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Abstract.  We describe an entanglement witness for N-qubit mixed states based
on the properties of N-point correlation functions. As the degree of violation
increases beyond different threshold values, or strata, this witness can guarantee
that no more than M qubits are separable from the rest of the state for any
M < N, or that there is some genuine M-party or greater multipartite
entanglement present. We illustrate the use our criterion by investigating the
existence of entanglement in thermal stabilizer states, where we demonstrate
that the witness is capable of witnessing bound-entangled states. Intriguingly,
this entanglement can be shown to persist in the thermodynamic limit at arbitrary
temperature.

4 Author to whom any correspondence should be addressed.

New Journal of Physics 10 (2008) 053026
1367-2630/08/053026+13%$30.00 © |OP Publishing Ltd and Deutsche Physikalische Gesellschaft


mailto:phykd@nus.edu.sg
http://www.njp.org/

2 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Contents

1. Introduction

2. Witnessing separability and multipartite entanglement
2.1. Conditions for full separability . . . . .. ... ... ... .. ... .....
2.2. Entanglement Withesses . . . . . . . . . . . .t e e e e e
2.3. Wy as awitness of partial separability . . . ... ... ... ..........
2.4. Wy as a witness of multipartite entanglement . . . . . . ... ... ... ...
2.5, Summary ... e e
3. Examples
3.1. Thermal stabilizer states . . . . . . . . ... ... ... oL
3.2, GHZHamiltonian . . . . . . . . . ... L
33. Clusterstate . . . . . . . . L
3.4. Thermal Bose—Hubbard with single excitation . . . . . ... ... ... ....

SO XA AN B WW N

o
j—

4. Summary

[a—
[

Acknowledgments
Appendix. Derivation of Wy
References

—
W N

1. Introduction

Recently, there has been growing interest in the entanglement of large many-body systems.
The reasons for this are many and varied. From the quantum information perspective, quantum
computation intrinsically involves the use of large arrays of entangled qubits, including the one-
way model of computation [1] where the initial, cluster state, of the system is considered a
multipartite entangled resource for computation. This model for computation has the potential
to enable quantum information processing in many physical systems which were otherwise
considered infeasible. Generating the cluster state and finding signatures with which to
recognize its successful generation along with protecting and recovering it from the effects
of noise are thus matters of great importance. Of more immediate relevance to condensed
matter theory and experiments is the study of, for example, how thermodynamic parameters
of many-body systems as well as phase transitions can be directly related to entanglement
[2, 3]. However, it is still not clear if this relation always holds and if it is of any real significance
to our understanding of the physics of large quantum systems.

To be able to better investigate such properties both theoretically and experimentally, it is
interesting to develop techniques for entanglement detection in many-qubit systems. The most
straightforward approach is via the so-called entanglement witnesses. Entanglement witnesses
are Hermitian operators such that their mean value with an arbitrary separable state is always
less than one. Thus, if the observed value exceeds one, we are certain that a given state is
entangled. The significance of the entanglement witness approach is that, in principle, it can be
experimentally implemented and that one can find entanglement witnesses tailored to detect
multi-partite entanglement [4]-[6] as well as entanglement strong enough to violate some
Bell inequalities. It was shown in [7] that one can perform certain computational tasks more
efficiently than using classical resources only if entanglement violating Bell inequalities is
available as a resource.
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There is little literature dealing with entanglement witnesses for many qubit systems that
are capable of detecting genuine multipartite entanglement [6], [8]-[10]. The usual approach
(see, for instance, [6]) is to find an entanglement witness tailored for a specific state and
then show that it can be measured locally. Typically, such witnesses are capable of detecting
entanglement only in the neighbourhood of the state for which they have been optimized.

In this paper, we find a family of entanglement witnesses for N qubits capable of detecting
multipartite entanglement for a wide set of multi-qubit states, the mean value of which solely
depends on N-point correlation functions. We derive a relatively simple lower bound for the
witness and demonstrate its calculation with the examples of thermal stabilizer states and the
thermal single-excitation Bose—Hubbard model to obtain a range of temperatures for which
entanglement exists. We also relate the lower bound to the violation of Bell inequalities from
the so-called Werner—Wolf, Zukowski—Bruckner (WWZB) family [11]. Furthermore, we prove
that the violation of our entanglement witness is stratified—not only is there the single level
of violation indicating the existence of entanglement, but also there are further thresholds that
serve to lower bound the number of entangled qubits and the degree of multipartite entanglement
present.

2. Witnessing separability and multipartite entanglement

In [12], a convenient parametrization of all two-setting Bell inequalities of the WWZB-type was
developed by considering the Hermitian operator

w=3 ¥ n(0i-0;). ()
ke{0,1}V

subject to a variety of constraints on the coefficients b;. The operators Q;: = |G§)(G1§:| are
orthogonal projectors on the generalized Greenberger—Horne—Zeilinger (GHZ) states |G§) =

\%(ll?) + O'X®N |7c)). For convenience, we can express ax®N |7c) = |l;/). We will now investigate the
properties of W devoid from the restrictions imposed in [12], except that we shall require W to
be an entanglement witness.

2.1. Conditions for full separability

The family of operators W; = UWU', where U = [T\, U™ and U? is an arbitrary SU(2)
transformation on qubit /, becomes a family of entanglement witnesses if

> kgl <2", )
k

since, if this condition holds, one has
<wsep|Wf]|wsep> < 17 (3)
for an arbitrary pure and fully separable state

N

Vi) = X) 710).

j=1
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In the above formula, V') is an SU(2) transformation which can be parametrized by V' =
e 1979 where 7 is a unit vector. To prove equation (3), firstly observe that the unitaries U" can
be absorbed in V¥, so that we only have to show that

ma (Y| I Yicp) = max Z by Re (W) (R 1¥rp) ) < 1 ©

| sep [ sep

where we have made use of the expansion W = 5 Z,; b,;(lk) (k/l + |k’) (kl). The properties of V')
impose that

N
Re ((Wp0) (0'I¥ep) ) =R (H (017 "10)¢ 1|V<’>|0>)

where we have also absorbed the o, rotations from % to 0 into the V). Therefore, the maximum
over 71 and 6 of equation (4) yields

H[}ax<WSep| W|wsep 2N Z |bk (5)

with values n, = n, = % and 6 = 0. This is not greater than 1 when equation (2) holds. Proving
this for pure states is sufficient since the convexity of the mixed separable states implies that
the optimum will be given by a pure state.

2.2. Entanglement witnesses

In order to detect entanglement, we have to calculate

Tr(Wp) = max Y by Re((k|UpU[K')),
U .

subject to the constraint (2). We shall now consider two specific cases of the entanglement
witness W, by selecting two specific sets of b;. The first, Wy, is the strongest witness of this

class, and is selected by finding the value of 7(0 which maximizes max, |Re((7c|f] ,oﬁ T|l?))|,
setting by, to 2V, and all others to 0. This yields

Wa =2V (ko) (k| + 1Kp) (ko). (6)

In general, it is likely that the maximization over k will be difficult to do, so we choose another
witness, Wg, which will give a lower bound to this value. We select
-1

bp=2"am | Do | (7
i
where

. _—
A= Z(—l)k" cos <5|1|>T;.
i

The number 7; = Tr(U 07(7 Tp) is the average value of spin measurements along the directions
givenby O,x and O,y (n =1, ..., N), where O, is an orthogonal representation of U,. We see
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that the only relevant N-point correlation functions are those for which |7|, 1.e. the number of
o, in o; before the local unitary operation U, is an even number. The choice of b; is clearly
sub-optimal, so Tr(W,p) = Tr(Wgp). The reason for this particular choice is that

Tr(Wgsp) = max 7, 8
bp) = ma 762’ ®)

as will be proved in the appendix.

Our starting point was motivated by the fact that it was shown in [12] that the family of
operators Wy, subject to the constraint ) ; b% = 2" and some complicated additional constraints
on the signs of the b;s coincide with the family of all two-setting Bell inequalities of
the WWZB-type [11]. Therefore, if for some state p one maximizes Tr(W,p) only under
the constraint ) ; bl% =2V, one gets the upper bound for violation of two-setting WWZB
inequalities. If this maximum is larger than one, nothing conclusive can be said about
violation of two-setting WWZB inequalities for the state p. However, if Tr(W;p) < 1, one
concludes that the state p cannot violate any of the two-setting inequalities from the WWZB
family.

Specifically, selecting by =2"1:/,/>_, A7 yields the maximum under the constraint
> i bi =2", and gives

We = \/W:mgx > T (9)
leeven
Thus, if We <1, which is equivalent to the condition Wy < 1, one cannot violate two-
setting Bell inequalities from the WWZB family. This is in agreement with the necessary
condition given in [11] for not violating two-setting WWZB inequalities. Interestingly, Wg > 1
is a sufficient condition for violation of the multi-setting WWZB Bell inequalities presented
in [13].

2.3. W as a witness of partial separability

Let us examine the witness W, more carefully, detailing its effect on pure states p = |¥) (V/|.
Tr(Wap) = 2" max Re((k|U1v) (¢ | IK)
U

=2" maxRe (01" Oy (y|0T1)2Y).
U

We can now split |1) into a part |v/) acting on M qubits, and |1ﬁsep), a fully separable state on
the other N — M qubits. The witness does not change under permutations, so without loss of
generality, we can take the qubits of |/) to be the first M qubits. Having already established
that

max Re (0101, ey 10110 ) = 557

We see that the maximum value of Tr(Wap) where no more than M qubits are entangled is
given by Tr(Wa|y)(¥]), our entanglement witness on M qubits. Hence, the largest possible
value is 2M~1, where /) = (|0)®Y +|1)®M)/{/2. We conclude that if Tr(W,p) > 21!, fewer
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than N — M qubits are separable. Again, by convexity, the results also apply to mixed states,
even though we only performed the calculation for pure states. So, our entanglement witness
witnesses not only the fact that there is some entanglement, but also provides distinct levels,
or strata, above which at least M +1 qubits are entangled, although this currently makes no
statement about the type of entanglement present.

2.4. Wy as a witness of multipartite entanglement

Given that we can witness the fact that many qubits are entangled, it would also be interesting
if we can witness different types of multipartite entanglement. The first step in this process is
to determine if M-party (or greater) multipartite entanglement is involved. Again, we consider
W acting on pure states. Since we know that GHZ states maximize the value of the witness
(by design), then if M-partite entanglement is involved (assuming N /M is an integer), the
maximum violation of ¥, must be given by |¢) = |1Z)®N/M, where [) = (|0)®M +[1)®M) / /2.
We find that

Tr(Wap) = Tr(Wal) (Y [)V/M = 2N =N/M,

Thus, if Tr(Wap) > 2¥=¥/M | the multipartite entanglement that is involved must be at least
(M + 1)-partite. If N/M is not an integer, the maximal violation is given by | N/M | copies of
an M-qubit GHZ state, and a single M(N/M — | N/ M |)-qubit GHZ state, giving a violation of

Tr(Wap) = 2N 17 WN/M]

Note that for large M, several values give the same threshold. For example, all values N/2 <
M < N give a violation of 2V~2, so, again, we have a distinct stratification rather than a
continuum of values in the thermodynamic limit. It is also worth observing that since Wy
provides a lower bound to W,, Wy can be assigned the same interpretation for violating the
strata of thresholds.

Finally, one can also take a more specialized approach to using the witness, developing
specific strategies to resolve different types of entanglement. For example, were one to be
presented with an N-qubit pure state |), and promised that it is an M-qubit W -state, with
all other qubits separable, then we might like to determine the value of M. This can be achieved
by measuring the value of W, on N — 2 different partitions. By measuring W, on a subset of
qubits, if that subset entirely encompasses the W -state, we get value Tr(W,p) = 2. However,
if it only encompasses R of the M qubits, the value is 1 + R/M. Thus, by using a systematic
search of subsets of qubits 1 to n for 2 < n < N, the changes in value can be detected, and M
determined.

2.5. Summary

In this section, we have presented a stratified entanglement witness, W,. Depending on the
degree of violation, it detects not only full separability, but also can give an upper bound on the
number of separable qubits. The extent of the violation also serves to witness the presence of
genuine multipartite entanglement of differing types, tuned most specifically to be sensitive to
GHZ-like entanglement. Since the optimization involved in calculating W, is typically difficult,
we presented a sub-optimal witness Wy that also possesses these properties, and is easier

New Journal of Physics 10 (2008) 053026 (http://www.njp.org/)
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Entanglement Witness (Tl’(pWA))

2 3
Inverse Temperature (BA)

Figure 1. A plot of the violation of the entanglement witness W, (see equation
(6)) as a function of inverse temperature, 8, for the 5-qubit GHZ state (dashed)
and 7-qubit cluster state (solid). Indicated in black are the strata for the
minimum number of qubits, {2, 3, 4, 5}, that are entangled for values {1, 2, 4, 8},
respectively. The values of {1, 4, 8} also witness, for the GHZ state, the existence
of {2, 3, 5}-partite entanglement. The vertical grey line indicates the temperature
below which either state can be purified.

to calculate. Furthermore, the witness provides an upper bound to the violation of WWZB
inequalities—if Tr(Wgp) < 1 is not violated, then no WWZB inequality can be violated.

In the following section, we will apply the witness to some simple examples. This will
enable us to demonstrate some of the properties of the entanglement witness. For example, it is
capable of witnessing bound entanglement. We will also be able to compare the two witnesses
and see how tight a lower bound is provided by Wg. A summary of the results is depicted in
figure 1.

3. Examples
3.1. Thermal stabilizer states

In this section of the paper, we analyse entanglement in thermal mixtures of the stabilizer
Hamiltonians with the help of the entanglement witnesses W, and Wg. The stabilizer states,
which are the eigenstates of an associated Hamiltonian H = —% Zi\’:l K,,where [K,, K,,] =0,
Tr(K,) = 0 and A is a constant defining the energy scale of the Hamiltonian (henceforth taken to
be 1), enable a particularly simple description of the thermal state. They are of particular interest
because special cases of the stabilizer states include many of the important states in quantum
information such as GHZ states, cluster states and error correcting codes. The examples that
we present serve to illustrate the variety of properties that can be detected by our entanglement
witness.

The thermal state of H can be expanded due to the commutation of the operators, and the
fact that K? = 1, such that

e AH

P = Trep)

1 N
=55 H(1+tanh(,3/2)Kn), (10
n=1

New Journal of Physics 10 (2008) 053026 (http://www.njp.org/)
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where, as usual, 87! = kg T, kg is the Boltzmann constant and 7 the temperature of the system®.
To evaluate the witnesses, we need to find the values of the N-point correlations functions
and optimize over all possible local bases, and to achieve this we simply need to consider the
products of the operators K,,.

While we have been considering calculating Wy as a lower bound for W, because, in
general, W, is more difficult to calculate, in the following examples, it turns out to be no harder
than the calculation of Wg. Let us assume that we have a minimal sequence of products of
stabilizers that gives an N-body correlator, and perform local rotations such that this is the
correlator of all o,s. Additionally, assume that all other N-body correlators will come from
multiplying additional terms with this one. The local rotations also ensure that these terms
that we multiply by are o.s, such that the outcome is io,. Thus, the overall phase is given

by il = cos (%m) where 7 denotes the positions of the o,s. This cos (%m) in 7; multiplies

the identical term in the expression for Az, and gives +1 since |7| is even. Hence, all the terms

are positive quantities, except for the term (— 1)"*, which can be set positive for all I by choosing
k = 0. Consequently, for all these cases, we can achieve

Tr(Wp) =Y _IT;l,
k

which is also an upper bound to the value of W,, and is hence the optimal choice. This presents
the opportunity of assessing how well Wg performs as a lower bound to W,. In fact, given the
assumption that all correlators are the result of the products of stabilizers, then all 7; are powers
of tanh(B/2), and hence if W, determines a critical temperature of B4, then

tanh(Ba/2) = tanh*(Bg/2).
At the extreme of large B4, Bg = B4In(2), and for small 8, Bg = +/2Ba, so the bound does not
seem wholly unreasonable.
3.2. GHZ Hamiltonian

By choosing the following stabilizers:

N
Kl = l_lo—x(n),
n=1

K,=ocPc™, (11)

the ground state of H is the N-qubit GHZ state (|0)®" +[1)®V)/ V2. The excited states
constitute the ground state with local operators o or o"#! applied. Since our entanglement
witness is formed from projectors on GHZ states, this is a natural test candidate.

It is evident that the optimal choice of basis consists of the eigenstates of the Pauli
operators o, and o,,. This is particularly clear in the case of odd N, where the N-body correlator
necessarily includes a term due to K ([], 41 K, creates a correlator on all other qubits, but not
qubit 1). Once K is included, multiplying by any other stabilizer necessarily gives an N-body

> We are assuming that the ground state is uniquely defined, i.e. there is no degeneracy.
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term formed of o, and o, terms. All such products introduce an even number of o,s so that

we get
N-1

Tr(Wap) = ) (N " 1) tanh”"" (8/2)
n=0
= tanh(8/2) (1 +tanh(8/2))" ",
Tr(Wsp) = tanh?(8/2) (1+tanh*(8/2))" . (12)

In the thermodynamic limit, i.e. N — oo, we find the limit of Tr(Wsp) =1 at tanh(B/2) =
1/+/N. Since this shows that f — 0, it has the interpretation that large systems of this
form are always entangled. However, we know from [14] that distillation is impossible if
B <In(+/2+1), which causes us to conclude that this persistent entanglement is bound
entanglement, i.e. entanglement that cannot be distilled by a multipartite distillation protocol.
This proof arises from considering a particular bipartition of the qubits, and showing that
distillation across that bipartition is impossible. However, there exist other bipartitions across
which distillation is possible. Witnesses, including Bell tests, for bound entanglement have
previously been demonstrated [15]-[17]. What is perhaps most remarkable about this system is
that entanglement becomes more persistent in larger systems. Unfortunately, the N-body term
K, in the Hamiltonian is not particularly physical, so we should not necessarily expect to see
the consequences in real-world systems involving local interactions.

3.3. Cluster state

Another example of a stabilizer state is the cluster state. We shall restrict to the one-dimensional
(1D) version, where the stabilizers are defined as

K, =ax(1)crz(2),
Ky=0® Vg™,

K, =0 PogMgrh,

X z

From the results on purification of these states [18], 2D and 3D cluster states have exactly the
same persistence of purifiable entanglement, but in the present case, being certain of having the
optimal basis U is much harder. To compute the expectation of the witness, we consider three
cases enumerated by » (r =0, 1, 2). Each case corresponds to the different length of the chain
N, =3m +2r (m is an integer). In each of these cases, the minimal product of stabilizers to give
an N-point correlation function is (m +7)°. Further N-body correlators can be constructed by
multiplying by pairs of operators. For example, for » = 0, the basic productis K, K5Kg ... Ky_1,
and further products can be constructed by multiplying terms K3 K3,+1, or using the end terms
K, and K. Thus, the value of T is simply a power of tanh(%), where the power is the number of
products that have been used. As our Hamiltonian is defined, the best basis varies with position.
Forr =0, it is given by o, and o, for the end terms, o, and o, at position 35 +2, and o, and o,
otherwise. Thus, we find that

> " IT;| = tanh™" (8/2)(1 +tanh*(8/2))" "~ (1 + tanh(B/2))* ™" (13)
k

6 » =1 must be treated as a special case since there are two such products. However, this only makes a difference

to the m = 0 case.
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and that ) T’ 7{2 is given by the same expression, but replacing all the tanh(8/2) with tanh?(8/2).
In the limit of large N, we find that the critical values of 8, corresponding to W, and Wy read
=2.35and B2 =1.67.

Therefore, above the temperature T2 = (kg82)~!, the thermal cluster state does not violate
two-setting WWZB inequalities, yet is entangled untll at least 72 = (kgB5) ™", above which,
the entanglement witness W, fails to detect entanglement. However, we know from [18] that
purifiable entanglement exists below the temperature given by g = In(+~/2+1). Thus, for all N,
our bound finds a lower temperature than the critical temperature for purification, and hence,
does not detect any bound entanglement, in contrast to the GHZ state.

It was experimentally shown based on the results in [19] that cluster states violate some
Bell inequalities [20]. Interestingly, these Bell inequalities are not violated by the GHZ state,
which explains why there is a range of temperatures for which the thermal cluster state does not
violate two-setting WWZB inequalities.

3.4. Thermal Bose—Hubbard with single excitation

Moving away from stabilizer Hamiltonians, consider a 1D regular array of N lattice sites with
periodic boundary conditions in which we place a single particle (the extension to d-dimensional
lattices is trivial because we are only using a single excitation). This particle is free to hop
between nearest-neighbour sites with a constant hopping amplitude. We can define a basis |n),
denoting that the particle is on the nth qubit.

The eigenstates of such a system are readily expressed as

|wm Z eZn’lmn/Nln

and the eigenvalues are £,, = 2 cos (2’”").

The thermal state of the system in this ‘position’ representation therefore reads

N —BEn 2ri(r—s)ym/N
1€ r)(sle
0= Zr,s,m—l | >< | : (14)
Z(B)
where Z(8) = N )_, e PEn is the partition function. At this stage, on each site, we associate

the presence/absence of a particle with the qubit levels |[1)/]|0). The interpretation of whether
any observed violation of the entanglement witness is really entanglement has been discussed
elsewhere [21]. Instead of engaging in a complete analysis of the correlators, we can trivially
observe that 7., . = —1, and therefore Wy > 1. This arises because we know that Tr(p) =1,
and Z behaves exactly like 1, except that a negative sign is introduced in the presence of an
odd number of excitations, i.e. to all terms. Thus, entanglement persists at all temperatures.
However, in contrast to the GHZ state, this entanglement is always purifiable, as can be proven
by demonstrating an explicit purification protocol. Let us perform Z-measurements on all sites
but a particular nearest-neighbour pair, » and » + 1, and post-select on all measurement results
being |0). This leaves the density matrix

1 eZJrim/N
Z e_ﬂEm —2xim/N
" e 1

Prr+1 = 5 Zm o—BEn
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The fidelity with the singlet state (|r) — [r + 1))/ V2 is

pol_XaetE,
2 2 e P
Note that the terms with negative energy have largest weight, and therefore ' > %, and so it can
be purified to the perfect singlet. By symmetry this can happen between all nearest-neighbour
sites, which is sufficient to reproduce any desired output state.

4. Summary

We have investigated a family W, of N-qubit entanglement witnesses which are functions of
N-point correlators. We have derived a lower bound Tr(Wgp) for Tr(W;p) (p 1s an arbitrary
N-qubit state) and demonstrated that the condition Tr(Wgp) = 1 separates states that do not
violate two-setting WWZB-type Bell inequalities from the entangled states violating multi-
setting WWZB-type Bell inequalities. Both W, and the stronger witness W, are stratified in
that they prove that if Tr(Wp) > 2M~!  at least M +1 qubits are entangled. Similarly, above
certain thresholds, the presence of genuine multipartite entanglement can be detected.

Interestingly, in [22, 23] it was shown that the degree of violation of the WWZB
inequalities is related to the degree of distillability, which is similar to the ability of our witnesses
to detect the lower number of entangled qubits. This is the result of the origin of the presented
witnesses that stems from the orthogonal decomposition of the WWZB operator.

The family of witnesses W; has been tested on the thermal stabilizer states (GHZ
Hamiltonian and cluster state Hamiltonian) as well as on the one excitation Bose—Hubbard
thermal state. In the case of the thermal GHZ stabilizer state, we have found that in the
thermodynamic limit one can always detect entanglement with the help of W at any finite
temperature, although it is known that there is a finite regime of temperatures for which
the state is entangled and purifiable. Hence, the state is bound entangled. Contrastingly,
when we considered the thermal cluster state, we found a critical temperature 72 below
which entanglement is detected. The critical temperature due to the witness Wy also shows
that if we are below 7.2 < T2, we have entanglement. However, above T2, no two-setting
WWZB inequality is ever violated. In the regime between these two temperatures, the state
violates multi-setting WWZB Bell inequalities. Finally, we have also examined the thermal one
excitation Bose—Hubbard model, which always violates multi-setting WWZB Bell inequalities
for any finite temperature, although we have argued that in this case, the entanglement is always
purifiable.

It would be interesting to apply the entanglement witnesses W, to thermal states of spin
Hamiltonians of ferromagnetic and anti-ferromagnetic type as well as to other models used in
condensed matter physics. Another interesting question is whether the witnesses derived in the
paper can be expressed as a function of the partition function and its higher order derivatives.
Higher order derivatives of the partition function have not yet found applications in condensed
matter physics.
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Appendix. Derivation of Wy

In this appendix, we must prove that for our choice of b; in equation (7), we get the relation in
equation (8). It is convenient to write # in the Pauli basis, i.e. the basis consisting of elements
0, ®---Qoy, with 0g =1, 0, =0,,0, =0, and 03 = 0.. The coefficients of the expansion
;.1 10 this basis read

Bty = Tr(0, ® - ® 0y, W) = Y bRe ((/}’|a,l ®: @, lh). (A.1)
i

Note that Re((lqc’|<7,1 Q--- ®01N|l€)) vanishes whenever at least one of the indices /; =0, 3.

Thus, let us define the vector / = (/; .../y) such that /; = 0(1) corresponds to o,(o,) at the
jth position. Thus, we find the relation

ojlk) = (=¥ (i) 1E') (A2)

and the entanglement witnesses for a particular choice of U , Wy can be written as
1 23 T=\A A
Wo=x Z(—nk’m cos (5|1|) Uo;UT. (A.3)
k
Consequently, the trace of W, with an arbitrary density operator p reads

1
Te(Wpp) = 5y > b (A.4)
i

The number 7; = Tr(U 070 Tp) is the average value of spin measurements along the directions
given by 0,X, 0,y (n=1, ..., N), where O, is an orthogonal representation of U,. We see
that the only relevant N-point correlation functions are those for which |/|, i.e. the number of o,
in o; before the local unitary operation U, is an even number.

To derive Wy we put by =2V2;( > ; A7)~", which still satisfies equation (2), and is hence a
sub-optimal choice of witness. The result is

max (Tr(WAp)) = max 2 A% (A.5)
0 v o \Xilril) '
By definition A; = 2V~'Tr (U pU(Q} — 7)) thus
>kl <2 YT (07000 + 0p)) =2, (A.6)
i i

where we have used the completeness of the operators Q;, except that we remember that each
is counted twice; once for k£ and once for £’. Moreover,

o i =
Z )\,% — Z(_l)k~(l+m) CcoS (%) coS (#) TviTrﬁ
P T.in.k
N 2 7T|7| 2 N 2
=2V} jeos’ | 5= |7 =2" ) T (A7)
- R

leeven
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where we have made use of the formula Y (—1)F@) = 2V 87 - The notation I € even means

summation only over vectors I with even Hamming weight. Combining the last two equations
we finally get

Wy = max |, A.8
S 7621[ -

as required.

References

[1] Raussendorf R and Briegel H J 2001 Phys. Rev. Lett. 86 5188
[2] Wiesniak M, Vedral V and Bruckner C 2005 New J. Phys. 7 258
Anders J, Kaszlikowski D, Lunkes C, Ohshima T and Vedral V 2006 New J. Phys. 8 140
[3] WuL-A, Sarandy M S, Lidar D A and Sham L J 2006 Phys. Rev. A 74 052335
[4] Toth G and Giihne O 2006 Appl. Phys. B 82 237
[5] Brandao F G S L 2005 Phys. Rev. A 72 022310
[6] Toth G and Giihne O 2005 Phys. Rev. Lett. 94 060501
[7] Brukner C, Zukowski M, Pan J-W and Zeilinger A 2004 Phys. Rev. Lett. 92 127901
[8] Zhao Z et al 2003 Phys. Rev. Lett. 91 180401
[9] Bourennane M et al 2004 Phys. Rev. Lett. 92 087902
[10] Giihne O and Hyllus P 2003 Int. J. Theor. Phys. 42 1001
[11] Werner R F and Wolf M M 2001 Phys. Rev. A 64 032112
Zukowski M and Bruckner C 2002 Phys. Rev. Lett. 88 210401
[12] Scarani V and Gisin N 2001 J. Phys. A: Math. Gen. 34 6043
[13] Laskowski W, Paterek T, Zukowski M and Bruckner C 2004 Phys. Rev. Lett. 93 200401
[14] Kay A and Pachos J 2007 Phys. Rev. A 75 062307
[15] Diir W 2001 Phys. Rev. Lett. 87 320402
[16] Acin A 2002 Phys. Rev. Lett. 88 027901
[17] Kaszlikowski D, Kwek L C, Chen J and Oh C H 2002 Phys. Rev. A 66 052309
[18] Kay A, Pachos J, Diir W and Briegel H 2006 New J. Phys. 8 147
[19] Scarani V, Acin A, Schenck E and Aspelmeyer M 2005 Phys. Rev. A 71 042325
[20] Walther P, Aspelmeyer M., Resch K J and Zeilinger A 2005 Phys. Rev. Lett. 95 020403
[21] Dunnigham J and Vedral V 2007 Prepint 0705.0322
[22] Acin A, Scarani V and Wolf M M 2002 Phys. Rev. A 66 042323
[23] Acin A, Scarani V and Wolf M M 2003 J. Phys. A: Math. Gen. 36 L21

New Journal of Physics 10 (2008) 053026 (http://www.njp.org/)


http://dx.doi.org/10.1103/PhysRevLett.86.5188
http://dx.doi.org/10.1088/1367-2630/7/1/258
http://dx.doi.org/10.1088/1367-2630/8/8/140
http://dx.doi.org/10.1103/PhysRevA.74.052335
http://dx.doi.org/10.1007/s00340-005-2057-1
http://dx.doi.org/10.1103/PhysRevA.72.022310
http://dx.doi.org/10.1103/PhysRevLett.94.060501
http://dx.doi.org/10.1103/PhysRevLett.92.127901
http://dx.doi.org/10.1103/PhysRevLett.91.180401
http://dx.doi.org/10.1103/PhysRevLett.92.087902
http://dx.doi.org/10.1023/A:1025422606845
http://dx.doi.org/10.1103/PhysRevA.64.032112
http://dx.doi.org/10.1103/PhysRevLett.88.210401
http://dx.doi.org/10.1088/0305-4470/34/30/314
http://dx.doi.org/10.1103/PhysRevLett.93.200401
http://dx.doi.org/10.1103/PhysRevA.75.062307
http://dx.doi.org/10.1103/PhysRevLett.88.027901
http://dx.doi.org/10.1103/PhysRevA.66.052309
http://dx.doi.org/10.1088/1367-2630/8/8/147
http://dx.doi.org/10.1103/PhysRevA.71.042325
http://dx.doi.org/10.1103/PhysRevLett.95.020403
http://arxiv.org/abs/0705.0322
http://dx.doi.org/10.1103/PhysRevA.66.042323
http://dx.doi.org/10.1088/0305-4470/36/2/101
http://www.njp.org/

	1. Introduction
	2. Witnessing separability and multipartite entanglement
	2.1. Conditions for full separability
	2.2. Entanglement witnesses
	2.3. WA as a witness of partial separability
	2.4. WA as a witness of multipartite entanglement
	2.5. Summary

	3. Examples
	3.1. Thermal stabilizer states
	3.2. GHZ Hamiltonian
	3.3. Cluster state
	3.4. Thermal Bose--Hubbard with single excitation

	4. Summary
	Acknowledgments
	Appendix. Derivation of WB
	References

