 12 1234 4 3

* *

r a a a a

a a a a

= + + +

+ + +

   

 

(∣ ∣ ∣ ∣ ) ⟫⟪ (∣ ∣ ∣ ∣ ) ⟫⟪

[( ) ⟫⟪ ] ( )

p

b

1 1 1 1

1 1 h.c. . A.8

3,4
odd

3,4
odd

13
2

23
2

3 3 14
2

24
2

4 4

13 14 23 24 3 4

For the superselected state the even and odd subspaces decouple.Wemay therefore compare the characteristic
polynomials for the even and odd subspaces separately. Asimple computation reveals that both rp1,2

even
1,2
even and

rp3,4
even

3,4
even yield the characteristic polynomial

* *
* *

r l r l

l l a a a a
a a a a a a a a
a a a a a a a a

- = -

= - + + +
+ +
- -

 ( ) ( )

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )
( )( ) ( )( )
( )( ) ( ) ( ) ( )

p pdet det

. A.9

1,2
even

1,2
even

3,4
even

3,4
even

2
0

2
12

2
34

2
1234

2

0 1234 0 1234 12 34 12 34

0 1234 12 34 0 1234 12 34
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Similarly, for the odd subspacewefind

* *
* *

r l r l

l l a a a a
a a a a a a a a
a a a a a a a a

- = -

= - + + +
+ +
- -

 ( ) ( )

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )
( )( ) ( )( )
( )( ) ( ) ( ) ( )

p pdet det

. A.10

1,2
odd

1,2
odd

3,4
odd

3,4
odd

2
13

2
14

2
23

2
24

2

13 24 13 24 14 23 14 23

13 24 14 23 13 24 14 23

Wehencefind that the eigenvalues of themarginalsr1,2 andr3,4 coincide. Some straightforward computation
along the same lines confirm that this is also the case for the bipartitions ( ∣ )1, 3 2, 4 and ( ∣ )1, 4 2, 3 . Now, the
interesting aspect of this insight pertains to the fact that the four-mode systemmay not be consistentlymapped
to a four-qubit state. For the latter, thematching subsystem spectra would be guaranteed by the Schmidt
decomposition. Recall that the consistency conditions (see [15]) for partial tracing demand that the numerical
value of the expectation values of any ‘local’ operator (in the sense ofmode-subspaces) is independent of being
evaluated for the overall state, or for the corresponding local reduced state. These consistency conditions thenfix
the relative signs of different contributions frommatrix elements of the total state to thematrix elements of the
reduced states. For the example state at hand, the resulting off-diagonalmatrix elements of all two-mode versus
two-mode bipartitions are collected in table A1 .

Now, onewonders, whether the pure state y ⟫( )
even
4 and itsmarginals can be faithfully represented as a four-

qubit state y ñ Î Ä∣ ( )( )
even
4 2 4. Here, wewill call such amapping faithful, if all the diagonalmatrix elements of

y yñá∣ ∣( ) ( )
even
4

even
4 and itsmarginals with respect to the computational basismatch the diagonal elements of

y y ⟫⟪( ) ( )
even
4

even
4 with respect to the Fock basis. For the off-diagonal elements we impose a slightly weaker

condition, i.e., that the absolute values of the off-diagonals (with respect to the respective bases)match. This
corresponds to demanding thatmeasurements in the Fock basis are reproduced, and that themarginals have the
same spectra. These conditions imply that a faithfulmapping from the Fock basis of four fermionicmodes to the
computational basis of four qubitsmust be of the form

ñf ⟫ ∣ ( )a0 e 0000 , A.11i 0

ñf  ⟫ ⟫ ∣ ( )b1 1 e 1100 , A.111 2
i 12

ñf  ⟫ ⟫ ∣ ( )c1 1 e 1010 , A.111 3
i 13

ñf  ⟫ ⟫ ∣ ( )d1 1 e 1001 , A.111 4
i 14

ñf  ⟫ ⟫ ∣ ( )e1 1 e 0110 , A.112 3
i 23

ñf  ⟫ ⟫ ∣ ( )f1 1 e 0101 , A.112 4
i 24

ñf  ⟫ ⟫ ∣ ( )g1 1 e 0011 , A.113 4
i 34

ñf    ⟫ ⟫ ⟫ ⟫ ∣ ( )h1 1 1 1 e 1111 . A.111 2 3 4
i 1234

Performing themapping of(A.11) for the state of equation (A.1), i.e., y y ñ ⟫ ∣( ) ( )
even
4

even
4 , and taking the

partial traces for the qubits as usual, we obtain the off-diagonal elements that are to be comparedwith those in
table A1. For instance, comparing y yá ñá ñ∣ ∣ (∣ ∣)∣ ∣( ) ( )0000 tr 11003,4 even

4
even
4 with r  ∣⟪ ⟫ ⟫∣0 1 11,2 1 2 we get the

condition

* * * *a a a a a a a a+ = +f f f f- -∣ ∣ ∣ ∣ ( )( ) ( )e e . A.12i
0 12

i
34 1234 0 12 34 12340 12 34 1234

Since thismust hold independently of the values of a0, a12, a34, and a1234, we arrive at

f f f f p+ - - = ( )n2 , A.1312 34 0 1234 1

where În1 . Similarly, the other off-diagonals from table A1 provide the conditions

f f f f p+ - - = +( ) ( )n a2 1 , A.1413 24 0 1234 2

Table A1.The off-diagonalmatrix elements of the
reductions r y y=   ( ⟫⟪ )( ) ( )tri j i j, , even

4
even
4 are shown.

i j, r  ⟪ ⟫ ⟫0 1 1i j i j, r ⟪ ⟫1 1i i j j,

1, 2 * *a a a a+0 12 34 1234 * *a a a a+13 23 14 24

3, 4 * *a a a a+0 34 12 1234 * *a a a a+13 14 23 24

1, 3 * *a a a a-0 13 24 1234 * *a a a a-14 34 12 23

2, 4 * *a a a a-0 24 13 1234 * *a a a a-12 14 23 34

1, 4 * *a a a a+0 14 23 1234 * *a a a a- -12 24 13 34

2, 3 * *a a a a+0 23 14 1234 * *a a a a+12 13 24 34
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f f f f p+ - - = ( )n b2 , A.1414 23 0 1234 3

f f f f p+ - - = ( )n c2 , A.1423 14 13 24 4

f f f f p+ - - = +( ) ( )n d2 1 , A.1412 34 14 23 5

f f f f p+ - - = ( )n e2 , A.1413 24 12 34 6

with În2,3,4,5,6 . These conditions cannot all bemet at the same time. This can be seen, for instance, by
combining(A.13)with(A.14b), and comparing to(A.14d), which results in

- = +( ) ( ) ( )n n n2 2 1 , A.151 3 5

which cannot be satisfied, since the left-hand side is an even integer for all În n,1 3 , while the right-hand side
is an odd integer for all În5 .We hence conclude that the state of equation (A.1) cannot be consistently
mapped to a four-qubit state, even though it satisfies the SSR, and despite the fact that for any of its bipartitions
the respectivemarginals have the same spectra.
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