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Abstract. We demonstrate that polaritons in an array of interacting micro-
cavities with strong atom-photon coupling can form a two-component
Bose—Hubbard model in which both polariton species are protected against
spontaneous emission as their atomic part is stored in two ground states
of the atoms. The parameters of the effective model can be tuned via the
driving strength of external lasers and include attractive and repulsive polariton
interactions. We also describe a method to measure the number statistics in one
cavity for each polariton species independently.
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1. Introduction

In recent years, significant progress in the theoretical and experimental study of quantum many-
body phenomena has been made by employing artificial structures that permit unprecedented
experimental control and measurement access. Early activity in this field in arrays of Josephson
junctions [l] and was followed by several important developments with ultracold atoms in
optical lattices P]. Despite their success, Josephson junction arrays and optical lattices face
limitations as it is challenging to access and control individual lattice sites, due to their small
separation.

A possibility to overcome these hurdles has very recently been suggested in arrays of
coupled micro-cavities, where a scheme for simulating the Bose—Hubbard Hamilt8aama [
subsequently, models of interacting Jaynes—Cummings Hamiltorifina\je been studied. The
phase diagrams of these models were studied][and the existence of a glassy phase has
been predictedd]. These set-ups, where atoms interact with the resonant modes of the cavities,
also offer the possibility to generate effective spin Hamiltoniatsvhich, among many other
applications, may be used for cluster state generation.

Here, we show that coupled high-Q cavities can host an effective two-component Bose—
Hubbard model,

H= Z I8 ng) — Z Ji (j;l§,+h.c_)+ Z ang) (ng>_1)

R j=b,c (R,R):j.I=b,c R j=b,c
(b, (©
+ NS
Y Upenn, (1)
R
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Figure 1. An array of cavities as described by our model. Photon hopping occurs
due to the overlap (shaded green) of the light modes (green lines) of adjacent
cavities. Atoms in each cavity (brown), which are driven by external lasers (blue)
give rise to an on site potential.

where b(ct) create polaritons of the typb(c) in the cavity at siteR, nY’ = blbs and

n(Fif = cgcﬁ. up and . are the polariton energietl,, U. and Uy, . their on-site interactions
and Jy p, Jo.c and J, ¢ their tunnelling rates.

Bose—Hubbard models of two components can display several interesting phenomena
which are partly also known for a Luttinger liquid of low energy excitations in fermionic
systems §]. Among these are spin density separatiéh pin order in the Mott regimel[]
and phase separatiofl].

2. The basic setting

For the realization of the Hamiltoniad); we consider an array of cavities which are coupled

via photon hopping (cf figuré&). We study the dynamics of polaritons, combined atom—photon
excitations, in this arrangement. The interaction between two polaritons occupying the same
cavity is generated by a large Kerr nonlinearity2[ 13]. This interaction can be repulsive and
attractive. In each cavity, the resonant mode interacts with an ensemble of atoms, which are
driven by an external laser, to form the polaritons. By varying the intensity of the driving laser,
the parameters of the effective modé) ¢an be tuned. Since the distance between adjacent
cavities is considerably larger than the optical wavelength of the resonant mode, individual sites
can be controlled and measured with optical lasers. An experimental realization would require
cavities that operate in the strong coupling regit@-[19].

3. The atoms

The interaction between polaritons that are located in the same cavity is generated by a
nonlinearity in 4 level atoms with a level structure shown in figdrevhich was initially
discovered by Imantgu et al [12]. The transitions between levels 2 and 3 are coupled to a
laser and the transitions between levels>-21 and 1« 3 couple via dipole moments to the
cavity resonance mode.
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Figure 2. The level structure and transitions of one atawg,is the frequency
of the cavity modeg2 is the Rabi frequency of the driving laseliz andg,, are
dipole couplings to the cavity mode afdA ande are detunings.

In a rotating frame with respect tdo = wc(a'a+3) + Z?:l(a)cazjz + W04+ 2wco,), the
Hamiltonian of the atoms in the cavity reads,

N N
Hi =) (eo),+80d+ (A+e)oj) + Y (o + Gizoiza’ + guuol,a’ + hoe), 2)
j=1 j=1

wheres), = Ikj)(I;| transfers level of atom | to levelk of the same atomyc is the frequency

of the cavity mode§, A ande are detuning parameters (see figRye is the Rabi frequency of

the classical control laser aggh andg,, are the parameters of the dipole coupling of the cavity
mode to the respective atomic transitions which are all assumed to be real. All atoms interact in
the same way with the cavity mode and hence the only relevant states are Dicke-type dressed
states which we present in the appefidix the following derivation, all operator equations

are only meant to hold for the matrix elements of the operators in the subspace spanned by the
statesA.1)—(A.11).

4. Polaritons

In the case whergy,s, = 0 ande = 0, the HamiltoniarH, can be written in terms of three species
of polaritons,pg, pl andp’. It takes on the form,

[Hi]gem0.0—0 = 1o PyPo+ i+ PLps + 1 plp.. 3)

4 If the atoms were distributed on fixed positions in space, the dressed states are no longer symmetric but the
approach still works exactly the same.
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The creation (and annihilation) operators read,

_1 f  oat t_ 2 + v, AT
_B(gSfL2 Qa) and pL= —A(Aj:(S) <Qslz+ga i—z Sl3>, 4)

where g=+Ngis, B=.,g?+Q? A=+4B?+8, §,=—+3Y 0} and S;=

+ >N 04, The frequencies of the polaritons), p, and p’ are given byuo=0 and

u+ = (8§ £ A)/2. In the relevant Hilbert space spanned by symmetric Dicke-type dressed states
(A.1)-(A.11) and forN > 1, they satisfy bosonic commutation relations,

[pj. p]=0  and b;. p'l =6 for j,1 =0, +, —, (5)

where the neglected terms are of order ‘number of poIaritpNs'pg, pl andp’ thus describe
independent bosonic particles.
We will now consider the case>> 2, g. Here, the polaritons and their frequencies read,

1
t_ = U t —
pO_ B <g%2 Qa)v MO Ov
1 B B2
T~ = U Yy _ — T - _
p_ B (QSlz+ga> 5 Sz M- 5 (6)
1 B2
t ot L= t t — 2
(O 513"'8 <9512+ga>, U =208+ 5

up to first order ins~*. There is no spontaneous emission from the atomic level 2 and hence
to leading order, the polaritor'qs;;r and pi do not experience spontaneous emission loss. We
therefore define the two polariton species

b' = % (g S, - QaT) and c'= % (QSI2+ gaT). (7

In the rotating frame, the polaritorig have an energy., = 0 and the polaritons’™ have an
energyu. = —B?/5. A possible disorder in the resonance frequency of the cavities and hence
in § would thus affectu, and u. differently which can have interesting consequences for the
phase transitions of the mod&(. The dynamics of these two species is governed by the two
component Bose—Hubbard Hamiltonidr) &s we shall see.

The Zeeman quantum numbers of atomic levels 1 and 2 can either be the same or differ by
2. In the latter case, the polaritopé and pi can have magnetic momentl]. Assuming that
the atomic cloud in a cavity has the diameter of an optical wavelength, we estimate the exchange
energy of the magnetic dipole—dipole interaction todeHz. This is significantly smaller than
all parameters ofl) and can thus be neglected in our approach.

5. Perturbations

To write the full HamiltonianH, , in the polariton basis, we express the operaErL\é1 o), and
aTZJN:l o}, in terms ofb', ¢ and p!. In the subspace spanned by the stafe$)¢(A.11), we

haveY L, o), = S,Spandy" [, 03, = S,Si, whereS], = - >, 54, . We thus obtain,
Z ohar —8, (92(c? - b + (g - @)bc)/B?, (8)
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where we made use of a rotating wave approximation: sise2, g, couplings to the
polaritonsp! can be neglected, provided that

1G24l » lel, |A] < s — pol s s — picl 9)

This is because all couplings betweghandb' or c" are much too weak to overcome the energy
differences i+ — up| and|us — ue| betweenp! andb' or c’.

For max(|g2492/B?|, |904(9% — 22)/B?|) < |A|, the couplings to level 4 can be treated
in a perturbative way. If furthermoreg,,g2/B?| « |B?/§], this results in energy shifts of
Ny (Ny — 1) Up, N¢ (ne — 1) Uz and ny ne Uy, Wheren, and n. are the numbers db™ and ct
polaritons respectively. The on-site interactions for the polaritohsind ¢’ can thus be
written as,

Uy,b'™b (b'"b— 1) + U.c'c(c’'c—1) + Up.b'bc'c (10)
with
02,0°9°
U= — 11
b Bix (11)
g
Ue = B4(A +2B2/6) (12)
and

Rl

B4(A +B2/8)
Note thatU, > 0 if A <0,U. > 0 if A+2B?/§ <0, Uy > 0 if A+B?/5§ <0 and vice versa.
There can thus be repulsive and attractive interactions at the same time, e)g<férand
|A| < B?/8§ we haveU, > 0, U; < 0 andUy. < 0. In a similar way, the two photon detuniag
leads to an additional on-site term

é (9%0'b+Q%c’c+gQ(b'c+ch)) | (14)

where the transitions’c + c'b are suppressed ifg2/B?| « |B?/§].

Upe = (13)

6. Polariton tunnelling

If the cavities are either coupled by optical fibre tapers or directly via an overlap of evanescent
fields, photons can tunnel between neighbouring cavities. This process is described by the
Hamiltonian « (a;aﬁﬁh.c.) with the photon tunnelling rate. We translate this term into

the polariton picture and assume that the tunnelling rate is much smalles.thathis regime,

the tunnelling does not induce transitions between the polaritbosc’ and p!. Hence thep!
decouple from the polaritorts andc' whose tunnelling terms read,

Jopbbg + JecChCr — Joc(biCa +Chbg) +hee., (15)
where

Job = ag?/B?, (16)

Jee = 2%/ B2 (17)

5 For|g49€2/B2?| > |B2/5], an additional term-g2,0°Q?B~*A~1(c'c'bb+b'b'co) arises.
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Figure 3. Left: the polariton interactiont), (dashed line)U, (grey line) and
Uy (solid line) in units ofg, 3 as a function of2/g;3. Right: the tunnelling rates

| Jop| (dashed line)|J.c| (grey line) and Jy¢| (solid line) together withzec — wp|
(dotted line) in units ofy;3 as a function of2/g;3. The parameters of the system
aregos = 013, N = 100Q § = —g13/20, § = 2000/ N g3 anda = g13/10.

and
Joe = g2/ B2. (18)

If |Joe| < |B?/8], transitions betweeh' andc' are suppressed. This is the case for @ngs
long asg® > «d/2.

7. Parameter range

Here, we give one example of how the parameters of the effective Hamiltohiaary as a
function of the intensity of the driving las&. We choose the parameters of the atom cavity
system to begs = g3, N = 100Q A = —g13/20, § = 2000/N g13 and o = @;3/10. Figure3
shows the interactiondy,, U, and Uy, the tunnelling ratesly, J.c and J,c and |ue — up| as

a function of Q2/g;3. For g~ Q, we have|Up| < |Upl, |Uc| and Jpp ~ Jec & Joe. Whenever
le — ol < |Jocl, b polaritons get converted intd polaritons and vice versa via the tunnelling
Joc. With the present choice af and§, this happens for.Q6g < 2 < 1.6g. To avoid such
processes, one either needs to chaosenaller or§ larger, where both choices would require
higher Q of the cavities to ensure sufficient lifetime. The interactiths U, and U, can
furthermore be adjusted by varying the detuniagThis can be done by generating a Stark
shift to the atomic level 4 with an additional laser that drives the transition between level 4 and
a further atomic level in a dispersive (detuned) way.

8. Numerical results

To confirm the validity of the approximations involved in the above derivation, we present a
numerical simulation of the full dynamics of polaritob§ andc' in three cavities that each
couple toN = 1000 atoms and compare it to the dynamics of the corresponding effective
model (1). We consider initial conditions with exactly one polaritohin cavities 1 and 2 and
exactly one polaritore’ in cavity 3. Figure4(a) shows the numbens, = (n,) and N¢ = (n;)

of polaritonsb' andc' and their number fluctuation§, = (n2) — N2 and F; = (n?) — N2 for

New Journal of Physics 10 (2008) 033011 (http://www.njp.org/)
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Figure 4. (a) Ny (dotted line),N. (dashed line)F, (solid line) andF. (dash-
dotted line) for a full model of 3 cavities witlgp4 = 013, ¢ =0, N = 100Q
Q=3VNgis, 8§ = 10%g13, A = —460;3 anda = 2.2 x 103gy3. (b) Differences
between the full and the effective descriptioMp]tui — [Np]gn (dotted line),
[Nc]fun — [Nc]gn (dashed line), folrunr — [Fo]en (solid line) and Fclun — [Fclgn
(dash-dotted line) for the same model.

the first cavity. Figured(b) in turn shows differences between the full description and the

effective model ), [Noltun — [No]sH, [Ne]un — [Ne]sr, [Foltun — [Folen and [Fe]run — [Felsh-
The effective model describes the dynamics very well.

9. Experimental realizability

To analyse the model’s experimental realizability, possible decay mechanisms for the polaritons
need to be considered. Level 2 of the atoms is metastable and hence its decay rate is negligible
on the relevant timescales. The decay mechanisms for the polabitamsic’ thus originate in

the cavity decay of the photons and the very small but non-negligible occupations of the excited
levels 3 and 4. The occupation of level 4 is due to the coupmﬁl(ojza+ h.c.), whereas the
occupation of level 3 only affects the polaritoc’sand stems from the linear correction term
—(B/(S)S'I3 in equation ). The resulting effective decay ratds, for the polaritons' andTI'.

for the polaritons', read

QZ 92 9292
I'p= gt OMp—2) 2A42 ga V% (19)
¢ B2 02,0202
Fc=§l<+§)/3+@(nc—2)242?)/4, (20)

where® is the Heaveside step function,the cavity decay rate ang (y4) the spontaneous
emission rates from levels 3 (4). For successfully observing the dynamics and phases of

effective Hamiltonian 1), the interactiondJ,, U. and Uy, need to be much larger thdn,

andrl’..
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The experimentally least demanding case is the one-component model for the polaritons
bf, for which §~g. Assuming g4 = g3 the maximal achievable ratio dfl,/ T, is here
%913/«//< ®(Np — 2)y4 . In particular the Mott state for the polaritoh$, wheren, < 2, can
even be realized in bad cavities without the strong coupling regime. However, to observe the
transition to the superfluid phase, the strong coupling regime gyitks> , /ky4 is required for
the single component model, too.

To obtain an estimate for a model with both compondsitandc’, we consider three cases,
g~ w, 2~ 10g and2 ~ g/10. Note thag <« § and hence spontaneous emission via level 3 is
strongly suppressed. Denotigg= 013/ ,/k v, the achievable ratios of interaction versus decay

rates forg ~ Q areU,/ I'y &~ U/ T'c & ¢ /(2+/2), while the cross interaction vanishé, ~ 0.
For Q =10g (2 = g/10) the achievable ratios até,/ ', ~ ¢ /100Uy /Ty ~ ¢/2), U/ T =
¢/2(Uc/ I'e ~ £ /100) andUpc/maxTy, I'e) ~ ¢ (Upe/maxTy, T'e) ~ ¢).

Realizing these parameters requires cavities that operate in the strong coupling regime with
large cooperativity factorg; > 1. This regime is currently being achieved in several devices,
in BECs coupled to fibre-based cavitidgl] (¢ ~ 17), photonic band gap cavitie$q] (¢ ~ 8),
Fabry—Perot cavitieslp] (¢ ~ 13), toroidal micro-cavities][7] (¢ ~ 7) and micro-cavities on a
gold coated silicon chipl[g] (¢ ~ 6) among others. Our scheme should thus be experimentally
feasible with current or soon to be available technology. Values tiat are predicted to
be achievable are as high as 200 for photonic bandgap cavities and 3000 for toroidal micro-
cavities [L9].

Besides the strong coupling itself, a realization of our scheme also requires that the atoms
remain in the location of strong coupling for sufficient time. The parameters of the effective
Hamiltonian (@) are at most two or three orders of magnitude smaller than the atom—photon
couplingg:s, see figure8. Currently strong coupling regimes withis ~ 10 GHz are achieved,
which requires an atom—photon interaction time of microseconds to be able to observe the
interesting dynamics. This time is sufficient for driving the system through phase transitions
(see also figure 4 i3] for a simulation of the one component case) and is even achieved with
falling atoms [L7]. Trapping times for cold atoms exceed this timescale byAd. |

Another limiting factor could be the thermal motion of trapped atoms. If one requires that
an atom should not move more than 100 nm jus] the temperature of the atoms needs to be
~ 10~4K which is routinely realized in cold atom experiments.

10. Measurements

The number statistics of both polariton spediésndc' in one cavity can be measured using
state selective resonance fluorescence in a way proposed]inrj the one-component BH
model ], the polaritons can therefore be mapped by a STIRAP pas&4yjerjto the atomic
levels. In the two-component case, the STIRAP can however not be applied3$eacause

the energieg, andu are similar and the passage would thus need to be extremely slow to be
adiabatic.

For two components, one can do the measurements as follows. First the external driving
laser2 is switched off. Then the roles of atomic levels 1 and 2 are interchanged in each atom
via a Raman transition by applyingg/2-pulse. To this end the transitions1 3 and 2« 3
are driven with two lasers (both have the same Rabi frequanay two-photon resonance for
atimeT =8, /|A|?(8, is the detuning from atomic level 3). The configuration is shown in
figure5(a). This pulse results in the mappiflg) <> |2;) for all atomsj.
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(b) 4
A

Figure 5. (a) Configuration of ther /2-pulse. Two driving lasers in two-photon
transition with identical Rabi frequencies couple to the atomic transitions
1« 3 and 2« 3. (b) Configuration for the STIRAP process. A driving laser
couples to the %> 4 transition with Rabi frequeno®. The cavity mode couples
to transitions %> 4 and 1<« 3, where the coupling to & 3 is ineffective and
not shown.

Next another laser®, that drives the transition & 4 is switched on, see figurgb).
Together with the coupling,,, this configuration can be described in terms of three polaritons,
qe. qf andq’, in an analogous way tp{, p! andp’, where now the roles of the atomic levels
1 and 2 and the levels 3 and 4 are interchanged. Hence, if we clébese the 7 /2-pulse
maps theb" onto the dark state polaritons of the new configuratqir,l,whereas if we choose
© = —Q it maps thec’ ontoqg. The driving laser is then adiabatically switched 6if— 0, and
the corresponding STIRAP process mapsqgweompletely onto atomic excitations of level 1.
This process can now be fast since the detuning significantly smaller thad and hence
the energies of all polariton speciq& qf andq’ are well separated. Anothey2-pulse finally
maps the excitations of level 1 onto excitations of level 2, which can be measured by state
selective resonance fluorescence in the same way as discus8e#dh [

The whole sequence af/2-pulse, STIRAP process and anothei2-pulse can be done
much faster than the timescale set by the dynamics of the Hamiltohj&gi3](and b™ or c'
can be mapped onto atomic excitations in a time in which they are not able to move between
sites. The procedure thus allows us to measure the instantaneous local particle statistics of each
species separately.

11. Summary

We have shown that a two-component Bose—Hubbard model of polaritons can be created in
coupled arrays of higlQ cavities. As new features, the model allows for single site addressing
and can display transitions between the two particle species. An experimental realization is
feasible with cavities that have cooperativity factors much greater than unity and interact
with the atoms for sufficient time. The local particle number statistics of both species can be
measured independently with high accuracy.
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Appendix. The relevant dressed states

For each cavity, we restrict our presentation here to the subspace which contains at most two
excitations. The Hamiltoniar2] decouples into a zero excitation, a one excitation and a two
excitation manifold. The zero excitation manifold consists of only one gpgtein which there

is no photon and all atoms are in their ground state

N
|60) = Opnoton ® [ ] 11) - (A1)
j=1
There are three states in the one excitation manifold,
N
162) = [Lphoton @ | [ 11). (A.2)
j=1
1 N
|#5) = 10photon) ® NG ; 2350, (A.3)
|¢1> |0ph0ton> K —— Z | (A-4)
where| .. ..) denotes the state where atom numpexin statgk) and all others are in state
|1). The two eXC|tat|on manifold contains seven states,
N
163) = |2pnotont @ [ T 1) (A.5)
j=1
1#5) = | Lphoton ® —— Z .. (A.6)
69— oo ® =312, . (A7)
2 pnhoto m =t J ’
4y =10 3.3, A.8
|¢2) | photor)@ 2N(N—1 121§| j | ) ( )
1 N
9) = 1Opnotan) ® 7= ; 4, (A.9)
f
=10 2003000, A.10
|¢2) | photon>® N(N 1 ;;l j | ) ( )
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1 N
|¢g>=|0photon)®m22|...2j...2|...). (A.12)

=1 1#]

Here,|...2;...3 ...) denotes a state, where atom numpés in state|2), atom numbet is in
state|3) and the other atoms are all in the ground state.
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